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Abstract: For a bipartite graph, the complete adjacency matrix is not necessary to display its adjacency
information. In 1985, Godsil used a smaller size matrix to represent this, known as the bipartite adjacency
matrix. Recently, the bipartite distance matrix of a tree with perfect matching was introduced as a concept
similar to the bipartite adjacency matrix. It has been observed that these matrices are nonsingular, and a
combinatorial formula for their determinants has been derived. In this article, we provide a combinatorial
description of the inverse of the bipartite distance matrix and establish identities similar to some well-known
identities. The study leads us to an unexpected generalization of the usual Laplacian matrix of a tree. This
generalized Laplacian matrix, which we call the bipartite Laplacian matrix, is usually not symmetric, but it
shares many properties with the usual Laplacian matrix. In addition, we study some of the fundamental
properties of the bipartite Laplacian matrix and compare them with those of the usual Laplacian matrix.
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1 Introduction

Let G be an undirected, simple, connected graph with vertex set { }=V n1, 2, …, and edge set E . We use u v~ to
mean that the vertices u and v are adjacent. The symbol [ ]u v, means the edge between u and v. The degree of a
vertex v is denoted by ( )d vG or simply by ( )d v . The distance between two vertices u and v is denoted by

( )u vdist ,G or simply by ( )u vdist , .
The adjacency matrix ( ) [ ]=A G aij of G is a square matrix with =a 1ij if i j~ and 0 otherwise. The square

matrix ( ) [ ( )]≔D G i jdist , is called the distance matrix ofG. The usual Laplacian matrix �( )G is a square matrix
such that ( )i j, th entry is −aij if ≠i j and ( )d i if =i j . For an ×m n matrix M and subsets { }X mof 1, …, and

{ }⊆Y n1, …, , the notation ( ∣ )M X Y denotes the submatrix of M obtained by excluding the rows indexed by X

and the columns indexed byY . ( )M X Y, denotes the submatrix of M determined by the rows corresponding to
X and columns corresponding to Y .

We generally follow the terminology used in the study by Cvetkovic et al. [11]. The distance matrix has
several applications in many different areas like telecommunication, molecular stability, graph embedding
theory, and network flow algorithms and has been a subject of various independent studies. In [16], Graham
and Pollak established a correlation between the addressing problem in data communication systems and the
number of negative eigenvalues in the distance matrix. In the same study [16], it was shown that if T is a tree
with n vertices, then the determinant of the distance matrix ( )D T is ( ) ( )− −− − n1 2 1n n1 2 , which is independent of
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the structure of T and depends only on the number of vertices of T . Subsequently, Graham et al. [14] in 1977
showed that the determinant ( )D Gdet of a graph G depends only on the blocks of G and not on how they are
assembled. A formula for the inverse of the distance matrix of a tree was given by Graham and Lovász [15]. The
distance matrix generated considerable interest and a plethora of extensions and generalizations have been
proved (see, e.g., [2,5–9,19,23,24]).

LetG be a labeled, connected, bipartite graph with the vertex bipartition ( { } { })= =L l l R r r, …, , , …,m n1 1 . For
a bipartite graph, we do not require the complete adjacency matrix to display the adjacency information in the
graph. Godsil [13] in 1985, used a smaller size matrix to display this information. Later on, this matrix was
named the bipartite adjacency matrix, see [10,22]. The bipartite adjacency matrix A of G is the ×m n sub-
matrix of its adjacency matrix determined by the rows corresponding to L and the columns corresponding to
R. We refer interested readers to [10,13,22] for knowing more about the bipartite adjacency matrix.

In a recent article [4], we have introduced the bipartite distance matrix of a bipartite graph G with a
unique perfect matching and observed that the bipartite distance matrix of a tree T with a unique perfect
matching is deeply related to the structure of the tree T and many interesting combinatorial properties were
supplied. In this article, we shall show how the study of that matrix naturally leads us to a surprising nontrivial
generalization of the usual Laplacian matrix.

Let us define the bipartite distance matrix. Let G be a labeled, connected, bipartite graph with the vertex
bipartition ( { } { })= =L l l R r r, …, , , …,p p1 1 . Then, we call ( )D L R, the bipartite distance matrix and denote it by
BG or simplyB. This is the submatrix of the distance matrix D ofG determined by the rows corresponding to L

and columns corresponding to R. If G has a unique perfect matching � , we can use it to define a “canonical”
way to order { }≔L l l, …, p1 and { }≔R r r, …, p1 such that [ ] [ ]l r l r, ,…, ,p p1 1 are matching edges of G. We call such a
bipartition, a standard vertex bipartition of G. So, the ( )i j, th entry of B is the distance ( )l rdist ,i j in G.

If G is a bipartite graph with a unique perfect matching, then we can have many standard vertex
bipartitions. However, we can see that the bipartite distance matrices corresponding to them are similar to
each other.

A treeT is called a nonsingular tree if the adjacency matrix ( )A T ofT in invertible. It is well known thatT

is nonsingular if and only if it has a unique perfect matching. As a tree is a bipartite graph, the study of the
properties of a bipartite distance matrix of a nonsingular tree is naturally a starting point.

Recall that the determinant formula of Graham and Pollack for a tree T on n vertices establishes that
( )D Tdet is always a multiple of −2n 2. Quite similar to that, it was shown in [4,18] that for a nonsingular treeT on

=n p2 vertices, the number B( )Tdet is a multiple of −2p 1. Interestingly, it turns out that this is the highest
power of 2 that can divide B( )Tdet . So, the factor B( ) ( ) ( )≔ ∕ − −T Tbd det 2 p 1 is called the bipartite distance
index of T becomes an interesting object to study.

It turns out that this number is closely related to the combinatorial properties of the given tree. A complete
characterization of ( )Tbd was supplied using the structure of T and is described as follows.

An alternating path in a nonsingular treeT is a path with the starting edge, each alternate edge thereafter,
and the last edge from the matching (so, the remaining edges are nonmatching edges). By [ ]u v, …, , we mean
the unique u-v path in the treeT . By �T , we mean the set of all alternating paths inT (a path [ ]u v, …, is treated
to be the same as [ ]v u, …, ).

Theorem 1. [4, 18] Let T be a nonsingular tree on p2 vertices and ( )=S 1, 1, 3, 3, … be a sequence. Then, for any
standard vertex bipartition,

�

( ) [ ( ) ][ ( ) ]
∣ ∣

[ ]

∑= − − ⎛
⎝

⎞
⎠∈

=

T d u d v S
P

bd 2 2
2

.
P

P u v, … ,

T

We have noted that the bipartite distance matrix of a nonsingular tree is always invertible, and its
determinant can be described using the structure of T . What about the inverse? Can the entries of the inverse
be described combinatorially? For the usual distance matrix, such a description can be found in the work of
Graham and Lovasz [15].

Even more interestingly, recall that the inverse of the usual distance matrix has a definite relationship
with the Laplacian matrix.
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Theorem 2. [5] Let T be a tree on n vertices. For each =i n1,…, , let ( )= −δ d i2i and put [ ]=δ δ δ, …,t
n1 . Then,

�( ) ( )
( )

= − +
−

− δδD T T
n

1

2

1

2 1
.t1

Can we have a similar statement for the bipartite distance matrix too? In that case, what is an appropriate
replacement for the Laplacian matrix? We call it the bipartite Laplacian matrix. With the help of the bipartite
Laplacian matrix, we provide a formula for the inverse of the bipartite distance matrix in Theorem 24. It turns
out that the usual Laplacian matrix of any tree is a very special case of the bipartite Laplacian matrix, and this
matrix has many properties similar to those of a Laplacian, see Theorem 9. We supply that definition below.

An alternating path is called an odd alternating path if it has an odd number of matching edges, and an
alternating path is called an even alternating path if it has an even number of matching edges.

Definition. Let T be a nonsingular tree T on p2 vertices and ( )L R, be a standard vertex bipartition of T . The
bipartite Laplacian matrix ofT , denoted byL( )T or simply byL, is the ×p p matrix whose rows are indexed by
r r,…, p1 and the columns are indexed by l l,…, p1 . The ( )i j, th entry of L( )T , denoted by Lij, is defined as follows:

L

( ) ( )

( ) ( )

( ) ( )=

⎧

⎨

⎪
⎪

⎩

⎪
⎪

− =
≠

− ≠
− ≠

d r d l i j

d r d l i j r l

d r d l i j r l

i j r l

1 if ;

if and the – path is an odd alternating path ;

if and the – path is an even alternating path ;

1 if and ~ ;

0 otherwise .

ij

i i

i j i j

i j i j

i j

Remark 3. Here, we want to emphasize that in the definition of bipartite distance matrix of a nonsingular tree
T , we indexed rows by l l,…, p1 and columns by r r,…, p1 . But, in the definition of bipartite Laplacian matrix, we
indexed rows by r r,…, p1 and columns by l l,…, p1 .

Let us first look at an example.

Example 4. Consider the nonsingular tree T as shown below.

Here, the dashed edges are the matching edges. Clearly, { }=L l l, …,1 5 and { }=R r r, …,1 5 is the standard
vertex bipartition. The bipartite distance matrix B and the bipartite Laplacian matrix L are

B L=

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

=

⎡

⎣

⎢
⎢
⎢

−
− − −

− −
− −

−

⎤

⎦

⎥
⎥
⎥

1 3 5 7 5

1 1 3 5 3

3 1 1 3 3

5 3 1 1 5

3 1 3 5 1

1 1 0 0 0

3 5 1 0 1

2 4 3 1 0

1 2 2 1 0

1 2 0 0 1

.

We now supply some motivation to study the bipartite Laplacian matrix. Let T be any tree. Denote by ′T

the nonsingular tree obtained by adding a new pendant vertex at every vertex of T . This ′T is usually called a
corona. We denote it by ∘T K1. It can be easily seen that the bipartite Laplacian L( )′T of ′T is nothing but the
Laplacian �( )T of T . Note that the bipartite Laplacian is usually not symmetric. However, it still has many
properties like the Laplacian. Therefore, to understand the usual Laplacian matrix of tree in a bigger picture,
one needs to study the bipartite Laplacian matrix. Another motivation to study this matrix is that even though
its size is half the number of vertices (of the nonsingular tree), it still gives us some information about the tree.
It may save us some time.

Wewant to emphasize that there aremany generalizations of the usual Laplacianmatrix � of a graphG that
have been studied in the literature. For example, the q-Laplacian matrix [6], the distance Laplacian matrix [1],

The bipartite Laplacian matrix of a nonsingular tree  3



the normalized Laplacian matrix, and the normalized distance Laplacian matrix [21]. Each of these general-
izations involves obtaining the usual Laplacian matrix by substituting a particular value (e.g., =q 1) or viewing
the generalized version as the usual Laplacian matrix of the same graph but with some assigned edge weights.
On the other hand, the bipartite Laplacian matrix is a different kind of generalization of the usual Laplacian
matrix. To obtain the usual Laplacian matrix of a tree F (not necessarily a nonsingular tree), we have to find the
bipartite Laplacian matrix of some nonsingular tree T , which may not necessarily be the same as F . This aspect
makes the study of the bipartite Laplacian matrix even more interesting.

The document is organized as follows. In Section 2, we first relate the structure of the bipartite Laplacian
matrix of a new tree with that of the old one using signed degree vector. Using this, we study some of the
fundamental properties of the bipartite Laplacian matrix and compare them with those of the usual Laplacian
matrix. Furthermore, we discuss how a multiplicity of an eigenvalue of the bipartite Laplacian matrix of a
nonsingular tree is related to the tree structure. In Section 3, we present a formula for the inverse of the
bipartite distance matrix of a nonsingular tree using its bipartite Laplacian matrix. Using this, we obtain a
lower bound on the geometric multiplicity of the eigenvalue −2 of the bipartite distance matrix of a non-
singular tree.

2 The bipartite Laplacian matrix

In this section, we shall examine some of the fundamental properties of the bipartite Laplacian matrix and
discuss how a multiplicity of an eigenvalue of the bipartite Laplacian matrix of a nonsingular tree is related to
the tree structure. For our purposes, all vectors are column vectors, and we shall use transpose to talk about
row vectors. We use the notation � to denote the vector of all ones of an appropriate size. Additionally, we use
ek to denote a vector of an appropriate size where all entries are zero except for the k th entry, which is set to 1.

Let us start the discussion with the following observation.

Remark 5. Let T be a nonsingular tree on p2 vertices with a standard vertex bipartition ( )L R, .
(a) Let F be the tree obtained by interchanging the labels of li with ri for all =i p1,…, inT . Then,L L( ) ( )=T F t ,

and both are similar.
(b) Let F be the tree obtained by relabeling the vertices within the part L, keeping it a standard vertex

bipartition (i.e., we also relabel the respective vertices in R accordingly). Then,L( )T is permutation similar
to L( )F .

Definition.
(a) Let T be a tree and v be a vertex. Let T be the tree obtained from T by introducing two new vertices u and

w and adding the edges [ ]v u, and [ ]u w, . We refer to this operation as attaching a new P2 at the vertex v.
(b) Let T be a nonsingular tree on p2 vertices with the standard vertex bipartition ( )L R, . Let T be the tree

obtained by attaching a new P2 at some vertex ∈v T . To compute its bipartite Laplacian matrix, we need
to label the new vertices. We adopt the following procedure for that:
(i) if ∈v L, then we put = +u rp 1, = +w lp 1, and
(ii) if ∈v R, then we put = +u lp 1, = +w rp 1.

We now introduce the concept of a signed degree vector at a vertex, which is required to relate the
structure of the bipartite Laplacian of the new tree with that of the old one.

Definition. Let T be a nonsingular tree on p2 vertices with the standard vertex bipartition ( )L R, and v be a
vertex. Then, the signed degree vector μ

v
at v is defined as follows:

(1) If ∈v L, then for =i p1,…, , we define
(i) ( ) ( )=μ i d r

v T i if the v–ri path is an odd alternating path,
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(ii) ( ) ( )= −μ i d r
v T i if the v–ri path is an even alternating path, and

(iii) ( ) =μ i 0
v

if the v–ri path is not an alternating path.
(2) In a similar way, if ∈v R, then for =i p1,…, , we define

(i) ( ) ( )=μ i d l
v T i if the v–li path is an odd alternating path,

(ii) ( ) ( )= −μ i d l
v T i if the v–li path is an even alternating path, and

(iii) ( ) =μ i 0
v

if the v–li path is not an alternating path.

Thus, for the tree T in Example 4, we have

= [ − − ] = [ − ]μ μ0 3 2 1 1 and 1 2 2 0 0 .
l

t

r

t

2 3

In the following result, we relate the structure of the bipartite Laplacian L of the new tree with that of the
old one.

Lemma 6. Let T be a nonsingular tree on p2 vertices with a standard vertex bipartition ( )L R, . Let T be the tree
obtained from T by attaching a new P2 at v. Let μ

v
be the signed degree vector at v of T .

(a) If =v lk for some k , then L
L( )

( )
=

⎡

⎣⎢
+ −

−
⎤

⎦⎥
μ e μ

e
T

T

1

v k

t

v

k

t
.

(b) If =v rk for some k , then L
L

( )
( )

=
⎡

⎣
⎢

+ −

−

⎤

⎦
⎥

e μ e

μ
T

T

1

k v

t
k

v

t
.

Proof.We only provide the proof of item (a) as the proof of item (b) can be dealt in a similar way. Without loss
of any generality, let us assume that T be obtained from T by adding a new path [ ]+ +l r l, ,k p p1 1 for some

≤ ≤k p1 . Clearly,  { }= ∪ +L L lp 1 and  { }= ∪ +R R rp 1 is a standard vertex bipartition of T . Let L and L be

the bipartite Laplacian matrix of T and T , respectively. Since [ ]+ +r l,p p1 1 is the only alternating path that starts

at +rp 1 and ( ) =+d r 2T p 1 with [ ]+r l,p k1 is not a matching edge, it follows that all entries of ( )+p 1 th row of L is

zero except L  ( ) ( ) ( )+ + = − =+ +p p d r d l1, 1 1 1T p T p1 1 and L( )+ = −p k1, 1. Hence, L( )+ = [− ]p e1, : 1k

t .
Let us take =i p1,…, . Then, ≁ +r li p 1. Note that the lk–ri path is an odd alternating path if and only if the

+lp 1–ri path is an even alternating path. Similarly, the lk–ri path is an even alternating path if and only if the

+lp 1–ri path is an odd alternating path. Since ( ) =+d l 1T p 1 , it follows that L({ } )+ = −μp p1, …, , 1
lk
, where μ

lk
is

the signed degree vector of T at lk .
Since ( ) ( )=d u d uT T for each ∈u T other than lk , it follows that L L( ) ( )=i j i j, , for each =i p1,…,

and = − +j k k p1,…, 1, 1,…, .
Finally, we note that ( ) ( )= +d l d l 1T k T k . Therefore, for =i p1,…, , we have

L( )

( )( ( ) )

( )( ( ) )

( )( ( ) )=

⎧

⎨
⎪⎪

⎩
⎪
⎪

+ − =
+ ≠

− + ≠
− ≠

i k

d r d l i k

d r d l i k r l

d r d l i k r l

i k r l

,

1 1 if ;

1 if and the – path is an odd alternating path ;

1 if and the – path is an even alternating path ;

1 if and ~ ;

0 otherwise .

T i T k

T i T k i k

T i T k i k

i k

Therefore, L L({ } ) ({ } )= + μp k p k1, …, , 1, …, ,
lk
. This completes the proof. □

The signed degree vector at a vertex v has the property that the sum of its entries is always one.

Lemma 7. Let T be a nonsingular tree on p2 vertices with a standard bipartition ( )L R, . Let u be any vertex in T
and μ

u
be the signed degree vector at u. Then, � =μ 1t

u
.

Proof. We proceed by induction on ≥p 1. For =p 1, the result is trivial. Assume the result to be true for
nonsingular trees with less than p2 vertices. Let T be a nonsingular tree on p2 vertices with a standard
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bipartition ( )L R, . Let ∈u R. (The case of ∈u L can be dealt similarly.) Let μ be the signed degree vector of u

in T .
Suppose [ ]v v v, , …, k0 1 is a longest path in T . As >p 1, we have ≥k 3 and so we may assume that ≠v v u,0 1 .

As T is nonsingular and this is a longest path, we have ( ) =d v 10 and ( ) =d v 21 . Without loss of any generality,
let us assume { }∈v v l r, ,p p0 1 . Let  { }= −T T v v,0 1 be the tree obtained fromT by removing the vertices v0 and v1.

Clearly, ∈u T . Let μ be the signed degree vector of u in T . Note that μ is vector of size −p 1. Clearly,

( ) ( )=d v d vT T for each ∈ −v T v2 and ( ) ( )= +d v d v 1T T2 2 . It follows that ( ) ( )=μ μi i for each { }∈ ⧹l L vi 2 .
If either ∈v R2 or the u–v2 path is not an alternating path, then = [ ]μ μ 0 and the result follows by

induction. Now we assume that ∈v L2 and theu–v2 path is an alternating path. Then, v r~ p2 and ( ) =d l 1T p . Let
=v lk2 for some ≤ <k p1 . Note that theu–lp path is also an alternating path and so we have  ( ) ( ) ( )= −μ k d v1 t

T 2

for some t and ( ) ( )= − +μ p 1 t 1. Since ( ) ( ) ( ) ( ) ( )= − = + −μ μk d v k1 1t
T

t
2 , it follows that

 ( ) ( )= [ − ] + − [ ]+
μ μ e1 1 0 .

t t t t
k

t1

Hence, the result follows by induction. □

We now recall a well-known result. It can be found, e.g., in [3, Lemma 4.2].

Lemma 8. Let M be a square matrix of order n with zero row and column sums. Then, the cofactors of any two
elements of M are equal.

Below, we have provided some elementary properties of the bipartite Laplacian matrix and compare them
with those of the usual Laplacian matrix, whenever possible.

Theorem 9. Let T be a nonsingular tree on p2 vertices with a standard vertex bipartition ( )L R, . Suppose L is the
bipartite Laplacian matrix of T. Then, the following assertions hold.
(a) The row and column sums ofL are zero. (A similar property also holds for the usual Laplacian matrix of any

graph.)
(b) The cofactors of any two elements of L are equal to 1. (For the usual Laplacian matrix of a graph, the

cofactors of any two elements are equal to the number of spanning trees.)
(c) The rank of L is −n 1. (A similar result is also true for the usual Laplacian matrix of a connected graph.)
(d) The algebraic multiplicity of 0 as an eigenvalue ofL is 1. (A similar result is also true for the usual Laplacian

matrix of a connected graph.)
(e) Ifu is an eigenvector of L corresponding to an eigenvalue ≠λ 0, then � =u 0t . (A similar property also holds

for the usual Laplacian matrix of any graph.)
(f) If = ∘T F K1 for some tree F on p vertices, then L�( ) ( )=F T , where � is the usual Laplacian matrix of F.

(That is, the usual Laplacian matrix of a tree F can be seen as a bipartite Laplacian matrix of another tree T.)
(g) The matrix L is a symmetric matrix if and only if T is a corona tree, i.e., if = ∘T F K1 for some tree F.

(However, the usual Laplacian matrix is always a symmetric matrix.)

Proof of Item (a). The result follows from Lemmas 6 and 7.
Proof of Item (b). By Lemma 8, all cofactors of L are equal. We only need to show that they are equals to 1.

We proceed by induction on ≥p 2. The statement is valid for =p 2. Assume it holds for all nonsingular trees
with vertices less than p2 . Let T be a nonsingular tree with p2 vertices. Without loss of any generality, we
assume that lp is a pendant vertex in T and ( ) =d r 2p . Let rp be adjacent to lk , for some ≤ <k p1 . Let ′T be the
tree obtained from T by deleting vertices lp and rp from T . Let L′ be the bipartite Laplacian matrix of ′T .
Consider a vertex ri such that ≤ <i p1 . By Lemma 6, it follows that

L L( ∣ ) ( ) ( ∣ ) ( )= − ′ = −+ +i p i kdet 1 1 .p k i p

The last identity follows by induction hypothesis. Hence, the result follows.
Proof of Item (c). By item (a), 0 is an eigenvalue ofL. The remaining part of the proof follows from item (b).
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Proof of Item (d). By item (a), the characteristic polynomial L( ) ( ( )) ( )≔ − =χ x xI T xf xdet , where ( )f x is
some polynomial with integer coefficients. By item (b), it follows that

L

( ) ( )

( ) ( )

( )

=
= − × −
= −

−

−

f x χ x

p

p

0 coefficient of in

1 sum of the principal minors of of size 1

1 .

p

p

1

1

This shows that the algebraic multiplicity of 0 is 1.
Proof of Item (e). It directly follows from the fact that L� = 0t .
Proof of Item (f). Let us assume that = ∘T F K1 for some tree F on p vertices. Note that, for each ∈v F , we

have ( ) >d v 1T , and there exists a leaf ∉u F adjacent to v in T . Therefore, for each =i p1,…, , exactly one of li

and ri is in F . We label the vertex ∈v F by vi if v is adjacent to a pendant vertex li or ri in T . Now note that the
( )i i, th entry of L is ( ) ( ) ( ) ( )− = − =d l d r d v d v1 1T i T i T i F i .

Now consider ≠i j. Since each edge in F is a nonmatching edge in T , all vi–vj paths in T are not an
alternating path inT . Therefore, if ≁v vi j, then both the ri–lj path and the rj–li path are not an alternating path
and so L L( ) ( )= =i j j i, , 0. Suppose v v~i j. Without loss of any generality, let us assume =v li i, then =v rj j. It
follows that the ri–lj path is an alternating path of length 3 and r l~j i. Therefore,L( ) ( ) ( )= − = −i j d r d l, 1T i T j and
L( ) = −j i, 1. This shows that L �= .

Proof of Item (g). Let T not be a corona tree. Then, there exists an alternating path [ ]=P v v v v, , ,0 1 2 3 such
that ( ) =d v 10 , ( ) >d v 13 . By taking =v l0 1 and =v l2 2, we see that the ( )1, 2 th entry ofL is −1 but ( )2, 1 th entry of
L is ( )− ≠ −d v 13 . This completes the proof.

By item (f) of Theorem 9, all eigenvalues of the bipartite Laplacian matrix of a corona tree are nonnegative
real numbers. An interesting question now arises: Can it be true that all eigenvalues of the bipartite Laplacian
of each nonsingular tree are nonnegative real numbers? Let us investigate it for the treeT as in Example 4. Let
L be the bipartite Laplacian matrix of the tree T as in Example 4. Let L( ) ( )= −f x xIdet be the characteristic
polynomial of L. By a direct computation, we see that ( ) ( )= − + − +f x x x x x x11 31 24 54 3 2 . Clearly, 0 is an
eigenvalue of L. We can further observe that ( )∕ >f 1 4 0, ( )∕ <f 1 2 0, ( ) >f 1 0, ( ) <f 3 0, and ( ) >f 10 0. There-
fore, all eigenvalues of L are nonnegative real numbers, whereas L is not a symmetric matrix, which is quite
interesting and seems to be true for the bipartite Laplacian matrix of each nonsingular tree.

Theorem 10. (Conjecture) Let T be a nonsingular tree on p2 vertices with a standard vertex bipartition ( )L R, .
Then, all eigenvalues of the bipartite Laplacian matrix are nonnegative real numbers.

From item (b) of Theorem 9, we note that all cofactors of the bipartite Laplacian matrix of a nonsingular
tree T is 1. At this point, we also have a description of all minors of the bipartite Laplacian matrix of a
nonsingular tree. However, the discussion would require some more combinatorial developments, hence
we postpone it.

Recall that, for the usual Laplacianmatrix, bounds on the multiplicity 1 as an eigenvalue are well known. Let
G be a graph and �( )G be its usual Laplacian matrix. ( )p G and ( )q G denote the number of pendant vertices and
the number of quasipendant vertices ofG, respectively. Faria [12] in 1985 observed that the multiplicity of 1 as an
eigenvalue of �( )G is at least ( ) ( )−p G q G . (This number was called the star degree of a graphG.) In 1990, Grone
et al. [17] gave an upper bound on the multiplicity of any eigenvalue of the usual Laplacian matrix of a tree.

Theorem 11. [17, Theorem 2.3] Let T be a tree on ≥n 2 vertices and �( )T be the usual Laplacian matrix of T.
Then, the multiplicity of any eigenvalue of �( )T is at most ( ) −p T 1.

Interestingly, such bounds can also be provided for the bipartite Laplacian matrix of a nonsingular tree. In
order to describe that, we need some more terminologies.

Definition. Let T be a nonsingular tree. By a pendant-two-path at w, we mean a path [ ]u v w, , in T such that
( ) =d u 1T and ( ) =d v 2T . (As T is nonsingular, it follows that ( ) >d w 1T .) If [ ]u v w, , is a pendant-two-path at w,

then the vertex w is referred as the root of that pendant-two-path.

The bipartite Laplacian matrix of a nonsingular tree  7



Let ( )P T denote the total number of pendant-two-paths (at all vertices) in T . Let ( )Q T denote the total
number of vertices that are root of at least one pendant-two-paths.

Below, we supply a result similar to the previously mentioned Faria’s result for the bipartite Laplacian
matrix of a nonsingular tree. Note that we do not yet know whether the bipartite Laplacian matrix is
diagonalizable or not.

Theorem 12. Let T be a nonsingular tree on p2 vertices with a standard vertex bipartition ( )L R, and L be the
bipartite Laplacian matrix of T. Then, the geometric multiplicity of 1 as an eigenvalue of L is at least

( ) ( )−P T Q T , where ( )P T and ( )Q T are defined above.

Proof. Note that if ( ) =P T 0, then the result holds trivially. So, we assume that ( ) ≥P T 1. (Indeed, for any
nonsingular tree T , ( ) ≥P T 2.) Let w be a vertex in T at which the available pendant-two-paths are [ ]u v w, ,i i ,

=i k1,…, . If =k 1, then the contribution of w to ( ) ( )−P T Q T is 0. So assume that >k 1.
Let T̄ be the tree obtained from T by removing the vertices u v u v, ,…, ,k k1 1 . For =i k1,…, , let Ti be the tree

obtained fromT by removing just the two vertices ui and vi fromT . Let μ
i
be the signed degree vector at v ofTi,

and let μ be the signed degree vector at v of T̄ . Without loss of any generality, let us assume that the vertex set
of T̄ is { }l l r r, …, , , …,n n1 1 . Note that = [ ⋯ ]μ μ 0 0

i

t for each =i k1,…, , as the edges joining w and any of
u v u v, ,…, ,k k1 1 are nonmatching.

Note that for ≤ ≤i k1 , { }∈u z r l, ,i i j j
i i

for some >j n
i

. By Lemma 6, we have L
�

=
⎡

⎣⎢
∗ −

∗

⎤

⎦⎥
μ

I

t

if ∈w L and

L
�

=
⎡

⎣⎢
∗ −

∗

⎤

⎦⎥
e

I

q
t

if ∈w R, where I is an identity matrix and ≤ ≤q n1 . It follows that L( )− = −e e e ej j j j
i t i t

for

≤ < ≤i t k1 . This completes the proof. □

Next, we supply an upper bound on the geometric multiplicity of an eigenvalue of the bipartite Laplacian
matrix of a nonsingular tree. The proof is similar that of Theorem 11 given in [17].

Theorem 13. Let T be a nonsingular tree on p2 vertices, >p 1, with a standard vertex bipartition ( )L R, . Let L be
the bipartite Laplacian matrix of T, and let λ be an eigenvalue of L. Then, the geometric multiplicity of λ is at
most ( ) −P T 1.

Proof. We first prove the result for ( ) =P T 2. Let us assume ( ) =P T 2. Then, T is a path. Let [ ]=T r l r l, , …, ,p p1 1

be the path on p2 vertices. Let L( )T be the bipartite Laplacian matrix of T . Let ( )L T̄ be the bipartite Laplacian
matrix of [ ]= − −T r l r l¯ , , …, ,p p1 1 1 1 . We claim that if x is an eigenvector of L( )T corresponding to an eigenvalue

≠λ 0, then ( ) ≠x p 0. In order to prove the claim, suppose ≠λ 0 is an eigenvalue of the bipartite Laplacian
matrix of T with a corresponding eigenvector x . Let x̄ be obtained from x by deleting the pth entry. From
L( ) =x xT λ , by Lemma 6, note that

L( ) ( ( ) ( )) ( ) ( )+ − − = − − + =x μ x x x x x xT p p λ p p λ¯ ¯ 1 ¯, and 1 ,p

where μ is a signed degree vector at −lp 1 of T̄ . If possible let, =x 0p . Then, ( )− =x p 1 0 and L( ) =x xT λ¯ ¯ ¯.
Therefore, x̄ is an eigenvector of T̄ corresponding to the eigenvalue λ with ( )− =x p 1 0. With a repeated
argument, we see that =x 0, which is a contradiction as x is an eigenvector. Therefore, ( ) ≠x p 0.

Suppose that the geometric multiplicity of λ is at least 2. Let x1 and x2 be the two linearly independent
eigenvectors of L( )T corresponding to λ. Then, by a linear combination of x1 and x2, we may find x such that

( ) =x p 0, which is a contradiction. This shows that if ( ) =P T 2, then the geometric of λ is 1.
Now suppose ( ) = >P T k 2 and − + − +l r l r, ,…, ,p k p k p p1 1 are the vertices corresponding to these k pendant-

two-paths (excluding their roots). Since T is not a path, in view of Remark 5, by relabeling the vertices if
necessary, we may assume that ( ) ( )= =−d l d l 1p p 1 .
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Let x be an eigenvector for λ. We shall show that among ( ) ( )− +x xp k p1 ,…, , at least two coordinates
must be nonzero. If both ( )x p and ( )−x p 1 are nonzero, then there is nothing to prove. If possible, let

( ) =x p 0. Let T̄ be obtained from T by removing the vertices rp and lp. Let x̄ be obtained from x by deleting
the pth entry.

Note that ( ) =d l 1p . Let lq, ≤ −q p k , be the root of the pendant-two-path [ ]l r l, ,q p p . Then, by item (a) of
Lemma 6, in regard to the last row ofL, we see that ( ) =x q 0. It follows thatL( )T̄ has λ as an eigenvalue with x̄ as
an eigenvector. Therefore, by using induction it follows that among the coordinates ( ) ( )− + −x xp k p1 ,…, 1 ,
there exist at least two coordinates which are nonzero. This establishes that if x is an eigenvector of L, then
among ( ) ( )− +x xp k p1 ,…, , at least two coordinates must be nonzero.

If possible, let x x,…, k1 be linearly independent eigenvectors of L corresponding to λ. Since for each
=i k1,…, , among the last k coordinates of xi, at least two coordinates must be nonzero, it follows that by

taking an appropriate linear combinations of the vectors x x,…, k1 , it would be possible to create an eigenvector
z such that at most one coordinate among last k coordinates of z is nonzero. Thus, we arrived at a contra-
diction. Hence, the geometric multiplicity of λ is at most ( ) −P T 1. □

We remark here that the above two results applied to corona trees provide us the respective known
results for the usual Laplacian matrix, as special cases.

In the following result, we discuss how the bipartite Laplacian matrix of a nonsingular tree can be
obtained from some of its nonsingular subtrees.

Remark 14. Consider the tree T with a matching edge [ ]l r,k k1 1
(Figure 1). Let the degree of lk1

be s, ≥s 1. Let
+ + +−r r r, ,…,k k k1 1 1s1 2 1

be some distinct vertices other than rk1
that are adjacent to lk1

. Note that when we delete the
edges [ ]+l r,k k 11 1

, [ ]+−l r…, ,k k 1s1 1
, we obtain s many smaller nonsingular trees, say T T,…, s1 . Assume that the vertex

set ofT1 is { }l l r r, …, , , …,k k1 11 1
, the vertex set ofT2 is { }+ +l l r r, …, , , …,k k k k1 11 2 1 2

, and so on up to the vertex set ofTs is
{ }+ +− −l l r r, …, , , …,k k k k1 1s s s s1 1

. Let us put an arrow on the edge [ ]l r,k k1 1
from rk1

to lk1
. This arrow indicates that, from

a vertex ri in T2, we do not have an alternating path to a vertex in T1. Similarly, from a vertex ri in T3, we do not
have an alternating path to a vertex in T T T T T, , , ,…, s1 2 4 5 . Similar statements are true for vertices ri in T T,…, s4 .
Also, from a vertex li in T1, we only have alternating paths to vertices in T1 but not to a vertex inT T,…, s2 . Let us
take F1 be the treeT1. For =i s2,…, , let Fi be the subtree of T obtained by taking −Fi 1 and Ti and by inserting the
edge [ ]+−l r,k k 1i1 1

. Clearly, Fs is the original tree T .
(a) Let μ

lk1

be the signed degree vector at lk1
of T1, and let μ be the signed degree vector at lk1

of T .

Then, = [ ]μ μ 0
l

t

k1
.

Figure 1: Understanding L( )T .
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(b) LetL( )Fi be the bipartite Laplacian matrix of Fi for =i s1,…, andL( )Ti be the bipartite Laplacian matrix of
Ti for =i s1,…, . Clearly,L L( ) ( )=T F1 1 . Let

+
μ

rki 1
be the signed degree vector at +rk 1i

of +Ti 1, for = −i s1,…, 1. By E ij

we denote the matrix of an appropriate size with 1 at position ( )i j, and 0 elsewhere. Then, for =i s2,…, , we have

L

L

L

L

( )

( ) ( )

( )

( )

=

⎡

⎣

⎢
⎢
⎢
⎢

+ − − ⋯ −

− + ⋯

⋮ ⋱
− ⋯ +

⎤

⎦

⎥
⎥
⎥
⎥

+ − +

+

− +

μ e μ μ μ μ

E e μ

E e μ

F

T i

T

T

0

0 0

0

1

.i

l k

t

l r

t

l r

t

k

r

t

k
i r

t

1

1
2 1

1
1

k k k k ki

k

ki

1 1 1 1 1 1 1 1

1

1 1

1

1 1

In particular,

L

L

L

L

( )

( ) ( )

( )

( )

=

⎡

⎣

⎢
⎢
⎢
⎢

+ − − ⋯ −

− + ⋯

⋮ ⋱
− ⋯ +

⎤

⎦

⎥
⎥
⎥
⎥

+ − +

+

− +

μ e μ μ μ μ

E e μ

E e μ

T

T s

T

T

0

0 0

0

1
l k

t

l r

t

l r

t

k

r

t

k
s r

t

1

1
2 1

1
1

k k k k ks

k

ks

1 1 1 1 1 1 1 1

1

1 1

1

1 1

We illustrate the above remark by the following example.

Example 15. Consider the tree T , as shown in Figure 2. Edges in the perfect matching are shown as dashed
lines.

Note that [ ]l r,3 3 is a matching edge, and the other vertices that are adjacent to l3 are r4, r7. Consider =k 31 ,
=k 62 , and =k 83 in Remark 14. Note thatT1,T2, andT3 are nonsingular trees with the vertex set { }l l l r r r, , , , ,1 2 3 1 2 3 ,

{ }l l l r r r, , , , ,4 5 6 4 5 6 , and { }l l r r, , ,7 8 7 8 , respectively. Furthermore, F2 is a subtree of T induced by { }l l r r, …, , , …,1 6 1 6

and F3 is a subtree of T induced by { }l l l l l r r r r r, , , , , , , , ,1 2 3 7 8 1 2 3 7 8 . We set =F T1 1.
Let μ

l3
be the signed degree vector at l3 ofT1, let μ

r4
be the signed degree vector at r4 ofT2, and let μ

r7
be the

signed degree vector at r7 of T3. Note that

= [− − ] = [ − ] = [ − ]μ μ μ1 1 3 , 2 1 0 , and 2 1
l

t

r

t

r

t

3 4 7

Let μ be the signed degree vector at l3 of T . Then,

= [− − ] = [ ]μ μ 01 1 3 0 0 0 0 0 .t
l

t

3

Let L( )Ti be the bipartite Laplacian matrix of Ti for =i 1, 2, 3. Then, we see that

L L L( ) ( ) ( )=
⎡

⎣
⎢

−
−

− −

⎤

⎦
⎥ =

⎡

⎣
⎢

− −
−
−

⎤

⎦
⎥ = ⎡

⎣
−

−
⎤
⎦T T T

1 0 1

0 1 1

1 1 2

and

3 2 1

1 1 0

2 1 1

and
1 1

1 1
1 2 3

Note that

L
L

L

L

L

( )
( )

( )

( )

( )

=

⎡

⎣

⎢
⎢
⎢
⎢

− −
− −

− − −
− − −

−
−

⎤

⎦

⎥
⎥
⎥
⎥

=
⎡

⎣
⎢

+ [− ]

− +

⎤

⎦
⎥

=
⎡

⎣
⎢

+ −

− +

⎤

⎦
⎥

μ μ

E e μ

μ μ μ

E μ

F

T e

T

T e

T e

1 0 2 2 1 0

0 1 2 2 1 0

1 1 5 6 3 0

0 0 1 5 3 1

0 0 0 1 1 0

0 0 0 2 1 1

2 1 0

.

l

t

l

r

t

l

t

l r

t

r

t

2

1 3

13
2 1

1 3

13
2 1

3 3

4

3 3 4

4

In a similar way, we can see that
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L

L

L

L

( )

( )

( )

( )

=

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢

− − −
− − −

− − − −
− − −

−
−

− −
−

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥

=

⎡

⎣

⎢
⎢
⎢

+ − −

− +

− +

⎤

⎦

⎥
⎥
⎥

μ μ μ μ μ

E e μ

E e μ

F

T e

T

T

0

0

1 0 3 2 1 0 2 1

0 1 3 2 1 0 2 1

1 1 8 6 3 0 6 3

0 0 1 5 3 1 0 0

0 0 0 1 1 0 0 0

0 0 0 2 1 1 0 0

0 0 1 0 0 0 3 2

0 0 0 0 0 0 1 1

2
l

t

l r

t

l r

t

r

t

r

t

3

1 3

13
2 1

13
2 1

3 3 4 3 7

4

7

Grone et al. [17, Theorem 2.1] have mentioned about the integer eigenvalues >λ 1 of the usual Laplacian
matrix of tree T . The following is an extension of it to the bipartite Laplacian matrix of a nonsingular tree.

Theorem 16. Let T be a nonsingular tree on p2 vertices. Suppose λ is an integer eigenvalue of the L( )T with a
corresponding eigenvector u. Then, the following assertions hold.
(a) If ≠ ±λ 0, 1, then λ divides p.
(b) If ≠ ±λ 1, then no coordinate of u is zero.
(c) If ≠ ±λ 1, then the geometric multiplicity of λ is one.

Proof of Item (a). By part (a) of Theorem 9, the characteristic polynomial L( ) ( ( )) ( )≔ − =χ x xI T xf xdet ,
where ( )f x is some polynomial with integer coefficients. By item (b) of Theorem 9,

L

( ) ( )

( ) ( ( ) )

( )

=
= − × −
= −

−

−

f x χ x

T p

p

0 coefficient of in

1 sum of the principal minors of of size 1

1 .

p

p

1

1

Suppose ≠ ±λ 0, 1. It follows that ( ) =χ λ 0 and hence ( ) =f λ 0. As each term of ( )f λ is a multiple of λ

except ( )f 0 , we see that λ divides ( )f 0 . The result now follows.
Proof of Item (b). Suppose ≠ ±λ 1. Note that if =T P2, then [ ]=u 1 and the result holds for =p 1. Let us

assume T be a tree on p2 vertices, >p 1. By way of contradiction, assume that some ( ) =u k 0. In that case,
either (i) ( ) ≥d l 2k or (ii) ( ) =d l 1k and ( ) ≥d r 2k .

Let us first assume that case (i) holds. In this case, we locate the matching edge [ ]l r,k k in T . Imagine
deleting all nonmatching edges at the vertex lk . This will create at least two components, and one of which
contains the matching edge [ ]l r,k k .

Recall that, if we relabel the vertices inside L, and call the resulting tree ′T , then L( )′T is permutation
similar to ( )L T , and hence λ will remain an eigenvalue of L( )′T with a corresponding eigenvector ′u having a
zero entry.

In view of this, we assume that T is already labeled as shown in Remark 14 and that ( ) =u k 01 . That is,
when we delete the nonmatching edges at lk1

we have s many componentsT T T, ,…, s1 2 , where the componentT1

has the vertex set { }l r l r, , …, ,k k1 1 1 1
, the component T2 has the vertex set { }+ +l r l r, , …, ,k k k k1 11 1 2 2

, and so on.

Figure 2: Illustration of Remark 14.
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Now, we partition the eigenvector conformally = [ ⋯ ]u u us
t

1 . Observe that ( ) ( )= =u uk k 01 1 1 and

L

L

L

( ) ( )

( )

( )

⎡

⎣

⎢
⎢
⎢
⎢

+ − − ⋯ −

− + ⋯

⋮ ⋱
− ⋯ +

⎤

⎦

⎥
⎥
⎥
⎥

⎡

⎣
⎢ ⋮

⎤

⎦
⎥ =

⎡

⎣
⎢ ⋮

⎤

⎦
⎥

+ − +

+

− +

μ e μ μ μ μ

E e μ

E e μ

u

u

u

u

T s

T

T

λ
0

0 0

0

1
l k

t

l r

t

l r

t

k

r

t

k
s r

t

s s

1

1
2 1

1
1

1 1

k k k k ks

k

ks

1 1 1 1 1 1 1 1

1

1 1

1

1 1

If all =u 0i for =i s2,…, , then ≠u 01 . It follows thatL( ) =u uT λ1 1 1. We may use the induction hypothesis to
conclude that no coordinate ofu1 is zero. This is a contradiction as ( ) =u k 01 1 . Therefore, at least one ofu u,…, s2

is nonzero, say ≠u 02 . Then, we have =u uZ λ2 2, where L( )= + +e μZ T
r

t
2 1 1k1

. Let C be the matrix obtained from

L( )T2 by replacing the first row by +μ
r

t

1k1

. Note that L( )= +Z T Cdet det det2 . By expanding the determinant of C

along the first row, we see that

L( ) ( ) ( )( ∣ )∑= − +
+μC i T idet 1 det 1 .

i

i

r

1

1 2
k1

By part (b) of Theorem 9, L( ) ( )( ∣ )− =+ T i1 det 1 1i1
2 . Therefore, by Lemma 7, �= =+μCdet 1t

r 1k1

. Since L( ) =Tdet 02 ,
it follows that =Zdet 1. Let ( ) ( )= −f x xI Zdet be the characteristic polynomial of Z . Then, ( )f x is a monic
polynomial (with integer coefficients) such that ( ) = ±f 0 1. Therefore, the only possible rational eigenvalues of Z

are 1 and −1. Thus, we arrived at a contradiction as ≠ ±λ 1.

Now we consider the case (ii). Assume that ( ) = + ≥d r m 1 2k and ( ) =d l 1k . Let v v,…, m1 be the vertices
other than lk that are adjacent to rk . Let T T,…, m1 be nonsingular subtrees of T obtained by deleting the edges
[ ] [ ]r v r v, ,…, ,k k m1 and that do not contain the edge [ ]l r,k k . Let us assume that the vertex set of T1 is
{ }− −l l r r, …, , , …,k k1 1 1 1 , the vertex set of T2 is { }+ + + +l l r r, …, , , …,k k t k k t1 11 1

, and so on up to the vertex set of Tm

is { }+ + + + + +− − − −l l r r, …, , , …,k t k t k t k t1 1m m m m2 1 2 1
.

Let us partition ( )= [ ⋯ ]u u u u uk m
t

1 2 . Since u is an eigenvector and ( ) =u k 0, it follows that among
u u,…, m1 , at least one them is a nonzero vector, say ≠u 01 . Without loss of any generality, let us assume that

=v l1 1. Note that from a vertex ri in T1, we do not have an alternating path to a vertex in T T,…, m2 . Further note
that ( ) ( )=d v d vT T1

for each ∈ −v T l1 1. It follows that

L( )

( ) ( )

⎡

⎣
⎢
⎢

+ −

− ∗
∗ ∗ ∗

⎤

⎦
⎥
⎥

⎡

⎣
⎢

⎤

⎦
⎥ =

⎡

⎣
⎢

⎤

⎦
⎥

μ e μ

e

u

u

u

u

u

u

T

m
k λ k

0

¯ ¯

,

l

t

l

t

1 1

1

1 1
1 1

where = [ ⋯ ]u u u¯ m
t

2 . Note that =u uX λ1 1, where L( )= + μX T e
l

t
1 11

. LetY be the matrix obtained fromL( )T1

by replacing the first column by μ
l

t

1

. Note that L( )= +X T Ydet det det1 . By expanding the determinant of Y

along the first column, we see that

L( ) ( ) ( )( ∣ )∑= − + μY i T idet 1 det 1 .

i

i

l

1
1

1

By part (b) of Theorem 9, L( ) ( )( ∣ )− =+ T i1 det 1 1i1
1 . Therefore, by Lemma 7 �= =μXdet 1t

l1
. Since L( ) =Tdet 01 , it

follows that =Xdet 1. Let ( ) ( )= −g x xI Xdet be the characteristic polynomial of X . Then, ( )g x is a monic
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polynomial (with integer coefficients) such that ( ) = ±g 0 1. Therefore, the only possible rational eigenvalues of
X are 1 and −1. Thus, we arrived at a contradiction as ≠ ±λ 1. This completes the proof.

Proof of Item (c). It directly follows from item (b).
We close this section by supplying two observations about the eigenvalues of the bipartite Laplacian

matrix of a path.

Lemma 17. Let T be a path on p2 vertices with a standard vertex bipartition ( )L R, . Let λ be an eigenvalue of the
bipartite Laplacian matrix of T. Then, the following assertions hold.
(a) The geometric multiplicity of λ is one.
(b) =λ 2 is an eigenvalue of L( )T if and only if =p k2 , for some k .

Proof of Item (a). It follows from Theorem 13.
Proof of Item (b). Suppose =p k2 . Consider the vector u as follows:

( ) ( )= [ − − − ⋯ − − ]− − −u 1 1 3 3 3 3 1 3 1 3 .k k k k t2 2 1 1 1

Then, L( ) =u uT 2 . The converse of the result follows from Theorem 16.

3 The inverse of the bipartite distance matrix

In this section, first, we recall some terminologies from the work of Bapat et al. [4], and using them, we present
a formula for the inverse of the bipartite distance matrix of a nonsingular tree.

Let T be a nonsingular tree on p2 vertices with a standard vertex bipartition ( )L R, . Recall that, an
alternating path is called an even alternating path if it has an even number of matching edges, otherwise it
is called an odd alternating path. Let �

+
T v, denote the set of all even alternating paths in T that start at v.

Similarly, we denote the set of all odd alternating paths in T that start at v by �
−
T v, . By ( )vdiffT , we mean the

quantity � �( ) ∣ ∣ ∣ ∣≔ −+ −
vdiffT T v T v, , . The vector ( )τ T , or simply τ , of size p2 is defined by ( ) ( )≔ −τ v d v1 T

[ ( )]+ v1 diffT for each v in T . The entries of τ are ordered according to l l r r,…, , ,…,p p1 1 . By ( )τ Tr , or simply
by τr , we mean the restriction of ( )τ T on R. Similarly, by ( )τ Tl , or simply by τl, we mean the restriction of ( )τ T

on L. For the tree T in Example 4, note that

( ) ( )= [ − ] = [ − − ]τ τT T1 2 1 0 1 and 1 1 1 1 1 .r
t

l
t

The next result relates the structures the τr vectors of the new tree with that of the old one under attaching
a new P2 at a vertex. The first item was proved in [4, Lemma 3.4], and the proof of the second item is routine.

Lemma 18. Let T be a nonsingular tree on p2 vertices with a standard vertex bipartition ( )L R, . Let T be the tree
obtained from T by attaching a new P2 at v.

(a) If =v rk for some k, then ( )
( )

( ( ))= ⎡
⎣

⎤
⎦ − + ⎡

⎣−
⎤
⎦τ

τ e
T

T
v

0
1 diff

1
r

r

T

k .

(b) If =v lk for some k , then ( )
( ) ( )

= ⎡
⎣

⎤
⎦ + ⎡

⎣⎢
⎤
⎦⎥τ

τ μ
T

T T

1 0
r

r v , where ( )μ T
v

is the signed degree vector at v of T .

Let T be a nonsingular tree on p2 vertices. Recall that, the factor B( ) ( ) ( )≔ ∕ − −T Tbd det 2 p 1 is called the
bipartite distance index of T . The following result was proved in [4, Theorem 3.7], which relates the bipartite
distance index of the new tree to that of the old one under the operation of attaching a new P2 at a vertex.

Lemma 19. [4, Theorem 3.7] Let T be a nonsingular tree on p2 vertices and let v be a vertex in T. Let T be the tree
obtained from T by attaching a new P2 at v. Then, ( ) ( ) [ ( )]= + +T T vbd bd 2 1 diffT .

The following properties of τr and τl were proved in [4].
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Theorem 20. [4, Lemma 3.5, Theorem 3.7, Corollary 3.8] Let T be a nonsingular tree on p2 vertices with a
standard vertex bipartition ( )L R, . LetB be the bipartite distance matrix of T and let ( )τ Tr , ( )τ Tl be the restriction
of ( )τ T on R, L, respectively. Then, � =τ 1T

r and � =τ 1t
l . Furthermore,

B B� �( ) ( ) ( ) ( ) ( ) ( )= =τ τT T T and T T Tbd bdr l

t t

It was proved in [4] that the bipartite distance matrix of a nonsingular tree is always invertible.

Theorem 21. [4, Corollary 4.2] Let T be a nonsingular tree on p2 vertices with a standard vertex bipartition ( )L R, .
Then, ( )Tbd is an odd number. In particular, B( )T is invertible.

Our next aim is to find a formula for the inverse of the bipartite distance matrix of a nonsingular tree. Let
us first examine the relationship between the bipartite distance matrix and the bipartite Laplacian matrix of a
nonsingular tree.

Lemma 22. Let T be a nonsingular tree on p2 vertices with a standard vertex bipartition ( )L R, . Let B( )T and
L( )T be the bipartite distance matrix and the bipartite Laplacian matrix of T, respectively. Let ( )τ Tr be the
restriction of ( )τ T on R. Then,

L B �( ) ( ) ( )− + =τT T T I2 2 .r
t

Proof. We proceed by induction on p. Let =p 1. Then, =T P2, L( ) [ ]=T 0 , and ( ) [ ]=τ T 1r . It follows that

L B �( ) ( ) ( )− + =τT T T2 2r
t . Let =p 2. Then, =T P4. Let [ ]=P l r l r, , ,4 1 1 2 2 . Then, L( ) = ⎡

⎣
−

−
⎤
⎦T

1 1

1 1
and ( ) =τ Tr

[ ]1 0
t. It follows that

L B �( ) ( ) ( )− + = −⎡
⎣

−
−

⎤
⎦
⎡
⎣

⎤
⎦ + ⎡

⎣
⎤
⎦ =τT T T I2

1 1

1 1

1 3

1 1

2 2

0 0
2 .r

t

Assume the result is true for p. Let T be the nonsingular tree on +p2 2 vertices. Then, T is obtained from some
nonsingular treeT on p2 vertices by attaching a new P2 at some vertex v. Let μ be the signed degree vector at v

of T . Note that either ∈v L or ∈v R.
Let us first consider that =v lk for some ≤ ≤k p1 . By item (a) of Lemma 6, we have

L
L( )

( )
=

⎡

⎣⎢
+ −

−
⎤

⎦⎥
μe μ

e
T

T

1
.

k

t

k

t

Let x be a vector of size p such that ( ) ( )= +x i l rdist ,i p 1 for each =i p1,…, . Then, the bipartite distance matrix of
T can be written as follows:

B
B

B


�
( )

( )

( )
=

⎡
⎣⎢ +

⎤
⎦⎥

x

e
T

T

T 2 1
.

k

t t

Now note that

L B
L B

B

L B B B L

B B

L B L

 
�

�

�

�

�

( ) ( )
( ) ( )

( )

( ) ( ) ( ) ( ) ( )

( ) ( )

( ) ( ) ( )

=
⎡

⎣⎢
+ −

−
⎤

⎦⎥
⎡
⎣⎢ +

⎤
⎦⎥

=
⎡

⎣⎢
+ − − + −

− + + − +
⎤

⎦⎥

= ⎡
⎣⎢

− ⎤
⎦⎥

μe μ

e e

μe μe μ μe x μ

e e e x

μ x

T T
T T x

T

T T T T T x

T T

T T T

1 2 1

2

2 1

2

2 0
.

k

t

k

t
k

t t

k

t

k

t t
k

t

k

t

k

t t
k

t

t

t

(1)

The last equality follows from the fact that ( ) ( )= = =+e x x k l rdist , 1k

t
k p 1 . By item (b) of Lemma 18, we have
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( )
( )= ⎡

⎣
⎤
⎦ + ⎡

⎣
− ⎤

⎦τ
τ μ

T
T

1 0
.r

r

By the induction hypothesis, we obtain

L B �( ) ( ) ( )= −τT T T I2 2 .r
t (2)

It follows from (1) that

L B
L

L

   �
� �

�

�

�
( ) ( ) ( )

( ) ( ) ( ( ) )

( ) ( ( ) )

− + = −⎡
⎣⎢

− − ⎤
⎦⎥

+ ⎡
⎣⎢

− ⎤
⎦⎥

= ⎡
⎣

− + − ⎤
⎦

τ
τ μ x τ μ

x τ μ

T T T
T I T T

I T T

2
2 2 2

2 0

2

2

2 2

0 2
.

r
t r

t t

t

r
t

t

r

Therefore, in order to complete the proof for the =v lk case, we only need to show that L( ) ( ( ) )= −x τ μT T2 r .
Let the degree of lk inT be s, ( ≥s 1). LetT1 be the tree obtained fromT by removing all vertices adjacent to

lk except the vertex rk . If =s 1, thenT1 is the same asT . Without loss of any generality, let us assume thatT1 has
the vertex set { }− −l r l r l r, , …, , , ,k k k k1 1 1 1 . Let μ be the signed degree vector at v ofT1. By Remark 14, = [ ]μ μ 0

t. In
addition, note that

B( )= + [ ⋯ ⋯ ]x eT 2 2 0 0 0 ,k
t (3)

where the entries 2 in the last vector are for the vertices −l l,…, k1 1. Let z be a vector of size ( )−p k defined as
follows. For ( )= −i p k1,…, , ( ) = −z i 1 if +rk i is adjacent to lk and ( ) =z i 0 otherwise. Hence, by Remark 14, we
have

L
L

L L

L



 



�

�

( )
( ) ( ) ( )

( ) ( ) ( ) ( )

( )

[ ]

[ ⋯ ⋯ ] =
⎡

⎣⎢
+ − ∗

∗
⎤

⎦⎥
⎡
⎣

− ⎤
⎦

= ⎡
⎣

+ − ⎤
⎦ − ⎡

⎣
+ − ⎤

⎦

= − ⎡
⎣

⎤
⎦

= − ⎡
⎣⎢

− ⎤
⎦⎥

= − +

μe

ze

e

μ

z

e μ

z

e

μ e

μ e

T
T s

T s T s

T

0

0

0

2 2 0 0 0
1 2

2
1

2
1

2

2

2 2 By Remark 14 .

t
k

t

k

t

k

k

k

k

k

1

1 1

1
(4)

From equations (2)–(4), it follows that L( ) ( ( ) )= −x τ μT T2 r . This completes the proof of the case =v lk .
Now we consider the case =v rk for some ≤ ≤k p1 . By item (b) of Lemma 6, we have

L
L( )

( )
=

⎡
⎣⎢

+ −
−

⎤
⎦⎥

e μ e

μ
T

T

1
.

k
t

k

t

Let y be a vector of size p such that ( ) ( )= +y i r ldist ,i p 1 for each =i p1,…, . Then, the bipartite distance matrix of
T can be written as follows:

B
B B( )

( ) ( )
=

⎡
⎣⎢

+ ⎤
⎦⎥

e

y
T

T T 21

1
.

k

t

By using the facts L �( ) =T 0 and � =μ 1t , we obtain

L B
L B B

L B B L B B

B B

 ( ) ( )
( ) ( ) ( )

( ) ( ) ( ( ) ) ( ) ( ) ( )

( ( ) ) ( )

=
⎡
⎣⎢

+ −
−

⎤
⎦⎥
⎡
⎣⎢

+ ⎤
⎦⎥

=
⎡
⎣⎢

+ − + +
− − − −

⎤
⎦⎥

e μ e

μ

e

y

e μ y e e μ e e

μ y μ e

T T
T T T

T T T T T T

T T

1

21

1

1
.

k
t

k

t

k

t

k
t t

k k
t

k k

t t t
k

(5)
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We claim that the following identity is true:

B �( ) [ ( )]− = +y μ T v2 1 diff .t t
T

t (6)

In order to verify our claim, suppose the degree of rk in T is m, ( ≥m 1). Let T0 be the tree obtained from T

by removing all vertices adjacent to lk except the vertex rk . If =m 1, then T0 is same as T .
Without loss of any generality, assume that T0 has the vertex set { }− −l r l r l r, , …, , , ,k k k k1 1 1 1 . Now note that

B( )= + [ ⋯ ⋯ ]y e T 2 2 0 0 0 ,t
k

t t (7)

where the entries 2 in the last vector are for the vertices −r r,…, k1 1.
Let −l l,…,k km1 1

be the vertices other than lk that are adjacent to rk . Let Ti be the component of −T rk that
contains the vertex lki

but does not contain the vertex lk , for = −i m1,…, 1. For = −i m1,…, 1, we have

B B( ) ( )− = [− ⋯ − ⋯ ] + ze T e t 2 2 0 0 0 ,k

t

k

t t
i

i

where the entries −2 in the first vector are for the vertices −r r,…, k1 1, and zi is a vector of size p such that
( ) =z j 2i if ∈r Tj i and ( ) =z j 0i otherwise. Therefore, it follows that

B B( ) ( ) ( ) ( ) ( )∑− − = [− − ⋯ − − ⋯ ]
=

−

m e T e t m m1 2 1 2 1 0 2 2 .k

t

i

m

k

t t

1

1

i

Now note that

L( ) = − − − ⋯ −
−

μ e e ee T m .k

t t
k

t

k

t

k

t

m1 1

Therefore, we obtain

L B B B B B

B

B �

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

( )

∑+ = + − −

= + [− − ⋯ − − ⋯ ]
= + − − [ ⋯ ⋯ ]

=

−

μ e e

μ

μ e

e T T me T m T m T t

m T m m

m T m

1

2 1 2 1 0 2 2

2 2 2 2 0 0 0 ,

k

t

k

t t
k

t

i

m

k

t

t t

t t
k

t t

1

1

i

(8)

where the entries 2 in the last vector are for the vertices −r r,…, k1 1. By equations (7) and (8), we see that

L B B �( ) ( ) ( )= + − −μ e ye T T m T m2 2 .k

t t t
k

t t

Let ( )= +b r1 diffT k . Then, ( ) = −τ k mb1r . By applying induction hypothesis, we obtain

L B � � �( ) ( ) ( )= − = − −τ e ee T T k mb2 2 2 2 2 .k

t
r

t
k

t t
k

t t

It follows that B �( ) = −μ ym T m mb2t t t, and our claim is established.
Now we will use the identity (6) to complete the remaining part of the proof. First, note that

B( ) ( )= − = −μ e yT k b b2 1 2t
k . By using the identities (6) and (2) in equation (5), we obtain

L B
L B L B  �

�

� � �

�

( ) ( )
( ) ( ) ( ) ( ) ( )

( ) ( )

= ⎡
⎣⎢

− + − +
− − +

⎤
⎦⎥

= ⎡
⎣⎢

− − −
− +

⎤
⎦⎥

e e e e

τ e τ e e

T T
T T b T T b

b b

T I b T b

b b

2 1 2

2 2 2

2 2 2 2 2

2 2 2

k
t

k k k

t

r
t

k
t

r
t

k k

t

(9)

From item (a) of Lemma 18,

 �
� �

�
( )

( )= ⎡
⎣⎢

− ⎤
⎦⎥

τ
τ e

T
T b

b
2

2 2

2
.r

t r
t

k

t t

t

Hence, the result follows by using the above identity in equation (9). □

The following result is an immediate consequence of Lemma 22.
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Lemma 23. Let T be a nonsingular tree on p2 vertices with a standard vertex bipartition ( )L R, . Let B( )T and
L( )T be the bipartite distance matrix and the bipartite Laplacian matrix of T, respectively. Let ( )τ Tl be the
restriction of ( )τ T on L. Then,

B L( ) ( ) ( )− + =τT T T I21 2 .l

t

We are now in a position to supply a formula for the inverse of the bipartite distance matrix of a
nonsingular tree T . This is one of our main results.

Theorem 24. Let T be a nonsingular tree on p2 vertices with a standard vertex bipartition ( )L R, . Let B( )T and
L( )T be the bipartite distance matrix and the bipartite Laplacian matrix of T, respectively. Let ( )τ Tr and ( )τ Tl be
the restriction of ( )τ T on R and L, respectively. Then,

B L( ) ( )
( )

( ) ( )= − +− τ τT T
T

T T
1

2

1

bd
.r l

t1

Proof. By using Lemmas 20 and 22, we have

L B L B �( )
( )

( ) ( ) ( ) ( ( ) ( ) ( ) )⎜ ⎟
⎛
⎝
− + ⎞

⎠
= − + =τ τ τT

T
T T T T T T I

1

2

1

bd

1

2
2 .r l

t
r

t

This completes the proof. □

Recall that, for the usual distance matrix D of a tree T , Russell Merris in [20, Corollary 2] showed that the
multiplicity of the eigenvalue −2 of D is at least ( ) ( )− −p T q T 1. In the following result, we observe that a
similar fact is also true for the bipartite distance matrix of a nonsingular tree.

Corollary 25. LetT be a nonsingular tree on p2 ( >p 1) vertices with a standard vertex bipartition ( )L R, . LetB be
the bipartite distance matrix of T. If −2 is an eigenvalue of B, then the geometric multiplicity of −2 is at
least ( ) ( )−P T Q T .

Proof. Let L be the bipartite Laplacian matrix of T . If ( ) ( )− =P T Q T 0, then there is nothing to prove. Let us
assume ( ) ( )− >P T Q T 1. Let w be a root of at least two pendant-two-paths. Without loss of any generality, let
us assume that ∈w L. Let [ ]l r w, , ,…k k1 1

, [ ]l r w, ,k km m
be pendant-two-paths at w. By Theorem 12, we noted that

−e ek ki j
, ≤ < ≤i j m1 , are eigenvectors ofL corresponding to the eigenvalue 1. Now note that, for =i j m, 1,…, ,

we have

( ) ( ) ( ) ( )= =τ τ τ τk k k kand .l i l j r i r j

The remaining part of the proof follows from Theorem 24. □

4 Conclusion

In this document, a generalization of the usual Laplacian matrix of a tree called the bipartite Laplacian matrix
has been introduced. It was shown that it enjoys many proprieties that are true for the usual Laplacian matrix.
There are two properties of the bipartite Laplacian matrix of a nonsingular tree that we believe are true, but
we do not have complete proof. We mention them below.

Conjecture 1. Let L be a bipartite Laplacian matrix of a nonsingular tree T . Then, all eigenvalues of L are
nonnegative real numbers.

Conjecture 2. Let L be a bipartite Laplacian matrix of a nonsingular tree T . Then, L is diagonalizable.

The bipartite Laplacian matrix of a nonsingular tree  17



In addition, Jana [18] has considered the q-analogue variations of the bipartite distance matrix for non-
singular trees and generalized Theorem 1. It would be intriguing to explore the inverse of q-analogue varia-
tions of bipartite distance matrix as well.
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