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Abstract: In this manuscript, we prove new extensions of Nashine, Wardowski, Feng-Liu, and Cirié-type
contractive inequalities using orbitally lower semi-continuous functions in an orbitally complete b-metric
space. We accomplish new multivalued common fixed point results for two families of dominated set-valued
mappings in an ordered complete orbitally b-metric space. Some new definitions and illustrative examples are
given to validate our new results. To show the novelty of our results, applications are given to obtain the
solution of nonlinear integral and fractional differential equations. Our results expand the hypothetical
consequences of Nashine et al. (Feng—Liu-type fixed point result in orbital b-metric spaces and application to
fractal integral equation, Nonlinear Anal. Model. Control. 26 (2021), no. 3, 522-533) and Rasham et al. (Common
fixed point results for new Ciric-type rational multivalued-contraction with an application, J. Fixed Point Theory
Appl. 20 (2018), no. 1, Paper No. 45).
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1 Introduction and preliminaries

The Banach contraction principle for multivalued mappings was given by Nadler [1].

Subsequently, Cirié [2], Feng and Liu [3], Minak et al. [4], Nicolae [5], and Rasham et al. [6] extended this
work. Bakhtin [7] and Czerwik [8-10] studied Banach’s theorem in metric and b-metric spaces. Mlaiki et al. [11]
discussed Banach’s theorem in controlled metric-type space, while Aiadi et al. [12] extended Banach’s theorem
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to controlled J-metric spaces. Haque et al. [13] studied Fredholm-type integral equation in controlled rectan-
gular metric-like spaces. Also, Shatanawi et al. [14] investigated Banach’s theorem in tvs-cone metric space by
applying Mizoguchi-Takahashi-type theorems. Wardowski [15] presented a seminal extension of Banach’s
contraction named it F-contraction and established a fixed point results. Consequently, Sgroi and Vetro [16]
showed the presence of specific outcomes for multivalued F-contractive mappings and demonstrated the use
of their principal hypothesis for integral and functional equations. Nicolae [5] introduced some new fixed
point problems obeying Feng-Liu-type contractive conditions that carry out definite roles.

Padcharoen et al. [17] showed periodic fixed point results for advanced-type F-contractive mappings in
modular-like-metric-spaces. Aydi et al. [18] discussed F-contraction via admissible mappings in complete metric
space and found the solution of the integral equation using their main theorem. Nashine et al. [19] proved some
new fixed point results in orbital b-metric spaces and applied their results to prove the existence of a solution to an
integral equation under a set of conditions.

Rasham et al. [20] discussed new theorems in modular-like metric spaces linked with fuzzy-dominated
F-contractive mappings and showed applications to obtain the solution of fractional and integral equations.
Moreover, Rasham et al. [21] achieved some new common fixed points of two families of multivalued dominated
mappings obeying advanced rational type a, — ¥ contractive conditions on a closed set in a complete dislocated
b-metric space. They used a specific weaker class of strictly increasing function A in place of the class of function
F used by Wardowski [15]. Recently, Nashine et al. [19] achieved fixed point results for multivalued mappings
fulfilling the Wardowski-Feng-Liu-type contraction on orbitally complete b-metric space; they showed new
definitions and examples to clarify their results and proved an application for fractal integral equations. How-
ever, Qawaqneh et al. [22] obtained some results for multivalued contractions in b-metric spaces.

In this research work, we prove the existence of fixed point results for a coupled families of dominated set-
valued mappings fulfilling Nashine, Wardowski, Feng-Liu, and Ciri¢-type contraction for orbitally lower
several semi-continuous functions in a complete orbitally b-metric space shown by Nashine et al. [19]. More-
over, some new multi-common fixed point results are proved for two families of dominated set-valued
mappings in the setting of ordered complete orbitally b-metric space. Some new definitions and illustrative
examples are given to validate our new results. To show the novelty of our results, applications are given to
obtain the solution of nonlinear integral equations and fractional differential equations.

Definition 1.1. [7,8] Let I be a non-empty set. A functiondy, : T x T - [0, ) is said to be a b-metric on I’ with
coefficient b > 1, if the following axioms hold:
1L Ifdy(x,y)=0,iff x = y;
ii. dy(x,y) = dp(y, x);
iil. dp(x,y) < bldy(x, z) + dp(z,y)] forall x,y,z €T.

The pair (T, dp) is called a b-metric space (or simply d-metric).

Example 1.2. [23] Let T = R* U {0}. Define dy(x, y) = |x — y]? for all x,y € T, then (T, d;) be a b-metric space
with b = 2.

Definition 1.3. [24] Let 8 be a non-empty subset of I' and a € I'. Then, f; € 8 is supposed to be the best
estimation in 8 if

dy(a, B) = dy(a, fy), where dy(a, B) = }ng dy(a, f).
s
Let SR(I') represent the set that consists of all compact subsets of T

Definition 1.4. [24] A mapping H, : R(I) x R(I) - R* defined by

Ha(J, S) = maxjsup dy(p, S), sup dp(J, Q)i,
PEJ q€Ss
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where Hg, is called as Hausdorff b-metric on 9(I).
Definition 1.5. [15] A F-contraction is a function T : Z — Z fulfilling the following:

there exists § > 0 so that (for alla, B € Z)
D(T(a), T(B)) > 0= & + F(D(T(a), T(B))) < F(D(a, B)).
The mapping F : R* = R holds the given restrictions:
(F1) F is a function of strictly-increasing mapping;
(F2) limj..e pj=0 iff lim,-qmF(pj) = —oo , for each non-negative sequence {pj}‘}‘;l;
(F3) for all 0 € (0,1), 1imjmpfp(pj) = 0;
(F4) there is a § > 0 so that for each non-negative sequence {pj},
8 + F(bp) < F(p;_,) for all j EN, then § +F (bfpj) < (bf‘lpj_l) for all j €N.

Definition 1.6. [19] Let k > 1 be a positive real number and Qy.* denote the class of F: R* — R that fulfilling
the assumptions (F1)-(F4) and

(F5) F(@nfp) =infF(B) for all B C (0, =) with inf > 0.

Obviously Q" is not an empty set included with F(a) =Ina or F(a) = a + Ina.

If for each convergent sequence {®;} in H with lim;_., ®; = ® € , then a mapping g : H — R is said a
lower semi-continuous, whenever satisfying g(®) < lim; .« infg(®;).

Definition 1.7. [25] Let A be a non-empty set, EC A and © : A x A - [0, +). A mapping L : A - R(A)
satisfying
0,(La, Lb) = inf{O(t, z) : teLa, zeLb} = 1, whenever 0(t,z) 2 1, forallt,z € A

is called an ©,— admissible.
A mapping L : A - R(A) satisfying 0,(a, La) = inf{®(a, h) : heLa} > 1 is called a ©,- dominated on E.

Example 1.8. [25] The function 0, : A x A — [0, ) is given by

Lif p>q

0.(p, @) =
R

and mappings G, R : A - 93(4) defined by
Gs=[-4 +s,-3 +s] and Rm = [-2 + m, -1 + m]respectively. Then, both G and R are not 0, — admis-
sible, but they are 0, - dominated.

2 Main results

Let (T, dp) be a complete b-metric space and ey € I, and let {P, : u € Hs} and {Ry : & € @'} be two families of
set-valued mappings from I' to R(T'). Let ¢ € Fr and e; € P(ey), then dy(eq, P(ep)) = dy(eq, €1). Lete, € Rq(eq)
be such that dy(ey, Re(e1)) = dp(e1, e2), where g € (. Proceeding this method, we achieve a sequence {RyB,(e))}
in T, where ey.1 € PJ(ey), €y+2 € Ri(ey:+1), where z € H, [ € @ and j € N U {0}. Also, dy(ey, B(ey)) =
dy(ey), €gj+1), dp(€gi+1, Ri(€gj+1)) = dp(€gj41, €3j+2), then {RyP,(e))} is the sequence in I' generated by an initial
guess point eg. If {P, : 4 € Ho} = {Ry : & € (@}, then we write {I'P,(e))} alternative of {RsP.(e))}.

Definition 2.1. Let{P, : u € Fo} and {R, : ¢ € @} be two families of set-valued mappings fromI' to R(I'), R € Qy*
and % : (0, ©) — (0, ). For each e, @ € I with max {dj(e, B,(e)), dy(w, Ry(w))} > 0, define a set EJ C T as:
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@ € By(e), z € Ry(w): F(dy(w, z)) < F|b| maxjdy(e, Ry(e)), dy(w, R(@)),

1+dp(e, @)

dy(e, B(e)) . dp(w, Ra(w))”]

EG = + (A, 2))

Let B, Ry : T - T, and for any @y € T, O(wp) = {wo, B(wo), Ry(w?), ......} denote the orbit of wp. A func-
tion g: T — R is said to be a (B, Ry)-orbitally lower semi-continuous if g(@) < lim,_...infg(zw;) for all
sequences {P,Ry(wy)} C O(wp) with lim,..«{PRs(w)} = @ € X.

Definition 2.2. Let B, Ry : T — R(I) be a pair of families of set-valued mappings on (T, djp). And let orbit for a
couple (B, Ry) be a point wj € T represented by O(wp) and defined a sequence {@, : @, € BRy(wp-1)}.

Definition 2.3. Let B, Ry : T — R(I) be two families of set-valued mappings on (T, dp). If Cauchy sequence
{w, . @y € BRy(w,-1)} converges in b-metric I, then I' is called (P, Ry)-orbitally complete.

It is remarked that orbitally complete b-metric space may be not complete. Now, we start our main results.

Theorem 2.4. Let (T, dy) be an orbitally complete b-metric space. Let wo €T, © : T xI' - [0, ) and

P u €W}, {Ry: € E} from I to RA) be two families of ©,-dominated multivalued mappings and

F € Qy*. Suppose that the following conditions hold:

i. the mappings z — max {dy(e, P,(e)), dy(w, Ry(w))} are orbitally lower semi-continuous, there exist func-
tions 7, % : (0, ) — (0, ) so that for eacht > 0

7(t) > 2(t), liminfr(t) > liminf £(¢);
st sttt

ii. for all e, @ € {BRs(e)} with a(e, w) 21 or a(w,e) =1 and max{dy(e, B(e)), dy(w, Ry(w))} > 0, there
exists @ € E¢, satisfying

7(dy(e, @)) + F|b| maxdy(e, Pi(e)), dp(w, Ry(w)), < F(dy(e,w)). @1

dy(e, B(e)), dy(w, Ry(w))
1+ dye, @)

If (2.1) exists, then B, and Ry admit a multi-common fixed point q in T.

Proof. Assume P, and R; both have no fixed point, then for all e,w &I, we have
max{dy(e, B(e)), dy(w, Ry(w))} > 0. Since P,(e), Rs(w) € R(T) for every e,w €T and F € Qy7, it is very
easy to show Eg is not an empty set for every e, @ € ' (proof is similar as given in first line of [18]). As
{P,: u € W}, {Ry : ¥ € (&} are two families of ©,~ dominated multivalued mappings on {RsP,(e))}, by
applying definition, we have O.(ey,B(ey)) 2 1 and O.(eys1, Re(ey+1)) 21 for all jEN. As
0.(ey, B(ey)) = 1, this implies that inf {0(ey, b) : b € B(ey)} = 1, and therefore, O(ey, ey+1) = 1. If ey €T
is any initial point then ey, €+1 € EP, and using (2.1), we have

7(dp(eyj, €35+1)) + F|b| maxidy(ey, B(€3)), dp(€aj+1, Rs(€3+1)),

dy(ey), Pu(€y))). dy(esj+1, Ry(€2541))
1 + dy(ey), €y41)

< F(dp(ey), €3+1))

dp(ey), €gj+1). dp(€+1, €2j+2)
1 + dy(ey), €y+1)

maXx

7(dy(ey), €y+1)) + F|b dp(ey), €gj+1), Ap(€j+1, €2j+2), < F(dy(ey), €y+1)),

T(dp(ey), €3+1)) + F(b[max{dy(ey, eyj+1), Ap(€zj+1, €3j+2), dp(€oj+1, €3j+2)}]) < F(dp(ey), €35+1)).
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This implies that
T(dp(ey), €3+1)) + F(b[max{dp(ey;, €3+1), dp(€zj+1, €2j+2)}]) < F(dp(ey), €3+1)).
If, max{dy(ey;, €j+1), dp(€yj+1, €2j+2)} = dp(€3), €9j+1), then from (2.2), we have
T(dp(ey), €3+1)) + F(bldp(ey;, €35+1)]) < F(dy(ey), €2+1)),
which is a contradiction. According to (F1), the function F is strictly increasing. So, we obtain
max{dy(€y), €3+1), dp(€2j+1, €2j+2)} = dp(E2j41, €3j42),
for all j € N N {0}, we deduce that
T(dp(ey), €35+1)) + F(b[dp(€35+1, €35+2)]) < F(dp(€y), €341)),
for each j € N N {0}, also from inequality (2.3) and using (F4) we obtain
(dp(ey, €yj+1)) + F(D¥*'[dp(e3541, €242)]) < F(b¥dy(ey, €3i11)).
Since, €11 € EZ, then by the definition of E7, we have
F(dp(€y), €2541)) < F(dp(e, Ryey)) + Ldp(ey), €2j+1),
which implies that
F(b¥dy(ey), €3i+1)) < F(bFdy(ey, Rey)) + Ldy(ey, €z:1).
From (2.4) and (2.5), we have
F(b¥[dy(eg+1, €35+2)]) < F(b¥dy(ey), €3j41)) + Ldi(€y), €35+1) = T(dp(€3), €3+1)).
Similarly, for each j € N N {0}, we have
F(b¥[dy(ey, €+1)]) < F(b¥ dy(egi1, €5)) + Ldp(€s51, €5) — T(dp(€35-1, €3))).
Substituting (2.7) into (2.5), we have
F(bY*'[dy(eg1, €2j+2)]) < F(bF'dp(e5-1, €5)) + Ldp(ey), €3511) + Ldp(€95-1, €2) — T(dp(€35-1, €2))

- T(db(ezj, er+1))-

-_— 5

22)

(2.3)

2.4)

(2.5

(2.6)

2.7

(2.8)

Now, put2j + 1 = a and also dy(ey;, €3+1) = 0, for eacha €N N {0}, g, > 0 and also from the inequality (2.8),
it is observed that sequence {g,} is non-increasing. Furthermore, if there lies a € > 0 so that lim,_,... g; = €. As

€ >0, let Y(¢t) = liminf,_¢7(t) - liminf,.¢n(t) = 0. Then, using (2.6), we obtain
F(b%a,) < F(b*a,) - Y(0p),

SF(b*10,-1) = Y(0,) — Y(0a-1),

<F(gy) = Y(0) = Y(Gg-1)~ ... = (o).
Take [,, which is the largest number from the {0, 1, 2, 3, ..., a - 1} so that
Y(a;,) = min{Y(ayp), Y(a1), Y(02), ..., Y(Ga)}.
For each a € N, so {g,} is the sequence of non-decreasing. From inequality (2.9), we obtain
F(b%0,) < F(agp) — aY(ay,).
Similarly, from (2.6), we can obtain

F(b*'dy(€q+1, Ry(€q+1))) < F(b*dy(eq, €1)) — aY(ay,).

2.9)

(2.10)
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Now, we consider two different cases about the sequence {Y(a;,)}.

Case I For all, a € N, there must exist e > a so that Y(a;,) > Y(d;,). Then, we obtain a subsequence {Y(ay, )} of
{a1,} with Y(ay,) > Y(ay,,, ) for all k. Since g;, —~ 6%, we deduce that

liminfY(a,,) > 0.
t~8*

Hence,
F(b%ay,) < F(ap) - aY(ay,),

for every k. Consequently, limy_.. F(b%0g,,) = =, and by (F2) limk_+» b%0,, = 0, which is not true that
limy_ 4o 0g, > 0, for any b > 1.

Case II. As ap € N such that Y(ay,) > Y(Y;,) for all e > ao. Then,
F(0,) < F(0y) - eY(qy,), for all e > aq.

Hence, lim,_.» F(d,) = -, and by (F2), lim,-+» 0, = 0, which is wrong due to the lim,_ .. g, > 0. Hence,
lim,-+0 0, = 0. From (9’3), there is k € (0, 1) so that limg_.«(b%,)¥F(b%,) = -, and from (2.10), the
upcoming conditions satisfies for all a € N:

(b3 )*F(b%a,) — (b%0,)*F(ay) < (b%0)*(F(gy) - aY(ay,)) = (b%0)¥F(ap) = —a(b%c,)¥Y(ay,) < 0. (2.11)
Taking a — + in (2.11), we obtain

lim F(b%0,)* Y(ay,) = 0.

a—+o

Since ¢ = lim,~+» Y > 0 there exists ap € N, such that Y(gy,) > % for all a # aq. Thus,

¢

F(ba,)*

< F(b%a,)*Y(ay,), (2.12)

for each a > a,. Letting a —» +o in (2.12), we have
0 < lim F(b%)*% < lim F(b%a)*Y(ay,) = 0.
a—+o

a—+o 2

That is,

lim F(b%,)* = 0, (2.13)

a—+oo

from (2.13), there exists ¢; € N such that F(b%,)* <1 for alla > a,

1
(b )k < Pl < forall a > a.

baallk ’

The convergence of the series Y ,_,h%;, implies that {e,} is a Cauchy sequence in T, and it is obvious that ' is
orbitally complete b-metric space, there exists ¢ € O(@y) so that e, - ¢ when a — +o0. By (2.10) and (F2), we find
limg-+w dp(eq, Ro(€y)) = 0. Since q — dp(e, Ry(e)) is orbitally lower semi-continuous and O(eq, Rg(ey)) > 1,
we have

0 < dy(q, Ry(q)) < lim infd,(eq, R(ey)) < lim infdy(eq, €4+1),

a—+o a—+o

<lim b[dy(eg, €) + dy(e, eq+1)] = 0.
a—+o
Hence,

q € Ry(q).

As the series Y ,_,b%j, convergent, and {£,} be a Cauchy sequence in T, and it is clear that T is an orbitally
complete b—metric space, there must exist ¢ € O(wp) so that §; > q as a —» +o. Applying (2.10) and (F2), we
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obtain 1limg-.+e dp($a, B(§,)) = 0. Since ¢ — dy(¢, B(§)) is orbitally lower semi-continuous and also
0(&e, Bi(&,)) > 1, we have

0 < dy(q (@) < lim infdy(&, B(§)) < lim infdy(&, Sanr),
<lim bldy(8e,y) + (&, Lar)] = 0.

Therefore, ¢ € B(q). Hence, {B, : u € I} and {Ry : & € @} both admit a multi-common fixed point q inT.

Example 2.5. Let T = [0, 1] and define a functiondy, : T x T - R by dy(u, v) = |u — v|* for allu, v € T. Then, the
function dj, becomes b-metric on T with b = 2. Also, we define two families of multi-maps B, Ry : T' — R(I') by

u 3u
P(u) = |=—, —| ifu €T, wherem=1,2,3,...
ww) 2m’ 2m
and
u 4ul .
Ro(q) = |5 = | if u € T, wheren =1,2,3,...

Suppose Uy = 1, then dy(uo, P(Uo)) = dp(1, B(1)) = db[L %] So, uy = % Now, dp(t, Ro(ur)) = db[; ; Rﬁ[;]] =

db[%: % .So,uy = % Now, dj(ty, B(1)) = db[%, Pu[%]] dp % %] So, iy = % Continuing, this method we obtain
a sequence of the form {RsP,(un)} = {1, % % 210 . Consider the function ® : T x I' = R defined as
1L,if u>v
O(u,v) = .
@, v) % otherwise.

Now, for all u, v € {RyP,(u,)} with either ©(u, v) 21 or O(v, u) 2 1. Define F: R* - R by F(u) = In (w)
for each u€R* and 7 (t) = 1/8, n(t) = 1/10 for all t € (0, »). Then, obviously, F € Q)(: and
(1) > ZL(t), limg,nfr(t) > limg.,+inf £(t).

Therefore, u — max{dp(u, B,(w)), d,(v, Ry(v))} is orbitally lower semi-continuous. For u € I', we have

|

2
u= [4?‘)] € E¢, and for this using the inequality, we have

(dy(u, v)) + F

b| maxidy(u, B(w)), dy(v, Ry(v)),

dy(u, B, (u)). dp(v, Ry(v))
1+ dp(u,v)

oo af s

o1+ ju-vp

u  3u v 4y
db[ll, m? ﬁ” db[U, [5, 5”

’ 1+ dy(u,v)

=— + In|2max

>

u_lTF_L
2m}’ 5n

3u

u[lL___ v W
“[2m’ 2m

5n° 5n

1
=§ + In|2maxid,

s

<In(ju - vP),

which implies that
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dy(u, P (w)). dp(v, Ry(v))

b 1+ do(u,v)

7(dy(u, v)) + F < F(dy(u, v)).

max[db(u, P, (w)), dy(v, Ry(v)),

Note that % 0€T, 9[% 0| = 1; then, we have

db[; Pl[;]l. dy(0, Ry(0))

1
T[db[i’ 0]] + F|2| maxid|

)

So, whole assumptions of Theorem 2.4 are satisfied for F(e) = In(e), where e > 0.

Let Q be a non-empty set, and u < Q means there is v € Q such that u < v. The function P, : T -~ R(I) is
multi s-dominated on Q, if u < Pu for any u € T.

We are proving next result for <-dominated set-valued mappings on {RyP,(h))} in an ordered orbitally
complete b-metric space.

> Pl[%]] d(0, R(0)),
1+ db[%, 0]

Theorem 2.6. Let (T, <, dy,) be an ordered complete orbitally b-metric space. Lethy €T, © : T x T — [0, ) and

{P: u € H}, {Ry : O € @} be two families of ©,-dominated multivalued mappings from T to R(T') and F € Qy.

Suppose that following assumptions hold:

i. the mappings z - max {dy(e, B,(e)), dy(w, Ry(w))} are orbitally lower semi-continuous, and 7, % : (0, ©) -
(0, ) are the continuous functions so that for all ¢t = 0

7(t) > Z(t), liminf7(t) > liminf Z(¢t);
s—t* s—t*

ii. for all e, w € {BRy(h)} with either e s @ or w<e and max {dy(e, B(e)), dy(w, Ry(w))} > 0, also
{P,Ry(h))} — h*, there exists @ € EZ, < satisfying

7(dy(e, @)) + F|b| maxydy(e, B(e)), dp(w, Ry(w)), < F(dy(e, w)). (2.14)

dy(e, By(e)), dp(w, Ry(w))
1+ dy(e, w)

Also, if (2.14) holds for i*, h* < h; or b < h*, where j = {0,1,2,3,....}, then i* is the multi-common fixed
point of both {P, : u € Hs} and {Ry : € @} inT.

Proof. Let © : T x I > [0, +o) be a function defined by O(#, q) = 1 for each 7 € T with A < ¢, families of
0,-dominated multivalued mappings onT, soh < P(e) and h < Ry(w) for every h € T. This implies that h< u
for everyu € B(e) and h<u for each i € Ry(w). So, ©(h, u) = 1 for every u € P,(e) and 6(h, u) = 1 for every
h € Ry(w). This implies that inf{0(%, q) : q € P,(e)} =1, and inf{O(h, q) : q € Ry(w)} = 1. ([l

Hence, 0,(f, Ry(e)) = 1, 0,(h, Ry(w)) = 1 for each h € T. So, {P, : u € H}, {Ry : & € (@} be two families of
0,-dominated multivalued mappings on I'. Again, if (2.14) holds, it can be written as

dy(e, Bi(e)), dy(@, Ry(w))

b 1+ dy(e, @)

7(dp(e, w)) + F|b| maxdy(e, B(e)), dy(w, Ry(w)), < F(dy(e, w)),

)

for each h, q in {RyP,(hj)}, with either O(f1, ) = 1 or 8(q, h) = 1. Then, from Theorem 2.6, {RyP,(h))} is the
convergent sequence in I' as {RyP,(h))} » h*€T. Now, hj, i* € T and either h; < A%, or i* < h; implies that the
either O(f;, h*) or ©(A*, hj) = 1. Hence, all conditions of Theorem 2.4 are hold. Then, both {B, : u € v} and
{Ry : & € @} have a multi-fixed point A* in T.
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3 Application to integral equation

In the setting of different abstract spaces using generalized contractions, a specified number of well-known
authors observed sufficient and compulsory conditions for the solution of linear and nonlinear first and
second types of both (Fredholm and Volterra)-type integrals in the field of fixed point theory. Rasham et al.
[21] showed some new fixed-point results for two families of multifunction, and they used their fundamental
outcome to analyze the important circumstances to solved integral equations. For additional huge current
outcomes presence with fundamental integral applications, click here (see [23,26-28]).

Theorem 3.1. Let (T, dy) be an orbitally complete b-metric space. Let Wy €T,0 : T xT — [0,) and

P, Ry : T = R(T) be a pair of self-dominated mappings and F € Qx*. Suppose that the following conditions hold:

i. The mappings z —» max {dy(e, B,(e)), dy(w, Ry(w))} are orbitally lower semi-continuous, there exist func-
tions 7, Z : (0, ©) — (0, ») so that for each t = 0;

7(t) > Z£(t), liminfz(t) > liminf £(t);
s—t* s—t*
ii. for all e, w € {e;} with a(e, @) 21 or a(w, e) 2 1; and max{dy(e, P(e)), dy(w, Ry(w))} > 0, there exists
w € ES satisfying

dy(e, B(e)), dy(@, Ry(w))

T(db(ex w)) +F 1+ db(e, W)

b

< F(dy(e, w)). (3D

max[dl,(e, P(e)), dy(w, Ry(w)),

If (3.1) holds, then P, and Ry have a common fixed point q in T.
Proof. The proof of Theorem 3.1 is similar to the proof of Theorem 2.4. O

Now, we prove an application by Theorem 3.1 for a system of nonlinear Volterra-type integral equations.
Let X = (C[0,1], R+) be the set of continuous functions on [0,1] endowed with the metric d, : X x X - R
defined by dy(f, g) = sup|f(t) — g(t)]? for allf, g € (€[0,1], R)and ¢t € [0,1]. Definea : X x X > R as

L if p(t) < q(t)

ap, @) = % otherwise .

Take an integral equation:
t
1) = [ (e, s, u(s)ds, (3.2
0

where K : [0,1] x [0,1] x X — R and are continuous for all s, t € [0,1]. Our aim is to show the existence of the
solution to equation (3.2) by applying Theorem 3.1.

Theorem 3.2. Let X = (C[0,1], R) and B, Ry : X — X be Volterra integral operator defined as follows:
t t
(Ba0(©) = [t 5, 1())ds, and Roy)(©) = [K(t, 5, y(5))ds, where .y € [0, 11
0 0

Also K : [0,1] x [0,1] x X — R is continuous on R for all 1, t € [0,1] and the following hold:
(i) There exists a continuous function y:[0,1] » R, such that [I(iy(s)ds]2 < %m;t >0 and satisfying,
for all u, y € X such that u(t) < y(t),
IK(t, 5, (s)) = KL, 8, y($)| < p(s)In(s) = y(s)].
(i) Forallu, y € X such that u(t) < y(t), we have
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dy(n, B,()). dy(y, Ry(y))
1+ db(") y)

maxdy(1, B,(0)), dy(y, Ra(y)), ] < |Buw)(©) = Roy)(OP.

Then, (3.2) has a unique solution.

Proof. We give an assurance here that both the multivalued mappings P, and Ry hold all the necessary
requirements of our main Theorem 3.1, for single-valued mappings. Let u € X = (€[0,1], R.) and

2

t
(B - Rop)OF < |[I(t, 5, u(5) = KCt, 5, y(s))]ds
0

2

IN

t
[u@ms) - yis)lds
0

2

<dp(n,y) ,forallt,s € [0, 1].

t
Iu(s)ds
0

This implies that

dp(n, y)e™®

|Buy)(t) = Roy)O)? < ;

Thus, by (i), we have

A0, B(0) - dp(y, Rs(y))
dy(, B(W)), Ay, Ro(w)), W’ < dy(n, ),

dp(n, B,(W)). dp(y, Rs(y))
1+ dpy(n, y)

2e"Omax

e‘[(t) X2 max[db(){, P[.l(”))) db(’/; Rﬁ(y)); ] < db(": ZJ)

Taking
b=2,
we obtain

dy(n, B()). dp(y, Ry(y))
1+ db(l'(, y)

e™® x h max ’ < db()'(,y).

db(": PH(M))’ db(y) Rﬁ(y)))

Taking In both sides, we obtain

Ine™™® + Inb

dy(n, B,(n)). db(y’Rﬁ(y))] < In(dy(n, y))
< A4 :

1+dy(n,y)

max[db(n, P(W), dy(y, Rs(y)),

Define a function F:R*— R by F(p)=1In(p) for all p €R* and 7 (t) = % and n(t) = % for each
t € (0, »). Then, clearly, F € Qy" and 7(t) > n(t), limsinfr(t) > lims-.+infn(t). So, all the conditions of
Theorem 3.1 are satisfied. Hence, the integral equation (3.2) has a unique common solution.

4 Application to fractional differential equation

Lacroix (1819) first established the different aspects of fractional differentials. Later, a specific number of well-
known writers showed significant fixed point problems in distinct types of distance spaces by applying a
variety of different generalized contractions to obtain the solution of fractional differential equations (see
[19,25,29]). Some new models related to Caputo-Fabrizio derivative have newly established and well explained
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(see [30,31]). In the aforementioned section, we prove one new model that exists in b-metric spaces from these
types of models.
Let I = [0,1] and C(Z,R) be the space consisting of all continuous functions. The mapping defined

dp(n, B,00) - dp(y, Ro(y))

2e"Omaxidy(u, B0), dy(y, Ro(y)), T irdons | S D0LY).

dp : C(I,R) x C(I,R) — [0, ») by dy(x, y) = ||x —y||§° = maxXefo,z|X(1) - y(DJ, for each x,y € C(I,R).
Then, the setting (C(, R), d;) becomes a complete b-metric space. Definea : X x X - R as

1, if p(t) < q(t)

1 .
2 otherwise .

Let %, Kz:IxR - R be two mappings such that %(l, g(e)), Kx(l, h(e)) 20 for all [€I and
g, h € (I, R). We will investigate the following system of fractional differential equations:

a(p,q) =

‘DYg(1) = K1, g(1)); g € LU, R), @1
CD“h(l) = Ky, h(D)); h € (I, R), 4.2)

with boundary conditions g(0) = 0, Ig(1) = g’(0), h(0) = 0, Ih(1) = h’(0).
Here, °D" represents the CED of order v given as

1
y(p - v)

1
'D’g() = J@- eyrigeende,
0

where p -1<v<pandp = [n] +1,and I'g is defined by:
I
I'g(l) = Lj’((l - e)"1g(e))de, with v > 0.
Y4
Then, equations (4.1) and (4.2) can be modified to

1 Le
= L — p\-1 z_l — 7\V-1
g V(V)l(l el 1%(e, g(e))de + y(v){{(“’ 2y \Ki(z, g(2))dzde,

l Le
1 o 2 -
h) = 05 (V)_O[(l - @) Kfe hepde + — J(]'{(e 2)" 'Kz, h(z))dzde.

Suppose that
a) there exists 7 > 0, such that

eyv+1

|71, g(e)) = K1, h(e))| < i

lg(e) - h(e)l,

foralle € 1.
b) There exists f; € C(I,R), so that for anyl € I,

l Le
1 V= 2_1 —_ V=
gD < W{("e) 1%(e, ug(e))de + ym{{(‘? 2712, ug(2)dzde,

l Le
1 . 21 _ .
ho(D) < W_(I;(l - )" 1%K(e, jy (e))de + m{_{[(e - 2)" 1Kz, j(2))dzde

¢) Let X ={u € C(U,R): u(l)20foralll € I} and define the operator P, Ry : X = Xby
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1
1 e 2l
@D = W{“ - oY (e, q@)de + o

and

l
! - 2
Roh)(D) = W{“ - &) efe, hee + s

satisfying

dy(n, By(x))-dp(y, Ry(y))

DE GRUYTER

Le
[[e - 2y-1%(z, q@@dzde
00

Le
[[(e - 271512 h(2))dzde
00

maxd,(, B,(n)), dy(y, Rs(y)),

1+ db(") y)

< [By)(®) ~ Roy)OF-

Theorem 4.1. Equations (4.1) and (4.2) have a common solution in C(I, R) if the conditions (a)-(c) are satisfied.

Proof. Consider

y(v)4

(B — (Row)(D)] =

V(V

V(V)

which implies that

|(BgD) - Row)(D)] <

y(v)

i

I(l - €} 1%(e, g(e))de
o )J'(l - el 1%(e, u(e))de
)H(z - W) (w, g (w))dwdz

I(z - WY 9Gw, u(w))dwdz

[—(1 - o) 'Ki(e, g(e)) - —(l

w) g (w, g(w)) = —(Z -

- )V 1%y (e, u(e))]de

dwdz

V-1
) W) I (w, u(w))

l
1 e Oy +1) .
< Wf{“ - &) \(lg(e) - u(e)|)de
2 e—r(t)y(v +1) Lz -
c @ wridemn - uonhawaz
Lw| (e) - u(€)|'j(l — e)lde + 2 ey pv + 1)| (@) - u(e)|
Sy 4 ¥ ! W Ay E '
L ~Op(y)- 1
_H(z - w) ldwdz < I%]'lg(@ - u(e)|
+ 20" OB(v + 1, 1)% £©) - u@)] £ o lg(e) - u(@)] + o lg(@) - u(e)
—-7(t) f‘r (t)
lg(e) - u(e)| < lg(e) - u(e)].
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This implies that
~7(t)
2

[(Pg)(D) = Row)(D] < lg(e) - u(e)|. (4.3)

On taking square both sides of inequality (4.3), we deduce that

=27(t) 5 e‘T(t)
e)— ue <
—lg©) - u@p <

BLD - RowDP < = 12(e) - u(e)p, (4.4)

where B is the beta function. By using assumption (c), the inequality (4.4) can be written as

dy(n, B()). dy(y, Ry(y))
1+ db()’l, y)

4maxldb(n, P(W)), dy(y, Rs()), ’ < e ™Ody(u, y);u, y € CI,R). 4.5)

Define F(q(1)) = In(q(D)) for allq € C(I,R*),and 7 (¢t) = % and n(t) = % for eacht € (0, «). Then, clearly,
F € Qx* and 7(t) > n(t), lims..infz(t) > lims-.infn(t); then, the inequality (4.5) can be written as

dy(n, B,00)- di(y, Rs(»))
1+ dy(n, y)

7(dp(g, w)) + In|4 maxydy(n, B,(0n)), dp(y, Rs(¥)), < In(dy(g, u)).

All conditions of Theorem 2.4 for a single-valued mapping are verified, and the mappings P, and Ry admit
a fixed point. Hence, equations (4.1) and (4.2) have a unique common solution.

5 Conclusion

In this manuscript, we establish some newly fixed point findings for two families of dominated multivalued
mappings in the settings of orbitally complete b-metric space that fulfill a unique generalized Nashine,
Wardowski, Feng-Liu, and Ciri¢-type contraction for orbitally lower semi-continuous functions. Moreover,
the existence of significant fixed point result for two families of dominated set-valued mappings is presented in
an ordered complete orbitally b-metric space. Illustrative examples are given to validate our new outcomes. To
show the novelty of our new outcomes, applications are offered for non-linear integral and fractional differ-
ential equations. Moreover, in this article, we generalize and improve the results of Rasham et al. [21,25,27],
Nashine et al. [19], and many more [5,15,18,23,32-39]. We can further enhance our research work in the future
for fuzzy mappings, families of fuzzy mappings L-fuzzy mappings, and bipolar fuzzy mappings.
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