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Abstract: In this article, we define the following: Let No be the set of all nonnegative integers and
D = (d)ien, a family of additive mappings of a *-ring R such that d, = idg. D is called a Jordan (a, 8)-higher

*-derivation (resp. a Jordan triple (a, B)-higher *-derivation) of R if d,(a?) = Zi+j:ndi(ﬁi(a))d,-(ai(a*i)) (resp.
dn(aba) = Zi+j+k=ndi(ﬁi+k(a))d,~(ﬁ"(a"(b’*i)))dk(a”}'(a’*w))) for all a, b € R and each n € Ny. We show that the

two notions of Jordan (a, B)-higher *-derivation and Jordan triple (a, §)-higher *-derivation on a 6-torsion
free semiprime *-ring are equivalent.
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1 Introduction

Investigating the relation between the two different notions of derivation and Jordan derivation was
initiated by Herstein in a very famous article [1]. This area of research deals with establishing equivalence
between certain kinds of maps in different classes of rings satisfying specific conditions. Several research
studies have been carried out in this active area of research (see [2-5] for example and references therein).
In this article, we walk in this direction and obtain a new result concerning the concepts of Jordan
(a, B)-higher *-derivation and Jordan triple (a, 8)-higher *-derivation.

Let R be aring. For any a, b € R, recall that R is prime (resp. semiprime) if aRb = {0} (resp. aRa = {0})
impliesa = 0 or b = 0 (resp. a = 0). Given an integer n > 2, R is said to be n-torsion free if fora € R, na = 0
implies a = 0. An additive mapping a — a* satisfying (ab)* = b*a* and (a*)* = a for all a, b € R is called an
involution and R is called a *-ring. We assume throughout this article that R denotes a *-ring.

An additive mappingd : R — R is called a derivation if d(ab) = d(a)b + ad(b) holds for alla, b € R, and
it is called a Jordan derivation if d(a?) = d(a)a + ad(a) for alla € R. A theorem by Herstein [1] shows that in
a 2-torsion free prime ring any Jordan derivation is a derivation. A Jordan triple derivation is an additive
mapping d : R — R satisfying d(aba) = d(a)ba + ad(b)a + abd(a) for all a, b € R. Every derivation is
clearly a Jordan triple derivation. Indeed, it is easy to see that in a 2-torsion free ring every Jordan derivation
is a Jordan triple derivation [6, Lemma 3.5]. BreSar [7] extended this result to 2-torsion free semiprime ring.

An additive mapping d : R — R is called a *-derivation if d(ab) = d(a)b* + ad(b) holds for alla, b € R,
and it is called a Jordan *-derivation if d(a?) = d(a)a* + ad(a) holds for all a € R. This map was initially
introduced by BreSar and Vukman [8]. The importance of this map appears in the theory of representability
of quadratic functionals with sesquilinear forms. There is a connection between this problem and the
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innerness of Jordan *-derivations [9]. As a natural extension to results in the previous paragraph, we might
guess that mathematician would try to find equivalence on a 2-torsion free prime *-ring between Jordan
*-derivations and *-derivations. Unfortunately, it was shown that noncommutative prime *-rings do not
admit non-trivial *-derivations in [8]. Researchers then turned their attention to study the relation between
Jordan triple *-derivations and Jordan *-derivations. A Jordan triple *-derivation is an additive mapping
d : R — Rsatisfiesd(aba) = d(a)b*a* + ad(b)a* + abd(a) for alla, b € R. We can see that on a 2-torsion free
*-ring any Jordan *-derivation is a Jordan triple *-derivation [8, Lemma 2]. Vukman [10] showed that on a
6-torsion free semiprime *-ring any Jordan triple *-derivation is a Jordan *-derivation.

Ali and Fosner [11, Theorem 2.1] defined a concept that extended Jordan *-derivations. Let a, § be two
endomorphisms of R. An additive mappingd : R — R is said to be a Jordan (a, 8)*-derivation (resp. Jordan triple
(a, B)*-derivation) if d(a?) = d(a)a(a*) + B(a)d(a) (resp. d(aba) = d(a)a(b*a*) + B(a)d(b)a(a*) + B(ab)d(a))
holds for alla, b € R. In a 2-torsion free ring, every Jordan (a, §)*-derivation is a Jordan triple (a, 8)*-derivation.
For the converse statement this is not the case in general [11, Example 2.4]. It was proved in [11] that Jordan
(a, B)*-derivation and Jordan triple (a, B)*-derivation, such that f is an automorphism, are equivalent on a
6-torsion free semiprime *-ring.

Let D = (d;)ien, be a family of additive mappings of a ring R such that d, = idg and Ny is the set of all
nonnegative integers. Then D is called a higher derivation (resp. a Jordan higher derivation) of R if for each
n € Ng, dp(ab) = Zl.ﬂ.zndi(a)dj(b) (resp. dn(a?) = Zi+j=nd,~(a)d,-(a)) holds for all a, b € R. Obviously, every
higher derivation is a Jordan higher derivation. Ferrero and Haetinger [12] extended on 2-torsion free semiprime
rings the famous theorem due to Herstein [1] for higher derivations. A family D = (d;)ien, of additive mappings of
aring R, where d = id, is called a Jordan triple higher derivation if d,(aba) = ) di(a)d;(b)di(a) holds for
all a, b € R. Ferrero and Haetinger [12] proved that in a 2-torsion free ring every Jordan higher derivation is a
Jordan triple higher derivation. They also showed that in a 2-torsion-free semiprime ring every Jordan triple
higher derivation is a higher derivation.

Ezzat [13], inspired by the notions of *-derivation and higher derivation, introduced the notions of
higher *-derivations, Jordan higher *-derivations and Jordan triple higher *-derivations. He proved that the
notions of Jordan triple higher *-derivations and Jordan higher *-derivations are coincident on 6-torsion
free semiprime *-rings.

In this article motivated by results in [11,13], we give the definitions of the notions of (a, f)-higher
*-derivations, Jordan (a, B)-higher *-derivations and Jordan triple (a, )-higher *-derivations. Our main pur-
pose is to show that every Jordan triple (a, 8)-higher *-derivation on a 6-torsion free semiprime *-ring is a
Jordan (a, )-higher *-derivation. Moreover, in order to show the complete equivalence, we prove that in a
2-torsion free *-ring every Jordan (a, 8)-higher *-derivation is a Jordan triple (a, 8)-higher *-derivation.
Therefore, we can deduce that these two concepts are coincident in 6-torsion free semiprime *-ring. This
result is a proper extension to the main theorems mentioned in [10,11,13].

i+j+k=n

2 Preliminaries
We begin by the following definition:

Definition. Let N, be the set of all nonnegative integers, a, f two endomorphisms of R, and let D = (d)jen,
be a family of additive mappings of R such that dy = idg. Assume also that * is an involution defined on R

0 2 . s
such that for all a € R, a* = a, and a* = (a*)* = a. Hence, for nonnegative even powers s, a* = a, and for

nonnegative odd powers t, a’ = a*. D is called:
(a) an (a, B)-higher *-derivation of R if for each positive integer n,

du(ab) = Y di(p(@)di(ai(b’)) forall a,b e R;

i+j=n
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(b) a Jordan (a, B)-higher *-derivation of R if for each positive integer n,
du(@) = Y dii(a))dy(ai(a’)) forall acR;
i+j=n
(c) aJordan triple (a, B)-higher *-derivation of R if for each positive integer n,
du(aba) = Y d(B @)di(B*(a(b")))di(a(a’")) forall a,b e R.
i+j+k=n
In this definition, we note that if a, 8 are the identity maps, then we obtain the notion of higher *-deriva-
tions. Also the first member of this family is an (a, B)*-derivation. Therefore, the interesting thing about this new

concept is that it covers the notions of higher *-derivations, (a, f)*-derivations, and *-derivations.
We shall need the next basic lemma in the proofs of the main results.

Lemma 2.1. ([7], Lemma 1.1) Let R be a 2-torsion free semiprime ring. If a, b € R are such that arb = 0 for all
r € R, then bra = ab = ba = 0.

3 Main results

Throughout this section, we will use the following notation:

Notation. Let D = (d;)icn, be a Jordan triple higher *-derivation of R. For every fixed n € Ny and each
a, b € R, we denote by A,(a) and B,(a, b) the elements of R defined by:

An@) = di(@) = 3, d(F@)d(e(a)),
i+j=n
Bu(a, b) = dy(ab + ba) - Y d(Band(ai(b’)) - ¥ d(pb)d(ai(a’)).
i+j=n i+jen

We now give the following lemma.

Lemma 3.1. Let R be a 2-torsion free semiprime *-ring and let D = (d;)ien, a Jordan triple (a, B)-higher
x-derivation of R such that B is an automorphism of R and aff = Ba. If A,(a) = O for all a € R and for each
m < n, then B(a®)An(a) = Ay(a)B™(a?) = O for all a € R and for each n € Ny,

Proof. We can compute the value of L = d,(a’ba?) in the following two ways:
First by substitution of aba for b in the definition of Jordan triple (a, 8)-higher *-derivation. So we look
at L as dy(a(aba)a) and by using the definition twice, we obtain

Y @ @)d(B(«((@bay)))di(a(a"))

i+j+k=n

Y a@ @] ¥ (@ (@))ale @ (67)a e @ @) )

i+j+k=n p+q+r=j

_ Z di(ﬁp+q+r+k(a))dp(ﬁq+r+k(ai(a*i)))dq(ﬁr+k(ap+i(b*”*i)))dr(ﬁk(ap+q+i(a*p+”*i)))

i+p+q+r+k=n

X dk(a“l’“ﬁr(a*"*wqw))
= Y B @)d,(a(a’))a'(b"a’) + priah) 3 d(B @) (a’))

i+p=n r+k=n

C S @@ (o) ) @ () (B @ (@)

i+p+q+r+k=n

L

i+p#n,r+k#n

v dk(ai+p+q+r(a*i+p+q+r)).
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Now the second way to compute L is the substitution of a? for a in the definition of Jordan triple
(a, B)-higher *-derivation and using our assumption that A,,(a) = O for m < n to obtain

L= T d(pH@d(p(a®))))a(a()

i+j+k=n
= d:.(a2)a"(b*"az*”) + B(a’b)dn(a®) + Zk di(ﬁj+k(a2))di(ﬁk(ai(b)*i))dk(ai+j(a2*i+i))
i+j+k=n
i#n,k#n
= dy(a)a(b”a") + Br(a?b)dy(a?) + m’% n( D -du(ﬂv+j+k(a))d"(ﬁi+k(a"(a*"))))dj(ﬁk(ai(b)*f))
i+n,k#n
X (sgkds(ﬁf(aid(a*fﬂ')))dt(aﬁiﬂ-(a*nps))]

= du(@a'(ba?) + Br@b)dn(@®) + Y du(B @) (B (ax(a”)) ) (B4 (@ (b))
U+V+j+S+t=n
U+v#n,s+t#n

y ds(ﬂz(au+v+;(a*u+v+i))) dt(as+u+v+j(a*‘”"*i*s)).
Now, subtracting the two values so obtained for L and using our notation we find that
An(@)a"(b"a@") + pr(a’b)An(a) = O. 3.1
In case n is even (3.1) reduces to
Ap(@)a™(ba?®) + B(a*b)An(a) =0 forall a,b € R. (3.2)
Replacing b by ra’b, r € R, gives
Ap(@)a"(ra®)a™(ba?) + B(a’r)B(a’b)Ap(a) = 0 forall a, b, r € R.
Using (3.2) for the value of A,(a)a’(ra?) yields that
-B(a’r)Ap(a)a™(ba?) + B(a’r)B"(a’b)A,(a) = 0 forall a, b,r € R.
Again, using (3.2) for the value of A,(a)a"(ba?) yields, in view of R is 2-torsion free that
B(a’r)B"(a’b)A,(a) =0 forall a, b,r € R.
Now put r = bf™(A,(a))r in the last expression, we reach to
B (a’b)An(a)B(r)B"(a’b)A,(a) = 0 forall a, b, r € R.
Since S onto, this implies that
B(a*b)A,(a)RB"(a’b)A,(a) = {0} forall a, b € R.

Hence, by the semiprimeness of R, we obtain "(a’bh)A,(a) = O for alla, b € R. Again since f is onto we have
B(a®)RA(a) = {0} for all a € R, and by Lemma 2.1, we reach to B"(a?)A,(a) = A,(a)B"(a®) = O for alla € R.
In case n is odd (3.1) reduces to

Ap(@)a(b*az*) + B (a’*b)A,(a) =0 forall a, b € R. (3.3)
Putting b = ra®b gives for all a, b, r € R that
An(@a™(b*a2*)a"(r*a?*) + B(a’r)B(a’h)An(a) = 0.
Substituting the value of A,(a)a™(b*a?*) from (3.3) in the last relation gives for all a, b, r € R that

-B(@®b)A(@)a™(r*a?) + B(a’r)B"(a’b)An(a) = 0.
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Again by using (3.3) for the value of A,(a)a™(r*a?*), we obtain for all a, b, r € R
B (a®)(B(ba’r) + B(ra’b))An(a) = O. (3.4)
Taking r = b in (3.4) leads, in view of R is 2-torsion free, to
B (a*b)B(a*b)An(a) =0 forall a,b € R. (3.5)
Now putting r = bf™"(A,(a))r in (3.4) gives for alla, b,r € R
B(a*b)B"(a’b)An(@)B"(r)An(a) + B(a’b)An(@)B"(ra’b)An(a) = O.

But using (3.5), the first summand of the last equation is zero. Hence, we obtain f*(a’b)A,(a)B"(ra’b)A,(a) = 0
for all a, b, r € R. Surjectiveness of B leads to "(a’h)A,(a)RB"(a’b)A,(a) = {0} for all a, b € R and since R is
semiprime we obtain f"(a?)B"(b)A,(a) = O for all a, b € R. Again by using the surjectiveness of B, we find
B(a®)RAy(a) = {0} for all a € R. Thus, since R is semiprime we obtain by Lemma 2.1 that A,(a)B"(a?) =
B(a?)Ap(a) = O for all a € R.

So for either two cases the required result holds and our lemma is proved. O

We will use the following remark without any explicit mention in the steps of the next theorem proof.

Remark 3.1. Straightforward computations show that A,(a + b) = A,(a) + A,(b) + Bp(a, b), Ay(a) = A,(—a)
and Bn(-a, b) = -B,(a, b) for each pair a, b € R and for all nonnegative integer n.

Now, we are ready to prove our main results

Theorem 3.2. Let R be a 6-torsion free semiprime *-ring and B an automorphism of R. Then every Jordan triple
(a, B)-higher =-derivation D = (d;);en, of R, with aff = Ba, is a Jordan (a, B)-higher *-derivation of R.

Proof. We will use induction on n in our proof. We see trivially that Aq(a) = O foralla € R.In casen = 1, we
obtain from [11, Theorem 2.1] that A;(a) = O for all a € R. So we suppose that A,,(a) = O for all a € R and
m < n. Now we can use Lemma 3.1 to obtain

Ap(a)B(@®) =0 forall a € R (3.6)
and
B(a®)An(a) =0 forall a € R. (3.7)
The replacement of a + b for a in (3.6) gives

An(@)B"(b?) + An(b)B"(a*) + Bu(a, )B"(a + b?) + (An(a) + An(D) + Bn(a, b))B"(ab + ba)

(3.8)
=0 foralla, b € R.
By replacing a by —a in (3.8) we obtain
Ay(@)B(b?) + An(b)B"(a®) — By(a, b)B"(@® + b?) ~ (An(a) + An(b) — Bn(a, b))B"(ab + ba) (3.9)
=0 forall a,b € R.
Adding (3.8) and (3.9) we obtain, since R is 2-torsion free that
Bu(a, b)B"(@? + b?) + (An(a) + Ay(b))B™(ab + ba) =0 forall a,b € R. (3.10)

Substituting 2a for a in (3.10) gives in view of the fact that R is 2-torsion free that
4B,(a, b)B"(a?) + By(a, b)B"(b?) + 4A,(a)B™(ab + ba) + A,(b)(ab + ba) =0 forall a,b € R. (3.11)
Comparing (3.10) and (3.11) we have, since R is 3-torsion free, that

B (a, b)B"(a?) + Ap(a)B™(ab + ba) =0 forall a,b € R. (3.12)
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Multiply (3.12) by A,(a)B"(a) from the right and using (3.7) we obtain
An(a)f(ab)An(a)f(a) + Ap(a)B™(b)B"(a)Aq(a)B™(a) =0 forall a, b € R. (3.13)

Substituting b by ba in (3.13) and multiplying by S"(a) from the left we obtain using that S is onto
B (a)A(a)B™(a))R(B(a)Aq(a)B™(a)) = {0} for all a, b € R. But since R is semiprime f"(a)A,(a)pf"(a) =0
for all a € R. So (3.13) reduces to A,(a)B"(a)Bf"(b)A,(a)B"(a) = O, for all a, b € R. Since B is onto, we have
Ay(a)B(a)RA,(a)B(a) = {0}, for all a € R. Again, since R is semiprime, we have

Ap(a)f™(a) =0 forall a € R. (3.14)

In view of (3.14), (3.12) reduces to By(a, b)B"(a?) + Ap(a)B™(ba) = O for all a, b € R. Multiplying this relation
by B"(a) from left and by A, (a) from right we obtain for all a, b € R, f"(a)A,(a)B"(b)B"(a)A,(a) = 0. Since j
is onto we obtain for all a € R, f"(a)A,(a)RB"(a)An(a) = {0} and by the semiprimeness of R we have

B*(a)An(a) =0 forall a € R. (3.15)
Linearizing (3.14) we have
A (a)f"(b) + An(b)B"(a) + Bp(a, b)B™"(a + b) = 0 forall a,b € R. (3.16)
Taking a = —a in (3.16) we obtain
A (a)B(b) — A(b)B™(a) + By(a, b)f™(a - b) =0 forall a, b € R. (3.17)

Adding (3.16) and (3.17) we obtain, since R is 2-torsion free, that
A, (a)B"(b) + Bn(a, b)"(a) = 0 forall a, b € R. (3.18)

Right multiplication (3.18) by A,(a) and using (3.15) gives for all a, b € R, A,(a)B"(b)A,(a) = 0. Since B is
onto we obtain A,(a)RA,(a) = 0 for all a € R. By the semiprimeness of R, we obtain A,(a) = 0 for all
acR. O

To obtain the equivalence between Jordan triple (a, 8)-higher *-derivations and Jordan (a, 8)-higher
*-derivations we turn to the other direction in the following theorem.

Theorem 3.3. Let R be a 2-torsion free *-ring. Then every Jordan (a, B)-higher *-derivation D = (d;)ien, Of Ris a
Jordan triple (a, §)-higher *-derivation of R.

Proof. By the definition, we have for all a, b € R and for each positive integer n
di(@) = Y d@)dya'(a’)). (3.19)
i+j=n
Put w = a + b and using (3.19)
duw?) = Y diBi(a + b))di(a((a + b)"))
i+j=n
= Y (@p@)d(a(a’)) + (dp@)d(a (b)) + diBb)d(a(a’)) + diBib)d(ai(b)),
i+j=n
and
d,(W?) = dy(a® + ab + ba + b?)
=dn(a®) + du(b?) + dp(ab + ba)

=Y d,(ﬁm(a))dm(al(a*’)) + Y d(Bb))ds(a’(b*)) + du(ab + ba).

l+m=n r+s=n

Subtracting the last two expressions of d,(w?) gives for all a, b € R and each positive integer n
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du(ab + ba) = Y. (di(Bi(a)dy(ai(b*)) + di(B(b)di(a(a’))). (3.20)

i+j=n

Now put ¢ = a(ab + ba) + (ab + ba)a. Using (3.20) we obtain
()= Y, diB(@)di(a((ab + ba)')) + ¥ di(Bi(ab + ba))d(ai(a’))

i+j=n i+j=n

= z (di(ﬁﬂs(a))dr(ﬂs(ai(a*")))ds(aiﬂ(b#*’)) + di(ﬁ”s(a))dr(ﬁs(ai(b*i)))ds(ai”(a*m)))

i+r+s=n

L (dk(ﬁl+i(a))dl(ﬁj(“k(b*k)))di(“k”(a*k”)) +dk(ﬁ’+f(b))dz(/3i(a"(a*k)))di(a"”(a*w)))

k+l+j=n
= Z di(ﬁr+3(a))dr(ﬁs(ai(a*f)))ds(ai+r(b,g+r))+2 Z di(ﬁjJrk(a))d}_(Bk(ai(b*")))dk(aiﬂ-(a*m'))
i+r+s=n i+j+k=n
O @ @(a))a(e @),

k+l+j=n

Also, we have
dn(c) = dy(2aba + (a®b + ba?))
= 2d,(aba) + d,(a’b + ba?)

= 2dn(aba) + z di(ﬁ”s(a))dr(ﬁs(a"(a*i)))ds(a"”(b*i”))

i+r+s=n

vy d@o)d(p(ak(a’)))d(ak (@)

k+l+j=n

Subtracting the last two expressions of d,(c) and using the fact that R is 2-torsion free we obtain for all
a, b € R and each positive integer n

diaba) = Y d(H@)d(B(a(b")))di(a(a")).

i+j+k=n
This proves the theorem. O

By Theorems 3.2 and 3.3, we can deduce the following:

Theorem 3.4. If § is an automorphism such that a8 = Ba, then the notions of a Jordan (a, B)-higher *-deriva-
tion and a Jordan triple (a, 8)-higher *-derivation on a 6-torsion free semiprime *-ring are equivalent.

We conclude our results by the following example showing that, without the adopted hypotheses of
Theorem 3.4, the equivalence between the two notions of a Jordan (a, 8)-higher *-derivation and a Jordan

triple (a, B)-higher *-derivation may not be achieved on arbitrary rings.

Example 3.1. Let S be the set of all 3 x 3 strictly lower triangular matrices over a commutative ring R,

00O
S={la 0 0| a,b,ceRy.
b coO

Define, for all a, b, ¢ € R, the involution * on S by

0 0 oY 000
a 0 0| =]c 0 0},
bcoO b ao

and the two endomorphisms &, : S — S by



8 —— O0.H.Ezzat DE GRUYTER

000 0O 0 O 000 0O 0 O
ala 0 O|=]|-a 0 Of, PBla 0 0f=|a O Of
b coO b -c 0 bcoO -b -c O

Indeed f is an automorphism and aff = fa. Finally, suppose that the family D = (d;);en, of mappings, with
do = ids, are defined on S for each positive integer n by

00O 0 0 O
dfa 0 0|]=]0 0 O]
b coO 0 nc O

Then straightforward calculations show that D is a Jordan triple (a, 8)-higher *-derivation of S. However, D
is not a Jordan (a, B)-higher *-derivation of S.

The following corollaries are immediate consequence of Theorem 3.4.

Corollary 3.1. ([11], Theorem 2.1) If B is an automorphism, then the notions of Jordan (a, B)*-derivation and
Jordan triple (a, B)*-derivation on a 6-torsion free semiprime *-ring are equivalent.

Corollary 3.2. ([13], Theorem 2.3) The notions of Jordan higher *-derivation and Jordan triple higher *-deriva-
tion on a 6-torsion free semiprime *-ring are coincident.

Corollary 3.3. ([10], Theorem 1) Let R be a 6-torsion free semiprime *-ring. Then every Jordan triple *-deriva-
tion of R is a Jordan higher *-derivation of R.

4 Discussion and conclusions

In this article, we introduced the notions of (a, f8)-higher *-derivations, Jordan (a, B)-higher *-derivations,
and Jordan triple (a, B)-higher *-derivations. The definitions of these mappings are motivated by the notion
of Jordan *-derivation, which is closely connected with the problem of the representability of quadratic
functionals by sesquilinear forms. We established that every Jordan triple (a, 8)-higher *-derivation on
a 6-torsion free semiprime *-ring is a Jordan (a, §)-higher *-derivation. Also, we proved that in a 2-torsion
free *-ring every Jordan (a, f8)-higher *-derivation is a Jordan triple (a, §)-higher *-derivation. These results
make it possible to study some functional equations in prime and semiprime rings with involutions.
Moreover, the equivalence between these two new maps can be studied in other different classes of
algebraic structures such as triangular algebras.
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