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Abstract: A general linear model can be given in certain multiple partitioned forms, and there exist submodels
associated with the given full model. In this situation, we can make statistical inferences from the full model and
submodels, respectively. It has been realized that there do exist links between inference results obtained from the full
model and its submodels, and thus it would be of interest to establish certain links among estimators of parameter
spaces under these models. In this approach the methodology of additive matrix decompositions plays an important
role to obtain satisfactory conclusions. In this paper, we consider the problem of establishing additive decompositions
of estimators in the context of a general linear model with partial parameter restrictions. We will demonstrate how to
decompose best linear unbiased estimators (BLUEs) under the constrained general linear model (CGLM) as the sums
of estimators under submodels with parameter restrictions by using a variety of effective tools in matrix analysis.
The derivation of our main results is based on heavy algebraic operations of the given matrices and their generalized
inverses in the CGLM, while the whole contributions illustrate various skillful uses of state-of-the-art matrix analysis
techniques in the statistical inference of linear regression models.
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1 Introduction

Consider a partitioned linear model with partial parameter restrictions

M W

(
y D Xˇ̌̌ C """ D X1ˇ̌̌1 C � � � C Xkˇ̌̌k C """;

A1ˇ̌̌1 D b1; : : : ;Akˇ̌̌k D bk ; E."""/ D 0; D."""/ D �2†††;
(1)

where
y is an n � 1 vector of observable response variables,
X D ŒX1; : : : ;Xk � is an n � p matrix of arbitrary rank,
X1; : : : ;Xk are k known n � p1; : : : ; n � pk matrices with p D p1 C � � � C pk ,
ˇ̌̌ D Œ ˇ̌̌>

1
; : : : ; ˇ̌̌>

k
�> and ˇ̌̌1; : : : ; ˇ̌̌k are p1 � 1; : : : ; pk � 1 vectors of fixed but unknown parameters,

""" is an n � 1 vector of randomly distributed error terms,
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E.�/ and D.�/ denote expectation and dispersion matrix,
††† is an n � n known nonnegative definite matrix of arbitrary rank,
�2 is an arbitrary positive scaling factor,
A1; : : : ;Ak are given m1 � p1; : : : ; mk � pk matrices, respectively, with m D m1 C � � � Cmk ,
b1; : : : ;bk are m1 � 1; : : : ; mk � 1 known vectors, respectively.

The system of linear equations in M is often available as extraneous information for the unknown parameter vector
ˇ̌̌ to satisfy which is an integral part of the constrained general linear model (CGLM) about the parameter space, and
thus should ideally be utilized in any estimation procedure of the parameter space in (1). Associated with M are the
following k submodels

Mi W y D Xi ˇ̌̌i C """i ; Ai ˇ̌̌i D bi ; E."""i / D 0; D."""i / D �
2†††; i D 1; : : : ; k: (2)

Obviously, these models can be considered as reduced versions of M by deleting k � 1 regressors except Xi ˇ̌̌i ,
i D 1; : : : ; k. It has been realized that estimators of the unknown parameters in M and Mi have some intrinsic
connections, and people are interested in establishing certain additive decomposition of estimators under the
partitioned model and its submodels.

For convenience of representation, denote

by D "y
b

#
; bX D "X

A

#
; b""" D """"

0

#
; b††† D "††† 0

0 0

#
; A D diag.A1; : : : ;Ak/; b D

2664
b1

:::

bk

3775; (3)

byi D

26666666664

y
0
:::

bi

:::

0

37777777775
D OI1iby; bXi D

26666666664

Xi

0
:::

Ai

:::

0

37777777775
; b"""i D

"
"""i

0

#
; OI1i D diag. In; 0; : : : ; Imi

; : : : ; 0 /; (4)

Yi D Œ 0; : : : ;Xi ; : : : ; 0 �; Zi D ŒX1; : : : ;Xi�1; 0; XiC1; : : : ;Xk �; (5)bYi D Œ 0; : : : ;bXi ; : : : ; 0 �; bZi D ŒbX1; : : : ;bXi�1; 0; bXiC1; : : : ;bXk � (6)

for i D 1; : : : ; k. In this setting,

X D Yi C Zi D Y1 C � � � C Yk ; bX D bYi C
bZi D

bY1 C � � � C
bYk ; (7)

Xi ˇ̌̌i D Yi ˇ̌̌ ; bXi ˇ̌̌i D
bYi ˇ̌̌ (8)

for i D 1; : : : ; k:
CGLMs are usually handled by transforming into certain implicitly constrained model. The most popular

transformations are based on model reduction, Lagrangian multipliers, or general solutions of matrix equations
through generalized inverses of matrices. A well-known method of incorporating equality constraints in CGLMs is
to merge the equations in M as an implicitly restricted model

bM W by D bXˇ̌̌ Cb""" D bX1ˇ̌̌1 C � � � C
bXkˇ̌̌k Cb"""; E.b"""/ D 0; D.b"""/ D �2b†††: (9)

Also, merging the equations in Mi yields

bMi W byi D
bXi ˇ̌̌i Cb"""i ; E.b"""i / D 0; D.b"""i / D �

2b†††; i D 1; : : : ; k: (10)

Linear regression analysis is one of the most-used statistical methods, while linear models are the first type of
regression models to be studied extensively in regression analysis, which have had a profound impact and play a
central role in both theoretical and applied statistical science, see e.g. [1–3]. It has a long history in regression analysis
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to rewrite linear models as certain partitioned forms, and then to make estimation and statistical inference under the
partitioned linear models. One of the main objectives in the statistical inference of linear models is to establish
various estimators of the parameter spaces in the models and to characterize mathematical and statistical properties
and features of these estimators under various model assumptions. In this approach statisticians are often interested
in the connections of different estimators and especially in establishing possible equalities between estimators. There
have been various attempts to establish additive decomposition equalities for estimators under linear models. Under
the assumptions in (9) and (10), it is natural to consider relations among the best linear unbiased estimators (BLUEs)
of bXˇ̌̌ in (9) and bXi ˇ̌̌i in (9) and (10). In this paper, we first verify or prove that under the assumptions that
X1ˇ̌̌1; : : : ;Xkˇ̌̌k , bX1ˇ̌̌1; : : : ;bXkˇ̌̌k are estimable in (9), the BLUE of Xˇ̌̌ in bM admits the following two additive
decomposition identities

BLUEbM.Xˇ̌̌/ D BLUEbM.X1ˇ̌̌1/C � � � C BLUEbM.Xkˇ̌̌k/; (11)

BLUEbM.bXˇ̌̌/ D BLUEbM.bX1ˇ̌̌1/C � � � C BLUEbM.bXkˇ̌̌k/: (12)

In view of the above observations, we propose the following two additive decomposition equalities for the BLUEs
of Xˇ̌̌ and bXˇ̌̌ in bM:

BLUEbM.Xˇ̌̌/ D BLUEbM1
.X1ˇ̌̌1/C � � � C BLUEbMk

.Xkˇ̌̌k/; (13)

BLUEbM.bXˇ̌̌/ D BLUEbM1
.bX1ˇ̌̌1/C � � � C BLUEbMk

.bXkˇ̌̌k/; (14)

and then derive identifying conditions for the equalities to hold, respectively. These estimator decomposition
identities have many different statistical interpretations and are not rare to see in statistical analysis of CGLMs.
The problem on additive decompositions of BLUEs under general liner models was approached in [4, 5]. Zhang and
Tian [6] recently investigated the above two decomposition identities for k D 2 by using some effective algebraic
methods of dealing with additive decompositions of matrix expressions and ranks/ranges of matrices.

Before proceeding, we introduce the notation to the reader and explain its usage in this paper. Rm�n stands
for the collection of all m � n real matrices. The symbols A>, r.A/, and R.A/ stand for the transpose, the rank,
and the range (column space) of a matrix A 2 Rm�n, respectively; Im denotes the identity matrix of order m.
The Moore–Penrose inverse of A, denoted by AC, is defined to be the unique solution G satisfying the four matrix
equations AGA D A, GAG D G, .AG/> D AG, and .GA/> D GA. Further, let PA, EA, and FA stand for the three
orthogonal projectors (symmetric idempotent matrices) PA D AAC, EA D A? D Im�AAC, and FA D In�ACA.
Two symmetric matrices A and B of the same size are said to satisfy the inequality A < B in the Löwner partial
ordering if A � B is nonnegative definite. Further information about the orthogonal projectors PA, EA, and FA with
their applications in the linear statistical models can be found in [7–9]. Also, it is well known that the Löwner partial
ordering is a surprisingly strong and useful property between two symmetric matrices. For more results about the
Löwner partial ordering of symmetric matrices and applications in statistical analysis see, e.g., [8]. Generalized
inverses of matrices are common tools to deal with singular matrices, which now are a fruitful and core part in
current matrix theory and have profound impact in the field of statistics.

2 Some preliminaries in linear algebra

Statistical inference for linear models, as is well known, is entirely based on computations with the given vectors
and matrices in the models, and formulas and algebraic tricks for handling matrices in linear algebra and matrix
theory play an important role in the derivations of these estimators and the characterization of their performance.
Because BLUEs of parameter spaces in linear models are calculated from given matrices and vectors in the models
and are often represented by certain formulas composed by given matrices and vectors in linear models, the approach
we take to the above problems is in fact to establish and characterize matrix equalities composed by matrices and
their generalized inverses, and thus we need to use many influential and effective mathematical tools in order to
characterize the above equalities of estimators and their covariance matrices under CGLMs. Many mathematical
methods in statistical science require algebraical computations with vectors and matrices. In particular, formulas and
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algebraic techniques for handling matrices in linear algebra and matrix theory play important roles in the derivations
and characterizations of estimators and their performances under linear models. As remarked in [10], a good starting
point for the entry of matrices into statistics was in 1930s, while it is now a routine procedure to use given vectors,
matrices and their generalized inverses in statistical models to formulate various estimators of parameter spaces in
linear models and to make the corresponding statistical inferences.

As the study of additive decompositions of estimators in the contexts of linear regression models requires more
effective mathematical analysis tools, it is forced toward algebraic questions that overlap with precise description
and characterization of matrix decomposition identities in linear algebra. The scope of this section is to introduce
various formulas for ranks of matrices in linear algebra suitable for establishing and characterizing various possible
equalities for estimators under CGLMs. In this section, we first introduce some fundamental formulas for calculating
ranks of matrices that will be used in the statistical analysis. Recall that the rank of matrix is conceptual foundation
in matrix theory and is the most significant finite nonnegative integer in reflecting intrinsic properties of matrices,
while the mathematical prerequisites for understanding the rank of matrix are minimal and do not go beyond
elementary linear algebra. The intriguing connections between generalized inverses of matrices and rank formulas of
matrices were recognized in 1970s, and a seminal work on establishing formulas for calculating matrices and their
generalized inverses was presented in [11]. It has been known that matrix rank formulas are direct and effective tools
of simplifying matrix expressions and equalities. The whole work in this paper is based on the effective use of the
matrix rank methodology (MRM), which is a set of quantitative description techniques that encompass:

I. establishing non-trivial analytical formulas for calculating the maximum and minimum ranks of a matrix
expression, and using the ranks to determine the singularity and nonsingularity of the matrix expression, the
rank invariance of the matrix expression, the dimension of the row/column space of the matrix expression;

II. establishing formulas for calculating the rank of the difference of two matrix expressions, and using them to
derive necessary and sufficient conditions for the two matrix expressions to be equal, i.e., proving matrix equality
by matrix rank formulas;

III. characterizing relations between two linear subspaces, or two matrix sets by matrix rank formulas.

The above assertions show that there are important and peculiar consequences of establishing various formulas for
calculating ranks of matrices from theoretical point of view. Thus, the MRM in fact provides us with a specified
algebraic framework for tackling matrix expressions and matrix equalities, and gives a glimpse into a very broad
and interesting field of matrix mathematics. But it was not until a few decades ago that the MRM was essentially
recognized as an effective and influential tool in the field of mathematics and was extensively applied in matrix
theory and applications. Because matrices are common objects in linear regression analysis, the advent of the MRM
has greatly extended from the domain of matrix theory into statistical areas, some seminal work on the fundamental
theory of the MRM and its applications in statistics can be found in e.g. in [11–13]. Some recent work on the MRM
in the analysis of additive decompositions of BLUEs under linear models were presented in [4–6], while some
contributions on MRM in the statistical analysis of CGLMs can be found in [14–24].

In order to establish and characterize various possible equalities for estimators in the context of linear models and
to simplify various matrix equalities composed by Moore–Penrose inverses of matrices, we will need the following
well-known rank formulas involving Moore–Penrose inverses to make the paper self-contained.

Lemma 2.1 ([11]). Let A 2 Rm�n; B 2 Rm�k ; C 2 Rl�n; and D 2 Rl�k : Then

rŒA; B � D r.A/C r.EAB/ D r.B/C r.EBA/; (15)

r

"
A
C

#
D r.A/C r.CFA/ D r.C/C r.AFC/; (16)

r

"
A B
C 0

#
D r.B/C r.C/C r.EBAFC/; (17)
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r

"
AA> B
B> 0

#
D rŒA; B �C r.B/: (18)

If R.B/ � R.A/ and R.C>/ � R.A>/, then

r

"
A B
C D

#
D r.A/C r.D � CACB /: (19)

Furthermore; the following results hold:
(a) rŒA; B � D r.A/, R.B/ � R.A/, AACB D B, EAB D 0:

(b) r

"
A
C

#
D r.A/, R.C>/ � R.A>/, CACA D C, CFA D 0:

(c) rŒA; B � D r.A/C r.B/, R.A/ \ R.B/ D f0g , RŒ.EAB/>� D R.B>/, RŒ.EBA/>� D R.A>/:

(d) r

"
A
C

#
D r.A/C r.C/, R.A>/ \ R.C>/ D f0g , R.CFA/ D R.C/, R.AFC/ D R.A/:

Lemma 2.2 ([25]). Suppose that R.A/ � R.B1/; R.C2/ � R.C1/; R.A>/ � R.C>
1
/; and R.B>

2
/ � R.B>

1
/:

Then

r.B2BC
1

ACC
1

C2/ D r

264 A B1 0
C1 0 C2

0 B2 0

375 � r.B1/ � r.C1/: (20)

Lemma 2.3 ([26]). The linear matrix equation AX D B is consistent if and only if rŒA; B� D r.A/; or equivalently;
AACB D B: In this case; the general solution of the equation can be written as X D ACBC . I�ACA /U; where
U is an arbitrary matrix:

With the support of the formulas in Lemmas 2.1–2.3, we are able to covert the problems in (11)–(14) into
certain algebraic problems characterizing matrix equalities composed by the given matrices in the models and their
generalized inverses, and to derive analytical solutions of the problems by using the methods of matrix equations,
matrix rank formulas, and various skillful partitioned matrix calculations.

3 Estimability of parameter spaces under CGLMs

We take �2 D 1 in (1)–(10) for the convenience of presentation below, because it doesn’t play any role in the main
results in this paper. In what follows, we assume that the model in (9) is consistent, i.e.,

by 2 RŒbX; b††† � holds with probability 1; (21)

see [27, 28]. We next introduce the definitions of the estimability of parameter spaces in CGLMs.

Definition 3.1. Let bM be as given in (9) and let K 2 Rk�p be given. Then; the vector Kˇ̌̌ of the unknown parameters
is said to be estimable under bM if there exists a linear statistic Lby, where L 2 Rk�.nCm/, such that E.Lby/ D
LbXˇ̌̌ D Kˇ̌̌ holds under bM.

It is well known in statistical theory that the unbiasedness of linear statistics with respect to given parameter spaces
in linear models is an important property. Considerable literature exists on estimability of parameter spaces in
linear models; see e.g. [29–38] for some excellent expositions. We next present some classic and new results on
the estimability of the parameter space in (9) and give their proofs.

Lemma 3.2 ([29]). Let bM be as given in (9) and let K 2 Rk�p be given: Then; the following results hold:

(a) Kˇ̌̌ is estimable under bM, R.K>/ � R.bX>/, r

"bX
K

#
D r.bX/:
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(b) The following statements are equivalentW
(i) Xi ˇ̌̌i D Yi ˇ̌̌ is estimable under bM; i D 1; : : : ; k:

(ii) bXi ˇ̌̌i D
bYi ˇ̌̌ is estimable under bM; i D 1; : : : ; k:

(iii) R.Y>
i
/ � R.bX>/; i D 1; : : : ; k:

(iv) R.bY>
i
/ � R.bX>/; i D 1; : : : ; k:

(v) R.bYi / \ R.bZi / D f0g; i D 1; : : : ; k:
(vi) r.bX/ D r.bYi /C r.bZi /; i D 1; : : : ; k:

Lemma 3.3. Let bM be as given in (9): Then; the following statements are equivalentW
(a) All X1ˇ̌̌1; : : : ;Xkˇ̌̌k are estimable under bM:
(b) All bX1ˇ̌̌1; : : : ;bXkˇ̌̌k are estimable under bM:
(c) r.bX/ D r.bX1/C � � � C r.bXk/:

Proof. It is obvious from (7) that

r.bX/ 6 r.bYi /C r.bZi / 6 r.bX1/C � � � C r.bXk/; i D 1; : : : ; k: (22)

Hence if (c) holds, we obtain from (22) that

r.bX/ D r.bY1/C r.bZ1/ D � � � D r.bYk/C r.bZk/; (23)

which means that (a) and (b) hold by Lemma 3.2. The equivalence of (c) and (23) can be proved by induction, we
leave it to the reader.

Lemma 3.3(c) is easily verifiable for a given model matrix. In particular, they are satisfied under the condition
r.bX/ D p.

4 BLUEs’ computations

Theoretical and applied researches of a CGLM seek to develop various possible estimators of the parameter space
in the CGLM. When there exist unbiased estimators for a given parameter space, there are usually many unbiased
estimators for the parameter space. Thus, it is natural to seek such an unbiased estimator that has the smallest
dispersion matrix among all the unbiased estimators, that is to say, the unbiasedness and smallest dispersion
matrices of estimators are most intrinsic requirements in statistical analysis and inference. The concepts of BLUEs
of parameter spaces in the contexts of (1)–(10) are given below.

Definition 4.1. Let bM be as given in (9); and assume that Kˇ̌̌ is estimable under bM for K 2 Rk�p . If there exists
an L 2 Rk�.mCn/ such that

E.Lby �Kˇ̌̌/ D 0 and D.Lby �Kˇ̌̌/ D min (24)

hold in the Löwner partial ordering, the linear statistic Lby is defined to be the BLUE of Kˇ̌̌ under bM, and is denoted
by

Lby D BLUEbM.Kˇ̌̌/: (25)

If K D X or bX in (24), then the Lby satisfying (24) is the BLUEs of Xˇ̌̌ and bXˇ̌̌ under bM, respectively, and are
denoted by Lby D BLUEbM.Xˇ̌̌/ and Lby D BLUEbM.bXˇ̌̌/, respectively.

Estimators of the parameter spaces in linear models are usually formulated from mathematical operations of
the observed response vectors, the given model matrices, and the covariance matrices of the error terms in the
models. Hence, the standard inference theory of linear statistical models can be established from the exact algebraic
expressions of estimators, which is easily acceptable from both mathematical and statistical points of view. In fact,
linear statistical models are the only type of statistical models that have complete and solid support from linear
algebra and matrix theory. Observing that (9) is a special case of GLMs, the following lemma follows from the
well-known results on the BLUEs under linear models; see e.g. [28, p. 282] and [39, p. 55].
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Lemma 4.2. Let bM be as given in (9); assume that Kˇ̌̌ is estimable under bM for K 2 Rk�p; and denote t D nCm:
Then; the following results hold:
(a) The following implication

E.Lby �Kˇ̌̌ / D 0 and D.Lby �Kˇ̌̌ / D min, LŒbX; b†††bX? � D ŒK; 0 � (26)

holds: The matrix equation on the right-hand side of (26) is consistent; i.e.;

ŒK; 0 �ŒbX; b†††bX? �CŒbX; b†††bX? � D ŒK; 0 � (27)

holds under R.K>/ � R.bX>/; while the general solution of the matrix equation; denoted by P
KIbXIb†††; and the

corresponding BLUE of Kˇ̌̌ under bM can be written as

BLUEbM.Kˇ̌̌/ D P
KIbXIb†††by D �ŒK; 0�ŒbX; b†††bX?�C C UŒbX; b†††bX?�?�by; (28)

where U 2 Rk�t is arbitrary:
(b) Xˇ̌̌ is always estimable under bM; and the general expression of BLUE of Xˇ̌̌ under bM can be written as

BLUEbM.Xˇ̌̌/ D P
XIbXIb†††by D �ŒX; 0�ŒbX; b†††bX?�C C UŒbX; b†††bX?�?�by; (29)

where U 2 Rn�t is arbitrary:
(c) bXˇ̌̌ is always estimable under bM; and the general expression of BLUE of bXˇ̌̌ under bM can be written as

BLUEbM.bXˇ̌̌/ D PbXIb†††by D �ŒbX; 0�ŒbX; b†††bX?�C C VŒbX; b†††bX?�?�by; (30)

where V 2 Rt�t is arbitrary:
(d) [8, p. 123] RŒbX; b†††bX?� D RŒbX; b†††�; rŒbX; b†††bX?� D rŒbX; b†††�; and R.bX/ \ R.b†††bX?/ D f0g:
(e) P

KIbXIb††† is unique if and only if rŒbX; b†††� D t:
(f) BLUEbM.Kˇ̌̌/ is unique with probability 1 if and only if bM is consistent:

Note that BLUEs of unknown parameters in linear models are defined from the requirements of both the unbiasedness
and the smallest covariance matrices of linear statistics. In order to reveal more deep and fundamental properties and
features of BLUEs of unknown parameters in (1), the so-called standard forms of the decomposition refer to the fact
that the whole and partial mean vectors Xˇ̌̌ , bXˇ̌̌ , Xi ˇ̌̌i , and bXi ˇ̌̌i are the components in (1)–(10), while the BLUEs
of Xˇ̌̌ and bXˇ̌̌ always exist under (9), as demonstrated in Lemma 4.2.

5 Direct additive decompositions of BLUEs under a CGLM

In this section, we give the analytical expressions of the BLUEs of Xi ˇ̌̌i and bXi ˇ̌̌i of interest, and present some of
their statistical properties.

Theorem 5.1. Let bM be as given in (9); and assume that Xi ˇ̌̌i and bXi ˇ̌̌i are estimable under bM; i D 1; : : : ; k:

Then; the following results hold:
(a) The BLUEs of Xi ˇ̌̌i under bM can be written as

BLUEbM.Xi ˇ̌̌i / D P
Yi IbXIb†††by D �ŒYi ; 0�ŒbX; b†††bX?�C C Ui ŒbX; b†††bX?�?�by (31)

with

EŒBLUEbM.Xi ˇ̌̌i /� D Xi ˇ̌̌i ; (32)

Cov
h
BLUEbM.Xi ˇ̌̌i /

i
D

�
ŒYi ; 0�ŒbX; b†††bX?�C�b††† �ŒYi ; 0�ŒbX; b†††bX?�C�>; (33)

Cov
n
BLUEbM.Xi ˇ̌̌i /;BLUEbM.Xj ˇ̌̌j /

o
D

�
ŒYi ; 0�ŒbX; b†††bX?�C�b††† �ŒYj ; 0�ŒbX; b†††bX?�C�>; (34)

where Ui 2 Rn�t is arbitrary; i; j D 1; : : : ; k:
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(b) The BLUEs of bXi ˇ̌̌i under bM can be written as

BLUEbM.bXi ˇ̌̌i / D PbYi IbXIb†††by D �ŒbYi ; 0�ŒbX; b†††bX?�C C Vi ŒbX; b†††bX?�?�by (35)

with

EŒBLUEbM.bXi ˇ̌̌i /� D bXi ˇ̌̌i ; (36)

Cov
h
BLUEbM.bXi ˇ̌̌i /

i
D

�
ŒbYi ; 0�ŒbX; b†††bX?�C�b††† �ŒbYi ; 0�ŒbX; b†††bX?�C�>; (37)

Cov
n
BLUEbM.bXi ˇ̌̌i /;BLUEbM.bXj ˇ̌̌j /

o
D

�
ŒbYi ; 0�ŒbX; b†††bX?�C�b††† �ŒbYj ; 0�ŒbX; b†††bX?�C�>; (38)

where Vi 2 Rt�t is arbitrary; i; j D 1; : : : ; k:
(c) The following two decomposition identities hold

BLUEbM.Xˇ̌̌/ D BLUEbM.X1ˇ̌̌1/C � � � C BLUEbM.Xkˇ̌̌k/; (39)

BLUEbM.bXˇ̌̌/ D BLUEbM.bX1ˇ̌̌1/C � � � C BLUEbM.bXkˇ̌̌k/: (40)

Proof. Results (a) and (b) follow directly from (8) and (28) by letting K D Yi ;bYi ; respectively. Result (c) follows
directly from (7), (29), and (30).

In what follows, we use fBLUEbM.Kˇ̌̌/g to denote the collection of all BLUEbM.Kˇ̌̌/ in (28).

6 Additive decompositions of BLUEs under a full CGLM and its
submodels

For convenience of representation, we adopt the notation in this section.eX D diag.X1; : : : ;Xk/; e††† D diag.†††; : : : ;†††/; OIn D Œ In; 0; : : : ; 0 �>; (41)

Z D

266664
0 X2 � � � Xk

X1 0 � � � Xk

:::
:::
: : :

:::

X1 X2 � � � 0

377775; Si D

264 ††† Xi

0 Ai

Z>
i

0

375; Ti D

"
††† Xi Zi

0 Ai 0

#
; i D 1; : : : ; k; (42)

S D

264 e††† eX
0 A

Z> 0

375; T D

"e††† eX Z
0 A 0

#
; Vij D

264 ††† 0 Xi

0 0 Ai

X>
j

A>
j

0

375; i ¤ j; i; j D 1; : : : ; k: (43)

The misspecified BLUEs under the submodels in (10) are given below.

Lemma 6.1. Let bMi be as given in (10); i D 1; : : : ; k: Then; the misspecified BLUEs of Xi ˇ̌̌i and bXi ˇ̌̌i under the
k submodels in bMi are

BLUEbMi
.Xi ˇ̌̌i / D P

Xi IbXi Ib†††byi D P
Xi IbXi Ib†††OI1iby; (44)

BLUEbMi
.bXi ˇ̌̌i / D PbXi Ib†††byi D PbXi Ib†††OI1iby; (45)

where

P
Xi IbXi Ib††† D ŒXi ; 0�ŒbXi ; b†††bX?i �C CHi ŒbXi ; b†††bX?i �?;

PbXi Ib††† D ŒbXi ; 0 �ŒbXi ; b†††bX?i �C CGi ŒbXi ; b†††bX?i �?;

Hi 2 Rn�t and Gi 2 Rt�t are arbitrary matrices; i D 1; : : : ; k:
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It should be pointed out that under the assumptions in (9), the k submodels in (10) are misspecified versions of (9).
So that the estimators in (44) and (45) are not true BLUEs of Xi ˇ̌̌i and bXi ˇ̌̌i under the models in (10), that is to
say, they neither are unbiased for Xi ˇ̌̌i andbXi ˇ̌̌i under (9), nor have the smallest covariance matrices in the Löwner
sense. In such a case, the sums of the BLUEs may, however, be the BLUEs of Xˇ̌̌ and bXˇ̌̌ under some conditions.
In this section, we derive some algebraical and statistical properties and features of the BLUEs under (9) and (10),
and then give necessary and sufficient conditions for the equalities in (13) and (14) to hold. Although the results
in the last section present exact formulas of BLUEs under various assumptions, we have to pay more attention to
the mathematical manipulations hidden behind the BLUE formulas in order to establish the connections among the
BLUEs. During this process, many skillful calculations of matrix ranks and elementary block matrix operations will
be conducted in establishing and simplifying matrix equalities and expressions.

The following theorem gives a variety of properties of the two estimators in Lemma 6.1.

Theorem 6.2. Let bMi be as given in (10); i D 1; : : : ; k; and let BLUEbMi
.Xi ˇ̌̌i / and BLUEbMi

.bXi ˇ̌̌i / be as given
in (44) and (45); respectively; i D 1; : : : ; k: Then; the following results hold:
(a) Under (9); the expectations of BLUEbMi

.Xi ˇ̌̌i / and their sum are given by

E
h
BLUEbMi

.Xi ˇ̌̌i /
i
D Xi ˇ̌̌i C P

Xi IbXi Ib†††OInZi ˇ̌̌ ; i D 1; : : : ; k; (46)

E
h
BLUEbM1

.X1ˇ̌̌1/C � � � C BLUEbMk
.Xkˇ̌̌k/

i
D Xˇ̌̌ C ŒP

X1IbX1Ib†††OIn; : : : ;PXkIbXkIb†††OIn �Zˇ̌̌ : (47)

(b) Under (9); the expectations of BLUEbMi
.bXi ˇ̌̌i / and their sum are

E
h
BLUEbMi

.bXi ˇ̌̌i /
i
D bXi ˇ̌̌i C PbXi Ib†††OInZi ˇ̌̌ ; i D 1; : : : ; k; (48)

E
h
BLUEbM1

.bX1ˇ̌̌1/C � � � C BLUEbMk
.bXkˇ̌̌k/

i
D bXˇ̌̌ C ŒPbX1Ib†††OIn; : : : ;PbXkIb†††OIn �Zˇ̌̌ : (49)

(c) The following statements are equivalentW
(i) There exists a BLUEbMi

.Xi ˇ̌̌i / such that

E
h
BLUEbMi

.Xi ˇ̌̌i /
i
D Xi ˇ̌̌i ; i D 1; : : : ; k: (50)

(ii) There exists a BLUEbMi
.bXi ˇ̌̌i / such that

E
h
BLUEbMi

.bXi ˇ̌̌i /
i
D bXi ˇ̌̌i ; i D 1; : : : ; k: (51)

(iii) r.Si / D r.Ti /; i D 1; : : : ; k:

(d) The covariance matrix between BLUEbMi
.Xi ˇ̌̌i / and BLUEbMj

.Xj ˇ̌̌j / is

Cov
n
BLUEbMi

.Xi ˇ̌̌i /; BLUEbMj
.Xj ˇ̌̌j /

o
D ŒXi ; 0�ŒbXi ; b†††bX?i �Cb†††.ŒXj ; 0�ŒbXj ; b†††bX?j �C/>; (52)

r
�
Cov

n
BLUEbMi

.Xi ˇ̌̌i /; BLUEbMj
.Xj ˇ̌̌j /

o�
D r.Vij / � rŒbXi ; b††† � � rŒbXj ; b†††�C r.†††/ (53)

for i ¤ j; i; j D 1; : : : ; k:
(e) The covariance matrix between BLUEbMi

.bXi ˇ̌̌i / and BLUEbMj
.bXj ˇ̌̌j / is

Cov
n
BLUEbMi

.bXi ˇ̌̌i /; BLUEbMj
.bXj ˇ̌̌j /

o
D ŒbXi ; 0�ŒbXi ; b†††bX?i �Cb†††.ŒbXj ; 0�ŒbXj ; b†††bX?j �C/>; (54)

r
�
Cov

n
BLUEbMi

.bXi ˇ̌̌i /; BLUEbMj
.bXj ˇ̌̌j /

o�
D r.Vij / � rŒbXi ; b††† � � rŒbXj ; b††† �C r.†††/ (55)

for i ¤ j; i; j D 1; : : : ; k:
(f) The following statements are equivalentW

(i) Some/any pair of BLUEbMi
.Xi ˇ̌̌i / and BLUEbMj

.Xj ˇ̌̌j / are uncorrelated; i ¤ j; i; j D 1; : : : ; k:

(ii) Some/any pair of BLUEbMi
.bXi ˇ̌̌i / and BLUEbMj

.bXj ˇ̌̌j / are uncorrelated; i ¤ j; i; j D 1; : : : ; k:
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(iii) r.Vij / D rŒbXi ; b†††�C rŒbXj ; b†††� � r.†††/; i ¤ j; i; j D 1; : : : ; k:
(g) Under the assumption that††† is positive definite; the following statements are equivalentW

(i) Some/any pair of BLUEbMi
.Xi ˇ̌̌i / and BLUEbMj

.Xj ˇ̌̌j / are uncorrelated; i ¤ j; i; j D 1; : : : ; k:

(ii) Some/any pair of BLUEbMi
.bXi ˇ̌̌i / and BLUEbMj

.bXj ˇ̌̌j / are uncorrelated; i ¤ j; i; j D 1; : : : ; k:

(iii) r

"
X>

j
†††�1Xi A>

j

Ai 0

#
D r.Ai /C r.Aj /; i ¤ j; i; j D 1; : : : ; k:

Proof. It can be derived from (44) that

E
h
BLUEbMi

.Xi ˇ̌̌i /
i
D P

Xi IbXi Ib†††OI1i E.by/

D P
Xi IbXi Ib†††

26666666664

X1ˇ̌̌1 C � � � C Xkˇ̌̌k

0
:::

bi

:::

0

37777777775
D P

Xi IbXi Ib†††

26666666664

X1ˇ̌̌1 C � � � C Xi ˇ̌̌i C � � � C Xkˇ̌̌k

0
:::

Ai ˇ̌̌i

:::

0

37777777775
D P

Xi IbXi Ib†††.OInX1ˇ̌̌1 C � � � C
bXi ˇ̌̌i C � � � C

OInXkˇ̌̌k/

D P
Xi IbXi Ib†††OInX1ˇ̌̌1 C � � � C Xi ˇ̌̌i C � � � C P

Xi IbXi Ib†††OInXkˇ̌̌k

D Xi ˇ̌̌i C P
Xi IbXi Ib†††OInZi ˇ̌̌ ; i D 1; : : : ; k:

establishing (46) and (47). From (46), EŒBLUEbMi
.Xi ˇ̌̌i /� D Xi ˇ̌̌i holds if and only if

P
Xi IbXi Ib†††OInZi D 0; i D 1; : : : ; k: (56)

Substituting P
Xi IbXi Ib††† D ŒXi ; 0 �ŒbXi ; b†††bX?i �C CHi ŒbXi ; b†††bX?i �? into (56) gives

ŒXi ; 0 �ŒbXi ; b†††bX?i �COInZi CHi ŒbXi ; b†††bX?i �?OInZi D 0; i D 1; : : : ; k: (57)

It follows from Lemma 2.3 that there exists an Hi such that (57) holds if and only if

r

"
ŒXi ; 0 �ŒbXi ; b†††bX?i �COInZi

ŒbXi ; b†††bX?i �?OInZi

#
D r

�
ŒbXi ; b†††bX?i �?OInZi

�
; i D 1; : : : ; k: (58)

Applying (15), (16) and simplifying by elementary block matrix operations gives

r
�
ŒbXi ; b†††bX?i �?OInZi

�
D rŒbXi ; b†††bX?i ; OInZi � � rŒbXi ; b†††bX?i �

D rŒbXi ; b†††; OInZi � � rŒbXi ; b††† �
D r

"
††† Xi Zi

0 Ai 0

#
� rŒbXi ; b††† �; i D 1; : : : ; k;

r

"
ŒXi ; 0 �ŒbXi ; b†††bX?i �COInZi

ŒbXi ; b†††bX?i �?OInZi

#
D r

"
ŒXi ; 0 �ŒbXi ; b†††bX?i �COInZi 0

OInZi ŒbXi ; b†††bX?i �

#
� rŒbXi ; b†††bX?i �

D r

"
0 �ŒXi ; 0 �
OInZi ŒbXi ; b†††bX?i �

#
� rŒbXi ; b††† �

D r

264 0 Xi 0
OInZi

bXi
b†††

0 0 bX>
i

375 � r.bXi / � rŒbXi ; b††† �

D r

26664
0 Xi 0 0

Zi 0 ††† 0
0 Ai 0 0
0 0 X>

i
A>

i

37775 � r.bXi / � rŒbXi ; b††† �
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D r

264 ††† Xi

0 Ai

Z>
i

0

375 � rŒbXi ; b††† �; i D 1; : : : ; k:
Substituting these two equalities into (58) leads to the equivalence of (i) and (iii) in (c).

It follows from (45) that

E
h
BLUEbMi

.bXi ˇ̌̌i /
i
D PbXi Ib†††OI1i E.by/

D PbXi Ib†††

26666666664

X1ˇ̌̌1 C � � � C Xkˇ̌̌k

0
:::

bi

:::

0

37777777775
D PbXi Ib†††

26666666664

X1ˇ̌̌1 C � � � C Xi ˇ̌̌i C � � � C Xkˇ̌̌k

0
:::

Ai ˇ̌̌i

:::

0

37777777775
D PbXi Ib†††.OInX1ˇ̌̌1 C � � � C

bXi ˇ̌̌i C � � � C
OInXkˇ̌̌k/

D PbXi Ib†††OInX1ˇ̌̌1 C � � � C
bXi ˇ̌̌i C � � � C PbXi Ib†††OInXkˇ̌̌k

D bXi ˇ̌̌i C PbXi Ib†††OInZi ˇ̌̌ ; i D 1; : : : ; k;

thus establishing (48) and (49). From (48), EŒBLUEbMi
.bXi ˇ̌̌i /� D bXi ˇ̌̌i holds if and only if

PbXi Ib†††OInZi D 0; i D 1; : : : ; k: (59)

Substituting PbXi Ib††† D ŒbXi ; 0 �ŒbXi ; b†††bX?i �C CGi ŒbXi ; b†††bX?i �? into (59) gives

ŒbXi ; 0�ŒbXi ; b†††bX?i �COInZi CGi ŒbXi ; b†††bX?i �?OInZi D 0; i D 1; : : : ; k: (60)

It follows from Lemma 2.3 that there exists a Gi such that (60) holds if and only if

r

"
ŒbXi ; 0 �ŒbXi ; b†††bX?i �COInZi

ŒbXi ; b†††bX?i �?OInZi

#
D r

�
ŒbXi ; b†††bX?i �?OInZi

�
; i D 1; : : : ; k: (61)

Applying (15), (16), and simplifying, we obtain

r. ŒbXi ; b†††bX?i �?OInZi / D rŒbXi ; b†††bX?i ; OInZi � � rŒbXi ; b†††bX?i �

D rŒbXi ; b†††; OInZi � � rŒbXi ; b††† � D r"††† Xi Zi

0 Ai 0

#
� rŒbXi ; b††† �; i D 1; : : : ; k;

and

r

"
ŒbXi ; 0 �ŒbXi ; b†††bX?i �COInZi

ŒbXi ; b†††bX?i �?OInZi

#
D r

"
ŒbXi ; 0 �ŒbXi ; b†††bX?i �COInZi 0

OInZi ŒbXi ; b†††bX?i �

#
� rŒbXi ; b†††bX?i �

D r

"
0 �ŒbXi ; 0 �
OInZi ŒbXi ; b†††bX?i �

#
� rŒbXi ; b††† �

D r

"
0 bXi 0
OInZi 0 b†††bX?

i

#
� rŒbXi ; b††† �

D r.bXi /C rŒ OInZi ; b†††bX?i � � rŒbXi ; b††† �
D r

"
OInZi

b†††
0 bX>

i

#
� rŒbXi ; b††† � D r

264 ††† Xi

0 Ai

Z>
i

0

375 � rŒbXi ; b††† �; i D 1; : : : ; k:
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Substituting these two equalities into (61) leads to the equivalence of (ii) and (iii) in (c).
It can be derived from (44) that

Cov
n
BLUEbMi

.Xi ˇ̌̌i /; BLUEbMj
.Xj ˇ̌̌j /

o
D P

Xi IbXi Ib†††b†††P>
Xj IbXj Ib††† D ŒXi ; 0�ŒbXi ; b†††bX?i �Cb†††.ŒXj ; 0�ŒbXj ; b†††bX?j �C/>; i ¤ j; i; j D 1; : : : ; k;

as required for (52). Also note R.ŒXi ; 0�>/ � R.ŒbXi ; b†††bX?i �>/; R.ŒXj ; 0�>/ � R.ŒbXj ; b†††bX?j �>/; R.b†††/ �
RŒbXi ; b†††bX?i � and R.b†††/ � RŒbXj ; b†††bX?j �; i ¤ j; i; j D 1; : : : ; k: Applying (20) and simplifying gives

r
�
ŒXi ; 0�ŒbXi ; b†††bX?i �Cb†††.ŒXj ; 0�ŒbXj ; b†††bX?j �C/>�

D r

26664
b††† bXi

b†††bX?
i

0bX>
j

0 0 X>
jbX?

j
b††† 0 0 0

0 Xi 0 0

37775 � rŒbXi ; b†††bX?i � � rŒbXj ; b†††bX?j �

D r

266666666664

††† 0 Xi ††† 0 0 0
0 0 Ai 0 0 0 0

X>
j

A>
j

0 0 0 0 X>
j

††† 0 0 0 0 Xj 0
0 0 0 0 0 Aj 0
0 0 0 X>

i
A>

i
0 0

0 0 Xi 0 0 0 0

377777777775
� r.bXi / � r.bXj / � rŒbXi ; b††† � � rŒbXj ; b††† �

D r

266666666664

††† 0 0 0 0 0 0
0 0 Ai 0 0 0 0
0 A>

j
0 0 0 0 X>

j

0 0 0 �††† 0 Xj 0
0 0 0 0 0 Aj 0
0 0 0 X>

i
A>

i
0 0

0 0 Xi 0 0 0 0

377777777775
� r.bXi / � r.bXj / � rŒbXi ; b†††� � rŒbXj ; b†††�

D r.Vij / � rŒbXi ; b†††� � rŒbXj ; b†††�C r.†††/; i ¤ j; i; j D 1; : : : ; k;
thus establishing (53). Also from (45),

Cov
n
BLUEbMi

.bXi ˇ̌̌i /; BLUEbMj
.bXj ˇ̌̌j /

o
D PbXi Ib†††b†††P>bXj Ib†††
D ŒbXi ; 0�ŒbXi ; b†††bX?i �Cb†††.ŒbXj ; 0�ŒbXj ; b†††bX?j �C/>; i ¤ j; i; j D 1; : : : ; k;

as required for (54). Also note R.ŒbXi ; 0�>/ � R.ŒbXi ; b†††bX?i �>/; R.ŒbXj ; 0�>/ � R.ŒbXj ; b†††bX?j �>/; R.b†††/ �
RŒbXi ; b†††bX?i � and R.b†††/ � RŒbXj ; b†††bX?j �; i ¤ j; i; j D 1; : : : ; k: Applying (20) and simplifying gives

r
�
ŒbXi ; 0�ŒbXi ; b†††bX?i �Cb†††.ŒbXj ; 0�ŒbXj ; b†††bX?j �C/>�

D r

26664
b††† bXi

b†††bX?
i

0bX>
j

0 0 bX>
jbX?

j
b††† 0 0 0

0 bXi 0 0

37775 � rŒbXi ; b†††bX?i � � rŒbXj ; b†††bX?j �

D r

26664
b††† 0 0 0
0 0 0 bX>

j

0 0 �bX?
j
b†††bX?

i
0

0 bXi 0 0

37775 � rŒbXi ; b††† � � rŒbXj ; b††† �
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D r.bX?j b†††bX?i /C r.bXi /C r.bXj /C r.†††/ � rŒbXi ; b††† � � rŒbXj ; b††† �
D r

" b††† bXibX>
j

0

#
� rŒbXi ; b††† � � rŒbXj ; b††† �C r.†††/

D r.Vij / � rŒbXi ; b†††� � rŒbXj ; b†††�C r.†††/; i ¤ j; i; j D 1; : : : ; k;
thus establishing (55). Results (f) and (g) are direct consequences of (d) and (e).

Concerning the relations between BLUEbM.Xi ˇ̌̌i / and BLUEbMi
.Xi ˇ̌̌i /, BLUEbM.bXi ˇ̌̌i / and BLUEbMi

.bXi ˇ̌̌i /, i D
1; : : : ; k; we have the following conclusions.

Theorem 6.3. Let bM be as given in (9); and assume that Xi ˇ̌̌i and bXi ˇ̌̌i are estimable under bM; and let
BLUEbM.Xi ˇ̌̌i /; BLUEbM.bXi ˇ̌̌i /; BLUEbMi

.Xi ˇ̌̌i /; and BLUEbMi
.bXi ˇ̌̌i / be as given in (31); (35); (44); and (45);

respectively; i D 1; : : : ; k: Then; the following statements are equivalentW
(a) There exist BLUEbM.Xi ˇ̌̌i / and BLUEbMi

.Xi ˇ̌̌i / such that

BLUEbM.Xi ˇ̌̌i / D BLUEbMi
.Xi ˇ̌̌i /; i D 1; : : : ; k: (62)

(b) There exist BLUEbM.bXi ˇ̌̌i / and BLUEbMi
.bXi ˇ̌̌i / such that

BLUEbM.bXi ˇ̌̌i / D BLUEbMi
.bXi ˇ̌̌i /; i D 1; : : : ; k: (63)

(c) r.Si / D r.Ti /; i D 1; : : : ; k:

Proof. Under the condition that Xi ˇ̌̌i is estimable under (9), we see from (26) and (44) that there exist
BLUEbM.Xi ˇ̌̌i / and BLUEbMi

.Xi ˇ̌̌i / such that (62) holds if and only if P
Xi IbXi Ib†††OI1i in (44) satisfies (26), that

is, the matrix equation�
ŒXi ; 0 �ŒbXi ; b†††bX?i �C CHi ŒbXi ; b†††bX?i �?� OI1i ŒbX; b†††bX? � D ŒYi ; 0 � (64)

is solvable for Hi , i D 1; : : : ; k: By Lemma 2.3, (64) is solvable for Hi if and only if

r

"
ŒXi ; 0�ŒbXi ; b†††bX?i �COI1i ŒbX; b†††bX? � � ŒYi ; 0 �

ŒbXi ; b†††bX?i �?OI1i ŒbX; b†††bX? �
#
D r

�
ŒbXi ; b†††bX?i �?OI1i ŒbX; b†††bX? �� ; i D 1; : : : ; k; (65)

where

r

"
ŒXi ; 0�ŒbXi ; b†††bX?i �COI1i ŒbX; b†††bX? � � ŒYi ; 0 �

ŒbXi ; b†††bX?i �?OI1i ŒbX; b†††bX? �
#

D r

"
ŒXi ; 0�ŒbXi ; b†††bX?i �COI1i ŒbX; b†††bX? � � ŒYi ; 0 � 0

OI1i ŒbX; b†††bX? � ŒbXi ; b†††bX?i �
#
� rŒbXi ; b†††bX?i �

D r

"
�ŒYi ; 0 � �ŒXi ; 0 �
OI1i ŒbX; b†††bX? � ŒbXi ; b†††bX?i �

#
� rŒbXi ; b††† � D r" Yi 0 Xi 0

OI1i
bX OI1i

b†††bX? bXi
b†††bX?

i

#
� rŒbXi ; b††† �

D r

264 0 Xi 0"
Zi

0

# bXi
b†††bX?

i

375 � rŒbXi ; b††† � D r
26664

0 Xi 0 0
Zi Xi ††† 0
0 Ai 0 0
0 0 X>

i
A>

i

37775 � r.bXi / � rŒbXi ; b††† �

D r

26664
0 Xi 0 0

Zi 0 ††† 0
0 Ai 0 0
0 0 X>

i
A>

i

37775 � r.bXi / � rŒbXi ; b††† �
D r

"
Zi ††† 0
0 X>

i
A>

i

#
� rŒbXi ; b††† � D r.Si / � rŒbXi ; b††† �; i D 1; : : : ; k;
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and

r
�
ŒbXi ; b†††bX?i �?OI1i ŒbX; b†††bX? �� D rŒ OI1i

bX; OI1i
b†††bX?; bXi ; b†††bX?i � � rŒbXi ; b†††bX?i �

D r

""
Zi

0

#
; bXi ; b†††bX?i

#
� rŒbXi ; b††† � D r

264Zi Xi ††† 0
0 Ai 0 0
0 0 X>

i
A>

i

375 � r.bXi / � rŒbXi ; b††† �
D r

264 ††† 0 Xi Zi

0 0 Ai 0
X>

i
A>

i
0 0

375 � r.bXi / � rŒbXi ; b††† � D r"††† Xi Zi

0 Ai 0

#
� rŒbXi ; b††† � (by (18))

D r.Ti / � rŒbXi ; b††† �; i D 1; : : : ; k:
Hence, (65) is equivalent to (c).

Under the condition thatbXi ˇ̌̌i is estimable under (9), we see from (26) and (45) that there exist BLUEbM.bXi ˇ̌̌i /

and BLUEbMi
.bXi ˇ̌̌i / such that (63) holds if and only if the PbXi Ib†††OI1i in (45) satisfies (26), that is, the matrix equation�

ŒbXi ; 0 �ŒbXi ; b†††bX?i �C CGi ŒbXi ; b†††bX?i �?� OI1i ŒbX; b†††bX? � D ŒbYi ; 0 � (66)

is solvable for Gi , i;D 1; : : : ; k: By Lemma 2.3, (66) is solvable for Gi if and only if

r

"
ŒbXi ; 0 �ŒbXi ; b†††bX?i �COI1i ŒbX; b†††bX? � � ŒbYi ; 0 �

ŒbXi ; b†††bX?i �?OI1i ŒbX; b†††bX? �
#
D r

�
ŒbXi ; b†††bX?i �?OI1i ŒbX; b†††bX? �� ; i D 1; : : : ; k; (67)

where

r

"
ŒbXi ; 0 �ŒbXi ; b†††bX?i �COI1i ŒbX; b†††bX? � � ŒbYi ; 0 �

ŒbXi ; b†††bX?i �?OI1i ŒbX; b†††bX? �
#

D r

"
ŒbXi ; 0 �ŒbXi ; b†††bX?i �COI1i ŒbX; b†††bX? � � ŒbYi ; 0 � 0

OI1i ŒbX; b†††bX? � ŒbXi ; b†††bX?i �

#
� rŒbXi ; b†††bX?i �

D r

"
�ŒbYi ; 0 � �ŒbXi ; 0 �
OI1i ŒbX; b†††bX? � ŒbXi ; b†††bX?i �

#
� rŒbXi ; b††† � D r" bYi 0 bXi 0

OI1i
bX OI1i

b†††bX? bXi
b†††bX?

i

#
� rŒbXi ; b††† �

D r

264 0 bXi 0"
Zi

0

#
0 b†††bX?

i

375 � rŒbXi ; b††† � D r"Zi ††† 0
0 X>

i
A>

i

#
� rŒbXi ; b††† �

D r.Si / � rŒbXi ; b††† �; i D 1; : : : ; k:
Hence, (67) is equivalent to (c).

It can be seen from (47) and (49) that neither the sum BLUEbM1
.X1ˇ̌̌1/ C � � � C BLUEbMk

.Xkˇ̌̌k/ is necessarily

unbiased for Xˇ̌̌ , nor BLUEbM1
.bX1ˇ̌̌1/ C � � � C BLUEbMk

.bXkˇ̌̌k/ is necessarily unbiased for bXˇ̌̌ under (1).
Concerning the unbiasedness of the two sums and the corresponding BLUE decompositions, we have the following
general conclusions.

Theorem 6.4. Let BLUEbMi
.Xi ˇ̌̌i / and BLUEbMi

.bXi ˇ̌̌i /; i D 1; : : : ; k; be as given in (44) and (45); respectively:
Then; the following statements are equivalentW
(a) There exist BLUEbMi

.Xi ˇ̌̌i /; i D 1; : : : ; k; such that

E
h
BLUEbM1

.X1ˇ̌̌1/C � � � C BLUEbMk
.Xkˇ̌̌k/

i
D Xˇ̌̌ : (68)

(b) There exist BLUEbMi
.bXi ˇ̌̌i /; i D 1; : : : ; k; such that

E
h
BLUEbM1

.bX1ˇ̌̌1/C � � � C BLUEbMk
.bXkˇ̌̌k/

i
D bXˇ̌̌ : (69)
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(c) There exist BLUEbMi
.Xi ˇ̌̌i /; i D 1; : : : ; k; such that

BLUEbM1
.X1ˇ̌̌1/C � � � C BLUEbMk

.Xkˇ̌̌k/ D BLUEbM.Xˇ̌̌/: (70)

(d) There exist BLUEbMi
.bXi ˇ̌̌i /; i D 1; : : : ; k; such that

BLUEbM1
.bX1ˇ̌̌1/C � � � C BLUEbMk

.bXkˇ̌̌k/ D BLUEbM.bXˇ̌̌/: (71)

(e) r.S/ � r.T/ D r.bX1/C � � � C r.bXk/ � r.bX/:
(f) If all X1ˇ̌̌1; : : : ;Xkˇ̌̌k are estimable under (9); then the following statements are equivalentW

(i) There exist BLUEbMi
.Xi ˇ̌̌i /; i D 1; : : : ; k; such that E

h
BLUEbM1

.X1ˇ̌̌1/C � � � C BLUEbMk
.Xkˇ̌̌k/

i
D

Xˇ̌̌ :
(ii) There exist BLUEbMi

.bXi ˇ̌̌i /; i D 1; : : : ; k; such that E
h
BLUEbM1

.bX1ˇ̌̌1/C � � � C BLUEbMk
.bXkˇ̌̌k/

i
DbXˇ̌̌ :

(iii) There exist BLUEbMi
.Xi ˇ̌̌i /; i D 1; : : : ; k; such that BLUEbM1

.X1ˇ̌̌1/ C � � � C BLUEbMk
.Xkˇ̌̌k/ D

BLUEbM.Xˇ̌̌/:
(iv) There exist BLUEbMi

.bXi ˇ̌̌i /; i D 1; : : : ; k; such that BLUEbM1
.bX1ˇ̌̌1/ C � � � C BLUEbMk

.bXkˇ̌̌k/ D

BLUEbM.bXˇ̌̌/:
(v) r.S/ D r.T/:

Proof. It can be derived from (47) that the equality (a) holds if and only if

ŒP
X1IbX1Ib†††OIn; : : : ;PXkIbXkIb†††OIn �Z D 0: (72)

Substituting P
Xi IbXi Ib††† D ŒXi ; 0 �ŒbXi ; b†††bX?i �C CHi ŒbXi ; b†††bX?i �? in (44) into (72) givesh

P
X1IbX1Ib†††OIn; : : : ;PXkIbXkIb†††OIn

i
Z

D

h
ŒX1; 0 �ŒbX1; b†††bX?1 �COIn CH1ŒbX1; b†††bX?1 �?OIn; : : : ; ŒXk ; 0 �ŒbXk ; b†††bX?k �COIn CHk ŒbXk ; b†††bXk �

?OIn

i
Z

D

h
ŒX1; 0 �ŒbX1; b†††bX?1 �COIn; : : : ; ŒXk ; 0 �ŒbXk ; b†††bX?k �COIn

i
Z

C ŒH1; : : : ;Hk �diag
�
ŒbX1; b†††bX?1 �?OIn; : : : ; ŒbXk ; b†††bX?k �?OIn

�
Z

D 0: (73)

The matrix equation is solvable for ŒH1; : : : ;Hk � if and only if

r

24hŒX1; 0 �ŒbX1; b†††bX?1 �COIn; : : : ; ŒXk ; 0 �ŒbXk ; b†††bX?k �COIn

i
Z

diag
�
ŒbX1; b†††bX?1 �?OIn; : : : ; ŒbXk ; b†††bX?k �?OIn

�
Z

35
D r

h
diag

�
ŒbX1; b†††bX?1 �?OIn; : : : ; ŒbXk ; b†††bXk �

?OIn

�
Z
i
; (74)

where

r

24hŒX1; 0 �ŒbX1; b†††bX?1 �COIn; : : : ; ŒXk ; 0 �ŒbXk ; b†††bX?k �COIn

i
Z

diag
�
ŒbX1; b†††bX?1 �?OIn; : : : ; ŒbXk ; b†††bX?k �?OIn

�
Z

35
D r

24h ŒX1; 0 �ŒbX1; b†††bX?1 �COIn; : : : ; ŒXk ; 0 �ŒbXk ; b†††bX?k �COIn

i
Z 0

diag
�
OIn; : : : ; OIn

�
Z diag

�
ŒbX1; b†††bX?1 �; : : : ; ŒbXk ; b†††bX?k �

�35
� r

�
diag

�
ŒbX1; b†††bX?1 �; : : : ; ŒbXk ; b†††bX?k �

��
D r

"
0 Œ ŒX1; 0 �; : : : ; ŒXk ; 0 � �

diag
�
OIn; : : : ; OIn

�
Z diag

�
ŒbX1; b†††bX?1 �; : : : ; ŒbXk ; b†††bX?k �

�#
� r

�
diag

�
ŒbX1; b††† �; : : : ; ŒbXk ; b††† ���
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D r

26664
e††† 0 eX Z
0 0 A 0eX> A> 0 0
0 0 X 0

37775 � r.bX1/ � � � � � r.bXk/ � rŒbX1; b††† � � � � � � rŒbXk ; b††† �

D r

26664
e††† 0 0 Z
0 0 A 0eX> A> 0 0
0 0 X 0

37775 � r.bX1/ � � � � � r.bXk/ � rŒbX1; b††† � � � � � � rŒbXk ; b††† �
D r

" e††† 0 ZeX> A> 0

#
C r.bX/ � r.bX1/ � � � � � r.bXk/ � rŒbX1; b††† � � � � � � rŒbXk ; b††† �

D r.S/C r.bX/ � r.bX1/ � � � � � r.bXk/ � rŒbX1; b††† � � � � � � rŒbXk ; b††† �; (75)

and

r
h
diag

�
ŒbX1; b†††bX?1 �?OIn; : : : ; ŒbXk ; b†††bX?k �?OIn

�
Z
i

D r
h
diag

�
OIn; : : : ; OIn

�
Z; diag

�
ŒbX1; b†††bX?1 �; : : : ; ŒbXk ; b†††bX?k �

�i
� r

�
diag

�
ŒbX1; b†††bX?1 �; : : : ; ŒbXk ; b†††bX?k �

��
D r

264 e††† 0 eX Z
0 0 A 0eX> A> 0 0

375 � r.bX1/ � � � � � r.bXk/ � r
�

diag
�
ŒbX1; b††† �; : : : ; ŒbXk ; b††† ���

D r

"e††† eX Z
0 A 0

#
C rŒeX>; A>� � r.bX1/ � � � � � r.bXk/ � rŒbX1; b††† � � � � � � rŒbXk ; b††† � (by (18))

D r.T/ � rŒbX1; b††† � � � � � � rŒbXk ; b††† �: (76)

Substituting (75) and (76) into (74) yields the rank equality in (e).
It can be derived from (49) that the equality in (b) holds if and only if

ŒPbX1Ib†††OIn; : : : ;PbXkIb†††OIn �Z D 0: (77)

Substituting PbXi Ib††† D ŒbXi ; 0�ŒbXi ; b†††bX?i �C CGi ŒbXi ; b†††bX?i �? in (45) into (77) givesh
PbX1Ib†††OIn; : : : ;PbXkIb†††OIn

i
Z

D

h
ŒbX1; 0 �ŒbX1; b†††bX?1 �COIn CG1ŒbX1; b†††bX?1 �?OIn; : : : ; ŒbXk ; 0 �ŒbXk ; b†††bX?k �COIn CGk ŒbXk ; b†††bX?k �?OIn

i
Z

D

h
ŒbX1; 0 �ŒbX1; b†††bX?1 �COIn; : : : ; ŒbXk ; 0 �ŒbXk ; b†††bX?k �COIn

i
Z

C ŒG1; : : : ;Gk �diag
�
ŒbX1; b†††bX?1 �?OIn; : : : ; ŒbXk ; b†††bX?k �?OIn

�
Z

D 0: (78)

This matrix equation is solvable for ŒG1; : : : ;Gk � if and only if

r

24h ŒbX1; 0 �ŒbX1; b†††bX?1 �COIn; : : : ; ŒbXk ; 0 �ŒbXk ; b†††bX?k �COIn

i
Z

diag
�
ŒbX1; b†††bX?1 �?OIn; : : : ; ŒbXk ; b†††bX?k �?OIn

�
Z

35
D r

h
diag

�
ŒbX1; b†††bX?1 �?OIn; : : : ; ŒbXk ; b†††bX?k �?OIn

�
Z
i
; (79)

where

r

24h ŒbX1; 0 �ŒbX1; b†††bX?1 �COIn; : : : ; ŒbXk ; 0�ŒbXk ; b†††bX?k �COIn

i
Z

diag
�
ŒbX1; b†††bX?1 �?OIn; : : : ; ŒbXk ; b†††bX?k �?OIn

�
Z

35
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D r

24h ŒbX1; 0 �ŒbX1; b†††bX?1 �COIn; : : : ; ŒbXk ; 0 �ŒbXk ; b†††bX?k �COIn

i
Z 0

diag
�
OIn; : : : ; OIn

�
Z diag

�
ŒbX1; b†††bX?1 �; : : : ; ŒbXk ; b†††bX?k �

�35
� r

�
diag

�
ŒbX1; b†††bX?1 �; : : : ; ŒbXk ; b†††bX?k �

��
D r

24 0
h
ŒbX1; 0 �; : : : ; ŒbXk ; 0 �

i
diag

�
OIn; : : : ; OIn

�
Z diag

�
ŒbX1; b†††bX?1 �; : : : ; ŒbXk ; b†††bX?k �

�35 � rŒbX1; b††† � � � � � � rŒbXk ; b††† �
D r

264 e††† eX
0 A

Z> 0

375C r.bX/ � r.bX1/ � � � � � r.bXk/ � rŒbX1; b††† � � � � � � rŒbXk ; b††† �
D r.S/C r.bX/ � r.bX1/ � � � � � r.bXk/ � rŒbX1; b††† � � � � � � rŒbXk ; b††† �: (80)

Substituting (76) and (80) into (79) gives the equivalence of (b) and (e).
It can be seen from Lemma 4.2 that the equality in (c) holds if and only if there exist P

Xi IbXi Ib††† such that

.P
X1IbX1Ib†††OI11 C � � � C P

XkIbXkIb†††OI1k /ŒbX; b†††bX? � D ŒX; 0 �: (81)

Substituting P
Xi IbXi Ib††† in (44) into (81) gives the following matrix equation

ŒH1; : : : ;Hk �

2664
ŒbX1; b†††bX?1 �?OI11ŒbX; b†††bX? �

:::

ŒbXk ; b†††bX?k �?OI1k ŒbX; b†††bX? �
3775 D D; (82)

where

D D ŒX; 0 � � ŒX1; 0 �ŒbX1; b†††bX?1 �COI11ŒbX; b†††bX? � � � � � � ŒXk ; 0 �ŒbXk ; b†††bX?k �COI1k ŒbX; b†††bX? �:
By Lemma 2.3, there exists a ŒH1; : : : ;Hk � such that (82) holds if and only if

r

266664
D

ŒbX1; b†††bX?1 �?OI11ŒbX; b†††bX? �
:::

ŒbXk ; b†††bX?k �?OI1k ŒbX; b†††bX? �

377775 D r
2664
ŒbX1; b†††bX?1 �?OI11ŒbX; b†††bX? �

:::

ŒbXk ; b†††bX?k �?OI1k ŒbX; b†††bX? �
3775: (83)

Applying (15) and (16) to both sides of (83) and simplifying, we obtain

r

266664
D

ŒbX1; b†††bX?1 �?OI11ŒbX; b†††bX? �
:::

ŒbXk ; b†††bX?k �?OI1k ŒbX; b†††bX? �

377775

D r

266664
D 0 � � � 0

OI11ŒbX; b†††bX? � ŒbX1; b†††bX?1 � � � � 0
:::

:::
: : :

:::

OI1k ŒbX; b†††bX? � 0 � � � ŒbXk ; b†††bX?k �

377775 � rŒbX1; b†††bX?1 � � � � � � rŒbXk ; b†††bX?k �

D r

2666664
ŒX; 0 � ŒX1; 0 � � � � ŒXk ; 0 �

OI11ŒbX; b†††bX? � hbX1; b†††bX?1 i � � � 0
:::

:::
: : :

:::

OI1k ŒbX; b†††bX? � 0 � � �

hbXk ; b†††bX?k i
3777775 � rŒbX1; b††† � � � � � � rŒbXk ; b††† �
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D r

2666664
ŒX; 0 � ŒX1; 0 � � � � ŒXk ; 0 �
OI11ŒbX; 0 �

hbX1; b†††bX?1 i � � � 0
:::

:::
: : :

:::

OI1k ŒbX; 0 � 0 � � �

hbXk ; b†††bX?k i
3777775 � rŒbX1; b††† � � � � � � rŒbXk ; b††† �

D r

26664
0 X 0 0
Z 0 e††† 0
0 A 0 0
0 0 eX> A>

37775 � r.bX1/ � � � � � r.bXk/ � rŒbX1; b††† � � � � � � rŒbXk ; b††† �

D r

264 e††† eX
0 A

Z> 0

375C r.bX/ � r.bX1/ � � � � � r.bXk/ � rŒbX1; b††† � � � � � � rŒbXk ; b††† �
D r.S/C r.bX/ � r.bX1/ � � � � � r.bXk/ � rŒbX1; b††† � � � � � � rŒbXk ; b††† �; (84)

and

r

2664
ŒbX1; b†††bX?1 �?OI11ŒbX; b†††bX? �

:::

ŒbXk ; b†††bX?k �?OI1k ŒbX; b†††bX? �
3775 D r

26664
OI11ŒbX; b†††bX? � hbX1; b†††bX?1 i � � � 0

:::
:::

: : :
:::

OI1k ŒbX; b†††bX? � 0 � � �

hbXk ; b†††bX?k i
37775

� rŒbX1; b†††bX?1 � � � � � � rŒbXk ; b†††bX?k �

D r

26664
OI11
bX hbX1; b†††i � � � 0
:::

:::
: : :

:::

OI1k
bX 0 � � �

hbXk ; b†††i
37775 � rŒbX1; b††† � � � � � � rŒbXk ; b††† �

D r

266666664

"
Z1

0

#
ŒbX1; b††† � � � � 0

:::
:::

: : :
:::"

Zk

0

#
0 � � � ŒbXk ; b††† �

377777775 � rŒ
bX1; b†††� � � � � � rŒbXk ; b††† �

D r

"e††† eX Z
0 A 0

#
� rŒbX1; b††† � � � � � � rŒbXk ; b††† �

D r.T/ � rŒbX1; b††† � � � � � � rŒbXk ; b††† �: (85)

Substituting (84) and (85) into (83) yields the rank equality in (e).
By Lemma 4.2, the equality in (d) holds if and only if there exist PbXi Ib†††, i D 1; : : : ; k, such that

.PbX1Ib†††OI11 C � � � C PbXkIb†††OI1k /ŒbX; b†††bX? � D ŒbX; 0 �: (86)

Substituting PbXi Ib†††, i D 1; : : : ; k, in (45) into (86) gives the following matrix equation

ŒG1; : : : ;Gk �

2664
ŒbX1; b†††bX?1 �?OI11ŒbX; b†††bX? �

:::

ŒbXk ; b†††bX?k �?OI1k ŒbX; b†††bX? �
3775 D D; (87)

where

D D ŒbX; 0 � � ŒbX1; 0 �ŒbX1; b†††bX?1 �COI11ŒbX; b†††bX? � � � � � � ŒbXk ; 0 �ŒbXk ; b†††bX?k �COI1k ŒbX; b†††bX? �:
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By Lemma 2.3, there exists a ŒG1; : : : ;Gk � such that (87) holds if and only if

r

266664
D

ŒbX1; b†††bX?1 �?OI11ŒbX; b†††bX? �
:::

ŒbXk ; b†††bX?k �?OI1k ŒbX; b†††bX? �

377775 D r
2664
ŒbX1; b†††bX?1 �?OI11ŒbX; b†††bX? �

:::

ŒbXk ; b†††bX?k �?OI1k ŒbX; b†††bX? �
3775: (88)

Applying (15) and (16) to the left-hand side of (88) and simplifying gives

r

266664
D

ŒbX1; b†††bX?1 �?OI11ŒbX; b†††bX? �
:::

ŒbXk ; b†††bX?k �?OI1k ŒbX; b†††bX? �

377775

D r

266664
D 0 � � � 0

OI11ŒbX; b†††bX? � ŒbX1; b†††bX?1 � � � � 0
:::

:::
: : :

:::

OI1k ŒbX; b†††bX? � 0 � � � ŒbXk ; b†††bX?k �

377775 � rŒbX1; b†††bX?1 � � � � � � rŒbXk ; b†††bX?k �

D r

266664
ŒbX; 0 � ŒbX1; 0 � � � � ŒbXk ; 0 �

OI11ŒbX; b†††bX? � ŒbX1; b†††bX?1 � � � � 0
:::

:::
: : :

:::

OI1k ŒbX; b†††bX? � 0 � � � ŒbXk ; b†††bX?k �

377775 � rŒbX1; b††† � � � � � � rŒbXk ; b††† �

D r

266664
ŒbX; 0 � ŒbX1; 0 � � � � ŒbXk ; 0 �
OI11ŒbX; 0 � ŒbX1; b†††bX?1 � � � � 0

:::
:::

: : :
:::

OI1k ŒbX; 0 � 0 � � � ŒbXk ; b†††bX?k �

377775 � rŒbX1; b††† � � � � � � rŒbXk ; b††† �

D r

266664
bX 0 � � � 0
0 Œ 0; b†††bX?

1
� � � � �OI11ŒbXk ; 0 �

:::
:::

: : :
:::

0 �OI1k ŒbX1; 0� � � � Œ 0; b†††bX?
k
�

377775 � rŒbX1; b††† � � � � � � rŒbXk ; b††† �

D r

2664
Œ 0; b†††bX?

1
� � � � �OI11ŒbXk ; 0 �

:::
: : :

:::

�OI1k ŒbX1; 0 � � � � Œ 0; b†††bX?
k
�

3775C r.bX/ � rŒbX1; b††† � � � � � � rŒbXk ; b††† �
D r

264 e††† eX
0 A

Z> 0

375C r.bX/ � r.bX1/ � � � � � r.bXk/ � rŒbX1; b††† � � � � � � rŒbXk ; b††† �
D r.S/C r.bX/ � r.bX1/ � � � � � r.bXk/ � rŒbX1; b††† � � � � � � rŒbXk ; b††† �: (89)

Substituting (85) and (89) into (88) yields the rank equality in (e).

Theorem 6.5. Let BLUEbMi
.Xi ˇ̌̌i / and BLUEbMi

.bXi ˇ̌̌i /; i D 1; : : : ; k; be as given in (44) and (45); respectively:
Then; the following statements are equivalentW
(a)

n
BLUEbM1

.X1ˇ̌̌1/C � � � C BLUEbMk
.Xkˇ̌̌k/

o
�

n
BLUEbM.Xˇ̌̌/o :

(b)
n
BLUEbM1

.bX1ˇ̌̌1/C � � � C BLUEbMk
.bXkˇ̌̌k/

o
�

n
BLUEbM.bXˇ̌̌/o :

(c) r.S/C r.bX/ � r.bX1/ � � � � � r.bXk/ D r.T/ D rŒbX1; b††† �C � � � C rŒbXk ; b††† �:
(d) If all X1ˇ̌̌1; : : : ;Xkˇ̌̌k are estimable under (9); then the following statements are equivalentW

(i)
n
BLUEbM1

.X1ˇ̌̌1/C � � � C BLUEbMk
.Xkˇ̌̌k/

o
�

n
BLUEbM.Xˇ̌̌/o :
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(ii)
n
BLUEbM1

.bX1ˇ̌̌1/C � � � C BLUEbMk
.bXkˇ̌̌k/

o
�

n
BLUEbM.bXˇ̌̌/o :

(iii) r.S/ D r.T/ D rŒbX1; b††† �C � � � C rŒbXk ; b††† �:
Proof. It can be seen from (82) that the set inclusion in (a) holds if and only if (82) holds for all ŒH1; : : : ;Hk �,
which is equivalent to the following equalities2664

ŒbX1; b†††bX?1 �?OI11ŒbX; b†††bX? �
:::

ŒbXk ; b†††bX?k �?OI1k ŒbX; b†††bX? �
3775 D 0; D D 0: (90)

From (85), the first equality in (90) is equivalent to

r

"e††† eX Z
0 A 0

#
D rŒbX1; b††† �C � � � C rŒbXk ; b††† �: (91)

In this case, applying (19) to D in (82) and simplifying by OI1i
b††† D b††† and R.bX?

i
/ � R.bX?/ gives

r.D/ D r
�
ŒX; 0 � � ŒX1; 0 �ŒbX1; b†††bX?1 �COI11ŒbX; b†††bX? � � � � � � ŒXk ; 0 �ŒbXk ; b†††bX?k �COI1k ŒbX; b†††bX? ��

D r

266664
ŒbX1; b†††bX?1 � � � � 0 OI11ŒbX; b†††bX? �

:::
: : :

:::
:::

0 � � � ŒbXk ; b†††bX?k � OI1k ŒbX; b†††bX? �
ŒX1; 0 � � � � ŒXk ; 0 � ŒX; 0 �

377775 � rŒbX1; b††† � � � � � � rŒbXk ; b††† �

D r

266664
ŒbX1; b†††bX?1 � � � � 0 OI11

bX
:::

: : :
:::

:::

0 � � � ŒbXk ; b†††bX?k � OI1k
bX

ŒX1; 0 � � � � ŒXk ; 0 � X

377775 � rŒbX1; b††† � � � � � � rŒbXk ; b††† �
D r.S/C r.bX/ � r.bX1/ � � � � � r.bXk/ � rŒbX1; b††† � � � � � � ŒbXk ; b††† � (by (84)):

Hence, D D 0 is equivalent to

r.S/ D r.bX1/C � � � C r.bXk/ � r.bX/C rŒbX1; b††† �C � � � C rŒbXk ; b††† �: (92)

Combining (91) and (92) yields (c).
It can be seen from (87) that the set inclusion in (b) holds if and only if (87) holds for all ŒG1; : : : ;Gk �, which

is equivalent to the following equalities2664
ŒbX1; b†††bX?1 �?OI11ŒbX; b†††bX? �

:::

ŒbXk ; b†††bX?k �?OI1k ŒbX; b†††bX? �
3775 D 0; D D 0: (93)

Applying (19) to D in (87) and simplifying, we obtain

r.D/ D r
�
ŒbX; 0 � � ŒbX1; 0 �ŒbX1; b†††bX?1 �COI11ŒbX; b†††bX? � � � � � � ŒbXk ; 0 �ŒbXk ; b†††bX?k �COI1k ŒbX; b†††bX? ��

D r

266664
ŒbX1; b†††bX?1 � � � � 0 OI11ŒbX; b†††bX? �

:::
: : :

:::
:::

0 � � � ŒbXk ; b†††bX?k � OI1k ŒbX; b†††bX? �
ŒbX1; 0 � � � � ŒbXk ; 0 � ŒbX; 0 �

377775 � rŒbX1; b††† � � � � � � rŒbXk ; b††† �

D r

266664
ŒbX1; b†††bX?1 � � � � 0 OI11

bX
:::

: : :
:::

:::

0 � � � ŒbXk ; b†††bX?k � OI1k
bX

ŒbX1; 0 � � � � ŒbXk ; 0 � bX

377775 � rŒbX1; b††† � � � � � � rŒbXk ; b††† �
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D r.S/C r.bX/ � r.bX1/ � � � � � r.bXk/ � rŒbX1; b††† � � � � � � ŒbXk ; b††† � (by (89)): (94)

Combining (91) and (94), we see that (b) is also equivalent to (c). Results (i), (ii), and (iii) in (d) hold from Lemma
3.3.

Theorem 6.6. Assume that††† in (1) is positive definite: Then; BLUEbMi
.Xi ˇ̌̌i / and BLUEbMi

.bXi ˇ̌̌i / are all unique;
i D 1; : : : ; k; and the following statements are equivalentW
(a) E

h
BLUEbM1

.X1ˇ̌̌1/C � � � C BLUEbMk
.Xkˇ̌̌k/

i
D Xˇ̌̌ :

(b) E
h
BLUEbM1

.bX1ˇ̌̌1/C � � � C BLUEbMk
.bXkˇ̌̌k/

i
D bXˇ̌̌ :

(c) BLUEbM1
.X1ˇ̌̌1/C � � � C BLUEbMk

.Xkˇ̌̌k/ D BLUEbM.Xˇ̌̌/:
(d) BLUEbM1

.bX1ˇ̌̌1/C � � � C BLUEbMk
.bXkˇ̌̌k/ D BLUEbM.bXˇ̌̌/:

(e) r

"
Z>e†††�1eX

A

#
D r.bX1/C � � � C r.bXk/ � r.bX/C r.A/:

(f) If all X1ˇ̌̌1; : : : ;Xkˇ̌̌k are estimable under (9); then the following statements are equivalentW
(i) E

h
BLUEbM1

.X1ˇ̌̌1/C � � � C BLUEbMk
.Xkˇ̌̌k/

i
D Xˇ̌̌ :

(ii) E
h
BLUEbM1

.bX1ˇ̌̌1/C � � � C BLUEbMk
.bXkˇ̌̌k/

i
D bXˇ̌̌ :

(iii) BLUEbM1
.X1ˇ̌̌1/C � � � C BLUEbMk

.Xkˇ̌̌k/ D BLUEbM.Xˇ̌̌/:
(iv) BLUEbM1

.bX1ˇ̌̌1/C � � � C BLUEbMk
.bXkˇ̌̌k/ D BLUEbM.bXˇ̌̌/:

(v) r

"
Z>e†††�1eX

A

#
D r.A/:

(vi) RŒ.Z>e†††�1eX/>� � R.A>/:

Observing that Z in (42) is a skew diagonal block matrix when k D 2, we then obtain

r.S/ D r.S1/C r.S2/; r.T/ D r.T1/C r.T2/; r.S1/ > r.T1/; r.S2/ > r.T2/

hold under (42) and (43), while the rank formulas in Theorems 6.2–6.6 reduce to certain simple and separated forms,
as these given in [6]. When A1 D 0; : : : ;Ak D 0 in (1) and (2), Theorems 6.2–6.6 reduce to the results given in [5].

7 Summary

We have established some fundamental additive decomposition equalities for BLUEs under a full CGLM and its
submodels with parameter restrictions by using the methods of matrix equations, matrix rank formulas, and various
skillful and transparent partitioned matrix calculations. Thus the whole work in the paper provides a comprehensive
coverage of topics on additive decompositions of BLUEs under general model assumptions, while the decomposition
identities obtained demonstrate many valuable mathematical and statistical properties and features of BLUEs. Thus
they can serve as useful references in the statistical analysis of CGLMs. This contribution also shows that algebraic
tools in matrix theory play exclusive roles in the establishment and development of statistical analysis. In fact, linear
models are best representatives of statistical models that attract linear algebraists to consider possible applications
of their matrix contributions in statistical theory.

Notice furthermore, that the two decompositions of BLUEs in (13) and (14) are special cases of the following
general decomposition identity

BLUEbM.Kˇ̌̌/ D BLUEbM1
.K1ˇ̌̌1/C � � � C BLUEbMk

.Kkˇ̌̌k/;

where Kˇ̌̌ D K1ˇ̌̌1C� � �CKkˇ̌̌k is assumed to be estimable under (9). Thus, it would be of interest to consider this
general decomposition, and derive identifying conditions for this decomposition identity to hold. As demonstrated in
Theorems 6.2–6.6, this is in fact a challenging algebraic problem in matrix theory, because the given matrices X, K,
A,†††, Xi , Ki , and Ai in (1), i D 1; : : : ; k, and their generalized inverses will occur in the mathematical calculations
associated with the decomposition identity of estimators.
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It should be pointed out that many exclusive and tricky methods for establishing and simplifying matrix
expressions and matrix equalities have been developed in linear algebra and matrix theory, which have greatly
benefited both mathematics and applications. In particular, these new methodologies have also found essential
applications in statistical analysis, such as establishing various intriguing and sophisticated formulas, equalities,
and inequalities associated with estimators under linear statistical models.

Acknowledgement: The authors are grateful to anonymous referees for their helpful comments and constructive
suggestions that improved the presentation of the paper.
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