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Abstract: A general linear model can be given in certain multiple partitioned forms, and there exist submodels
associated with the given full model. In this situation, we can make statistical inferences from the full model and
submodels, respectively. It has been realized that there do exist links between inference results obtained from the full
model and its submodels, and thus it would be of interest to establish certain links among estimators of parameter
spaces under these models. In this approach the methodology of additive matrix decompositions plays an important
role to obtain satisfactory conclusions. In this paper, we consider the problem of establishing additive decompositions
of estimators in the context of a general linear model with partial parameter restrictions. We will demonstrate how to
decompose best linear unbiased estimators (BLUEs) under the constrained general linear model (CGLM) as the sums
of estimators under submodels with parameter restrictions by using a variety of effective tools in matrix analysis.
The derivation of our main results is based on heavy algebraic operations of the given matrices and their generalized
inverses in the CGLM, while the whole contributions illustrate various skillful uses of state-of-the-art matrix analysis
techniques in the statistical inference of linear regression models.
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1 Introduction

Consider a partitioned linear model with partial parameter restrictions

y=XB+e=X 81+ +XiBr +¢

M A]ﬂlzbl,...,Akﬁk:bk, E(E):O, D(E):Gzz, (1)
where
y is an n x 1 vector of observable response variables,
X =[Xy,..., X ]isann x p matrix of arbitrary rank,
X1,..., Xy are k knownn X py,...,n X pi matrices with p = p; +--- + pg,
B=1I[8].... ,ﬁ;'c— 1T and B1....,Bx are p1 x 1,..., pr x 1 vectors of fixed but unknown parameters,

g is an n x 1 vector of randomly distributed error terms,
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E(-) and D(-) denote expectation and dispersion matrix,

¥ is an n x n known nonnegative definite matrix of arbitrary rank,
2

o~ is an arbitrary positive scaling factor,
Aq,...,Ag are given m| X py1,...,mMg X pi matrices, respectively, with m = my + --- + my,
bi,...,bgrarem; x 1,...,mg x 1 known vectors, respectively.

The system of linear equations in M is often available as extraneous information for the unknown parameter vector
B to satisfy which is an integral part of the constrained general linear model (CGLM) about the parameter space, and
thus should ideally be utilized in any estimation procedure of the parameter space in (1). Associated with M are the
following k submodels

M;: y=X;B; +&i, Aifi =b;, E(;) =0, D(&;) =0°%, i =1,... k. )

Obviously, these models can be considered as reduced versions of M by deleting k — 1 regressors except X;8;,
i = 1,...,k. It has been realized that estimators of the unknown parameters in M and M; have some intrinsic
connections, and people are interested in establishing certain additive decomposition of estimators under the
partitioned model and its submodels.

For convenience of representation, denote

by

~ y| < X| < el a 0 . .
= , X = , €= , U= , A=d Ai,....,Ar), b= |, 3
; M [A] : M [0 0} ae(Are. o A b= | o
by
v X
0 0
~ : PN S P P BN .
Y = b, =1,;y5. X; = Al ,:[0’}, I;; = diag(1,,0,....Ly,,...,0), 4)
L0 L0
Y, =[0,....X;,....0], Z; =[X1,....X;—1,0, X;+1,.... Xk |, )
?,‘Z[O,...,ii,...,()], Z-:[)Ail,...,f(,-_l,O,BA(,-JFI,...,)A(;{] (6)
fori = 1,...,k. In this setting,
X=Y,+Zi=Y1+ - +Yx, X=Y; +Z; =Y +---+ Yy, )
X;Bi =Y:B. X;Bi =Y ®)

fori =1,...,k.

CGLMs are usually handled by transforming into certain implicitly constrained model. The most popular
transformations are based on model reduction, Lagrangian multipliers, or general solutions of matrix equations
through generalized inverses of matrices. A well-known method of incorporating equality constraints in CGLMs is
to merge the equations in M as an implicitly restricted model

M: y=XB+&8=XiB1 + -+ XxBx +& E@E =0, DE) = o2Z. )
Also, merging the equations in M; yields
M;: ¥i =X;Bi +%, E@)=0, DE)=02%, i=1,....k (10)

Linear regression analysis is one of the most-used statistical methods, while linear models are the first type of
regression models to be studied extensively in regression analysis, which have had a profound impact and play a
central role in both theoretical and applied statistical science, see e.g. [1-3]. It has a long history in regression analysis
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to rewrite linear models as certain partitioned forms, and then to make estimation and statistical inference under the
partitioned linear models. One of the main objectives in the statistical inference of linear models is to establish
various estimators of the parameter spaces in the models and to characterize mathematical and statistical properties
and features of these estimators under various model assumptions. In this approach statisticians are often interested
in the connections of different estimators and especially in establishing possible equalities between estimators. There
have been various attempts to establish additive decomposition equalities for estimators under linear models. Under
the assumptions in (9) and (10), it is natural to consider relations among the best linear unbiased estimators (BLUEs)
of iﬂ in (9) and ﬁ,- Bi in (9) and (10). In this paper, we first verify or prove that under the assumptions that
X1B1.....XkBr. X1B1..... X Bk are estimable in (9), the BLUE of XB in M admits the following two additive
decomposition identities

BLUE (XB) = BLUE: (X1B1) + -+ + BLUE (X Br). (11)
BLUE (XB) = BLUEs (X181) + -+ + BLUES (Xx B (12)

In view of the above observations, we propose the following two additive decomposition equalities for the BLUEs
of X8 and XB in M:

BLUE (XB) = BLUEg; (X1B1) + - + BLUE; (XkBr), (13)
BLUEg;(XB) = BLUEg; (XiB1) +--- + BLUEg; (XiBi), (14)

and then derive identifying conditions for the equalities to hold, respectively. These estimator decomposition
identities have many different statistical interpretations and are not rare to see in statistical analysis of CGLMs.
The problem on additive decompositions of BLUEs under general liner models was approached in [4, 5]. Zhang and
Tian [6] recently investigated the above two decomposition identities for k = 2 by using some effective algebraic
methods of dealing with additive decompositions of matrix expressions and ranks/ranges of matrices.

Before proceeding, we introduce the notation to the reader and explain its usage in this paper. R”*" stands
for the collection of all m x n real matrices. The symbols AT, r(A), and R(A) stand for the transpose, the rank,
and the range (column space) of a matrix A € R"*" respectively; I,;, denotes the identity matrix of order m.
The Moore—Penrose inverse of A, denoted by AT, is defined to be the unique solution G satisfying the four matrix
equations AGA = A, GAG = G, (AG)T = AG, and (GA)T = GA. Further, let Py, E4, and F, stand for the three
orthogonal projectors (symmetric idempotent matrices) Py = AAT E, = AL =1,,—AAT, andFy = I,—ATA.
Two symmetric matrices A and B of the same size are said to satisfy the inequality A > B in the Lowner partial
ordering if A — B is nonnegative definite. Further information about the orthogonal projectors P4, Ea, and F5 with
their applications in the linear statistical models can be found in [7-9]. Also, it is well known that the Lowner partial
ordering is a surprisingly strong and useful property between two symmetric matrices. For more results about the
Lowner partial ordering of symmetric matrices and applications in statistical analysis see, e.g., [8]. Generalized
inverses of matrices are common tools to deal with singular matrices, which now are a fruitful and core part in
current matrix theory and have profound impact in the field of statistics.

2 Some preliminaries in linear algebra

Statistical inference for linear models, as is well known, is entirely based on computations with the given vectors
and matrices in the models, and formulas and algebraic tricks for handling matrices in linear algebra and matrix
theory play an important role in the derivations of these estimators and the characterization of their performance.
Because BLUES of parameter spaces in linear models are calculated from given matrices and vectors in the models
and are often represented by certain formulas composed by given matrices and vectors in linear models, the approach
we take to the above problems is in fact to establish and characterize matrix equalities composed by matrices and
their generalized inverses, and thus we need to use many influential and effective mathematical tools in order to
characterize the above equalities of estimators and their covariance matrices under CGLMs. Many mathematical
methods in statistical science require algebraical computations with vectors and matrices. In particular, formulas and
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algebraic techniques for handling matrices in linear algebra and matrix theory play important roles in the derivations
and characterizations of estimators and their performances under linear models. As remarked in [10], a good starting
point for the entry of matrices into statistics was in 1930s, while it is now a routine procedure to use given vectors,
matrices and their generalized inverses in statistical models to formulate various estimators of parameter spaces in
linear models and to make the corresponding statistical inferences.

As the study of additive decompositions of estimators in the contexts of linear regression models requires more
effective mathematical analysis tools, it is forced toward algebraic questions that overlap with precise description
and characterization of matrix decomposition identities in linear algebra. The scope of this section is to introduce
various formulas for ranks of matrices in linear algebra suitable for establishing and characterizing various possible
equalities for estimators under CGLMs. In this section, we first introduce some fundamental formulas for calculating
ranks of matrices that will be used in the statistical analysis. Recall that the rank of matrix is conceptual foundation
in matrix theory and is the most significant finite nonnegative integer in reflecting intrinsic properties of matrices,
while the mathematical prerequisites for understanding the rank of matrix are minimal and do not go beyond
elementary linear algebra. The intriguing connections between generalized inverses of matrices and rank formulas of
matrices were recognized in 1970s, and a seminal work on establishing formulas for calculating matrices and their
generalized inverses was presented in [11]. It has been known that matrix rank formulas are direct and effective tools
of simplifying matrix expressions and equalities. The whole work in this paper is based on the effective use of the
matrix rank methodology (MRM), which is a set of quantitative description techniques that encompass:

I. establishing non-trivial analytical formulas for calculating the maximum and minimum ranks of a matrix
expression, and using the ranks to determine the singularity and nonsingularity of the matrix expression, the
rank invariance of the matrix expression, the dimension of the row/column space of the matrix expression;

II. establishing formulas for calculating the rank of the difference of two matrix expressions, and using them to
derive necessary and sufficient conditions for the two matrix expressions to be equal, i.e., proving matrix equality
by matrix rank formulas;

III. characterizing relations between two linear subspaces, or two matrix sets by matrix rank formulas.

The above assertions show that there are important and peculiar consequences of establishing various formulas for
calculating ranks of matrices from theoretical point of view. Thus, the MRM in fact provides us with a specified
algebraic framework for tackling matrix expressions and matrix equalities, and gives a glimpse into a very broad
and interesting field of matrix mathematics. But it was not until a few decades ago that the MRM was essentially
recognized as an effective and influential tool in the field of mathematics and was extensively applied in matrix
theory and applications. Because matrices are common objects in linear regression analysis, the advent of the MRM
has greatly extended from the domain of matrix theory into statistical areas, some seminal work on the fundamental
theory of the MRM and its applications in statistics can be found in e.g. in [11-13]. Some recent work on the MRM
in the analysis of additive decompositions of BLUEs under linear models were presented in [4—6], while some
contributions on MRM in the statistical analysis of CGLMs can be found in [14-24].

In order to establish and characterize various possible equalities for estimators in the context of linear models and
to simplify various matrix equalities composed by Moore—Penrose inverses of matrices, we will need the following
well-known rank formulas involving Moore—Penrose inverses to make the paper self-contained.

Lemma 2.1 ([11]). Let A € R B e R"*k C e R and D € Rk Then

r[A, B] =r(A) + r(EaB) = r(B) + r(EgA), (15)
r ‘é — r(A) + r(CFa) = (C) + r(AF), (16)
r AB\_ r(B) +r(C) + r(EgAF¢), (7

Co
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-
r|:ABA-|— I;i| =r[A, B] +r(B). (18)

IfR(B) € R(A) and R(CT) € R(AT), then
r[‘é 11;} =r(A) +r(D—CATB). (19)

Furthermore, the following results hold.
(@) r[A,B]=r(A) & R(B) C R(A) & AATB =B < E,B = 0.

(b) r [A} =7r(A) & RICT)SRAT) & CATA =C & CF, =0.

C
() r[A, Bl =r(A) +rB) < RA)NRB) = {0} & R[(EAB) "] =RBT) & R[(EgA)T] = RAT).
@ r ‘é =7(A)+7r(C) & RAT)NR(CT) = {0} & R(CF,) = R(C) & R(AFc) = R(A).

Lemma 2.2 ([25]). Suppose that R(A) € R(B1), R(C2) € R(Cy), R(AAT) € R(C[), and RB;) < R(B/).
Then

AB; 0
r(B2BACTCo) =7 | Cy 0 Co| —r(B1)—r(Cy). (20)
0 B, 0

Lemma 2.3 ([26]). The linear matrix equation AX = B is consistent if and only if r[A, B] = r(A), or equivalently,
AATB = B. In this case, the general solution of the equation can be written as X = ATB 4+ (I — ATA)U, where
U is an arbitrary matrix.

With the support of the formulas in Lemmas 2.1-2.3, we are able to covert the problems in (11)-(14) into
certain algebraic problems characterizing matrix equalities composed by the given matrices in the models and their
generalized inverses, and to derive analytical solutions of the problems by using the methods of matrix equations,
matrix rank formulas, and various skillful partitioned matrix calculations.

3 Estimability of parameter spaces under CGLMs
We take 62 = 1 in (1)—(10) for the convenience of presentation below, because it doesn’t play any role in the main
results in this paper. In what follows, we assume that the model in (9) is consistent, i.e.,

3 € R[X, =] holds with probability 1; 1)

see [27, 28]. We next introduce the definitions of the estimability of parameter spaces in CGLMs.

Definition 3.1. Let M be as given in (9) and let K € RK*P be given. Then, the vector KB of the unknown parameters
is said to be estimable under M if there exists a linear statistic Ly, where L € RK*U+mM) - gych that E(Ly) =
LXB = KB holds under M.

It is well known in statistical theory that the unbiasedness of linear statistics with respect to given parameter spaces
in linear models is an important property. Considerable literature exists on estimability of parameter spaces in
linear models; see e.g. [29-38] for some excellent expositions. We next present some classic and new results on
the estimability of the parameter space in (9) and give their proofs.

Lemma 3.2 ([29]). Let M be as given in (9) and let K € RX*? be given. Then, the following results hold.

(a) KB is estimable under M < RKT) < RXT) & r|:1§:| = rX).
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(b) The following statements are equivalent:
(1) X;Bi = Y;PB is estimable under Mi=1,.. k.
(ii) )/Z,-ﬂi = ?,ﬂ is estimable under J"/\[, i=1,...,k.
(i) R(Y;) S RXT), i =1,....k.
v) RY) S RXT),i=1,... k.
) RY)NRZ) =10}, i=1,... k.
o) rX)=r(X) +rZi), i =1,... k.

Lemma 3.3. Let M be as given in (9). Then, the following statements are equivalent:
(a) AllX B, ..., Xy Bk are estimable under M.

(b) All f(lﬂl, ... ,)/Zkﬂk are estimable under M.

© r(X) =rX1) + -+ rXg).

Proof. 1t is obvious from (7) that
r®) <r(¥) +rZ) < r&p -+ r&p). i =1k 22)
Hence if (c¢) holds, we obtain from (22) that
r®) =r(Y0) +rZ) == r(Yo) + rZp). (23)

which means that (a) and (b) hold by Lemma 3.2. The equivalence of (c) and (23) can be proved by induction, we
leave it to the reader. (]

Lemma 3.3(c) is easily verifiable for a given model matrix. In particular, they are satisfied under the condition
rX) = p.

4 BLUEs’ computations

Theoretical and applied researches of a CGLM seek to develop various possible estimators of the parameter space
in the CGLM. When there exist unbiased estimators for a given parameter space, there are usually many unbiased
estimators for the parameter space. Thus, it is natural to seek such an unbiased estimator that has the smallest
dispersion matrix among all the unbiased estimators, that is to say, the unbiasedness and smallest dispersion
matrices of estimators are most intrinsic requirements in statistical analysis and inference. The concepts of BLUEs
of parameter spaces in the contexts of (1)—(10) are given below.

Definition 4.1. Let M be as given in (9), and assume that KB is estimable under M for K € RKXP_If there exists
an L € RE>X0n+m quch that
E(Ly — KB) = 0 and D(Ly — KB) = min 24)

hold in the Lowner partial ordering, the linear statistic Ly is defined to be the BLUE of KB under 5\7(, and is denoted
by
Ly = BLUE;; (KB). (25)

IfK = Xor X in (24), then the Ly satisfying (24) is the BLUEs of XB and iﬂ under M, respectively, and are
denoted by Ly = BLUE+ (XB) and Ly = BLUE (XB), respectively.

Estimators of the parameter spaces in linear models are usually formulated from mathematical operations of
the observed response vectors, the given model matrices, and the covariance matrices of the error terms in the
models. Hence, the standard inference theory of linear statistical models can be established from the exact algebraic
expressions of estimators, which is easily acceptable from both mathematical and statistical points of view. In fact,
linear statistical models are the only type of statistical models that have complete and solid support from linear
algebra and matrix theory. Observing that (9) is a special case of GLMs, the following lemma follows from the
well-known results on the BLUESs under linear models; see e.g. [28, p.282] and [39, p. 55].
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Lemma 4.2. Let M be as given in (9), assume that KB is estimable under M forK € RKXP and denotet = n+m.
Then, the following results hold.
(a) The following implication

E(Ly—KB) = 0and D(Ly—KB) = min < L[X, EX1] =K, 0] (26)

holds. The matrix equation on the right-hand side of (26) is consistent, i.e.,
K, 0][X, X1 1T[X, EX1] =K, 0] Q7)
holds under R(KT) C R(SZT), while the general solution of the matrix equation, denoted by PK ~.&, and the

Xix’
corresponding BLUE of KB under M can be written as

BLUE;; (KB) = P, <5V = ([K, 0[X. SX1T + UK, ﬁf{L]L) 3. 28)

where U € R¥>! s arbitrary.
(b) XPB is always estimable under M, and the general expression of BLUE of XB under M can be written as

BLUE;; (XB) = Py ¢ o7 = ([x, 0[X. SX1T + UK, ﬁii]l)i (29)

where U € R is arbitrary.
(¢) XB is always estimable under M, and the general expression of BLUE of XB under M can be written as

BLUE;;(XB) = Pg5¥ = (IX. 0K, EX1T + VIX. EX4H) 5. (30)

where V € R s arbitrary.
(d [8,p. 1231 R[X, =X1] = RX, I], r[X, =X1] = r[X, Z], and R(X) N REXT) = {0}.

(©) P 2.5 is unique if and only ifr[i, Y] =1t
(f) BLUES; (KB) is unique with probability 1 if and only if M is consistent.

Note that BLUEs of unknown parameters in linear models are defined from the requirements of both the unbiasedness
and the smallest covariance matrices of linear statistics. In order to reveal more deep and fundamental properties and
features of BLUEs of unknown parameters in (1), the so-called standard forms of the decomposition refer to the fact
that the whole and partial mean vectors X8, )’Zﬂ, X;Bi,and }/Zl- Bi are the components in (1)—(10), while the BLUEs
of XB and )A(ﬂ always exist under (9), as demonstrated in Lemma 4.2.

5 Direct additive decompositions of BLUEs under a CGLM

In this section, we give the analytical expressions of the BLUEs of X; 8; and iiﬂ ; of interest, and present some of
their statistical properties.

Theorem 5.1. Let M be as given in (9), and assume that X;B; and )/Z,-ﬁ,- are estimable under 3’\7[, i=1,... k.
Then, the following results hold.
(a) The BLUEs of X;B; under M can be written as

BLUEg (X;B:) = Py <59 = (IV:. 0)IX, EXF + U;[X, EX4H) 3 31

with
E[BLUE: (X;Bi)] = XiBi. (32)
Cov[BLUEﬁ(X,-ﬂ,-)] - ([Y,-, 0][X, ﬁiiﬁ) s ([Y,-, 0][X, ﬁf(iﬁ)T, (33)

Cov{BLUEﬁ(X,-ﬁ,-),BLUEﬁ(Xjﬁj)} - ([Y,-, 0], ﬁilﬁ) s ([Y,, 0], ﬁilﬁ)T, (34)

where U; € R™ is arbitrary,i,j = 1,...,k.
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(b) The BLUE:s of f(i Bi under M can be written as

BLUE; (RiBi) = Py <57 = (Vi 0%, ERTF + ViR, 2R41)§ (35)
with
E[BLUE (X;8:)] = XB,. (36)
~ ~ ~ A ~ [ o~ PPN T

Cov[BLUE; (Ri1) | = (1%, 01X, ER47) £ (V. 0%, £X417) 37)
Cov{BLUE< (X, ), BLUE= (X, 8,)} = (I¥:, )X, SX41+) £ (1Y, 0%, £X41+) 38
ov{BLUEG; (X;8,), BLUEG (X;8,)} = (I¥:, 01X, SX1) £ (¥, X, X)L 639)

where V; € R**! is arbitrary,i,j = 1,... k.

(¢c) The following two decomposition identities hold
BLUEﬁ(Xﬁ) = BLUEJ\’/\[ XiB1) +---+ BLUEJ/\\/[ XxBx), (39)
BLUE (XB) = BLUE (X181) + -+ + BLUE (Xx B (40)

Proof. Results (a) and (b) follow directly from (8) and (28) by letting K = Y;, ?i, respectively. Result (c) follows
directly from (7), (29), and (30). (]

In what follows, we use {BLUE~ (KB)} to denote the collection of all BLUE (KB) in (28).

6 Additive decompositions of BLUEs under a full CGLM and its
submodels

For convenience of representation, we adopt the notation in this section.

X = diag(X1,....Xx), = =diag(T..... %), I, =[1,,0,...,0]", (1)
0 X5 --- Xi
T X;
Xl 0 "‘Xk i 7.
z=|"" . Tl si=|o0a ,Tiz[ﬁifﬂ, =1k, “2)
. . .ol Zl—l— 0 1
X; X5 - 0
x X £X7 = 0X
S=] 0 A, T= 0AO,V,-j: 0 0 A;l|, i#j,i,j=1,...,k (43)
Z7 0 XAl 0

The misspecified BLUEs under the submodels in (10) are given below.

Lemma 6.1. Let 3’\\/[,- be as given in (10),i = 1,...,k. Then, the misspecified BLUEs of X; B; and iiﬂi under the
k submodels in M; are

BLUEG (XiBi) =Py ¢ gVi =Py ¢ 1y, (44)
BLUEg; (XiBi) =Pg ¥ =P sl (45)

where

PX,-;/)Z,-;/E\ =[X;, 0][&1', ﬁi%]—i_ + Hi[ii, ﬁif]i,
Pe s = (X0 0][X; BX 1T 4 Gi[XiL EX ]

H; € R™ and G; € R™! are arbitrary matrices,i = 1,... k.
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It should be pointed out that under the assumptions in (9), the k submodels in (10) are misspecified versions of (9).
So that the estimators in (44) and (45) are not true BLUEs of X;8; and ii B under the models in (10), that is to
say, they neither are unbiased for X; 8; and )/Zi B under (9), nor have the smallest covariance matrices in the Lowner
sense. In such a case, the sums of the BLUEs may, however, be the BLUEs of XB and )A(ﬂ under some conditions.
In this section, we derive some algebraical and statistical properties and features of the BLUEs under (9) and (10),
and then give necessary and sufficient conditions for the equalities in (13) and (14) to hold. Although the results
in the last section present exact formulas of BLUEs under various assumptions, we have to pay more attention to
the mathematical manipulations hidden behind the BLUE formulas in order to establish the connections among the
BLUEs. During this process, many skillful calculations of matrix ranks and elementary block matrix operations will
be conducted in establishing and simplifying matrix equalities and expressions.
The following theorem gives a variety of properties of the two estimators in Lemma 6.1.

Theorem 6.2. Let M; be as givenin (10),i = 1,... ,k, and let BLUEz, (X;B;) and BLUE+. (X;Bi) be as given
in (44) and (45), respectively,i = 1, ..., k. Then, the following results hold.
(a) Under (9), the expectations of BLUEva\[_ (X; B;) and their sum are given by

E[BLUEJ% (xiﬂ,-)] =XiBi + Py ¢ glZiB. i =1,k (46)
E[BLUEﬁl (X1B1) + -+ + BLUEg, (Xkﬁk)] =XB+ Py ¢ glu . Py ¢ 51u1ZB. @7
(b) Under (9), the expectations of BLUE. (ii Bi) and their sum are
EI:BLUEJ/;& (ilﬂl):l = iiﬁi + P&\i;ﬁinziﬁ, i=1,...,k, (48)
E[BLUEJ/V\U (X1B1) + -+ BLUEg (f(kﬁk)] =XB + [Pe sl P§k;§in 1ZB. (49)
(c) The following statements are equivalent:
() There exists a BLUEs (X;B;) such that
E[BLUEﬁ,(X,»ﬂ,-)] —X;Bi i=1,... .k (50)
(ii) There exists a BLUEz ()/Z,- Bi) such that
E[BLUEﬁ‘(iiﬂi)] —X;Bi. i=1,... k. (51)
i) r(S;) =r(T;), i =1,...,k.
(d) The covariance matrix between BLUE+ (X;B;) and BLUEs (X;B;) is
i J
Cov{BLUEg; (X;B,). BLUEg; (X;8,)} = [Xi. 0I(X;. EXHFE(X;. 0K, X1, (52)
r(Cov {BLUEg (XiB)). BLUEg; (X;8))}) = r(Viy) = r[Xi, £1-r[X;, ]+ (%) (53)
i J
fori #j, i, j=1,... k.
(e) The covariance matrix between BLUEs (X;B;) and BLUEs (X;B;) is
i J
Cov{BLUE; (XiBy). BLUEg (X;8)} = [Ri, 0%, ERAFE(R), 0%, £XF1HT, (54)
I‘(COV {BLUE% (RiB:). BLUEg (X,-ﬁj)}) = r(Vij) —r[Xi. 1= r[X;. ]+ (D) (55)

fori #j,i,j=1,...,k.
(f) The following statements are equivalent:
() Some/any pair of BLUEz (X;Bi) and BLUEg: (X B) are uncorrelated, i # j, i, j =1,....k
1 J

(ii) Some/any pair of BLUE (i,ﬂ,) and BLUES (}’Zj Bj) are uncorrelated, i # j, i, j
1 J

Il
—_
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(i) r(Vij) = rXi, E1+r[X;, E]=r(D),i # j, i, j =1,....k.
(g) Under the assumption that X is positive definite, the following statements are equivalent:

(i) Some/any pair of BLUEs: (X;B;) and BLUEs (X;B;) are uncorrelated, i # j, i, j =1,....,k.
i J

(i) Some/any pair of BLUEs. (X;Bi) and BLUEs, (X;B,) are uncorrelated, i # j, i, j =1,....k.
i J

J

XTs—IX;, AT
(iii) r J
A; 0

:|=r(Ai)+r(Aj),i;£j, ij=1... .k

Proof. 1t can be derived from (44) that

E[BLUE@ (Xiﬂi)] =P, < sLiE®

[ X181+ + Xk Bk [XiB1+ -+ XiBi +-+ + XpBi |
0 0
=Puxis b; =Puxis AiBi
B 0 | L 0
= Pxi&i;ﬁ(inxlﬁl +o+ XiBi + o+ L Xk Br)

=P . shXiBi+ -+ XiBi +- + Py o ST XiBi
= Xiﬂi + PX,';/)Zi;ﬁinZiﬂ’ i=1,... ,k.
establishing (46) and (47). From (46), E[BLUEJ\//\[‘ (X;Bi)] = X;B; holds if and only if
Px,-;i,-;ﬁinzi =0, i=1,....k
Substituting P < = =[X;, 0][X;. X |+ + H; [X;, EX;H L into (56) gives
[Xi. 01[X;, X111,z + Hi[X, BX 1,2 =0, i =1, k.

It follows from Lemma 2.3 that there exists an H; such that (57) holds if and only if

X;, 0][X;, EXL 1,2z o '
1> i nLij

Applying (15), (16) and simplifying by elementary block matrix operations gives
r([f(i, ﬁf(f]ﬁnzi) = r[X;. BX; 1,2, ] - r[X;. X

=r[X;, £, 1,Z; | - r[Xi, 2]

_2 X; Z; S Q1
= — X',E, :1,...,k,
r 0 A, 0:| r[X; I i
[X;, 01X, BXF 1702 | _ (1% 000X, BX 14z 0
[X;, BX- 14,2 B 1,Z; [X;, EX;]
[0 —[Xx;.0 s <
=7 A A[ L’AE —r[X,,E]
_InZi [Xi» EXZ' ]
[0 X; 0
=r inZl' ii ﬁ _r(ii)_r[iiaz]
L0 0 X]
[0 X; 0 0
Z; 0 0 < PPN
=r 0’ A 00 —r(X;) —r[X;, 2]
0 0 XTAT

- l 1

s

} —r[Xi. BX{]

(56)

(57)

(58)
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Y X;
=r| 0 A; | —r[X;, 2], i=1,... k.
ZT 0

4

Substituting these two equalities into (58) leads to the equivalence of (i) and (iii) in (c).
It follows from (45) that

EI:BLUEJ/V\[,- (X“B,)] = P&\i;giliE(/y)

[ X181+ + Xk Br ] [XiB1+ -+ XiBi + -+ XxBr ]
0 0
X;: 2 b; X;: 2 Aiﬂi
L 0 J L 0 J

=P sMXiBr + -+ XiBi + - + L XeBi)
= P’ﬁi:ginxlﬂl o+ XiBi o+ P§i;§inxkﬁk
=X,Bi +Pg SHaZiB, i =1,k
thus establishing (48) and (49). From (48), E[BLUEﬁi ()A(,- Bl = )A(,- B holds if and only if
Pgiﬁinzi =0, i=1,....k. (59)
Substituting P&\i;ﬁ = [ii, 0][?,-, ﬁ)A(lJ- 1T+ G; [)A(l-, ﬁif—]J- into (59) gives
X, 011X;, EXH 1,7 + G (X, SXH14,2, =0, i =1,... k. (60)
It follows from Lemma 2.3 that there exists a G; such that (60) holds if and only if
r[[XZ[)Q(Z]D%if]XfI;,InZI} =r (K XA Z:). i =1k, ©1)
Applying (15), (16), and simplifying, we obtain
r([Xi, SXH14H,20) = r[ X, SXE, 1,2 - [ X, SXH]

YX; Z;

ZF[)A(i,iinZi]—r[f(i,§]=V|:0 A 0

:|—r[§,-,§], i=1,...k
and

—~ A~ AAL A -~ A~ AAL A
r[[xl-,ouxi,zx,- 1+1nz,-] _ [1X0ux ERE 1Lz 0 }_r[ihﬁiﬁ

[ii, iif]iinzi L inZi [ii, iili]
—r. 0 Z[XL’AOE —r[X;. 2]
| 1nZ; [X;. EX;-]

X; a =
=r AO ZAP\J_ —r[X;, ¥]
I,Z; 0 XX;

Xi) + 0z, EXFH ] - r[X;, £]

I
~
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Substituting these two equalities into (61) leads to the equivalence of (ii) and (iii) in (c).
It can be derived from (44) that

Cov {BLUEJ% (XiB;). BLUEg; (X, B j)}
=P - <ZP' _ =X, 0[X;, EXHITE(X, 01X EXAD T i £ i j =1k

XXX X;X:2

as required for (52). Also note R([X;. 0]T) € R(X;. TXHT). R(X;. 0]T) € R(X;. BXHT). R(E) ¢
IR[)?,', ﬁif] and R(ﬁ) - fR[)A(j, ﬁf(ji], i #j,i,j=1,...,k. Applying (20) and simplifying gives

r(1X:. 0%, SXHTE(X;, 0%, ST

[ £ X; =Xt oo

XT 0o o XxT o ao s ac
:rijijio o 6 —r[Xi. 3XF ] - r[X;, BXF ]

L 00X, 0 0

(= 00X, = 0 0 0]

0 0A, 0 0 0 0

XjTAjTO 0 0 OXJ.T R R R L
=r[2 0 0 0 0X;, 0 |—rX)—rX;)-—r[X;.Z]-r[X;, 2]

0 0 00 0A; 0

0 0 0X"AT 0 0

0 0 X; 0 0 0 |

[ 0 0 0 0 0 0]

00A 0 0 0 0

0A7 0 0 0 0X] R R o A
=r[0 0 0-% 0 X, 0 |-—rX)—rX;)—r[X;, Z]-r[X;, I

00 0 0 0A, 0

00 0X AT 0 0

(00X, 0 0 0 0|

=r(Vij)—r[Xi. S =r[X;, S+ (), i #j. i, j=1,... .k,
thus establishing (53). Also from (45),
Cov{BLUE (XiB)). BLUEg (X,8,))
—P- ~SPT _
o PX:‘;EEP/)ZJ»;E
= [X;. 0)[X;. EXHTE(X 00X, EXF )T i A i =1k
as required for (54). Also note R([X;, 0]T) € R(X;. TXHT). R(X;. 0]T) € R(X;. BXHT). R(E) ¢
.‘R[)/Z,-, ﬁif—] and fR(i) c fR[)/Zj, fﬁf—],l # Jj, i, j =1,... k. Applying (20) and simplifying gives
r([Xe 0%y SXATFE(K;. 0K, EXF1)T)
[ £ X; =Xt o
X 0 o X7

_ 3. SwL I SRl
- i}fﬁ 0 o (; —r[X; EXF ] - r[X), EXF ]
L0 X, 0 0
T 0 0 0
00 0 XT P SN
- o T =X B -XL S
o0 gy o | EITGE
0 X; 0 0

1
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=rX;EXH) +rX) +rX)) + (D) - (X, B] - r[X;. E]

_ r[% ’ﬂ SO S) T 38 ) N s )

=r(Vij) = r[Xi. S =r[X;, S+ r(), i #j. i, j=1,.. .k,
thus establishing (55). Results (f) and (g) are direct consequences of (d) and (e). O
Concerning the relations between BLUEs; (X; 8;) and BLUE%; (X;B;), BLUE; (X;B;) and BLUEg XiBi).i =
1,...,k, we have the following conclusions.

Theorem 6.3. Let M be as given in (9), and assume that X;B; and iiﬁi are estimable under 5\7[, and let
BLUEﬁ(Xiﬁi), BLUEﬁ(iiﬁi), BLUEJ/V\E[ (X;Bi), and BLUEJ\//\E[ (iiﬁi) be as given in (31), (35), (44), and (45),
respectively,i = 1,...,k. Then, the following statements are equivalent:

(a) There exist BLUES (X, B;) and BLUEJ/\;U (X;B;) such that

BLUE (X;B;) = BLUEs: (X;B;). i =1.....k. (62)
(b) There exist BLUEs (iiﬂi) and BLUEJ»\;[i (iiﬂi) such that

BLUE: (X;B;) = BLUEs. (XiBi). i =1.....k. (63)
© rSj)=r(T),i=1,...,k.

Proof. Under the condition that X;B8; is estimable under (9), we see from (26) and (44) that there exist
BLUEJ/V\E(X,-ﬂl-) and BLUEva\[_(X,-ﬁ,-) such that (62) holds if and only if PX«-?Z»-S:\i” in (44) satisfies (26), that
is, the matrix equation
(I, 01%s, SR IF + 1 (X, SXHY) T [X £R4] = [Y1, 0] (64)
is solvable for H;,i = 1,...,k. By Lemma 2.3, (64) is solvable for H; if and only if
X;, 0][X;, =X+ [X, EXL]-[Y,. 0 e aclcr o an
p| - O, BX TP I [X, 2X1 =[5 0] =r (K SRR ERY)) =1k (69)
[Xi, X1 [ X, X ]

where

| X 0, EXH (X EXE ] [V 0]
X, X (X EX]

e X ’V\J_ +71..1X $OxXLl71_ . ~
=r [leo][xl’zx,l\] /I\ll/[\)/(\’izx ] [Yl’O] . Q\AL V[Xl,lei]
—[Y;,0] —[X;.0 = & Y 0 X; 0 = a
=rl. [A“M]L I L’Aj —r[Xi, Zl=rl. 5: aol o acy |—rXi 2]
I;[X, 2XH] [X;. EX;H] I;X 1, 2X' X, 2X;
[0 X 0 2% 3 o
=r [zo} g sx0 | X Bl=rTal g g | &)X B
L 0 0 X"AT
[0 X; 0 o
Z; 0 = 0 < s a
=r Ol A 00 —rX;) —r[X;, X]
[0 0 X AT
(2, = 0 - = s a. .
=r a1 | X, Bl =rS) - r[X;, B, i =1,...k,
|0 X; Al.:|
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and
r ([fc,-, XX ﬁiﬂ) = r[1;X, 12X, X, EXH ] - r[X;, EXGH]
Tz Z;X; T 0
=r [ l},xi,zx.i}—r[xi,z]:r 0A; 0 0 |—rX)—r[X;, 2]
L 0 0X"AT

XX, Z;
0A; 0

—r(Xi) - r[X;, i]zr[ }—r[ii, £] (by (18))

Hence, (65) is equivalent to (c).
Under the condition that X; B; is estimable under (9), we see from (26) and (45) that there exist BLUEJ/V\E X;B:)
and BLUEJ\/;E_ (ii Bi) such that (63) holds if and only if the P§» -Sii 1i in (45) satisfies (26), that is, the matrix equation

(1%, 01%;. SR 1* + 6:[Rp, R ) 1 (R, SXE ] = (V1,0 (66)
is solvable for G;,i,=1,...,k. By Lemma 2.3, (66) is solvable for G; if and only if

[[X,, 01[X;, BXH 1, (X, EXL] - [V, 0]

X;, XA (X EXE), i =1k, (67
[XZ,EXJ‘]J‘IH[X EXJ_] ] ([l z] 1i[ ]) l (67)

where
X 0][X;, SXHT (X SR - [V, 0]
[X;. EXL]LIU[X XL
1%, C SXL+H]. L1V, PPN
_ R 0% SRR SR - (V0] 0 ) e sey
[ (Y01 —[X:,0 - = Y, o0 X o0 - -
=r|. [A’LA]J_ A[ L’AE —r[X;, 2] =1, a. ,\AJ_,J acy | —rlXi, X]
I;[X, EX+] [X;, 23X ;X I;; 32Xt X; 3X;
0 X, o0 25 o
=r [Zii| 0 SX- _r[Xi’E]zr[()lXl.TAiT:|_r[Xi’E]
=rS) —r[Xi, 2], i=1,....k.
Hence, (67) is equivalent to (c). O

It can be seen from (47) and (49) that neither the sum BLUEJ/V\[l XiB1) + -+ BLUEJ/V\[k (XxBx) is necessarily

unbiased for XB, nor BLUEﬁl ()/Zlﬂl) + - 4 BLUEJ/;[k ()/Zkﬁk) is necessarily unbiased for iﬂ under (1).
Concerning the unbiasedness of the two sums and the corresponding BLUE decompositions, we have the following
general conclusions.

Theorem 6.4. Let BLUE (X;Bi) and BLUE;; (ﬁiﬂi), i =1,...,k, be as given in (44) and (45), respectively.
Then, the following statements are equivalent:
(a) There exist BLUEJ/V\E' X;Bi).i =1,...,k, such that

E[BLUEﬁl(Xlﬂl) +~~+BLUEﬁk(Xkﬂk)] - XB. (68)

(b) There exist BLUE;: ()A(iﬂ,'), i=1,...,k, such that

E[BLUEﬁl()Ailﬂl) + -+ BLUEg (f(kﬂk)] — XB. (69)
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(¢) There exist BLUEs X;Bi),i =1,...,k, such that
BLUEg (XiB1) + -+ + BLUEg (XkBx) = BLUES (XB). (70)

(d) There exist BLUEL (iiﬂi), i =1,...,k, such that

BLUEg XiB1) +-+ BLUE (XkBx) = BLUES (XB). (71)
© r(S) —r(T) = r(Xp) + -+ + rXg) — r(X).
() IfallX1B1,..., Xk Bk are estimable under (9), then the following statements are equivalent:
(i) There exist BLUEgy (XiBi). i = 1.....k. such thatE[BLUEﬁl(Xlﬂl) ++++BLUEg, (Xkﬁk)] -
XB.
(ii) There exist BLUEg (RiBy). i = 1.....k, such thatE[BLUEﬁl(ilﬂl) +---+BLUEﬁk(§(kﬁk)] -
XB.
(iii) There exist BLUEﬁi X;B:), i = 1,....k, such that BLUEg XiB1) + - + BLUEJ/V\[k XxBr) =
BLUE; (XB).
(iv) There exist BLUEJ/V\[[ (iiﬁi), i = 1,...,k, such that BLUEﬁl(ilﬁﬂ + e+ BLUEJ/V\[k ()/Zkﬂk) =
BLUE; (XB).

V) r(S) =r(T).
Proof. It can be derived from (47) that the equality (a) holds if and only if

[Py 5.8l Py 5 5112 =0 (72)

Substituting P < = = [X;, 01X, EX;H1T + H;[X;, EXH] in (44) into (72) gives

i, P - ﬁin]z

P ~ -~
[ X1:X1: 2 Xk Xk

- [[xl, 01[Xy. SXETE, + Hy[Xy, SXE 14, (X, 0][ Xk, EXE]TT, + He Ky, 3% ]Lin] z

= [1X0 011, B T [ Xk, 01Kk, ERETHL |2

+[Hi,... Hy diag ([f(l, SXE 1, X ﬁi,f]iin)z

=0. (73)
The matrix equation is solvable for [Hy, ..., Hy | if and only if

[1X1, 0%y, SX 1 (X, 01 %k, £X 14, | 2

r ~ A~ ~ -~ ~a ~
diag ([Xl, 1) CES MU b-of zx,g]LI,,) zZ
_ r[diag ([f(l, XL, (X BXe ]iin) Z], (74)
where
(e 0n%, SRE T Xk 0)(Re, SRE 1L |2
diag ([f(l, SXL . [ Xk ﬁi,g]iin) zZ
[l 0% SR X 01K, RE T | 0
diag(in, . .,in) zZ diag ([f(l, EXL) L [Rx ﬁi,g])

~ r(diag (1K1, SX{ .. [Re, 2X7)))

0 [[X1,0,....[Xx, 0]] L S
= ’"_diag (in,...,in)Z diag ([il,lﬁif],...,&k, ﬁf(]%]):| -r (dlag ([X1, 1.0 [ Xk, 2]))
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[T 0 XZ]
0 0 A0
XTAT 00
0 0 X0
[T 0 0Z]
0 0 A0
XTAT 00
[0 0 X0

(S 0z
XT AT 0

—r(Xp) == r(Xe) — (X1, B = = r[Xg, B

—rXp) = —rXp) = r[Xp, B] = = [ X, B

=r

} 4 r®) &)~ R0 (K B1 (R, B

=rS) +rX) —rXi) = —rXg) = r[Xq, E] = —r[Xk, Z], (75)
and

r[diag ([f(l, XL, [Re, SXE L, ) z]

:r[diag(in,...,in)Z,diag([f(l,ﬁif],...,[f(k,ﬁi,ﬁ])]—r(diag([il,ﬁf(f],...,[ik,if(%]))
[T 0 Xz

=r| 0 0 A0 —r(Xl)—-u—r(Xk)—r(diag([Xl,E],...,[Xk,2]))
[ XTAT 00
[SX7z - ~ - SN SN

= 0A0:|+r[XT’AT]_V(XI)_"'—r(Xk)_V[XlwE]_"‘_’"[Xk,2] (by (18))

=r(T) —r[X1, ] = — r[Xx. ] 76)

Substituting (75) and (76) into (74) yields the rank equality in (e).
It can be derived from (49) that the equality in (b) holds if and only if

[Pg gln .. Py sT1Z=0. 17

Substituting Py & = (X, 01[X;, EXH 1T 4 G;[X;, EX;- 1L in (45) into (77) gives

[Pil s ,P§k;§1,,] zZ
- [[f(l, 01[Xy. SXE 1T, + G [Xy, SXE 1. [ Xk, 01[Xk. SXE 1T, + Go [ Xk, SXE 14, ] z
= [[X0, 01K, B¢ F . (R, 01Kk, S5 14, | 2

+[G1....,Gy |diag ([il, SXE 1, X ﬁi,ﬁ]ii,,) z

=0. (78)
This matrix equation is solvable for [G1, ..., G | if and only if
[[f(l, 01[X1, SXL 1, [k, 0][Xx. §§;1+in]z
| ding (IR0 SRE L R SRE1L ) 2
- r[diag ([f(], XL Xk ﬁf(,ﬁ]ii,,) z], 79)
where
) [[21,0][21, ﬁf(f]ﬁn,...,[fck,0][§k,§§,§]+in]z

diag ([)?1, EXE 1 X BXE L ) zZ
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[ R 01%, SX4 L (R, 01K, EXF 14, | 2 0
=r ~ ~ ~ PN ~ o~
diag(ln,...,ln>Z diag([Xl,EX{-],...,[X/C,ZX,J(-])
— r(diag (X1, BX{ L. Rk, 2X1D))
i 0 [X1,0],....[Xk, 0] TR L
=r . . L P ~ lA —r[Xy, B] = —r[Xg, ]
diag(ln,...,ln)Zdiag([Xl,EXf-],...,[Xk,EX,J;])
[ X
=rl 0 Al +rX)—rXy) = —r(Xg) —r[Xy, B] =+ —r[Xg, Z]
yAN]
=r@S) +rX)—rX1) = —rXp) - r[X1, ] = — r[ Xk, Z]. (80)

Substituting (76) and (80) into (79) gives the equivalence of (b) and (e).

It can be seen from Lemma 4.2 that the equality in (c) holds if and only if there exist P 3 .5 such that

(P~ oljy+--+P

e
RS 2 shOX EXE = (X 0], (81)

Substituting P, o & in (44) into (81) gives the following matrix equation
(X1, X3 1M [X EX ]
[Hy,...,Hg] =D, (82)
[Xk, EXE (X, XL
where
D = [X, 0] - [Xy, 0][X;, EX{ ] F1 (X BX ] — o — [ X, 0][Xpe, EX Tk [X, BX ).
By Lemma 2.3, there exists a [Hy, ..., Hx ] such that (82) holds if and only if

D < S a ~ A~
X, X PR SR X, IXL 14X, XL
(X1, SXL L1 [X, XL (X1, BX{ ]I [X, ]
: =7 : : (83)

[Xk. BX;E k(X EXL ]

r

(Ri. SRE T4 (R, SR

Applying (15) and (16) to both sides of (83) and simplifying, we obtain
D

(X, BX{ 41 (X EXE ]
r .

[Xk, EX k(X EXF]
0

i D 0 7
11X, BX4 ) [Xy, BXE ] - 0 SN JN
=r . . —r[Xy, BX{ ] - = [ X, EXE]
iR ERE] 0 - [Re SR
[X, 0] (X1, 0] - [Xk.0] 7]
i“[f(, f)’ZJ—] [il’ﬁif{l 0 A R R
=r ) . ) X —r[Xy, B] = —7[ X, X
1.[X, £X1] 0 [f(k, iiﬁ]
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[ [X, 0] (X1, 0] - [Xf, 0]
(X 0] [ BXE] 0 o o
=r . ) ) ) —r[X, B] = = r[Xg, B]
Lix[X, 0] 0 [)?k, ﬁi,ﬁ]
[0X 0 0
Z0 X 0 - - - - SN
=rloa o o | &)= r&)—r[Xi B = = r[Xy B
[00XT AT
[T X
=r| 0 Al +7rX)—rXy) = —rXg) —r[X1, B] =+ = r[Xg, Z]
ZT 0
=r@S) +rX) —rXy) = —rXp) = r[X1. B] =~ r[X, Z],
and
[Ri SRR SR0T [Tl SRE R SRE] o
r : =r : : i :
[Xe, EXF 404X, BXL IR ERY] 0 [Re SR
—r[X1 BX{ ] - = [ Xk, EXE ]
_illi[il,ﬁ]”' 0
=r| : i —r[Xy, B] = = r[Xg, X
i]ki 0 I:)’Zk, ﬁ]
T2l . _
X, = 0
0 (X1, 2]
=rl —r[Xy, B] = = r[Xg, X
] T
0 o [ Xe, B
o [ Xk ]_
= ’jiﬂ—r[il,ﬁl—m—r[ik,ﬁ]
=r(M) —r[X1, Z] - —r[Xk. B1.

Substituting (84) and (85) into (83) yields the rank equality in (e).
By Lemma 4.2, the equality in (d) holds if and only if there exist P;(\_ 5 i =1,...,k, such that

(P sl -+ Pp sh)[X EXH] = [X 0],
Substituting P/X\_ oL i =1,...,k,in (45) into (86) gives the following matrix equation
(X1, EX{ 141 (X EX ]
[G1,...,Gx] =D,
[Xk. EXEHT (X BX]

where

D =X, 0]—[X;, 0][Xy, EX{ ] [X, EXE) - — [Xk, 0][Xk, X [X, EXL .

(84)

(85)

(86)

(87)



1318 —— B.Jiang et al. DE GRUYTER OPEN

By Lemma 2.3, there exists a [ G, . .., Gk ] such that (87) holds if and only if

D o
(X1, X741 (X, 2X] (X1, ZX{ 0 [X ]
. =7r : ) (88)

[Xk, BXE [ T[X, EXE]

r

[Re. SRL 4R, SR2

Applying (15) and (16) to the left-hand side of (88) and simplifying gives
D

(X1, BX{ 141 (X, EXE]
r .

[Xk. EXE X BXL ]

D 0 0
I [X, XL (XL EX ] 0 " an " an
=r . . _ —r[Xy, EX{ ] == [ Xk, X
X BXE] 00 Xy BXGE
[X, 0] [(X1,0] - [Xk. 0]
I [X, ZX] (X, 2X ] - 0 SN -~
=r ) ) ) . —r[X1, Z] = —r[Xg, X]
X 35X 00 (X BXGE
[ [X.0]  [X1,0] - [Xk. 0]
I]l[XaO] [Xl*EX% 0 ~ ~ ~ ~
=r ) . . ) —r[Xy, 2] - —r[Xg, X]
k(X001 0 - [Xp BX]
X 0 0
0 [0.3X{] -+ —I11[Xk, 0] S S
=r|. ) ) ) —r[X1, B] = —r[Xg, ¥]
[0 11X, 0] - [0, EX}]
[ [0, SX{ ] e i [X, 0]
= : : +rX) - r[X1, Z] - —r[ Xk, B
| Lk (X, 0]+ [0, 2X}]
[T X
=rl 0 Al +rX)—r(Xy) = =rXg) = r[X1, Z] = = r[Xg, 2]
AN
=r@®) +rX) —rXp) = —rXe) = r[X1. B] =+ = r[Xk. T]. (89)
Substituting (85) and (89) into (88) yields the rank equality in (e). O

Theorem 6.5. Let BLUEJ% (X;B;i) and BLUEﬁi (iiﬂi), i =1,...,k, be as given in (44) and (45), respectively.
Then, the following statements are equivalent:
(2) {BLUEﬁ1 (X1B1) + -+ + BLUEg (xkﬁk)} - {BLUEJVE (Xﬂ)} .
(b) {BLUEﬁl (XiB1) + -+ BLUEg (Xkﬂk)} c {BLUEﬁ(Xﬁ)} .
©r@S+rX)—rX)——rXp)=r(T) =r[X, Z]+---+r[ Xk, Z].
() IfallX1B1,...,XxBx are estimable under (9), then the following statements are equivalent:

() {BLUEg, (XiB1) + -+ +BLUEg (XiBi)| < [BLUEG(XB)! .
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(ii) {BLUEJ»V\[I (XiB1) + -+ + BLUEg ()?kﬂk)} c {BLUEﬁ()?ﬁ)} .
(i) 7(S) = r(T) = r[X1, S+ - + r[Xx., =]
Proof. Tt can be seen from (82) that the set inclusion in (a) holds if and only if (82) holds for all [Hy,...,Hg ],

which is equivalent to the following equalities

(X1, EX{ 141 (X, BXE]

: =0, D=0. (90)
[Xi, EXHT[X, EX]
From (85), the first equality in (90) is equivalent to
=XZ - = - -
=r[X;, 2 Xi, 2. 1

In this case, applying (19) to D in (82) and simplifying by I S =3 and IR(ilJ-) ) IR(iJ-) gives

r(D) =r ([X, 0] — [Xy, 01[X1, EX{ 1 [X, SXE]— o — [ Xk, 0][ Xk, EXE 114 [X, ﬁf(i])
_[il,ﬁif] 0 ill[i, ﬁii]
=r ’ . ’ ~ /\/\ ~ /\'/\/\ _r[il’ﬁ]_'”_r[ik7§]
0 s [ Xk, EXE ] Lk [X, EXL]
L [X1,0] [Xk, 0] [X, 0]
(X1, EXi ] - 0 i,X
= P L R e = [y B
0 o [ Xk, BXE Tk X
[X1,0] - [Xg,0] X
=r(S) +rX) —rX1) - —rXp) = r[X1, E] = — [Xx. 2] (by (84)).

Hence, D = 0 is equivalent to
r@®) = rXi) 4+ 4+ rXe) = rX) + r[ X1, ]+ + r[Xk, 1. (92)

Combining (91) and (92) yields (c).
It can be seen from (87) that the set inclusion in (b) holds if and only if (87) holds for all [G1, ..., Gk ], which
is equivalent to the following equalities

(X1, XM [X, EXE ]

: =0, D=0. (93)
[Xi. EX; 114X, EXE]
Applying (19) to D in (87) and simplifying, we obtain
r(D) = r([i, 01— (X1, 0][X;, SXE1TE[X XL ] - — [Xe. 0][ Xk, SXE]TE 4 [X, ﬁil])
(X1, SX{] - 0 I[X =X
—r ~ L R B == [ R B
0 o [ Xk, BXE] Lig[X, BXH]
L [X1,0] - [Xk, 0] [X, 0]
(X1, ﬁif‘] 0 11X
=r ~ o XL B = = [ Xg, B
0 o [Xe BXGE 13X
[X1,0] - [Xk, 0] X
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=r(S) +rX) —rX1) = —rXg) = r[X1, B] -~ [Xg, Z] (by (89)). (94)

Combining (91) and (94), we see that (b) is also equivalent to (c). Results (i), (ii), and (iii) in (d) hold from Lemma
3.3. O

Theorem 6.6. Assume that X in (1) is positive definite. Then, BLUEJ\’?[,— (X;Bi) and BLUEJ/\\/[I_ ()/Zi Bi) are all unique,
i =1,...,k, and the following statements are equivalent:

(2) E[BLUEJ/V\EI (X11) + -+ + BLUEg; (Xkﬂk)] = XB.

(b) E[BLUEﬁl (XiB1) + -+ BLUEg (f(kﬂk)] — XB.

(©) BLUEJ/;[1 XiB1)+---+ BLUEJ/Q(,( XxBr) = BLUE]\’/\[ (XB).

(d) BLUEg; (XiB1) + -+ + BLUEg (XkBi) = BLUEL (XB).

Z7EIX o - -
@ r|" 5 T =&+ R0 - )+ r(A).
f) Ifall X 1B1,..., Xk Bk are estimable under (9), then the following statements are equivalent:

() E[BLUEﬁl(Xlﬂl) + -+ BLUEg (Xkﬁk)] - XB.

(i) E[BLUEJV[I (XiB1) + -+ BLUEg (f(kﬂk)] — XB.
(iii) BLUEJ,\/\[I X181+ + BLUEﬁk XxBr) = BLUEJ/V\[(Xﬂ).
(iv) BLUEg; (XiB1) + -+ + BLUEg, (XkBk) = BLUES (XB).

TS-1X
v) r|:Z i X =r(A).

vi) R(ZTE"'X)T] C RAT).

Observing that Z in (42) is a skew diagonal block matrix when k = 2, we then obtain
r(S) =r(S1) +r(S2), r(T) =r(Ty) +r(T2), r(S1) =r(Ty), r(S2) = r(Tr)

hold under (42) and (43), while the rank formulas in Theorems 6.2—6.6 reduce to certain simple and separated forms,
as these given in [6]. When A1 = 0,...,Ax = 0in (1) and (2), Theorems 6.2-6.6 reduce to the results given in [5].

7 Summary

We have established some fundamental additive decomposition equalities for BLUEs under a full CGLM and its
submodels with parameter restrictions by using the methods of matrix equations, matrix rank formulas, and various
skillful and transparent partitioned matrix calculations. Thus the whole work in the paper provides a comprehensive
coverage of topics on additive decompositions of BLUEs under general model assumptions, while the decomposition
identities obtained demonstrate many valuable mathematical and statistical properties and features of BLUESs. Thus
they can serve as useful references in the statistical analysis of CGLMs. This contribution also shows that algebraic
tools in matrix theory play exclusive roles in the establishment and development of statistical analysis. In fact, linear
models are best representatives of statistical models that attract linear algebraists to consider possible applications
of their matrix contributions in statistical theory.

Notice furthermore, that the two decompositions of BLUEs in (13) and (14) are special cases of the following
general decomposition identity

BLUE; (KB) = BLUEg; (KiB1) +--- + BLUEg (KB,

where KB = K B +- -+ Ki Bk is assumed to be estimable under (9). Thus, it would be of interest to consider this
general decomposition, and derive identifying conditions for this decomposition identity to hold. As demonstrated in
Theorems 6.2-6.6, this is in fact a challenging algebraic problem in matrix theory, because the given matrices X, K,
A 2. X;,K;,and A; in(1),i = 1,...,k, and their generalized inverses will occur in the mathematical calculations
associated with the decomposition identity of estimators.
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It should be pointed out that many exclusive and tricky methods for establishing and simplifying matrix
expressions and matrix equalities have been developed in linear algebra and matrix theory, which have greatly
benefited both mathematics and applications. In particular, these new methodologies have also found essential
applications in statistical analysis, such as establishing various intriguing and sophisticated formulas, equalities,
and inequalities associated with estimators under linear statistical models.

Acknowledgement: The authors are grateful to anonymous referees for their helpful comments and constructive
suggestions that improved the presentation of the paper.
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