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Abstract: The purpose of this article is to establish sharp conditions for the existence of normalized solu-
tions to a class of scalar field equations involving mixed fractional Laplacians with different orders. This
study includes the case when one operator is local and the other one is non-local. This type of equation
arises in various fields ranging from biophysics to population dynamics. Due to the importance of these
applications, this topic has very recently received an increasing interest. In this article, we provide a
complete description of the existence/non-existence of ground state solutions using constrained variational
approaches. This study addresses the mass subcritical, critical and supercritical cases. Our model presents
some difficulties due to the “conflict” between the different orders and requires a novel analysis, especially
in the mass supercritical case. We believe that our results will open the door to other valuable contributions
in this important field.
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1 Introduction

Fractional Schrodinger equations have attracted many scientists, working in different fields, during the past
few decades. They have become an entire branch of non-linear analysis. Motivated by numerous and
various applications, a lot of significant advances have been made. See, e.g., [28-30] for the existence
and symmetry of minimizers, [17,18] for the Cauchy problem, and [31] for some fractional functional
inequalities, to only cite a few. The main class of Schrddinger equations that have been studied until
very recently is given by:

{iazl/)(t, X) + (F0)%(t, x) ~ FAPE, ODP(t, x) =0, (£, x) € R* x RY,

P(0, x) = P(x), xeRY, (L.1)

where (-A)® is the fractional Laplacian, that will be formally defined below, and f is a non-negative
function defined on R*.
Motivated by various applications, we are concerned with

{iat'ﬁ(t, x) + (Z8)%p(t, x) + (=D)%(t, x) — [(t, X)IP(t, x) = O,

P(0, x) = Py(x), (1.2)
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where0 < s; <5, <1, p > 0,and (¢, x) € R* x R4, Equation (1.2) naturally arises in the superposition of two
stochastic processes with a different random walk and a Lévy flight. This is the case when a particle can
follow either of these two processes according to a certain probability. The associated limit diffusion is
described by a sum of two fractional Laplacians with different orders, see [6] and references therein for a
more detailed account. Equation (1.2) plays a crucial role in chemical reaction design [1], plasma physics
[23], and biophysics [45]. Very recently, [21] tackled another interesting problem related to equation (1.2).
More precisely, it turns out that the mixed fractional Laplacians model the population dynamics, see [21,
Appendix B] for a nice detailed account. Equation (1.2) also models some heart anomalies caused by arteries
issues. Those heart problems can be modeled thanks to the superposition of two to five mixed fractional
Laplacians since it is not necessarily the same anomaly in the five arteries, see [22,37,39,40].

Most of these models have been lately “discovered.” This would explain why only a very few papers
have addressed (1.2) so far. To the best of our knowledge, [2,6,12,16,19] and [21] count among the short list of
contributions to the mixed fractional Laplacians-type equation (1.2). Many reasons lead us to believe that
this field will soon receive an increasing interest.

In this article, we are interested in standing wave solutions of (1.2), which are solutions of the form
U(t, x) = e Mu(x), where A € R denotes the frequency. The function u(x) then satisfies the following sta-
tionary scalar field equation:

(=N)5ulx) + (-A)2u(x) + Au(x) - Ju(x)[Pu(x) =0, x e RY, (1.3)

where 0 < 51 < s5; < 1,p > 0,A € R. The fractional Laplacian is given by

ulx)—-u .
(—A)Siu = Cd,s,- Mdy, i=1,2,

d +2s;
with Cg 5, = 2%~ zs,% where I' is the Gamma function, see [42].
Since equation (1.3) has an underlying variational formulation, we will focus on its variational struc-

ture. First, we introduce the fractional Sobolev space

ux) — u(y)P

HRY ={u:R* >R | ueI?RY, and Ix — yld+2

dxdy < oo, s>0,
R4xR4
and for u € H5(RY), denote
_ 2
uC) — uli*

2
Iul} = T

RAxR4
For0 <s; <s, <1,d > 1, we recall from [15, Remark 1.4.1] that H5(R%) — H%(R9), hence,

HS(RY n H2(RY) = H2(RY).

Moreover,
d d . 2d
H%(R%) — L4(R%) continuously, Vge |2, ———|,
(d - 25"
where —24 if d > 2s;, and ——— = +o0 if d < 2s,. For more information about the fractional

(d-25))" d— d 2 )+
Sobolev spaces and the fractional Laplac1an operator, we refer the readers to see, e.g., [15,41].

In Physics and other applications, researchers are very interested in solutions of (1.3) having a pre-
scribed L?-norm, called normalized solutions. More precisely, for a given ¢ > 0, one looks at solutions (u, A)

of (1.3), with j[R ,Jul?dx = c2. Normalized solutions can be obtained as critical points of an associated func-
tional on the L?-constraint. Therefore, the parameter A € R appears as a Lagrange multiplier and is not a

priori given. This method is referred to as “the prescribed mass approach.” It has attracted a great interest in
recent years, thanks to the wide range of its applications, see, e.g., [4,9,10,33,34] and references therein.
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This approach is particularly relevant from a physical point of view. Indeed, the L?-norm is a preserved
quantity of the evolution and the variational characterization of such solutions is often crucial to analyze
their orbital stability/instability, see, e.g., [8,11,15,43,44].

It is standard to show that the associated energy functional for (1.3)

1 1 1
EP(u =:—Vu2+—Vu2——J.up+2dx,
() 2|| siullz 2|| s:ull b2 dl | (1.4)

is of class C! on H%2(R9), and therefore on the L?-constraint:

Se=4u € H2(RY) | I|u|2dx =c% ¢c>0¢,

[Rd
see, e.g., [7].
To find critical points of EP on S., we first consider the following global minimization problem:
I? = inf EP(u), c¢> 0. (GM,)

ueS,

Clearly, a minimizer of I? is a ground state solution to (1.3), in the following sense:

Definition 1.1. We say thatu, € S, is a ground state solution to (1.3), if it is a solution having minimal energy
among all the solutions which belong to S.. Namely,

EP(u.) = inf{EP(u) | u € S, (EP |s,)'(u) = O}
This definition was first introduced in [8] on a related problem, and it makes sense when the functional

EP is unbounded from below on S..
Denote by

M= {u € H2(R%)|u is a minimizer of Ig’},

then our aim is to determine under which conditions on p, sy, s, and c, M + @ and M, =

Recall that from [7, Appendix B], f 0 <s<1,d>1,0<p < then the fractional Gaghardo-

(d 2s )*’
Nirenberg inequality
dp _dl
22 < B(p, d, $)IVulZ luly ~ 2,  Vu e HSRY), (1.5)
holds with the optimal constant B(p, d, s) > 0, given by
dp
_ 4s
B(p.d.s) = (ZS(p +2) dp) 25(p +2) ~ 16)
dp [2s(p + 2) - dp]llQsli3
and Qq is the ground state of
(=A)%u + u = [ulPu, x eRY, 1.7)

whose existence and uniqueness have been proved by [25,26]. In particular,

=+ dIIQsllz , ifp= E. (1.8)

B(p,d,s) = 7

First of all, we prove the following properties of I”, which are interesting by themselves and also
important for the proof of the existence of the minimizers.

Theorem 1.1. Assume that 0 < s; < s, <1,d>1,and0 < p < 452 , then

I?<0, Vc>O0,
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and furthermore,
4
1) If0<p<ﬂ then —co < I? < 0, Vc > 0;

) If= ) 452 , denoting

co=sup{c>0|I? =0}, (1.9)
then 0 < ¢y < +00, and

1P =0, 0 < ¢ < cop;

-0 <P <0, c>co.

3) Ifp = 452 , setting ¢, = |Qs,ll., where Q, is the ground state solution of (1.7) with s = s,, then

I?=0, O<c<ecy
I? = —c0, c>c..

(4) The mapping: c — I? is continuous, concave, and non-increasing on (0, co).

Remark 1.1. When p = %, Co in (1.9) can be given explicitly as:
Co = Qg2

where Q, is the ground state of (1.7) with s = s;. For more details, see (3.16) and the proof of Theorem 1.2.
Figure 1 shows the properties of I?:

Our first main result reads as follows.

Theorem 1.2. Let 0 < s; < s, <1,d>1,and 0 <p<ﬁ
(1) WhenO < p < 451 , then for all ¢ > 0, IP admits at least one minimizer (namely M. # @);

(2) When ﬁ <p< 452 , then I? has a minimizer if and only if ¢ > ¢y, where cy is given by (1.9);

(3) When p = ﬁ then I? has a minimizer if and only if ¢ > co;

(4) Whenp = ﬁ then for all ¢ > 0, IP has no minimizers.

Remark 1.2. This theorem gives a complete description of the existence/non-existence of minimizers of I?.
Figure 2 shows the range of ¢ for the existence and non-existence of minimizers of I?:

Remark 1.3. In the existence part of our theorem, except for the case that =1 < p < =2%,and c = cg, we will
prove that any minimizing sequence of I? is relatively compact modulo translatlons see Proposition 3.1.
This guarantees the orbital stability of the standing waves if we have the local well-posedness of the Cauchy
problem (1.2), see [20], or [32]. To prove this theorem, we mainly apply the concentration compactness
principle of Lions [35]. However, compared with its classical form, our arguments are more simple.

17 Jz 17

<, c.

_—

0 c 0 c 0 e

4s
4s 4s 4s —. 2
0<p<—L —L<p<—2 p=
P a5 d

Figure 1: The properties of the minimization /7.
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Figure 2: Sharp existence and non-existence of minimizers of /7.

By the Lagrange multiplier theory, we have the following conclusion.

Theorem 1.3. Let u. € S; be a minimizer of I”, whose existence has been proved in Theorem 1.2. Then, there
exists a Lagrange multiplier A > 0, such that u. is a ground state solution of (1.3) with A = A..

Remark 1.4. We point out that when s; = 1, s, = 2, similar results to Theorems 1.1 and 1.2 have been
observed in the references such as [5,13,36]. But since our equation involves two non-local terms with
different orders, the analyses shall be more delicate.

In what follows, we focus on the mass critical and supercritical cases, namely i 2<p< ﬁ In

Lemma 2.1, we will show that if ﬁ <p<-—22 45
(d-2sy)* d

unbounded from below on S,. Therefore, one cannot hope to obtain a solution using the global minimiza-
tion (GM,). Inspired by the work of Jeanjean [33], whose idea has been significantly carried out in the
analyses of other equations, see, e.g., [4,8,11,24,43,44], we consider the following local type of minimiza-
tion problem,

and ¢ > c,, then the functional E? is

andc > 0,orp =

JP = inf EP(u), (LM,
uel;
where V, is defined by
Vo= {u €S, | Q) = 0}, (1.10)
with QP(u) given by
QW) = sIVould + Sl Vetl} — —P— 2. (1.11)
1 2 2(p + 2) p+

Note that QP(u) = 0 is indeed a variant of Pohozaev identity. Namely, if ug € S, is a critical point of EP on S,
then necessarily QP(ug) = 0, see Lemma 2.2 for details.
Our second main result reads as follows.

25, <d< =52

Theorem 1.4. Assume that 0 < s; < S, < 1, and % <p< d -
- - 1

following conditions:

(1)ﬁ<p_d 5 and c € (0, +00);

. Then under either of the

2 p-= 452 and c € (c., +00), where c, is given in Theorem 1.1 (3),

we have that JP > 0 and that JP has a minimizer u. € V.. In particular, there exists A, > 0 such that u. is a
ground state solution to

(-A)%u + (-A)2u + Au - JulPu=0, xeRq, (1.12)

with A = A.. Moreover, when —2<p<

, we have
1
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||vs1uc||2 — 100, ||V52uc||2 — +00, A — +oo, EP(uc) = ]cp — +00,
asc — 0.

2 ”»” 3
< d < =27 in this theorem, seems to be technical. It stems from
45,

(d- 25)+

Remark 1.5. The condition “p <5

> in Lemma 4.5, then the

Lemma 4.5 or Lemma 4.4. Indeed 1f thls condltlon can be extended to “p <

4s;
(d-25)*"

conclusions of Theorem 1.4 hold also for “p < ” In addition, we will prove in Lemma 3.1(ii) that if

p= 452 and c < c,, then EP has no minimizers on S;, hence Theorem 1.4 actually gives a sharp existence

result of normalized solutions in the mass critical case p = ﬁ

Remark 1.6. To show this theorem, the main ingredient is to prove that a minimizing sequence of J? is
relatively compact modulo translations. However, compared with the case of I? in Theorem 1.2, the situa-
tion is more complicated. Since two constraints are involved, then two Lagrange multipliers appear. There-
fore, one needs to prove that one of them is indeed zero. To this aim, we apply some arguments from [11]
and [24]. To show that the limit function of the minimizing sequence is in the L2 constraint, we make use of
the strict monotonicity of ¢ : —J, where we need to restrict the range of p as the assumption in Theorem
1.4, see Lemmas 4.4 and 4.5 for more details.

Remark 1.7. Finally, we point out that, throughout this article, we assume that O < s; < s; < 1; however,
keeping other conditions invariant, all results obtained in this article remain true when s, = 1.

This article is organized as follows. In Section 2, we give two important preliminary results. In Section 3,
we treat the mass subcritical and critical cases. In particular, we prove Theorems 1.1 and 1.2. Section 4 is
dedicated to the proof of Theorem 1.4, which deals with the existence and asymptotic behavior of normal-
ized solutions in the mass critical and supercritical cases. Finally, in the appendix, we give a technical
lemma on the decomposition of the norm ||V;ulf3.

Notation: Throughout the article, we denote by ||-||, the standard norm on LP(R9).

2 Preliminary results

By the Gagliardo-Nirenberg inequality (1.5) and scaling arguments, we will show the following lemma. We
point out that similar results have been proved for the case with the Laplacian operator only, see for
example, [3,27,38]. The ideas of our proofs somehow are similar to them, but since there are two non-local
terms with different orders, we need to control carefully the two terms.

Lemma 2.1. Assume that 0 < $;<s; <1,d>1,and0 < p < df‘s;szy, and let ¢, = ||Qs,ll,, with Qs, being the
ground state solution of (1.7) with s = s,. Then under either of the following conditions:

1) O<p<ﬁandce(0,+oo);
@ p= 452 and c € (0, c,],

the functional E? is bounded from below, namely IP > —co.
Moreover, under either of the following conditions:

3) p= “SZ and c € (¢, +00);

(4) ﬁ <p< (dflsz;)* and c € (0, +00),

the functional EP is unbounded from below, namely I? = —oo.
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Proof. By the Gagliardo-Nirenberg inequality (1.5) with s = s,, for any u € S,

1 1 B(p, d, s
EP(u) > EIIVslullﬁ + EIIVSZMII§ - %IIVS2 ||252 P
2.1)
1 B(p, d, s») _d
> EIIVSZMIG - TIIVSZMII252 P23
Note that d—p <2if0<p< ﬁ thus we deduce from (2.1) that I? > —co for all ¢ > 0.
Ifp = 452 , (2.1 is reduced to
4s)
1 3 c\1
EP(u) > EIIVSZullz 1-1— , Vues, (2.2)
Cs
which also implies that I > —co for all ¢ € (0, c.].
To show that I? = —co in cases (3) and (4), for any ¢ > O, given u € S;, we consider the scaling
ut(x) = tau(tx), t>O0.
Then uf € S,, Vt > 0, and
B = il + vl - iz (2:3)
- 2 514112 2 s$2%112 D+ 2 p+2° .

Clearly, 1f 7 <P Zs )+, then = > 2s,, thus hmHOOEp(u‘) = —co. This implies that I’ = —co for all ¢ > 0.

When p =% 2, we replace u in (2 3)byv:= QSZ, thenv € S, and

2425 2 12 p+2
C t-1 Cc t-2 c
Ep(Vt) = (C—*) 5 ”vSlQSz"% + (C—) P ”szQSz"% - (C_) p "QSz| p+2

* *

Cc C

2 tzsl , t232 ) ptZ.Sz 5
= c_* 7||VS1QSZ||2 + T"VsZQsz“2 - C_* THVSZQSZHZ 2.4)

25, 2s; p
:(_)[t 19,043 + (1—(i) )nstosZn%},
.. 2 c

from which, we see that lim;_, ,EP(v!) = —0o as ¢ > c.. Hence, I? = —oo for all ¢ > c,, which completes the
proof. O

Now we prove the following Pohozaev-type identity result.

Lemma 2.2. Let uqy € S. be a critical point of EP on S., then necessarily QP(uy) = 0, where QP(u) is given
by (1.11).

Proof. If uy € S, is a critical point of E? on S,, then in the weak sense, there exists g € R, such that (ug, Ag)
solves the equation:
(-0N)Sug + (-A)%2ug — [uplPug + Agtp = 0,  x € R4, (2.5)

Multiplying (2.5) by ug and x -Vily, respectively, and then integrating by parts, we have

IVsoll3 + IVs,ttoll3 — lluoll53 + Aollul = 0 (2.6)
and
251 - d 2 232 - d 2 —d p+2 d/‘()

Vs,uollz + Vs,uollz — mlluollmz - —lluol3 = @2.7)

2 2
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where in the second identity, we used that ((-A)Su, x -Vii);2 = #IIVSuH%, (JulPu, x -Vity2 = p"—lelungﬁ, see
[7, Proposition B1].
From (2.6) and (2.7), we have
dp
sillVs toll + SallVstold — —=—Iluo|?*2 = 0, 2.8
Ul Vsuollz + SallVi,uolls 20+ 2)II o5t (2.8)
which is exactly Q”(uy) = 0. O

3 Mass subcritical and critical cases

To prove Theorem 1.2, we first show the following proposition.

Proposition 3.1. Let 0 < p < % and c > O be such that
—c0 <P <0,
then any minimizing sequence of I? is relatively compact modulo translations. In particular, I? admits a
minimizer.
Proof. Let {u,} c S, be an arbitrary minimizing sequence of I”, namely,
lupl =c and EP(u,) - I?, n— co.

Then by (2.1), one may observe that {u,} is bounded in H%:.. Now we claim that

|up|P*?dx - 0, as n — co. 3.1)

[Rd

Indeed, if I[Rdlu,,lf”zdx — 0, then
1 1
Icp = Ep(un) + On(l) = E”Vslun”% + Euvszun"% + On(l),

which contradicts the fact that I? < 0. Thus, by (3.1) and the Lions vanishing lemma [35, Lemma I.1], there
exist a constant § > 0 and a sequence {x,} ¢ R? such that

|uyPdx = 6 > 0,
B(xs,1)
or equivalently
J- [un(- +x)Pdx > & > 0. (3.2)
B(0,1)

Here B(0, 1) denotes the unit ball centered at 0. Now let v,,(-) := uy(-+x,), then obviously {v,;} is bounded in
H*%, and thus up to a subsequence (still denoted it by {v,}), there exists u € H%2 such that

Voa — u weaklyin H% and v, —» u in L3 (RY).

We note that u # 0, since by (3.2),

0<6<lim [ |vPdx= I ufdx.

n—oo

B(0,1) B(0,1)

Next, we prove that u € S, is a minimizer of I?. Since u # 0, by the Brézis-Lieb lemma and Lemma A.1,
we have
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= Vall3 = Ve — ull3 + llulls + 0x(D). (3.3)
EP(v,) = EP(v, — u) + EP(u) + 0,(1). (3.4)

If |ul3 < c2, we denote a = ,thena > 1,au € S., and

& & ab+?
EP(au) = ?IIVslullﬁ + ?IIVSZMI@ “os 2||uII§’§I§, (3.5)
which implies that
1 (a? - 1) )
Ep(u) = ;Ep(au) + ﬁ”ullgiz. (3,6)
Similarly, let a, = m, then a, > 1, a,(v, — u) € S, and
1 af -1
EP(y — 1) = By — ) + = Dy a2, G57)
a; p+2

Therefore, by (3.3), (3.4), (3.6), and (3.7), we have

IP = EP(v,) + 04(1) = EP(v, — u) + EP(u) + 0,(1)
af -1
(p @D ez %uvn ~ulg3 + on()

= %Ep(au) + %Ep(an(v,, -u) +
a a + 2

n

1 1), @-1D, o @ -1 )
= + S IP+ P2 2 v, — ulB2 + 0,(1
(az arf) p+ ” ||p+2 D+ P " n ||p+2 n( )

af -1
T (p @D ey g||v B2 + 0,(D),

p+2 D+ 2 n p+2
which is impossible, since p > 0 and a > 1, a, > 1. Hence |u|3 = ¢2, thus v, — u in IAR9), and by inter-
polation, v, — u in LP*2(R%). Furthermore, since u € S, then

I? < EP(u) < lim EP(u,) = I2.
n—oo
This implies that EP(u) = I7, and then u € S, is a minimizer of I?. O

By Lemma 2.2, we can establish the following non-existence results.

451

Lemma 3.1. Let “? < p < “2, then,

(i) When ﬁ < p < 452 there exists ¢ > 0 such that, for all ¢ < ¢, EP has no critical points on S;

(iiy When p = ﬁ then for all ¢ < c., EP has no critical points on S;. In particular, for all ¢ > 0, I? has no
minimizers.

Proof. We argue by contradiction to prove the non-existence. Indeed, when “l<p< =2 d , we assume that
there exists a sequence {c,} with c, - 0 asn — oo, and u, € S, being a cr1t1cal point of EP on S.,. Then by
Lemma 2.2, QP(u,) = 0, Vn € N*. Since |lu,l, = ¢, — 0, then using Q”(u,) = 0 and interpolation, we have

||un"p+2 - 0, "Vslun"Z - 0, "Vszunnz - 0. (3.8)

Note that, since ﬁ <p< —, clearly, for each n € N*, we have

j P 2dlx < I|un|%+2dx + j 2 +2dx, (3.9)
thus by the Gagliardo-Nirenberg inequality (1.5) with s = s; and s = s, respectively,

4s sy 4s sz
j|un|P+2dx<B( S, sl)nvslunnzcnd +B( L sz)ustunnzcn . (3.10)
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Therefore, we obtain

d
QP(ty) = 1l Vsunly + $oll Vil Tp)uunngii
2 o adp B(“;',d,s)  d
> 51"VS1un"2 + 52||V52un"2 - ;W"VSU"HZCY’ (3.11)
2 , dp - B(“‘ d,si) 4s;
= Y Vel | si - ——— L

2(p +2)

Then from (3.8) and (3.11), we deduce that for n € N* sufficiently large, QP(u,) > 0, which is a contradiction
with the fact that QP(u,) = 0, ¥n € N*. Thus, we have proved (i).

When p = 432 , if there exist ¢ < ¢, and y; € S, a critical point of E? on S, then Q”(u;) = 0. However, by
the Gagliardo- Nlrenberg inequality (1.5) with s = s5,

452
p 2 2l (&)
QP(uy) = sil|Vsull; + Sall Vs,ulls | 1 p ) (3.12)

*

this implies that QP(w;) > 0, which is a contradiction. Hence for any ¢ < c,, EP has no critical points on S,.
Moreover, by the fact that I? = —co if ¢ > c., we conclude that for all ¢ > 0, I? is not attained. O

To prove Theorem 1.2, we need to treat independently the case where ¢ = c.

Lemma 3.2. Assume that ﬁ <p< ﬂ, then Ic’(’) admits at least one minimizer.

Proof. To show this lemma, we will use some arguments from [34]. Letc, = ¢cg + %, thenc, — copasn — oo.
By Theorem 1.1 (2) and (4), foralln € N*, I? < 0,and I — I? = 0 asn — co. Furthermore, by Proposition 3.1,

1P admits a minimizer u, € S,, namely E”(u,) = I”. Now we claim that {u,} is bounded in H*:. Indeed, since
EP(un) = IZ — I2 = O, then by (2.1), {IVsunl3} is bounded, where i = 1, 2. Additionally, [[uyll, = ¢, — co > O,
then we conclude that {u,,} is bounded in H%:. Now we prove that

[up|P*?dx - 0, as n — co. (3.13)

IRd

Indeed, if delun|p+2dX — 0, then by EP(u,) — 0, we have
IVsttnl? — 0,  [[Vs,unl3 — 0, as n— co. (3.14)

On the other hand, by the Gagliardo-Nirenberg inequality (1.5) with s = s,

dp dp
1 1 B(p,d,s p2-o—
EP(y) = S 1VotnlR + SVl — BPr B S0 g oy s 772
2 2 + 2
L Bp.d.s) L dp (3.15)
, a, S Pro=s5e
> [Veunl| = - =225 gy n||251 -cn 2)
2 p+2
451 452

Note that - 2> 0if = < p < =2, then by (3.14) and (3.15), we have that EP(u,) > O for n large enough.
This contradlcts the fact that EP(un) =12 <0 for all n € N*. Then the claim is verified. Thus, up to a
subsequence of {u,} (we still denote it by {u,}), there exist a sequence {x,} and a function u € H%\{0},
such that

Un(-+x,) — u, weaklyin H*.

Let v,, = uy(-+x,), then following the same argument as in the proof of Proposition 3.1, we conclude that



238 — Tingjian Luo and Hichem Hajaiej DE GRUYTER

V, — u, stronglyin H*%.
Hence, u € S, is a minimizer of ICI(’), and this ends the proof. O

Proof of Theorem 1.1. For any c > 0, from (2.3) we observe that I? < 0. Moreover, if 0 < p < %, then
dTP < 281 < 2s,. Letting ¢t > 0 small enough, we have EP(uf) < 0. This together with Lemma 2.1 implies that
—00 < IP < 0. Then point (1) follows.

Now we prove point (4). Indeed, letting {u,} c S, being such that I? = EP(uy,) + 04(1), then for anyt > 1,

IP < EP(tuy) < t?EP(uy), which leads to
IP<IP, vt>1,
since I? < 0. Thus for any O < ¢ < &,

p_ 7P p
17 _Iﬁc < IZ.
Phid

Namely I? is non-increasing with respect to ¢ on (0, co0). To show the continuity, we first let ¢, — ¢~, then by
the definition of I?, for any € > 0, there exists u € S, such that EP(u) < I? + €. Denote b,, == CC—", then b, — 1
and

0<IP - 1P < EP(byu) - EP(u) + €

b2 -1 bP? -1
= ([ Vsul3 + IVsul3) - ﬁllullpiﬁ +€

p
=& + 0,(1),

by letting € — 0, thenlim, .- I? = I?. Similarly, we can prove thatlim.,_..+I¥ = I?. Hence, the continuity is
verified. In addition, we observe that

VeSS

I? = inf EP(cv) = inf cz(lIIV v + lIIV v||2) - L+2||v||p+2
¢ s ves, 20 R T QR )y P2

On the other hand, foranya > 0, b > 0, p > 0, the function x : —ax? — bxP*2 is concave on (0, 0o), and the
minimum of a family concave functions is also concave; therefore, the mapping c : —I? is concave on
(0, 00). Thus, point (4) is verified.
Due to point (4) and the definition of ¢y, to show point (2), we only need to prove that 0 < ¢y < +00, the

remaining cases will follow obviously. Note that, given v, € S;, we have

tz 2 2 tp+2 p+2

EP(tvo) = —(IVswollz + [IVs,Woll2) — ——lwollpi,  £> 0,

2 p+2

which implies that EP(tvy) < O as t > O large enough. Hence there exists ¢ > O large enough, such that

I? < 0, then ¢y < +00. In addition, from Proposition 3.1 and Lemma 3.1, one sees that I” = 0 as ¢ > 0 small.
Then by the definition of ¢y (1.9), we conclude that ¢y > 0. Hence, we have proved that 0 < ¢y < +00.

Now we prove point (3). Indeed, if p = %, by (2.2),

452

d
EP(u) > %IIVsZullﬁ 1- (i) , Yues,
C

*

we see that I? > 0 for all ¢ < c,. In view that I? < 0 for all ¢ > 0, hence I = 0 for all 0 < ¢ < c,. As for the
case ¢ > c,, it has been proved in Lemma 2.1 that I” = —co as ¢ > c.. Then the proof is complete. O

Proof of Theorem 1.2. First, thanks to Theorem 1.1, Proposition 3.1, and Lemma 3.1(ii), points (1) and
451

d
p= %, ¢ > co, I? admits a minimizer. Hence, to prove points (2) and (3), it is enough to verify that

(4) follow immediately. Additionally, by Lemma 3.2, we conclude that when <p< %, Cc > Co, O
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when ﬁ <p<=2,c<co O p=-—1 C<co, I has no minimizers. Now, when = 451 <p< 452 , if there exists

o< Co, such that I? admits a minimizer u, € S,, then by Theorem 1.1(2), Ep(uz) =1f =0, thus for
¢ € (&, o),

p c\V[(c\?
IO SR G| (O
HSE{iw)=Gj EP(y) = 25—l | = =l < 0.
p p

2
G G + 2 + 2 pr

This contradicts Theorem 1.1(2). Therefore, when ﬁ < p < =2, for any ¢ < cp, I has no minimizers, then

point (2) is verified.

451

To end the proof, we only need to show that when p = = and ¢ = ¢y, I? has no minimizers. To this aim,

we first claim that if p = %, then

¢o = 1Qs,ll2, (3.16)

where co = sup{c > O|IF = 0} given as (1.9), and Qs is the ground state of (1.7) with s = s;. Indeed, when
451

p = —}, as (2.2), we have
4s1

1 c d
EP(u) > =|Vsul3|1 - , Yues,.
2 R 1Qs 1> ¢

This implies that if ¢ < [|Qgll,, then EP(u) = 0, Vu € S, from which we deduce that I” = 0, for all ¢ < [|Q[l>.
Consequently, by the definition of co, we can conclude that ¢o = [|Qgl, after showing that I” < 0 as

¢ > [|Qg,ll2. To prove that, let v := H Q P ——Qs,, then v € S and

2

2 p+2
c % c s c
EP(vt) = THVszQslH% + (—) 7||V51051II§ - (—) bt 2||(251|p+2

1Qs,1I2 1Qs,ll2 1QslI2
2
c t2s2 t% c Y=
= —[IV,Qs, 8 + —1IV5,Qs,l13 - Q )
10 [ 5 [1Vs,Qs, 12 5 (1, Qs 112 1o ) 2 — 1 V5,Qs3 (3.17)

2 p
c % % c
= —IVsQul + =1 - 195,415 |,
n%m[z T2 1Qsl> ) )

which implies that if ¢ > [|Qg/l2, then there exists t, > 0 small enough, such that EP(v%) < 0. Thus, it follows
that I” < 0 as ¢ > ||Qs,|.. Therefore, the claim is proved.

Now we argue by contradiction to assume that when p = ﬁ I? has a minimizer us € S;,. Then by

Lemma 2.2, QP(u3) = 0. However, as (3.12), by the Gagliardo-Nlrenberg inequality (1.5) with s = sy,
451

C d
QP(u3) = $lIVs,u3l3 + sallVsusl3] 1 - | =2 ) . (3.18)
Qs

Since u3 € S; and ¢p = [|Qgll; in (3.16), then (3.18) implies that QP(us) > 0, which is a contradiction. This
completes the proof. O

Proof of Theorem 1.3. Let u, € S, be a minimizer of I?, then clearly u. is a critical point of EP on the sphere
S¢, thus there exists a Lagrange multiplier A, € R, such that the couple (u., A.) solves weakly equation (2.5),
and that (2.6) holds for (u., A;). Then we derive from (2.6) that

2 2 2
Acllucll3 = IIuCII§Iz = IVsuellz = IVsuellz,

(3.19)

2
= n 2”uc"g:2 - 2EP(u,).



240 =— Tingjian Luo and Hichem Hajaiej DE GRUYTER

Note that EP(u.) = I? < 0, see Theorem 1.2, then we obtain from (3.19) that A, > 0. On the other hand, from
the definition of I? and Definition 1.1, it follows immediately that u, is a ground state solution of (1.3) with
A=A O

4 Mass critical and supercritical cases

In this section, we consider the existence and properties of normalized solutions in the mass critical and

“: _ Note that in these cases, the functional is unbounded from

eps 4
super-critical cases, namely % <p<

(d-2s))*"
below, thus we consider the following local minimization problem.
P .= inf EP(u),
J¢ Inf ) (4.1)
where 1, is defined by
Vo= {ueS: | QP(u) = 0} (4.2)

We point out that, to prove the existence of minimizers of J?, we use some ideas from [24], but the
calculations here are more complicated.
Note that the manifold V, is indeed a natural constraint for EP on S, since we have

4s;
(d-2s)*"

Lemma 4.1. Assume that % <p<
Opr |5C.

Then for c > 0, each critical point of EP |y, is a critical point

Proof. Let u be a critical point of E? |y, then by [14, Corollary 4.1.2] we have that either (i)(Q?)'(u) and (lulB)’
are linearly dependent, or (ii) there exist A;, A, € R such that

(EP)'(u) + M(@QP)'(w) + Au =0, in (H%). (4.3)
Indeed, (i) is impossible. Let us assume that it is true, then for some A, € R, we have
@»)'w) + Ao(JulB) =0, in (H%),
or equivalently

251(=A)Su + 25,(—A)%u — d7p|u Pu+ 2u =0, in (H%). (4.4)

As in the proof of Lemma 2.2, multiplying (4.4) by @ and x - Vi, respectively, and integrating by parts, we
have

d
251 Vsull3 + 255l|Vsuly - 7pllu||§1§ + ollul; = 0 (4.5)
and
—d 2 4 5y(25, - d 2, 9P udiul = 0
51251 — A)IVsiully + 52(25; — DIIVs,ull; + 2+ 2) lull;i2 — Aodllull; = 0. (4.6)

From (4.5) and (4.6), we obtain that

d2p2
4s2|\Vsull + 4sE|Veullp - —=—|Jlul’*2 = o. 4.7
TIVsulls 3 1 Vs,ully 212 ullh (4.7)

Note that u € V, and then QP(u) = 0. By this identity and (4.7), we conclude that
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dp(dp 452) ” "p+2 _

4sy(s1 — $)[IVsull3 - 2p +2) pi2 = 0,

which is a contradiction, sinceu € S;, s; < sp, and p > %
Now to end the proof, we only need to show that A; = 0 in (4.3). As the above, multiplying (4.3) by & and
x -V, respectively, and then integrating by parts, we have

p+2

dpA
(1 + 2us)IIVsulls + (1 + 28I Vsulls - (1 - g l)llullp+2 +Allul} =0 (4.8)
and

a+ 2/1151)

dpA ) -d N dA
Liv,uld + (@ + 2224 2 v, ul} - ( ’; 1)mnuu5+§ - —2||u||2 =0. (4.9)

From (4.8) and (4.9), we have

dp/ll

a+ 2/(151)51||Vs1”"§ +(1+ 2/1132)32”V52u"% - (1 - 2

ulp3 = o. 4.10
Using the fact that Q?(u) = 0, we then deduce from (4.10) that

d?p? 2
sTIVaul3 + s31Vs,ul + o™ B3 =

which implies that A; = 0, this ends the proof. O

To show that J? is attained for some u € V;, we consider the following equivalent minimization
problem:

J? = inflEP(v) |veS, QP(v) <O} (4.11)
where
= 2 dp - 4s dp - 4s
EP(v) = EP(v) - HQ0 - "szlnvslvnﬁ + If’szz||v52vu§. (4.12)

We can prove that

4s, 45,
Lemma 4.2. Assume that —* < p < ( FEET

=inf{E¥(v) | v e S, QP(v) =0} =JP. (4.13)

Then for any c > 0, there holds that

Proof. By the definition, obviously J? > Tcp . In addition, for any u € S, with Q?(u) < 0, by the continuity of
QP(u') about t, there exists ¢, € (0, 1], such that QP(u%) = 0. Thus,

JP < EP(ub) < EP(u).
Taking the infimum, we have J? < J7, then (4.13) follows. O

452

Lemma 4.3. Assume that 2 <p < Asy ds2

E{j 2 5 Then when 7 <P < G

increasing on (0, +00), and when p = =2, ¢ — JP is non-increasing on (c,, +00).

the function c — J¥ is non-

Proof. To prove the monotonicity of J?, it is essential to show that

. .. 4s, 4s,
P — inf max FP(u), if —=<p< —""—, .
& = Inf rpax EPr) d P a2y (414

and
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J? = inf max EP(u!), ifp= ﬁ (4.15)
ueK. t>0 d

where K. ={ueS.: ||V52u||§ ||u||,,52 2} To this aim, the key is to show that for any given u € S, if

d+25

482
d d- zs)+

max;.oEP(uf). To prove that, we observe from (2.3) that, for any u € S,

orue¥k.if p= —, there exists a unique t, > 0 such that QP(u%) = 0, and EP(ul) =

d dpt** 1
—EP(ut) = sitZ YV ul? + st 3 Y|V ull3 P2 — —Qp(ut). (4.16)
m Wh) = it Vsull; + 52 Vs,ull; - 2 )|| 15+ ; ')

For given a, b, ¢ > 0, define
h(t) = at®- + bt?1 - ct7-1, Vit >0,
then h(t) = t>%(t), with
k(t) = at’s=) 4 b — ctT 22 ¢ > 0.
It is not difficult to check that under either of the following two conditions,

452 4s, .
(l) — <p < (d—%)*’

®) p—“szandb—c<0

the function k(t) is strictly decreasing on (0, co), with a unique zero point t, > 0. Thus,
h(t) >0, 0<t<ty,
h(t) =0, t=ty
h(t) <0, t>to.

Setting:
dp
a=s|Vsul2, b=s|Voul?, ¢=—r—|ulP*2,
11l Vs,ull2 2l Vs,ullz 2(p 2 llull5:
we conclude that under either of the conditions: (1) ﬁ <p< and any givenu € S;,or 2) p = 452 and

d- 23)*

any given u € K, (note that when p = %, b-c<0& IIVSZuII2 < mllullﬁziz), there exists a unique t, > 0O
d

such that QP(u%) = 0, and
%Ep(ut) >0if te(0,t), and %E”(ut) <0 if t e (t, 00), (4.17)

from which we deduce that EP(u%) = max.oEP(u').
Note particularly that when p = %, for any u € K¢, by the Gagliardo-Nirenberg inequality (1.5) with
S =5y,

45 4sy  4sy

2 2 R 2
IVs,ully < ||u||&+2 = [Vs,ulls < 1Qsl, @ llul? IVsul; & ¢ > Qs = c..
d

d+252

To end the proof, we clarify that since the other cases are standard as those in [11, Lemma 5.3], for
simplicity, here we omit the details. O

Proposition 4.1. Assume that =2<p< then under either of the following conditions:

6)) ﬁ <p< (df‘zy andc € (0, +00);

- 29)*’

Q) p-= 452 and c € (c,, +c0),

we have JP > 0. Moreover, there exists u € H2\{0}, such that E*(u) = J? and u ¢ Vi, With O < Jlull; < c.
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Proof. We first show that J? > 0. Indeed, for any v € S, with Q(v) < 0, by the Gagliardo-Nirenberg
inequality (1.5) with s = s;, we have

dp
de(p9 d’ S ) +2-o
sillVs VI3 + sall VsVl < 2(p )II 53 < Tz)l”vﬂ I| 1|| IIZ = (4.18)
which implies that
dp
Z(p+2) &, A 2 (4.19)

dpB(p, d, sl)

Therefore, in both cases, by (4.12), (4.19), and the definition of Tcp , we see that Tcp > 0. Thus by Lemma 4.2,
J? > 0 is verified.

Now let {v,} be an arbitrary minimizing sequence for (4.11), i.e., {v,} ¢ S¢, QP(v;) < 0, and EP(v,) — J =

J? as n — co. We claim that {v,;} is bounded in HSz Indeed, since v, € S, it is enough to verify the

boundedness of {||Vsvul}(@@ = 1, 2). When ﬁ <p <y d 2 )+, by (4.12), {IVswl2}(@ = 1, 2) is surely bounded.

When p = 452 , by (4.12), {[IVs,vall2} is bounded, then by (4.18) we observe that {||Vs,v,|l,} is bounded. Thus, the
claim is verlﬁed. In addition, by (4.18) and (4.19), there exists Cy > O such that

I|v,,|1”2dx > Co> 0.
[Rd

Using the same arguments as in the proof of Proposition 3.1, up to a translation and a subsequence (still
denoted by {v,}), there exists u € H%2\{0} such that

Vg — u#0in H%,

Moreover, from Lemma A.1 we deduce that

QP(vy) - QP(v; — u) — QP(u) — 0, (4.20)
EP(w) - EP(vy, - uw) - EPw) — 0, (4.21)
Val3 = v — ul3 = llul} — O. (4.22)

By (4.22), O < |ul, < c. We claim that Q?(u) < 0, which indeed can be proved by excluding the other
possibilities:

(1) If QP(u) > 0 and |lul; < c, it follows from (4.20) and Q?(v,) < O that QP(v,, — u) < 0 for sufficiently
large n. Set ¢ = /¢ — |ul} and w, = ¢, — ull'(vy — u), then

Vo —uly > a, whpe€S; and QP(wy)<0.
Thus, by the definition of ]NfJ , it follows that
E’wy)>J! and EP(w,-uw>J..

From QP(w,) <0 and (3.12), we see in particular that ¢ >c, as p = ﬁ Then applying Lemma 4.3,
JZ = J2 = J?, and by (4.21) we obtain

dp - 4s;
2dp

dp - 4s;

P
Ef(w) = 2dp

2 2
———IVsull; + IVs,ull; <0,

which is impossible, since due tou € S. and p > ﬁ > % we have EP(u) > 0.

(2 IfQP(u) > 0 and||ul, = ¢, thenv, — uinL? asn — 00. This implies that v, — uin LP*2asn — co. On
the other hand, we deduce from Q”(u) > O that QP(v,, — u) < 0 for sufficiently large n. Thus, we can obtain
V, — u in H% as n — oo. This yields QP(v,, — u) — 0 as n — oo. Thus, it follows from (4.20) and QP(u) > 0
that QP(v,,) > 0 for sufficiently large n, which contradicts Q?(v,) < 0.
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Therefore, we have QP(u) < 0 and O < |jull, < c. In particular, by (3.12), ¢, < |ul, < c when p = %,

Thus, we deduce from the definition of Tcp, and Lemma 4.3 that
7cp < Tnﬁuz < EP(u) < lim, o EP(v) = T,

which shows that E”(u) = J. Using this equality, we can prove that QP(u) = 0. Indeed, if QP(u) < 0, then
there exists ¢y € (0, 1) such that Q*(u’) = 0, thus by Lemma 4.3,

Tcp < Tnﬁuz < Ep(u%) <EP(u) = Tcp,

which is a contradiction. Therefore, by Lemma 4.2 we conclude that E”(u) = J? and QP(u) = 0. Then the
proof is complete. O

To prove Theorem 1.4, we need the following two lemmas.

Lemma 4.4. Assume that 2<p S 1o 281 < d < =2 Let u € H% be a non-trivial weak solution of the
equation

(=N)%u + (-A)2u + Au — |ulPu=0, xeRY, (4.23)

then necessarily A > 0.

Proof. Since u € H%(R9) is a non-trivial weak solution of (4.23), we deduce from (2.6) and (2.8) that

2 2 2 2
Alullz = lullps = 1Vsully = 1Vs,ull

p+2
4s) - (d - 2s 4s, — (d - 2s (4.24)
= M”Vﬁu”% + MHVSJJ”%'
dp dp
If % <pc< di‘sésl, 25 <d< %12 and u # 0, then from (4.24), we observe that A > 0. O
Lemma 4.5. Assume that —* 452 <p< 231 <d< Zglsz . Then the mapping c — J? is strictly decreasing on

the interval (0, +00).

Proof. By the fact that ¢ — J? is non-increasing proved in Lemma 4.3, if we assume by contradiction that
]p = ]cI;; Ve € (C21 C3);
for some ¢, ¢; > 0. Then by Proposition 4.1, for ¢; > 0, there exists uy € V), such that

EP(uo) =J£ and O < [uol: < .

Hence, u, is a free minimizer of E? on the manifold M = {u € H>\{0} :  QP(u) = 0}. Thus, there exists a
Lagrange multiplier A3 € R, such that

(EPY(uo) + A(@PY (ug) = 0, in (HEY,
Using the same argument as in the proof of Lemma 4.1, we deduce that A; = 0. Then
(EP)'(uo) = 0, in (H%)". (4.25)

This means that Up is a non trivial weak solution of (4.23) with A = 0. However, by Lemma 4.4, this is
impossible if 2 <p< 251 <d< 23152 . Then the strict decreasing property of J¥ about ¢ > 0 fol-
lows. O

Proof of Theorem 1.4. By Proposition 4.1 and Lemma 4.5, we conclude immediately that when
25152 452

231 <d< , and ¢ > 0, or when p = and ¢ > c,, J? > 0 and J? admits at least one
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minimizer u. € V. In particular, by Lemma 4.1, u, is a critical point of E? on S,. Thus, there exists A, > O,
such that (uc, A;) solves weakly equation (1.12). To show the behavior of u. as ¢ — 0%, note that using
QP(u.) = 0 and the Gagliardo-Nirenberg inequality (1.5), we have as (4.19) that

. v,
BP LD Fopo g, P12 (4.26)
dpB(p, d, s;)
dp dp .p 4S) 4s;
Note thatzi -p-2<0, % 2>0 1f7 <p< RN then by (4.26),
Vscll, — +oo,  [IVsucl, —» +00, as ¢ — 0F (4.27)

and thus EP(u;) — +o0o as ¢ — 0%, by the following calculation (QP(u.) = 0 is used)

dp - 4s;
2dp

dp - 4s;

0 Vs ue 3. (4.28)

2
EP(uc) = EP(u,) - @Qp(uc) = ”vslucllg +

Finally, the fact that A, — +00 as ¢ — 0%, follows from (4.24) and (4.27). Then the proof is com-
plete. O
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Appendix

Lemma A.1. Assume that {u,} ¢ H5(R9) and u € H5(R?), being such that
u, — u, in H%RY),
then

IVstnlly = I1¥s(un = W3 = VUl = 0n(1), as n — +oo. (A1)

Proof. Let v, := u, — u, then u, = v, + u, and v, — 0, in H5(R?). Thus, it is not difficult to calculate that

2 2 2
[Vstnlly = 1Vs(un — wllz — [IVsullz

Vn(OU(X) + va(Y)u(y) — v(u(y) — Vn()/)u(X)dXdy
oo Ix - y|d+23 (A2)
RIxR
Vn(O[u(0) = u(y)]
oy W

=2

= 4

R4xR4

where in the last inequality we used the fact that

J WOQUC) 44 - J‘ OUY) 4 ay,
|X _ y|d+25 |X _ y|d+25
R4xR4 R4xR4
I Vn(X)u()/) dXd — I Vn()’)u(x) dXdy
|X _ y|d+25 |X _ y|d+25
R4xR? RIxR?

Note that by changing the variable of the integrals, we have

I VaOO[uG) - u(y)] dxdy = - I Va(O[u(0) — u(y)] + va(y)[uly) — u()] dxdy

d+ d+
IR ] = 2 i x — y| %
1 [va(¥) = va(][ux) — u(y)]
=3 f s dxdy (A3)
2o Px =yl
R%xR
|X _ y|d+25 :
R9xR4

Since v, — 0, in H5(RY), then
[Va(0) = va(y)]u(x)

|X _ y|d+Zs

dxdy - 0, asn— +oo,

RIxR4

thus by (A2) and (A3) we obtain (Al). This completes the proof. O
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