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Abstract: In this paper, we investigate the relationships between fixed points of meromorphic functions, and
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1 Introduction and main results

In this paper, a meromorphic function f(z) means being meromorphic in the whole complex plane C, and
the notations are standard ones in the Nevanlinna theory (see e.g. [1-4]). Especially, we use p(f) to denote the
order of f(z), and use A(f) and }l(%) to denote respectively the exponents of convergence of zeros and poles
of f(z). Moreover, we use 7(f) to denote the exponent of convergence of fixed points of f(z), and use o(f)
to denote the type of a transcendental f(z). In addition, a small meromorphic function a(z) with respect to
f(z) means it satisfies T(r, a) = S(r, f), where S(r, f) = o(T(r, f)) outside a possible exceptional set of finite
logarithmic measure.

In the past sixty years, numerous mathematicians have studied fixed points, which is an important topic
in the theory of meromorphic functions (see e.g. [5, 6]). In 2002, Chen [6], the first person who studied fixed
points of solutions of differential equations, defined the exponent of convergence of fixed points by 7(f) firstly.
After that, many scholars investigated the topic on fixed points and got some interesting fruits. For example,
Bergweiler and Pang [7] studied the zeros of f'(z) - R(z) and obtained the following result.

Theorem 1.A ([7]) Let f(z) be a meromorphic function and let R(z)(z 0) be a rational function. Suppose
that all but finitely many zeros and poles of f(z) are multiple. Then f’(z) - R(z) has infinitely many zeros. (In
particular, if R(z) = z, then f’(z) has infinitely many fixed points.)

The topic on fixed points can be also investigated in the field of complex differences. Here, the forward
differences (see [8]) are defined by

AHf(2) = Acf(2) = f(z + ©) - f(2),

Alf(2) = AcATf(2) = AT f(z + ©) - AT f(2), neNA{1},

where ¢ € C\{0}. For example, Chen and shon [9-11] have got some results on the zeros and fixed points of
transcendental entire functions and meromorphic functions. Recently, Chen [12] and Zhang [13] studied the
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relationships between fixed points of meromorphic functions and their differences and shifts. Their results
are stated as follows.

Theorem 1.B ([12]) Let f(z) be a finite order meromorphic function such that A(}%) < p(f), and let
¢ € C\{0} be a constant such that f(z + ¢) # f(z) + c. Then

max{7(f(2)), 7(Acf(2))} = p(f),

max{7(f(2)), T(f(z + ¢))} = p(f),
max{7(Acf(2)), T(f(z + ¢))} = p(f).
Theorem 1.C ([13]) Let a € C and let f(z) be a finite order meromorphic function such that A(f(z) - a) <
p(f). Let ¢ € C\{0} be a constant. Then
max{7(f(2)), 7(Acf(2))} = p(f),

max{7(f(2)), T(f(z + ¢))} = p(f),
max{7(4cf(2)), T(f(z + )} = p(f).

Inspired by the previous results, especially Theorems 1.B and 1.C, we proceed to study the relationships
between fixed points of meromorphic functions and their differences and shifts. Firstly, we consider higher
order differences and shifts instead of first order ones, and obtain the following result.

Theorem 1.1 Let ¢ € C\{0}, n € N4, and let f(z) be a finite order transcendental meromorphic function.
If f(z) has a Borel exceptional value a € C, then

max{7(f(2)), T(4cf(2))} = p(f),

max{1(f(2)), t(f(z + nc))} = p(f),
max{t(A¢f(2)), T(f(z + nc))} = p(f).

Secondly, we generalize the case of fixed points into the more general case for n = 1, and obtain the
following result.

Theorem 1.2 Let ¢ € C\{0}, m € Ny, p(2) = pmz™ + pm-12"™ " + -+ + po be a nonzero polynomial such
thatp; € C,i=0,1,--- ,mand pm # 0, and let f(z) be a finite order transcendental meromorphic function.
If f(z) has a Borel exceptional value a € C, then

1

max{A(f(2) - p(2)), MAcf(2) - p(2)} = p(f),

max{A(f(z) - p(2)), A(f(z + c) - p(2))} = p(f),
max{A(Acf(2) - p(2)), A(f(z + c) - p(2))} = p(f).

2 Lemmas for proofs of main results

Lemma 2.1 ([14]) Let f(z) be a meromorphic function with p(f) < o, and let 1 be a fixed nonzero complex
number. Then for each € > 0, we have

T(r, f(z + 1)) = T(r, f(z)) + O("D ) + O(log 1).

Lemma 2.2 ([14]) Let f(z) be a meromorphic function with A(%) < oo, and let n be a fixed nonzero
complex number. Then for each € > 0, we have

N(r, f(z+n)) = N(r, f(2)) + oM )14y 4 O(logr).
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Lemma 2.3 ([13]) Let a € C and let f(z) be a meromorphic function with A(f(z) - a) < oo, and let  be a
fixed nonzero complex number. Then for each € > 0, we have

1 1 A(f(z)-a)-1+¢
N(r, —————) = N(r, + O(r + O(logr).
( f(z+)1)—a) ( f(z)—a) ( )+ O(logr)
Lemma 2.4 ([15]) Let Ao(2), - -+ , An(2) be entire functions of finite order such that among those having

the maximal order p = max{p(4,) : 0 < k < n}, exactly one has its type strictly greater than the others. Then
for any meromorphic solution f(z) of

An(@)f(z+cn) + -+ + A1(2)f (z + c1) + Ap(2)f(2) = O,

we have p(f) =z p + 1.
Lemma 2.5 ([3]) Let f(z) be a meromorphic function. Then for all irreducible rational functions in f(z),

p .
> ai(2f (2)'
Rz, f(2) = —
> bi(2)f(2)
j=0
with meromorphic coefficients a;(z),i=0,1,---, p and bj(z),j=0,1,---, gsuch that

T(r,a;) = S(r,f), i=0,1,---,p,
T(r, b)) =S(r,f), j=0,1,--- ,q,

the characteristic function of R(z, f(z)) satisfies
T(r, R(z, f(2))) = max{p, q}T(r, f) + S(r, ).

Lemma 2.6 ([13]) Suppose that h(z) is a nonconstant meromorphic function satisfying
Ner, h) + N(r, %) - S(r, h.

Let
ao(2)h(2) + a1 (Dh(Z)P ! + -+ + ap(2)
bo(2)h(2)7 + b1(2)h(2)3 L + - -+ + by(2)’
where a;(2),i=0,1,-+-,p, bj(2),j =0,1,---, g are small functions of h(z) and agboap # 0.1f g < p and
T(r, F) = T(r, h) + S(r, h), then A(F) = p(h).

Lemma 2.7 ([2, 4]) Suppose that fi(z),f>(2),---,fn(z) are meromorphic functions and that
g1(2), g2(2), - -+ , gn(2) are entire functions satisfying the following conditions.

(1) S £i(2)e%® = o;
j=1

(2) gj(2) - gi(2) are not constants for 1 < j < k < n;
3)for1<js<n,1<h<ks<n,

F(z) =

T(r,f;) = of{T(r, e¥""8¥)} n.e. as r— oo.

Thenf]-(z)zo,j= 1,2,---,n.
Lemma 2.8 ([13]) Let ¢ be a nonzero constant, H(z) be a meromorphic function, and let h(z) be a
polynomial with deg h(z) > 1. If p(H) < p(e™), then

T(r, H(2)) = S(r, "?), T(r, H(z + ¢)) = S(r, &"@), T(r, "= 97H@) = 5(r, 1?).
Remark 2.9 From the proof of Lemma 2.8, we can also obtain
T(r, H(z +jc)) = S(r, e"@), j=1,2,---,n

and
T(r, e"@HkO-hzts)y _ gy @) ke N,,s €N, k> s,

under the conditions in Lemma 2.8.
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3 Proofs of Theorems 1.1 and 1.2

Proof of Theorem 1.1 As Theorem 1.C shows, the conclusions hold for n = 1. Next, we prove the conclusions
forn = 2.

Firstly, we prove the conclusions for n = 2. Suppose that 7(f(z)) < p(f), and we prove 1(42f(2)) = T(f(z +
2¢)) = p(f) next. Denote

fz)-z
oo (31)

Obviously, g(z) satisfies p(g1) = p(f) < oo. Then we have

g1(2) =

1
A(m) = A(f(Z) -a)< p(f) = P(g1)

and

A(g1(2)) = Af(2) - 2) = 1(f(2)) < p(f) = p(g1),

which means that 0 and oo are Borel exceptional values of g;(z). By Hadamard’s factorization theory, g;(z)
can be written as

g1(2) = Hi(2)e"®?, 3.2)
where H;(z)(2 0) is a meromorphic function such that p(H;) < p(g1) = p(f) and
hi(2) = ap 2"+ ap_1 2P+ +ao (3.3)

is a polynomial such that p(f) = p(g;) = degh;(z) = k, where k € Ny and a; € C,i = 0,1,--- ,k, a; # O.
Substituting (3.2) into (3.1), we obtain

-a z—-a

z
f2) = T a@ +a= [ H.(@eh® +a. (3.4)
We get from (3.4) that
A%f(2) = f(z+2¢) - 2f(z + ¢) + f(2)
_ z+2c-a  2z+c-a) z-a
T1-g1z+20 1-g1z+0)  1-810 3.5)
z+2c-a 2(z+c-a) z-a

- +
1-Hy(z + 2c)em@+2¢) 1 - Hy(z + c)eliz+d) 1 - Hi(z)em@
B Py2(2)e?M@ 4 P, 1 (2)eM®@

P, 5(2)e3n@ + P, 4(2)e2n@ + P, 3(z)em®@ + 1’

where

Py1(2) = (z+ 2c - a)eM@ 29 MEOH, (z 4+ 2¢) - 2(z + ¢ - a)emEFOMEH (2 + ¢)
+(z - a)H1(2),

Py.,(2) = (z - a)eME20tG+I2m@H, (7 4 20)H (2 + ) - 2(z + ¢ — a)e #*20)-1 @)
Hi(z + 20)H1(2) + (z + 2¢ — a)em@)-m@H, (z + ¢)H,(2),

P, 3(2) = —eME20-MEH, (7 4 2¢) - M@ ME |, (7 + ¢) - Hi(2),

Py 4(2) = ehi(@r20)thi@+ 2@ . (7 + 20)H (2 + ¢) + eME20-ME | (7 + 26)H, (2)
+eMEI-m@y, (z 1 )Hy(2),

Py 5(z) = —eM@E20thE2m@, (7 + 2¢)Hy (2 + ¢)Hy(2).

By (3.5), we obtain

~2P 5(2)e3M @) 1+ (P 2(2) - 2P; 4(2))e?M @) + (Py,1(2) - zP; 3(2))eM@ — 2
P; 5(2)e3mi@ + Py 4(2)e2i@ + P, 5(z)em@ + 1

Af2) -z =
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2P, 5(2)e*M@ + P, ;(2)e?M@ + P, ((2)eM@) - 2 (3.6)
 P,y5(2)e3h@ 1 P, 4(2)e2h@ + P, 5(z)ehi@ +1 '

where

Py6(2) = 22+ 2c - @)e =29 MO H, (74 2¢) - (z + 2¢ - 2a)eM =IO
Hi(z+¢)+(2z - a)H(2),

P, (2) = _aeh1(z+2c)+h1(z+c)—2h1(z)H1(Z +2c)Hi(z+¢)-(B3z+2c- Za)ehl(z+2c)—h1(z)
Hi(z + 20)H; (2) + (2¢ - a)eM @M@, (z + 0)H, (2).

By (3.5) and (3.6), we can see A2f(z) and A2f(z) - z as rational functions in e"@ Since p(H;y) < p(ehl) =k,
by Lemma 2.8 and Remark 2.9, we get that the coefficients Pz,j(z), j=1,2,---,7 are small functions with
respect to e@, thatis, T(r, P, j(2)) = S(r, ehl(z)),j =1,2,--+,7.Next, we assert P, 1(z) = 0. Since

hi(z +2c) - h1(2) = ag(z + 20)* + a1 (z + 200 P + a5 (z + 20) 2 +--- + ap

~(apz* + a1 25+ ap_ 2K+ -+ ag)

=(ag-ct- 202K v (ag -2 4c? vapy kg - 20022 4

hi(z+¢)-hi(2) = az+ )+ a1z + )+ @,z + )2+ +ag

(a2 + a1 2 + a2+ 4 ap)

=(ag-ct- 0V (ag-ci-crra iy 02K
we get from k € N4, a; # 0 and ¢ # O that

p(ehl(z+26)—h1(z)) _ p(eh1(Z+C)—h1(Z)) _ p(eh1(z+2c)+h1(z+c)—2h1(z)) k-1

and

hl(z+26)—h1(z)) _ _ O.(ehl(Z+C)*h1(Z)).

1 1 1 1
o(e —lay-cy-2c|> =|ay-cy-cC
( 1@k Ci-2¢] > —lag - ¢ - c|

Thus, if P, 1(z) = 0, then by Lemma 2.4, we have p(H1) > k- 1+1 = k, which contradicts with p(H1) < p(g1) =
p(f) = k. So, the assertion P, 1(z) # 0 holds. Consequently, by Lemma 2.7 and P; 1(z) # 0, we have

P12(2)e*M@ + P, 1 (2)em@ 2 0.
Then by (3.5) and the obvious fact that P, 5(z) % 0, we have
T(r, A%f(2)) = T(r, e"@) + S(r, 1@,
and consequently
T(r, A3f(2) - 2) = T(r, ") + S(r, &M @), (3.7)
By (3.6), (3.7) and Lemma 2.6, we have
T(A3f(2) = MA¥f(2) - 2) = p(e™) = p(f) = k, (3.8)
that is,
max{7(f(2), T(4zf(2))} = p(f).
Meanwhile, we have by (3.4) that

_ _ hi(z+2c)
flz+20)-z= z+2c—-a +a—Z=(Z a)H (z + 2¢c)e +2c

1 - Hy(z + 2¢)ehi(z+2¢) 1-Hy(z+2c)ehlz+20) G9)

where (z — a)H1(z + 2¢) + 2cH1(z + 2¢) = (z - a + 2¢)H (z + 2¢) # 0. Thus, f(z + 2¢) - z can be seen as an
irreducible rational function in e"#*29)_ Since p(H;(z + 2¢)) = p(H1) < p(e™) = p(e:#+29)), by Lemma 2.8
and Remark 2.9, we have

T(r, Hy(z + 2¢)) = S(r, eM@*29), (3.10)
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By (3.9), (3.10) and Lemma 2.5, we have
T(r, f(z + 2¢) - 2) = T(r, e @29 1 5(r, M +29)),
Then, by Lemma 2.6, we have
T(f(z + 20) = A(f(z + 2¢) - 2) = p(e" **29) = p(e™) = p(f),

that is,
max{1(f(2)), 7(f(z + 2c)} = p(f).

Suppose that 7(f(z + 2¢)) < p(f), and we prove T(A2f(z)) = p(f) next. Denote

_flz+20) -z
£2(2) = fiz+2c)-a’
From (3.11) we get
z-a
flz+2c) = T-50
and
f(z) z-2c-a

“1-gGe-20 "

DE GRUYTER

(3.11)

(3.12)

By (3.11), (3.12) and Lemma 2.1, we have p(g,) = p(g2(z — 2¢)) = p(f(z + 2¢)) = p(f). By Lemma 2.3 and the

assumption that A(f(z) - a) < p(f), we have

}((ﬁ) =Af(z+2c)-a) = A(f(2) — a) < p(f) = p(g2)

and
AMg2(2)) = A(f(z + 2¢) - 2) = T(f(z + 20)) < p(f) = p(g2),

which means that 0 and oo are Borel exceptional values of g, (z). Then following the steps similar to (3.2)-(3.8),

we have 1(42f(2)) = A(A%f(2) - 2) = p(f), that is,

max{1(A2f(2)), T(f(z + 2¢))} = p(f).

Secondly, we prove the conclusions for n > 3. Suppose that 7(f(z)) < p(f), and we prove T(A¢f(z)) =

7(f(z + nc)) = p(f) next. By (3.1), (3.2) and (3.4), we have

AYf(2) = Y (1Y chfz+(n - j)o)

=0
- j z+(n-j)c-a
= j:ZO(—l)Jc’n[l “Hy Gz (= )0)eh G0 +a]
Nl z+(n-j)c-a SN
B j:ZO( Ven 1-Hy(z + (n-j)c)emEn-o ta FZO( 1) en

:i(_l)jcj z+(n-j)c-a
= "1 - Hy(z + (n - j)c)eh E+n-i))

S U-1Ychlz+ (n - fe - al [T - Hy(z + (n - De)els -]

_ =0 iz

n
[1(1 - Hi(z + (n - j)c)eh E+n=)e))
j=0

(3.13)
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n . n .

> Py i(@)eM@ + S (-1Y )z + (n - j)c - al
=t j=0
- n+1

> Pponsj(z)eim@ + 1
j=1

n . n L.
> Pn,)-(z)e]hl(z) +¢Y (-1Ych(n-j)
=1 =0

n+1 X
3 Pyonsj(2)eim@ + 1
j=1
n .
Pn’j(z)e]hl(z)
j=1
T on+l ’

Py nsj(2)eim@ + 1

~.
Il
[S

where

n L. .
Pui1(2) = -3 (1Y chlz + (n - j)c - a] 3 eME D@, (7 4 (n - i)c),

Jj=0 i#
Pn Z(Z) _ i(—l)ic‘];,[z + (n —j)C _ a] Z ehl(z+(n—;4)c)+h1(z+(n—v)c)—2h1(z)
j=0 KA
Osp<vsn

Hi(z+ (n-p)c)Hi(z + (n-v)o),

Pan(2) = (1" Y (1chlz + (n=fe-al 3 ] emEm-D0m@p, (2 1 (n- i),

j=0 7 i
n .o .
Pun(@) = (1" 3 (-1Ychlz + (n - e - a] [[ M E DI MO, (7 + (n - Do),
=0 i7
n .
Pr(2) = =32 M POMEH, 2+ (n - c),

j=0

Puna(2)= 3 emEwdthizmva-2m@H, (7 4 (n - p)c)Hy (z + (n - v)o),

Osu<vsn

n .
Pron(2) = (D)"Y [] M@ D9-m@ g, (7 + (n - i)c),

j=0 i
Pponsi(2) = (1™ ﬁ e @D MG H, (7 4 (n - j)c).
By (3.13), we have =
S P, @M 25 P, (@M@ 2
AMf(z)-z =" _ j=1
> Pponsj(z)eim@ + 1
j=1

n .
~2Pp 201 (2)eMIME) 1 SN(P, (2) = 2Py 4 (2) @M P — 2

_ =i

- n+l1 .
Z Pn,n+j(z)e}h1(z) +1
j=1

— 683

(3.14)

By (3.13) and (3.14), We can see A7 f(z) and AZf(z) — z as rational functions in e, By Lemma 2.8 and Remark

2.9, we have

p(Pn,j) < max{p(Hl)’p(eh1(2+(nfi)c)*h1(z))} <kij=1,2,---,2n+1,i=1,2,---,n.
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So, the coefficients P, j(z),j = 1,2,---,2n + 1 are small functions with respect to e@_ Next, we assert
Pp.1(2) # 0. We rewrite P, 1(2) as

Ppa(2) = - Z Z(—l)ici,[z +(n-i)c - aleM M DIMAF (74 (n - j)c).

j=0 i#j
Clearly, we have
p(eh1(2+(n—1)6)—h1(2)) =k-1, j=0,1,---,n-1
and
o(eME M@ < Ljay . chonc]> ~lay b (n-f)e] = o ETPIME) j 1,2, 01,
n-1 .. n A
Obviously, 3" (-1)'ci(z + (n-i)c - a) = > (-1)ich(z + (n - )c - a) - (-1)"(z - a) = (-1)""(z - a) % 0. Thus,

i=0 i=0
if Pp,1(2) = 0, then by Lemma 2.4, we have p(H;) = k- 1 + 1 = k, which contradicts with p(H;) < k. So, the
assertion Py, 1(z) = 0 holds. Consequently, by Lemma 2.7 and Py,1(2) % 0, we have

Zn: P j(2)eM@ 0.
j=1
Then by (3.13) and the obvious fact that P, 7,+1(2) # 0, we have
T(r, A%f(2) = T(r, e"@) + S(r, M@,
and consequently
T(r, A'f(2) - 2) = T(r, e"P) + S(r, e @). (3.15)
By (3.14), (3.15) and Lemma 2.6, we have
(AL (2) = MAf(2) - 2) = p(e") = p() = k, (3.16)

that is,
max{t(4cf(2)), T(f(2))} = p(f).
Meanwhile, we have by (3.4) that
z+nc-a ra
1 - Hy(z + nc)ehi(zno)
_ (z - @)H,(z + nc)em@no) 4 ne
1 - Hy(z + nc)ehi(zne)

fiz+nc)-z=

-z

) (3.17)

where (z — a)H{(z + nc) + ncH{(z + nc) = (z - a - nc)H,(z + nc) # 0. Thus, f(z + nc) - z can be seen as an
irreducible rational function in e"#*9)_ Since p(Hy(z + nc)) = p(Hy) < p(ehl(z*”c)) = p(e’“), by Lemma 2.8
and Remark 2.9, we have

T(r, Hy(z + nc)) = S(r, @19y, (3.18)
By (3.17), (3.18) and Lemma 2.5, we have
T(r, f(z + nc) - z) = T(r, eME ") 1 S(r, e E19),
Then, by Lemma 2.6, we have get
T(f(z + nc)) = A(f(z + ne) - 2) = p(e" @) = p(e™) = p(),

that is,
max{7(f(2)), 7(f(z + nc))} = p(f).
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Suppose that 7(f(z + nc)) = A(f(z + nc) - z) < p(f), and we prove T(A%f(2)) = p(f) next. Denote

_flz+no)-z
g3(2) = m , (3.19)
then we have
flay= 22074 (3.20)

1-g5z-no)

By (3.19), (3.20) and Lemma 2.1, we have p(g3) = p(g3(z + nc)) = p(f(z + nc)) = p(f). By Lemma 2.3 and the
assumption that A(f(z) - a) < p(f), we have

S

A(gs(z)

)=A(f(z+nc) - a) = A(f(2) - a) < p(f) = p(g3)

and
AMgs(2)) = A(f(z + nc) - z) = ©(f(z + no)) < p(f) = p(g3),

which means that 0 and - are Borel exceptional values of g3(z). Then following the steps similar to (3.2)-(3.4)
and (3.13)-(3.16), we have 1(A¢f(2)) = A(ALf(2) - z) = p(f), that is,

max{7(A¢f(2)), T(f(z + nc))} = p(f).

Therefore, the proof of Theorem 1.1 is complete.

Proof of Theorem 1.2 Suppose that A(f(z) - p(2)) < p(f), and we prove A(Acf(2)-p(2)) = A(f(z+c)-p(2)) =
p(f) next. Denote

f(2) - p(2)

Fo-a (3.21)

8u(2) =
Obviously, p(g4) = p(f). Then we have

1 = - =
A(m)—ﬁ(f(Z) a) < p(f) = p(ga)

and
A(g4(2)) = Af(2) - p(2)) < p(f) = p(g4),

which means that 0 and o are Borel exceptional values of g4(z). By Hadamard’s factorization theory, g4(z)
can be written as

84(2) = Hy(2)e™®?, (3.22)
where H;(z)(z 0) is a meromorphic function such that p(H,) < p(g4) = p(f) and
hy(z) = bzt + by_2 "t + -+ + by,

is a polynomial such that p(f) = p(g4) = deghy(z) = I, wherel € Ny and b; € C,i = 0,1,---,1,b; # O.
Substituting (3.22) into (3.21), we obtain

_p2)-a __ p@)-a
f(2) = -5.@ +a= 1 H,@)eh® +d. (3.23)

We get from (3.23) that
Acf(z) = f(z+c)-f(2)

_ plz+co)-a _pl)-a
1-g4(z+c) 1-g42)
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pz+c)-a  p)-a
1- Hy(z + c)eh2z+0) 1 - Hy(z)eh2(?) (3.24)
_ la-plz+ 0)Hi(2) + (p(z) - a)H,(z + c)eh &I h:@]eh:@ 4 p(z + ¢) - p(2)
[H,(z + ©)H,(2)eMG+-h@)]e2h:(2) 4 [-H,(z + c)elG+-h@) — H,y(z)]eh®@ + 1
_ 01(2)e"@ + p(z+ ¢) - p(2)
Qg(Z)CZhZ(Z) +Qy(z)em® + 1 >

where

Qi(2) =(a-p(z+c)H(2) + (p(2) - @)Ha(z + c)eh2+)-h),
Q:(2) =-Hy(z +c)el2E+)-h@ _ ) (z),
Q3(2) = Hy(z + O)H,(z)ee+0)-h()
p(z+¢) -p(2) = pm(z+ )™+ pm-1(z+ )™ L+ pmoa(z+ )™ 2+ + po
~(PmZ™ + pm-12™ " + Pe2z™ 2 4 -+ + po)
=(Pm-Ch 2"+ (Pm - B 2+ Pt Chg 022+

By (3.24), we have

~p(2)Q3(2)e*12@ + (01(2) - p(2)Q5(2))e™@ + p(z + ¢) - 2p(2)
Q3(z)e2h(@ + Q1 (z)eh@ + 1

_ -P(2)Q3(2)e*™? + Q4(2)e™® + p(z + ¢) - 2p(z)
Q3(2)e2h2@ + Qy(2)e=@ + 1

Acf(z)-p(z) =

) (3.25)

where

Q4(2) = Q1(2) - p(2)Q;(2)
=(a-p(z+c)+p@)H(2) + 2p(2) - Q)H,(z + ¢)e @+ -ha(@)
p(z+0) -2p(2) = pm(z + O™ + 1z + O™ L 4 pa(z+ )™ 2 4+ + po
=2(pmz™ + pm1Z™ T + PaZ™ 2 + -+ + po)
=-pmz™ + (Pm - €~ Pm-1)Z™+ Om - Ch P+ Pt Chy v €
_pm—2)2m72 +

By (3.24) and (3.25), we can see A.f(z) and A.f(z) - p(z) as rational functions in e"2@ Since p(H3) < p(ehz) =1,
by Lemma 2.8 and Remark 2.9, we get that the coefficients Qj(z), j =1, 2,3, 4are small functions with respect
to @, that is, T(r, Q) = S(r, ehZ(Z)),j =1, 2,3, 4. Obviously, p(z + ¢) - p(z) # 0, Qj(z) # 0,j = 1,2, 3, 4.
By Lemma 2.7, we have Q1(2)e"@ + p(z + ¢) - p(z) # 0. Then by (3.24) and (3.25), we have

T(r, Acf(2)) = T(r, ") + S(r, "),
and consequently
T(r, Acf(2) - p(2)) = T(r, e"@) + S(r, e™). (3.26)
By (3.25), (3.26) and Lemma 2.6, we have
MAf(2) - p(2)) = pe™) = p(f), (3.27)

that is,
max{A(f(z) - p(2)), MAcf(2) - p(2))} = p(f).
Meanwhile, we have by (3.23) that

B plz+c)-a

fla+c)-p) = 1 - Hy(z + c)eha(z+c)
_ (p(2) - A)Ha(z + 0)e™#*9) + p(z + ¢) - p(2)

- 1 - Hy(z + c)eh2(z+¢) ’

+a-p(2)

(3.28)
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where (p(z) - a)Hy(z + ¢) + (p(z + ¢) — p(2)H>(z + ¢) = (p(z + ¢) — a)H,(z + ¢) # 0. Thus, f(z + ¢) - p(z) can
be seen as an irreducible rational function in e+, Since p(H,(z + ¢)) = p(H,) < p(e"?) = p(e"2#+9), by
Lemma 2.8 and Remark 2.9, we have

T(r, Hy(z + ¢)) = S(r, e"*9), (3.29)
By (3.28), (3.29) and Lemma 2.5, we have
T(r, f(z + ©) - p(2)) = T(r, e"2# ) + S(r, ™25,
Then, by Lemma 2.6, we have
Af(z + ) - p(2)) = p(e™*) = p(e™) = p(f),

that is,
max{A(f(z) - p(2)), A(f(z + ¢) - p(2))} = p(f).

Suppose that A(f(z + ¢) - p(2)) < p(f), and we prove A(A.f(z) - p(2)) = p(f) next. Denote

_fz+0)-p(2)
8s5(2) = Fero-a (3.30)
then we have
_plz-c)-a
flz) = T-gG-0 +a. (3.31)

By (3.30), (3.31) and Lemma 2.1, we have p(gs) = p(gs(z - ¢)) = p(f(z + ¢)) = p(f). By Lemma 2.3 and the
assumption that A(f(z) — a) < p(f), we have
1

Moo

) =Af(z+c)-a) = Af(2) - a) < p(f) = p(gs)

and
A(gs5(2)) = A(f(z + c) - p(2)) < p(f) = p(g5),

which means that 0 and oo are Borel exceptional values of g5(z). Then following the steps similar to (3.22)-
(3.27), we have A(Acf(2) - p(2)) = p(f), that is,

max{A(4cf(z) - p(2)), A(f(z + ¢) - p(2))} = p(f).

Therefore, the proof of Theorem 1.2 is complete.
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