
Research Article

Sayed Abdel-Khalek*, Mariam Algarni, and Kamal Berrada

Quantum resources for a system of two atoms
interacting with a deformed field in the presence
of intensity-dependent coupling

https://doi.org/10.1515/phys-2025-0163
received September 23, 2024; accepted April 28, 2025

Abstract: This study explores the dynamics of a two two-
level atomic system interacting with a parity-deformed
field, modeled as a coherent state. By varying the parity
deformation parameter and incorporating the effects of
intensity-dependent coupling, we examine the time evolu-
tion of key quantum phenomena. These include atomic
population inversion, von Neumann entropy, concurrence,
quantum Fisher information, and the Mandel parameter,
where each serves as a critical indicator. Our analysis
reveals how the interplay between the deformation para-
meter and coupling effects governs the quantum dynamics,
influencing entanglement, parameter estimation, and statis-
tical properties of the field. These insights contribute to a
more comprehensive understanding of how to control and
optimize quantum phenomena, highlighting the model’s rele-
vance for quantum information processing technologies.

Keywords: two two-level atoms, parity deformed-
coherent states, population, entanglement, Fisher infor-
mation, concurrence

1 Introduction

Quantum entanglement (QE) represents a form of nonlocal
correlation that distinguishes quantum systems from classical
ones, forming a cornerstone of quantum mechanics [1,2].

In recent decades, rapid advancements in technology have
positioned QE as a vital resource underpinning a wide array
of quantum technologies, including quantummetrology [3–5],
quantum thermodynamics [6,7], and solid-state physics
[8–12]. As a result, the precise characterization and quantifi-
cation of QE have become a focal point of extensive research
efforts [1,2,13]. Breakthroughs in quantum information tech-
nology have further enriched our understanding of nonlocal
correlations, unveiling intricate phenomena such as the
sudden birth and sudden death of QE [14,15]. However,
despite its promising applications, the practical use of QE in
quantum information processing is often hindered by deco-
herence, which can lead to the degradation of quantum cor-
relations over time. This makes the study of QE’s dynamical
decay, stabilization, and protection mechanisms critically
important for the advancement of robust quantum systems.
Understanding these processes is crucial for maintaining QE
in real-world applications, ensuring the long-term stability
and efficiency of quantum technologies, and enhancing the
resilience of quantum information against environmental
perturbations. Such a system – two identical two-level atoms
interacting with a parity-deformed coherent field under
intensity-dependent coupling – offers a versatile platform
for simulating nonclassical light–matter interactions, which
are integral to quantum information tasks such as entangle-
ment generation, quantum state control, and high-precision
metrology.

Quantum Fisher Information (QFI) plays a crucial role
in the parameter estimation theory, setting fundamental
precision limits for quantum measurements [16]. As a key
tool in quantum metrology, QFI has found applications in
technologies such as quantum frequency standards [17],
clock synchronization [16], and gravitational acceleration
measurements [18]. It quantifies the statistical distinguish-
ability of parameters encoded within quantum states and
establishes the precision limit via the Cramér–Rao
inequality, where QFI determines the lower bound of
achievable variance in estimation [4,19,20]. The connection
between QFI and QE is particularly profound; it has been
shown that QFI provides a more stringent criterion for
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detecting QE compared to spin squeezing, making it a
more robust tool for assessing quantum correlations
[21,22]. In open quantum systems, where interactions
with the environment lead to decoherence, QFI becomes
essential for estimating noise parameters in amplitude-
damping [23,24] and depolarizing channels [25], helping
to improve the resilience of quantum systems to environ-
mental disturbances. Additionally, in bosonic channels,
the use of Gaussian squeezed probes has demonstrated
that QFI can significantly enhance the precision of loss
parameter estimation, making it valuable for optimizing
quantum communication and sensing technologies in lossy
environments [26]. Recent advances have further
expanded the use of QFI in studying quantum phase tran-
sitions, where it provides insights into critical phenomena
and phase behavior in quantum systems [27,28]. By char-
acterizing these transitions, QFI helps to identify and
exploit quantum phases that are useful for enhancing the
precision and robustness of quantum technologies. Thus,
QFI not only defines fundamental limits of measurement
precision but also serves as a versatile tool in under-
standing complex quantum dynamics, quantum correla-
tions, and system–environment interactions.

The Jaynes–Cummings model (J-CM) is a cornerstone
of quantum optics, providing a rigorous framework to
describe the interaction between a two-level atom and a
quantized electromagnetic field. This model has been
instrumental in revealing fundamental quantum phe-
nomena, including quantum revivals, collapses, atom-field
entanglement, and Rabi oscillations [29,30]. In recent years,
its significance has grown in the field of quantum informa-
tion processing, where it is pivotal for the generation and
manipulation of nonclassical states, which are essential for
tasks such as quantum computing and secure communica-
tion [31]. The predictions of the J-CM have been experimen-
tally validated through studies using Rydberg atoms in
quantum electrodynamics cavities, demonstrating its
robustness and applicability in real-world scenarios [32].
Moreover, the J-CM has been extended to explore more
complex interactions, including multi-photon transitions
and systems involving three- or four-level atoms in cavity
fields. The Tavis–Cummings model further generalizes the
J-CM by considering various atoms interacting with a single
quantized field, thereby uncovering collective effects and
phenomena such as superradiance [33,34]. Additionally,
advancements in algebraic methods have led to the devel-
opment of deformed versions of the J-CM, where ordinary
creation and annihilation operators are replaced with
deformed operators. This modification allows for the
exploration of novel quantum dynamics and provides

deeper insights into the behavior of systems under non-
standard interactions, enhancing our understanding of the
rich landscape of quantum phenomena [35,36].

In this work, we explore the dynamics of a two two-
level atomic system (TTLA) interacting with a parity-
deformed field, modeled as a coherent state (PD-CS). By
varying the parity deformation parameter and incorpor-
ating the effects of intensity-dependent coupling (I-DC), we
examine the time evolution of key quantum phenomena,
considering atomic population inversion, von Neumann
entropy, concurrence, quantum Fisher information, and
the Mandel parameter, where each serves as a critical
indicator. We show how the interplay between the defor-
mation parameter and coupling effects governs the
quantum dynamics, influencing entanglement, quantum
Fisher information, and statistical properties of the field.

The remainder of this article is structured as follows:
Section 2 provides a detailed physical description of the
quantum system and its dynamics. In Section 3, we intro-
duce and discuss the key quantifiers used in this study,
including atomic population inversion, von Neumann
entropy, concurrence, the QFI, and the Mandel parameter.
The numerical results and the analysis of the quantifier are
also presented. Finally, in Section 4, we summarize our
findings and offer concluding remarks.

2 Theoretical model and
description

The proposed quantum system consists of two identical
two-level atoms exposed to a parity-deformed field
(P-DF). This atomic system has many applications and
may be useful in developing quantum information theory.
Based on the rotating wave approximation, the interaction
Hamiltonian that describes this system is written as (set-
ting ℏ = 1):

( ( )| ⟩⟨ | ( )) | ⟩⟨ |)∑= +
=

H μ AG A A e g G A A A g eˆ ˆ ˆ ˆ ˆ ˆ ˆ
,I

k

k k k k
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2

† † † (1)

where ( )A Aˆ ˆ

† is the parity-deformed creation (annihilation)
operator and has this action as | 〉 | 〉 | 〉= − =A n n n A nˆ

2 2 2 1 ,
ˆ

2

†

| 〉+ + +n l n2 2 1 2 1 . Moreover, | ⟩( )| ⟩e gk k
corresponds to

the upper (lower) state of each −kth TLA. Also, µ and G
( )A Aˆ ˆ

† indicate the constant and I-DC between the TTLA and
P-DF. In this paper, we discuss two cases of ( )G A Aˆ ˆ

† as
( ) =G A Aˆ ˆ

1

† (slandered parity-deformed T-CM (absence of I-
DC effect) and ( ) =G A A A Aˆ ˆ ˆ ˆ

† † (presence of I-DC).
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The coherent states related to the P-DF as an eigenstate
of the square of the −l deformed annihilation operator

| ⟩ | ⟩=A α α αˆ
.l l

2

2 In this way, the initial state of the P-DF is
given by [37]
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The TTLA−P-DF state vector at any time >t 0, can be
formulated as
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Now, we suppose that at t = 0, the TTLA are initially
prepared in the Bell states and the P-DF in the coherent
state (5). The state vector at t = 0 is

l
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The coefficients =B j, 1, 2, 3, 4j , can be obtained by sol-
ving the Schrödinger equation
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∂
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=i
t

t H tΨ
ˆ

Ψ ,Is s

(5)

The total density matrix corresponds to the atomic
system ( ) ( ) ( )= | ⟩⟨ |ρ t t tΨ Ψ

s
s s

. The reduced density matrix
of the TTLA (P-DF) after taking the trace over P-DF
(TTLA) can be obtained as
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Figure 1: Time evolution of the atomic inversion ρ
z
for the TTLA interacting with the P-DF for =α 5 . Panels ( )=ja , 1, 2, 3j corresponding to

( ) =+G A A 1 (absence of the I-DC effect) and ( )bj for ( ) =+ +G A A A A (presence of the I-DC effect). Also, with various values of the P-DF parameter l as
l = 0, 1, and 50 correspond to, respectively, panels (a1, b1), (a2, b2), and (a3, b3).
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Next, we shall consider the effect of the t-dc and P-DF
on the dynamical properties of the atomic inversion, TLA-
TLA, TTLA-P-DF entanglement, and the QFI. The photon
statistics of the field with be investigated via the evolution
of the Mandel parameter.

3 Quantum measures and
numerical results

Here, we define the different measures of entanglement
measuring quantifiers and discuss their behavior with
respect to t-dc and P-DF effects.

3.1 Atomic inversion

In the context of quantum optics, atomic inversion is used
for identifying the periods of collapse and revival, which
are essential for determining the intervals during which

the atomic system exhibits maximal entanglement or
separability. Atomic inversion is defined by the difference
between the diagonal elements of the TTLA density matrix
(6), specifically as

( ) ( ) ( )
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R m t R m t2 , 2 , .

z

m

11 44

0

1

2

4

2

(8)

Figure 1 illustrates the dynamics of atomic population
for a TTLA interacting with a PD-CS for =α 5 . Panels ( )a

1

,
( )a

2

, and ( )a
3

depict the behavior of the TTLA with I-DC
under varying values of the parity-deformed parameter

=l 0, 1, and 50, respectively. For =l 0, the atomic popula-
tion inversion exhibits oscillatory behavior with notable
packet-like revivals characterized by an increasing ampli-
tude that dissipates over time. The population is unevenly
distributed along the line =ρ 0

z
line, with most dynamics

concentrated below this line. As l increases to 1, the system
continues to show oscillatory dynamics with revival-like
behavior. However, compared to the =l 0 case, the popula-
tion dynamics shift predominantly above the line =ρ 0

z
,
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Figure 2: Time evolution of the von Neumann entropy S
12

for the TTLA interacting with the P-DF for =α 5 . Panels ( )=ja , 1, 2, 3j corresponding to
( ) =+G A A 1 (absence of the I-DC effect) and ( )bj for ( ) =+ +G A A A A (presence of the I-DC effect). Also, with various values of the P-DF parameter l as

l = 0, 1, and 50 correspond to, respectively, panels (a1, b1), (a2, b2), and (a3, b3).
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while still remaining unevenly distributed. When =l 50,
oscillations become more rapid, and the atomic population
increasingly favors positive values of ρ

z
. The revival

packets grow larger, highlighting a stark contrast to the
lower l values. Panels ( )b

1

, ( )b ,
2

and ( )b
3

present the atomic
population dynamics with I-DC effects for =l 0, 1, and 50,
respectively. In panel ( )b

1

, corresponding to =l 0, revivals
are more pronounced compared to the scenario without I-
DC, with the population remaining predominantly below
the line =ρ 0

z
and lacking distinct packet-like revivals. For

=l 1 (panel b
2

), the dynamics exhibit population revivals
mostly above the line =ρ 0

z
, with brief intervals of col-

lapse similar to the =l 0 case. Finally, in panel ( )b
3

for
=l 50, rapid oscillations are observed alongside packet-

like revivals. The amplitude of these revivals is slightly
increased, with population dynamics now primarily occur-
ring below the line =ρ 0

z
, contrasting with the scenario

without I-DC. The revival patterns observed in atomic
population inversion indicate controllable periodic
exchange of energy between the atoms and the field, which

is critical for synchronizing atomic states in quantum
memories or processors.

3.2 TTLA–P-DF entanglement

The entanglement between the P-DF and TTLA can be
inferred from the evolution of the subsystem’s von
Neumann entropy. It is defined in terms of the TTLA den-
sity matrix as

{ ( ) [ ( )]}= −S ρ t ρ tTr ln .
12

TTLAs TTLAs

(9)

Here, ρ
TTLAs

represents the TTLA density operator as
defined in Eq. (6). The von Neumann entropy S
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is given by
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where cj is the jth eigenvalue of ρ .
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Figure 3: Time evolution of the concurrence C
12

for the TTLA interacting with the P-DF for =α 5 . Panels ( )=ja , 1, 2, 3j corresponding to ( ) =+G A A 1

(absence of the I-DC effect) and ( )bj for ( ) =+ +G A A A A (presence of the I-DC effect). Also, with various values of the P-DF parameter l as
l = 0, 1, and 50 corresponds to, respectively, panels (a1, b1), (a2, b2), and (a3, b3).
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Figure 2 displays the evolution of the von Neumann
entropy for a TTLA interacting with a PD-CS for =α 5 .
The analysis considers varying the parity-deformed para-
meter =l 0, 1, and 50 under both I-D and non-I-DC sce-
narios. In the absence of I-DC, subplots (a

1

), (a
2

), and (a
3

)
illustrate the dynamics for increasing values of l. For =l 0,
the von Neumann entropy exhibits oscillatory behavior
that initially increases and ultimately settles into a
steady-state oscillation around a specific value, with the
amplitude of oscillations growing over time. For =l 1, a
similar pattern is observed, with increasing oscillations
stabilizing around a steady-state value as time progresses.
At =l 50, the dynamics become more rapid, with oscilla-
tions fluctuating around a constant value, while the ampli-
tude remains unchanged over time. When I-DC is intro-
duced, as shown in subplots ( )b ,

1

(b
2

), and (b
3

), the von
Neumann entropy displays rapid oscillatory behavior for
both =l 0 and =l 1. In these cases, the oscillations center
around a value of approximately 0.5, maintaining a consis-
tent amplitude throughout the dynamics. For =l 50, the
von Neumann entropy continues to exhibit rapid and

periodic oscillations; however, the central value around
which the system fluctuates shifts to approximately

=S 0.8
12

, which is higher compared to the =l 0 and =l 1

cases, where S
12

remains around 0.5.

3.3 TLA–TLA entanglement

Here, we use the concurrence to measure TLA–TLA entan-
glement [38]. It is defined as

{ }≔ − − −C β β β βmax 0, ,12
1 2 3 4

(11)

where β
j
defines the eigenvalues given in decreasing order

of the matrix ∼ρ ρ s

sTTLA TTLA

, where ∼ρ
TTLAs

is the density
matrix related to the Pauli matrix σY and ρ *

TQS

(complex
conjugate of ρ

TTLAs
) by

( ) ( )∼ = ⊗ ⊗ρ σ σ ρ σ σ* ,Y Y Y YTTLAs
TTLA

(12)

where C has zero value for12 the TTLA is in a separable
state, and it reaches to its maximum value =C 1

12

for the
TTLA in the maximally entangled state.
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Figure 4: Evolution of the QFI I
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the I-DC effect) and ( )bj for ( ) =+ +G A A A A (presence of the I-DC effect). Also, with various values of the P-DF parameter l as
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Figure 3 illustrates the time evolution of the concur-
rence C

12

for a TTLA interacting with a parity-deformed
coherent field, considering varying deformed parameters

=l 0, 1, and 50. The analysis addresses both scenarios:
without and with I-DC. In the absence of I-DC, as shown
in subplots ( )a

1

, ( )a
2

, and ( )a
3

, the concurrence dynamics
evolve as follows: for =0 and =l 1, C

12

starts at 1 and gra-
dually decreases. Initially, the dynamics lack oscillations,
but as time progresses, rapid oscillations emerge, even-
tually stabilizing into a nearly constant amplitude. When
the deformed parameter is increased to =l 50, the
dynamics exhibit rapid and periodic oscillations, with the
amplitude of these oscillations varying periodically over
time. When I-DC is introduced, as depicted in subplots
( )b

1

, ( )b
2

, and (b
3

), the concurrence C
12

displays oscillatory
behavior within the range of 0–1. The period of oscillation
remains consistent for both =l 0 and =l 1, with the ampli-
tude showing a slight sinusoidal variation throughout the
evolution. For =l 50, the dynamics reveal even more rapid
oscillations, with the period of oscillation increasing com-
pared to the lower l values. The amplitude of these

oscillations forms revival packets, adding complexity to
the overall behavior. The steady-state oscillations in von
Neumann entropy and concurrence under certain para-
meters highlight entanglement stabilization regimes,
which are useful in maintaining coherence during infor-
mation processing.

3.4 QEI dynamics

The quantum version of QFI concerning the estimation
parameter φ can be investigated through the symmetric
logarithmic derivative ℘( )φ t, as outlined in [39,40]

[ ℘ ]=I ρTr ˆ ,
QF

TTLAs

2 (13)

with

( ℘( ) ℘( ) )
∂

∂
= +
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Figure 5: Time evolution of the Mandel parameter Q
P

for the TTLA interacting with the field in the PD-CS for =α 5 . Panels ( )=ja , 1, 2, 3j

corresponding to the absence of the I-DC effect (i.e. ( ) =+G A A 1) and ( )=jb , 1, 2, 3j are plotted under the effect of I-DC for ( ) =+ +G A A A A and with
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Figure 4 illustrates the dynamics of the QFI for a two-
level atomic system TTLA interacting with a PD-CS under
varying parity-deformed parameters =l 0, 1, and 50. The
analysis encompasses both scenarios: with and without
I-DC effects. In the absence of I-DC, subplots ( )a

1

, (a
2

), and
( )a

3

demonstrate the impact of the deformed parameter l

on the QFI dynamics. For =l 0 and =l 1, the QFI initially
starts at a value of 1 and subsequently exhibits a decaying
behavior over time. This decay is accompanied by oscilla-
tions that vary in amplitude as the system evolves. As the
parity-deformed parameter increases to =l 50, the
dynamics become more complex, characterized by rapid
oscillations with significantly higher amplitude than in the

=l 0 and =l 1 cases. Notably, the QFI does not consistently
decrease; instead, rapid oscillations periodically decay and
revive within the observed time scale. When I-DC is intro-
duced, as shown in subplots ( )b

1

, ( )b
2

, and ( )b
3

, the QFI
dynamics change significantly. For =l 0 and =l 1, the QFI
exhibits periodic revivals punctuated by brief intervals of
collapse. The period of oscillation remains consistent
across both values of the parity-deformed parameter,
though the amplitude varies throughout the dynamics.
For =l 50, the system displays rapid oscillatory behavior,
with revivals manifesting as rapid oscillation packets. The
amplitude of these oscillations shows a slight decrease
compared to the cases with =l 0 and =l 1, adding subtle
complexity to the overall dynamics. Fluctuations in
quantum Fisher information reveal periods of enhanced
parameter sensitivity, making the system viable for
quantum sensing and clock synchronization.

3.5 Field photon statistics

We use the Mandel parameter to examine the nonclassical
properties and photon distribution in the P-DF. This para-
meter is defined as [41]

( )

( )
( )= − −Q

A A

A
A

Tr
ˆ ˆ

Tr A
ˆ

Tr A
ˆ

1,

P

†

2

†

† (15)

The field is governed by super-Poissonian statistics for
>Q 0

P

, Poissonian statistics for =Q 0

P

, and sub-Poissonian
statistics for <Q 0

P

, which indicates that photons are anti-
bunched. The sub-Poissonian statistics indicates that the
field has a quantum nature.

Figure 5 presents the time evolution of the Mandel
parameter Q

p

for a system interacting with a parity-
deformed coherent state under varying values of the
parity-deformed parameter =l 0, 1, and 50. The analysis
considers two scenarios: with and without the I-DC effects.
In the absence of I-DC, subplots ( )a

1

, ( )a
2

, and ( )a
3

depict the

dynamics of the Mandel parameter for different values of l.
For =l 0, the dynamics exhibit oscillatory behavior char-
acterized by revival packets that gradually dissipate over
time. The oscillations of the Mandel parameter occur pre-
dominantly below the =Q 0

p

. When =l 1, the dynamics
show both collapses and revivals, beginning with an initial
collapse in the Mandel parameter, followed by increased
revival amplitudes as time progresses. These revivals are
asymmetrically distributed around the =Qline 0

p

, tending
more toward positive values. For =l 50, the dynamics
become more rapid and periodic, with significantly
increased oscillation amplitudes compared to the =l 0

and =l 1 cases. The amplitude of these oscillations varies
periodically over time. Overall, the behavior of the Mandel
parameter is highly dependent on the value of l, with both
amplitude and frequency of oscillations increasing as l

increases. When I-DC is introduced, as shown in subplots
( )b

1

, ( )b
2

, and ( )b
3

, the dynamics of the Mandel parameter
change notably. For =l 0, the Mandel parameter exhibits
rapid oscillations, predominantly below the line =Q 0

p

,
oscillating around = −Q 0.05

p

. As l increases to 1, the
Mandel parameter continues to show oscillatory behavior,
now oscillating above the line =Q 0

p

, with revival ampli-
tudes higher than in the =l 0 case. For =l 50, the dynamics
exhibit even more rapid oscillations, with the amplitude of
these oscillations remaining approximately constant but
significantly enhanced compared to the lower l values.
This indicates that the Mandel parameter is sensitive to
the parity-deformed parameter l under I-DC. The ampli-
tude of oscillations remains nearly constant in the pre-
sence of I-DC, whereas in the absence of such coupling,
the amplitude varies periodically. Transitions between
sub- and super-Poissonian statistics in the Mandel para-
meter mark nonclassical field properties, which are pivotal
for low-noise quantum communication.

Recent studies [42–44] have emphasized the need for tun-
able entanglement and phase sensitivity in multi-level systems,
reinforcing the relevance of intensity-dependent coupling and
algebraic deformations, as explored in our work.

4 Conclusions

In summary, we have studied the dynamics of a TTLA inter-
acting with a PD-CS. By varying the parity deformation para-
meter and incorporating the effects of I-DC, we have exam-
ined the time evolution of key quantum phenomena,
including atomic population inversion, von Neumann
entropy, concurrence, quantum Fisher information, and the
Mandel parameter. Each of these indicators plays a crucial

8  Sayed Abdel-Khalek et al.



role in understanding the underlying quantum dynamics.
Our findings demonstrate how the interplay between the
deformation parameter and coupling effects governs the
quantum behavior of the system. Specifically, we observed
that variations in the parity deformation parameter signifi-
cantly influence entanglement dynamics, parameter estima-
tion capabilities, and the statistical properties of the field. For
instance, as the deformation parameter increases, we noted
enhanced oscillatory behaviors and revival characteristics
that suggest a rich landscape of quantum effects that can
be manipulated. These findings enhance our understanding
of how to manage and refine quantum phenomena, which is
crucial for the progress of quantum information processing
technologies. The outcomes highlight the possible applica-
tions of our model in fields like quantum communication,
quantum cryptography, and quantum computing, where
the precise manipulation of quantum states and resources
is vital. Ultimately, this research provides a foundation for
future investigations that will delve into additional para-
meters and coupling scenarios, thereby deepening our com-
prehension of quantum systems and their real-world
applications.
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