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Abstract: The purpose of this article is to establish sharp conditions for the existence of normalized solu-
tions to a class of scalar field equations involving mixed fractional Laplacians with different orders. This
study includes the case when one operator is local and the other one is non-local. This type of equation
arises in various fields ranging from biophysics to population dynamics. Due to the importance of these
applications, this topic has very recently received an increasing interest. In this article, we provide a
complete description of the existence/non-existence of ground state solutions using constrained variational
approaches. This study addresses the mass subcritical, critical and supercritical cases. Our model presents
some difficulties due to the “conflict” between the different orders and requires a novel analysis, especially
in the mass supercritical case. We believe that our results will open the door to other valuable contributions
in this important field.
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1 Introduction

Fractional Schrödinger equations have attracted many scientists, working in different fields, during the past
few decades. They have become an entire branch of non-linear analysis. Motivated by numerous and
various applications, a lot of significant advances have been made. See, e.g., [28–30] for the existence
and symmetry of minimizers, [17,18] for the Cauchy problem, and [31] for some fractional functional
inequalities, to only cite a few. The main class of Schrödinger equations that have been studied until
very recently is given by:
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where ( )−Δ s is the fractional Laplacian, that will be formally defined below, and f is a non-negative
function defined on �+.

Motivated by various applications, we are concerned with
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where < < < >s s p0 1, 01 2 , and � �( ) ∈ ×+t x, d. Equation (1.2) naturally arises in the superposition of two
stochastic processes with a different random walk and a Lévy flight. This is the case when a particle can
follow either of these two processes according to a certain probability. The associated limit diffusion is
described by a sum of two fractional Laplacians with different orders, see [6] and references therein for a
more detailed account. Equation (1.2) plays a crucial role in chemical reaction design [1], plasma physics
[23], and biophysics [45]. Very recently, [21] tackled another interesting problem related to equation (1.2).
More precisely, it turns out that the mixed fractional Laplacians model the population dynamics, see [21,
Appendix B] for a nice detailed account. Equation (1.2) also models some heart anomalies caused by arteries
issues. Those heart problems can be modeled thanks to the superposition of two to five mixed fractional
Laplacians since it is not necessarily the same anomaly in the five arteries, see [22,37,39,40].

Most of these models have been lately “discovered.” This would explain why only a very few papers
have addressed (1.2) so far. To the best of our knowledge, [2,6,12,16,19] and [21] count among the short list of
contributions to the mixed fractional Laplacians-type equation (1.2). Many reasons lead us to believe that
this field will soon receive an increasing interest.

In this article, we are interested in standing wave solutions of (1.2), which are solutions of the form
( ) ( )≔ −ψ t x e u x, iλt , where �∈λ denotes the frequency. The function ( )u x then satisfies the following sta-

tionary scalar field equation:
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where �< < < > ∈s s p λ0 1, 0,1 2 . The fractional Laplacian is given by
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2 , where Γ is the Gamma function, see [42].

Since equation (1.3) has an underlying variational formulation, we will focus on its variational struc-
ture. First, we introduce the fractional Sobolev space
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if ≤d s2 2. For more information about the fractional
Sobolev spaces and the fractional Laplacian operator, we refer the readers to see, e.g., [15,41].

In Physics and other applications, researchers are very interested in solutions of (1.3) having a pre-
scribed L2-norm, called normalized solutions. More precisely, for a given >c 0, one looks at solutions ( )u λ,
of (1.3), with

�
∣ ∣∫ =u x cd2 2

d . Normalized solutions can be obtained as critical points of an associated func-
tional on the L2-constraint. Therefore, the parameter �∈λ appears as a Lagrange multiplier and is not a
priori given. This method is referred to as “the prescribed mass approach.” It has attracted a great interest in
recent years, thanks to the wide range of its applications, see, e.g., [4,9,10,33,34] and references therein.
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This approach is particularly relevant from a physical point of view. Indeed, the L2-norm is a preserved
quantity of the evolution and the variational characterization of such solutions is often crucial to analyze
their orbital stability/instability, see, e.g., [8,11,15,43,44].

It is standard to show that the associated energy functional for (1.3)
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is of class C1 on �( )H s d2 , and therefore on the L2-constraint:
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see, e.g., [7].
To find critical points of Ep on Sc, we first consider the following global minimization problem:
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p is a ground state solution to (1.3), in the following sense:

Definition 1.1.We say that ∈u Sc c is a ground state solution to (1.3), if it is a solution having minimal energy
among all the solutions which belong to Sc. Namely,
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holds with the optimal constant ( ) >B p d s, , 0, given by
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and Qs is the ground state of
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whose existence and uniqueness have been proved by [25,26]. In particular,
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First of all, we prove the following properties of Ic
p, which are interesting by themselves and also

important for the proof of the existence of the minimizers.

Theorem 1.1. Assume that < < < ≥s s d0 1, 11 2 , and < ≤p0 s
d

4 2 , then

≤ ∀ >I c0, 0,c
p
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and furthermore,
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where Qs1 is the ground state of (1.7) with =s s1. For more details, see (3.16) and the proof of Theorem 1.2.
Figure 1 shows the properties of Ic

p:

Our first main result reads as follows.
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Remark 1.2. This theorem gives a complete description of the existence/non-existence of minimizers of Ic
p.

Figure 2 shows the range of c for the existence and non-existence of minimizers of Ic
p:

Remark 1.3. In the existence part of our theorem, except for the case that < <ps
d

s
d

4 41 2 , and =c c0, we will
prove that any minimizing sequence of Ic

p is relatively compact modulo translations, see Proposition 3.1.
This guarantees the orbital stability of the standing waves if we have the local well-posedness of the Cauchy
problem (1.2), see [20], or [32]. To prove this theorem, we mainly apply the concentration compactness
principle of Lions [35]. However, compared with its classical form, our arguments are more simple.

Figure 1: The properties of the minimization Icp.
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By the Lagrange multiplier theory, we have the following conclusion.

Theorem 1.3. Let ∈u Sc c be a minimizer of Ic
p, whose existence has been proved in Theorem 1.2. Then, there

exists a Lagrange multiplier >λ 0c , such that uc is a ground state solution of (1.3) with =λ λc.

Remark 1.4. We point out that when = =s s1, 21 2 , similar results to Theorems 1.1 and 1.2 have been
observed in the references such as [5,13,36]. But since our equation involves two non-local terms with
different orders, the analyses shall be more delicate.

In what follows, we focus on the mass critical and supercritical cases, namely
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tion (GMc). Inspired by the work of Jeanjean [33], whose idea has been significantly carried out in the
analyses of other equations, see, e.g., [4,8,11,24,43,44], we consider the following local type of minimiza-
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Note that � ( ) =u 0p is indeed a variant of Pohozaev identity. Namely, if ∈u Sc0 is a critical point of Ep on Sc,
then necessarily � ( ) =u 0p

0 , see Lemma 2.2 for details.
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Figure 2: Sharp existence and non-existence of minimizers of Icp.
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Remark 1.6. To show this theorem, the main ingredient is to prove that a minimizing sequence of Jc
p is

relatively compact modulo translations. However, compared with the case of Ic
p in Theorem 1.2, the situa-

tion is more complicated. Since two constraints are involved, then two Lagrange multipliers appear. There-
fore, one needs to prove that one of them is indeed zero. To this aim, we apply some arguments from [11]
and [24]. To show that the limit function of the minimizing sequence is in the L2 constraint, we make use of
the strict monotonicity of ↦c J: c

p, where we need to restrict the range of p as the assumption in Theorem
1.4, see Lemmas 4.4 and 4.5 for more details.

Remark 1.7. Finally, we point out that, throughout this article, we assume that < < <s s0 11 2 ; however,
keeping other conditions invariant, all results obtained in this article remain true when =s 12 .

This article is organized as follows. In Section 2, we give two important preliminary results. In Section 3,
we treat the mass subcritical and critical cases. In particular, we prove Theorems 1.1 and 1.2. Section 4 is
dedicated to the proof of Theorem 1.4, which deals with the existence and asymptotic behavior of normal-
ized solutions in the mass critical and supercritical cases. Finally, in the appendix, we give a technical
lemma on the decomposition of the norm ‖∇ ‖us 2

2.

Notation: Throughout the article, we denote by ‖⋅‖p the standard norm on �( )L p d .

2 Preliminary results

By the Gagliardo-Nirenberg inequality (1.5) and scaling arguments, we will show the following lemma. We
point out that similar results have been proved for the case with the Laplacian operator only, see for
example, [3,27,38]. The ideas of our proofs somehow are similar to them, but since there are two non-local
terms with different orders, we need to control carefully the two terms.
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Proof. By the Gagliardo-Nirenberg inequality (1.5) with =s s2, for any ∈u Sc,
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from which, we see that ( ) = −∞→∞E vlimt
p t as > ∗c c . Hence, = −∞Ic

p for all > ∗c c , which completes the
proof. □

Now we prove the following Pohozaev-type identity result.
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0 2
2 2

0 2
2

0 2
2 0

0 2
2

1 2 (2.7)
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where in the second identity, we used that ( )⟨ − ⋅∇ ⟩ = ‖∇ ‖
−u x u uΔ , ¯s

L
s d

s
2

2 2
22 , ∣ ∣⟨ ⋅∇ ⟩ = ‖ ‖

−

+ +

+u u x u u, ¯p
L

d
p p

p
2 2

22 , see
[7, Proposition B1].

From (2.6) and (2.7), we have

( )
‖∇ ‖ + ‖∇ ‖ −

+
‖ ‖ =+

+s u s u p
p

ud
2 2

0,s s p
p

1 0 2
2

2 0 2
2

0 2
2

1 2 (2.8)

which is exactly � ( ) =u 0p
0 . □

3 Mass subcritical and critical cases

To prove Theorem 1.2, we first show the following proposition.

Proposition 3.1. Let < ≤p0 s
d

4 2 and >c 0 be such that

−∞ < <I 0,c
p

then any minimizing sequence of Ic
p is relatively compact modulo translations. In particular, Ic

p admits a
minimizer.

Proof. Let { } ⊂u Sn c be an arbitrary minimizing sequence of Ic
p, namely,

( )‖ ‖ = → → ∞u c E u I nand , .n
p

n c
p

2

Then by (2.1), one may observe that { }un is bounded in H s2. Now we claim that

�

∣ ∣∫ ↛ → ∞+u x nd 0, as .n
p 2

d
(3.1)

Indeed, if
�

∣ ∣∫ →+u xd 0n
p 2

d , then

( ) ( ) ( )= + = ‖∇ ‖ + ‖∇ ‖ +I E u o u u o1 1
2

1
2

1 ,c
p p

n n s n s n n2
2

2
2

1 2

which contradicts the fact that <I 0c
p . Thus, by (3.1) and the Lions vanishing lemma [35, Lemma I.1], there

exist a constant >δ 0 and a sequence �{ } ⊂xn
d such that

∣ ∣
( )

∫ ≥ >u x δd 0,
B x

n

,1

2

n

or equivalently

∣ ( )∣
( )

∫ ⋅+ ≥ >u x x δd 0.
B

n n

0,1

2
(3.2)

Here ( )B 0, 1 denotes the unit ball centered at 0. Now let ( ) ( )⋅ ≔ ⋅+v u xn n n , then obviously { }vn is bounded in
H s2, and thus up to a subsequence (still denoted it by { }vn ), there exists ∈u H s2 such that

�( )⇀ →v u H v u Lweakly in and in .n
s

n
d

loc
22

We note that ≠u 0, since by (3.2),

∣ ∣ ∣ ∣
( ) ( )

∫ ∫< ≤ =
→∞

δ v x u x0 lim d d .
n

B

n

B0,1

2

0,1

2

Next, we prove that ∈u Sc is a minimizer of Ic
p. Since ≠u 0, by the Brézis-Lieb lemma and Lemma A.1,

we have
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( )= ‖ ‖ = ‖ − ‖ + ‖ ‖ +c v v u u o 1 .n n n
2

2
2

2
2

2
2 (3.3)

( ) ( ) ( ) ( )= − + +E v E v u E u o 1 .p
n

p
n

p
n (3.4)

If ‖ ‖ <u c2
2 2, we denote ≔

‖ ‖
a c

u 2
, then > ∈a au S1, c, and

( ) = ‖∇ ‖ + ‖∇ ‖ −
+

‖ ‖

+

+

+E au a u a u a
p

u
2 2 2

,p
s s

p

p
p

2
2
2

2
2
2

2

2
2

1 2 (3.5)

which implies that

( ) ( ) ( )
= +

−

+
‖ ‖ +

+E u
a

E au a
p

u1 1
2

.p p
p

p
p

2 2
2 (3.6)

Similarly, let ≔
‖ − ‖

an
c

v un 2
, then ( )> − ∈a a v u S1,n n n c, and

( ) ( ( ))
( )

− = − +
−

+
‖ − ‖ +

+E v u
a

E a v u a
p

v u1 1
2

.p
n

n

p
n n

n
p

n p
p

2 2
2 (3.7)

Therefore, by (3.3), (3.4), (3.6), and (3.7), we have

⎜ ⎟

( ) ( ) ( ) ( ) ( )

( ) ( ( )) ( ) ( )
( )

⎛
⎝

⎞
⎠

( ) ( )
( )

( ) ( )
( )

= + = − + +

= + − +
−

+
‖ ‖ +

−

+
‖ − ‖ +

≥ + +
−

+
‖ ‖ +

−

+
‖ − ‖ +

= +
−

+
‖ ‖ +

−

+
‖ − ‖ +

+

+

+

+

+

+

+

+

+

+

+

+

I E v o E v u E u o

a
E au

a
E a v u a

p
u a

p
v u o

a a
I a

p
u a

p
v u o

I a
p

u a
p

v u o

1 1
1 1 1

2
1

2
1

1 1 1
2

1
2

1

1
2

1
2

1 ,

c
p p

n n
p

n
p

n

p

n

p
n n

p

p
p n

p

n p
p

n

n
c
p

p

p
p n

p

n p
p

n

c
p

p

p
p n

p

n p
p

n

2 2 2
2

2
2

2 2 2
2

2
2

2
2

2
2

which is impossible, since >p 0 and > >a a1, 1n . Hence ‖ ‖ =u c2
2 2, thus →v un in �( )L d2 , and by inter-

polation, →v un in �( )+L p d2 . Furthermore, since ∈u Sc, then

( ) ( )≤ ≤ =
→∞

I E u E u Ilim .c
p p

n
p

n c
p

This implies that ( ) =E u Ip
c
p, and then ∈u Sc is a minimizer of Ic

p. □

By Lemma 2.2, we can establish the following non-existence results.

Lemma 3.1. Let ≤ ≤ps
d

s
d

4 41 2 , then,

(i) When ≤ <ps
d

s
d

4 41 2 , there exists >ĉ 0 such that, for all <c ĉ, Ep has no critical points on Sc;

(ii) When =p s
d

4 2 , then for all ≤ ∗c c , Ep has no critical points on Sc. In particular, for all >c 0, Ic
p has no

minimizers.

Proof. We argue by contradiction to prove the non-existence. Indeed, when ≤ <ps
d

s
d

4 41 2 , we assume that
there exists a sequence { }cn with →c 0n as → ∞n , and ∈u Sn cn being a critical point of Ep on Scn. Then by
Lemma 2.2, �� ( ) = ∀ ∈ +u n0,p

n . Since ‖ ‖ = →u c 0n n2 , then using � ( ) =u 0p
n and interpolation, we have

‖ ‖ → ‖∇ ‖ → ‖∇ ‖ →+u u u0, 0, 0.n p s n s n2 2 21 2 (3.8)

Note that, since ≤ <ps
d

s
d

4 41 2 , clearly, for each �∈ +n , we have

∣ ∣ ∣ ∣ ∣ ∣∫ ∫ ∫≤ ++ + +u x u x u xd d d ,n
p

n n
2 2 2s

d
s
d

4 1 4 2 (3.9)

thus by the Gagliardo-Nirenberg inequality (1.5) with =s s1 and =s s2 respectively,

∣ ∣ ⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

∫ ≤ ‖∇ ‖ + ‖∇ ‖+u x B s
d

d s u c B s
d

d s u cd 4 , , 4 , , .n
p

s n n

s
d s n n

s
d2 1

1 2
2

4
2

2 2
2

4

1

1

2

2

(3.10)
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Therefore, we obtain

� ( )
( )

( )

⎡

⎣

⎢
⎢ ( )

⎤

⎦

⎥
⎥

( )

( )

∑

∑

= ‖∇ ‖ + ‖∇ ‖ −
+

‖ ‖

≥ ‖∇ ‖ + ‖∇ ‖ −

⋅

+
‖∇ ‖

= ‖∇ ‖ −

⋅

+

+

+

=

=

u s u s u p
p

u

s u s u
p B d s

p
u c

u s
p B d s

p
c

d
2 2

d , ,

2 2

d , ,

2 2
.

p
n s n s n n p

p

s n s n
i

s
d i

s n n

s
d

i
s n i

s
d i

n

s
d

1 2
2

2 2
2

2
2

1 2
2

2 2
2

1

2 4

2
2

4

1

2

2
2

4 4

i

i

i

i

i
i

1 2

1 2 (3.11)

Then from (3.8) and (3.11), we deduce that for �∈ +n sufficiently large, � ( ) >u 0p
n , which is a contradiction

with the fact that �� ( ) = ∀ ∈ +u n0,p
n . Thus, we have proved (i).

When =p s
d

4 2 , if there exist ≤ ∗c c1 and ∈u Sc1 1 a critical point of Ep on Sc1, then � ( ) =u 0p
1 . However, by

the Gagliardo-Nirenberg inequality (1.5) with =s s2,

� ( )
⎡

⎣
⎢ ⎛

⎝
⎞
⎠

⎤

⎦
⎥≥ ‖∇ ‖ + ‖∇ ‖ −

∗

u s u s u c
c

1 ,p
s s1 1 1 2

2
2 1 2

2 1
s
d

1 2

4 2

(3.12)

this implies that � ( ) >u 0p
1 , which is a contradiction. Hence for any ≤ ∗c c , Ep has no critical points on Sc.

Moreover, by the fact that = −∞Ic
p if > ∗c c , we conclude that for all >c 0, Ic

p is not attained. □

To prove Theorem 1.2, we need to treat independently the case where =c c0.

Lemma 3.2. Assume that < <ps
d

s
d

4 41 2 , then Ic
p
0 admits at least one minimizer.

Proof. To show this lemma, we will use some arguments from [34]. Let ≔ +c cn n0
1 , then →c cn 0 as → ∞n .

By Theorem 1.1 (2) and (4), for all �∈ +n , <I 0c
p
n

, and → =I I 0c
p

c
p

n 0
as → ∞n . Furthermore, by Proposition 3.1,

Ic
p
n
admits a minimizer ∈u Sn cn, namely ( ) =E u Ip

n c
p
n. Now we claim that { }un is bounded in H s2. Indeed, since

( ) = → =E u I I 0p
n c

p
c
p

n 0
, then by (2.1), { }‖∇ ‖us n 2

2
i is bounded, where =i 1, 2. Additionally, ‖ ‖ = → >u c c 0n n2 0 ,

then we conclude that { }un is bounded in H s2. Now we prove that

�

∣ ∣∫ ↛ → ∞+u x nd 0, as .n
p 2

d
(3.13)

Indeed, if
�

∣ ∣∫ →+u xd 0n
p 2

d , then by ( ) →E u 0p
n , we have

‖∇ ‖ → ‖∇ ‖ → → ∞u u n0, 0, as .s n s n2
2

2
2

1 2 (3.14)

On the other hand, by the Gagliardo-Nirenberg inequality (1.5) with =s s1,

( ) ( )

⎛

⎝
⎜

( ) ⎞

⎠
⎟

≥ ‖∇ ‖ + ‖∇ ‖ −
+

‖∇ ‖ ⋅

≥ ‖∇ ‖ −
+

‖∇ ‖ ⋅

+ −

− + −

E u u u B p d s
p

u c

u B p d s
p

u c

1
2

1
2

, ,
2

1
2

, ,
2

.

p
n s n s n s n

p
s

n
p p

s

s n s n

p
s

n
p p

s

2
2

2
2 1

2

d
2 2 d

2

2
2 1

2

d
2 2 2 d

2

1 2 1
1 1

1 1
1 1

(3.15)

Note that − >2 0p
s

d
2 1

if < <ps
d

s
d

4 41 2 , then by (3.14) and (3.15), we have that ( ) ≥E u 0p
n for n large enough.

This contradicts the fact that ( ) = <E u I 0p
n c

p
n for all �∈ +n . Then the claim is verified. Thus, up to a

subsequence of { }un (we still denote it by { }un ), there exist a sequence { }xn and a function { }∈ ⧹u H 0s2 ,
such that

( )⋅+ ⇀u x u H, weakly in .n n
s2

Let ( )= ⋅+v u xn n n , then following the same argument as in the proof of Proposition 3.1, we conclude that
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→v u H, strongly in .n
s2

Hence, ∈u Sc0 is a minimizer of Ic
p
0, and this ends the proof. □

Proof of Theorem 1.1. For any >c 0, from (2.3) we observe that ≤I 0c
p . Moreover, if < <p0 s

d
4 1 , then

< <s s2 2pd
2 1 2. Letting >t 0 small enough, we have ( ) <E u 0p t . This together with Lemma 2.1 implies that

−∞ < <I 0c
p . Then point (1) follows.

Now we prove point (4). Indeed, letting { } ⊂u Sn c being such that ( ) ( )= +I E u o 1c
p p

n n , then for any >t 1,
( ) ( )≤ ≤I E tu t E utc

p p
n

p
n

2 , which leads to

≤ ∀ >I I t, 1,tc
p

c
p

since ≤I 0c
p . Thus for any < <c c0 1 2,

= ≤I I I .c
p

c
c c
p

c
p

2 2
1 1 1

Namely Ic
p is non-increasing with respect to c on ( )∞0, . To show the continuity, we first let → −c cn , then by

the definition of Ic
p, for any >ε 0, there exists ∈u Sc, such that ( ) < +E u I εp

c
p . Denote ≔bn

c
c
n , then →b 1n

and

( ) ( )

( )

( )

≤ − ≤ − +

=
−

‖∇ ‖ + ‖∇ ‖ −
−

+
‖ ‖ +

= +

+

+

+

I I E b u E u ε

b u u b
p

u ε

ε o

0

1
2

1
2

1 ,

c
p

c
p p

n
p

n
s s

n
p

p
p

n

2

2
2

2
2

2

2
2

n

1 2

by letting →ε 0, then =→
−I Ilimc c c

p
c
p

n n
. Similarly, we can prove that =→

+I Ilimc c c
p

c
p

n n
. Hence, the continuity is

verified. In addition, we observe that

( ) ⎧
⎨⎩

⎛
⎝

⎞
⎠

⎫
⎬⎭

= = ‖∇ ‖ + ‖∇ ‖ −
+

‖ ‖
∈ ∈

+

+

+I E cv c v v c
p

vinf inf 1
2

1
2 2

.c
p

v S
p

v S
s s

p

p
p2

2
2

2
2

2

2
2

1 1
1 2

On the other hand, for any > > >a b p0, 0, 0, the function ↦ − +x ax bx: p2 2 is concave on ( )∞0, , and the
minimum of a family concave functions is also concave; therefore, the mapping ↦c I: c

p is concave on
( )∞0, . Thus, point (4) is verified.

Due to point (4) and the definition of c0, to show point (2), we only need to prove that < < +∞c0 0 , the
remaining cases will follow obviously. Note that, given ∈v S0 1, we have

( ) ( )= ‖∇ ‖ + ‖∇ ‖ −
+

‖ ‖ >

+

+

+E tv t v v t
p

v t
2 2

, 0,p
s s

p

p
p

0
2

0 2
2

0 2
2

2
0 2

2
1 2

which implies that ( ) <E tv 0p
0 as >t 0 large enough. Hence there exists >c̄ 0 large enough, such that

<I 0c
p
¯ , then < +∞c0 . In addition, from Proposition 3.1 and Lemma 3.1, one sees that =I 0c

p as >c 0 small.
Then by the definition of c0 (1.9), we conclude that >c 00 . Hence, we have proved that < < +∞c0 0 .

Now we prove point (3). Indeed, if =p s
d

4 2 , by (2.2),

( )
⎡

⎣
⎢ ⎛

⎝
⎞
⎠

⎤

⎦
⎥≥ ‖∇ ‖ − ∀ ∈

∗

E u u c
c

u S1
2

1 , ,p
s c2

2
s
d

2

4 2

we see that ≥I 0c
p for all ≤ ∗c c . In view that ≤I 0c

p for all >c 0, hence =I 0c
p for all < ≤ ∗c c0 . As for the

case > ∗c c , it has been proved in Lemma 2.1 that = −∞Ic
p as > ∗c c . Then the proof is complete. □

Proof of Theorem 1.2. First, thanks to Theorem 1.1, Proposition 3.1, and Lemma 3.1( )ii , points (1) and
(4) follow immediately. Additionally, by Lemma 3.2, we conclude that when < < ≥p c c,s

d
s
d

4 4
0

1 2 , or

= >p c c,s
d

4
0

1 , Ic
p admits a minimizer. Hence, to prove points ( )2 and ( )3 , it is enough to verify that
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when < < <p c c,s
d

s
d

4 4
0

1 2 , or = ≤p c c,s
d

4
0

1 , Ic
p has no minimizers. Now, when ≤ <ps

d
s
d

4 41 2 , if there exists

<c c2 0, such that Ic
p
2
admits a minimizer ∈u Sc2 2, then by Theorem 1.1(2), ( ) = =E u I 0p

c
p

2 2 , thus for

( )∈c c c,2 0 ,

⎜ ⎟ ⎜ ⎟
⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎡

⎣

⎢
⎢

( )
⎤

⎦

⎥
⎥

⎡
⎣

⎤
⎦( ) ( ) ( )

≤ = −

−

+
‖ ‖ = −

−

+
‖ ‖ <+

+

+

+I E c
c

u c
c

E u
p

u
p

u
1

2

1

2
0.c

p p p

c
c

p

p
p

c
c

c
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p
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2

2

2 2 2
2

2

2 2
22 2 2

This contradicts Theorem 1.1(2). Therefore, when ≤ <ps
d

s
d

4 41 2 , for any <c c0, Ic
p has no minimizers, then

point (2) is verified.
To end the proof, we only need to show that when =p s

d
4 1 and =c c0, Ic

p has no minimizers. To this aim,

we first claim that if =p s
d

4 1 , then

= ‖ ‖c Q ,s0 21 (3.16)

where { ∣ }= > =c c Isup 0 0c
p

0 given as (1.9), and Qs1 is the ground state of (1.7) with =s s1. Indeed, when
=p s

d
4 1 , as (2.2), we have

⎜ ⎟( )
⎡

⎣
⎢
⎢

⎛
⎝
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⎠

⎤

⎦
⎥
⎥
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∀ ∈E u u c
Q

u S1
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1 , .p
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2

2

s
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1
1

4 1

This implies that if ≤ ‖ ‖c Qs 21 , then ( ) ≥ ∀ ∈E u u S0,p
c, from which we deduce that =I 0c

p , for all ≤ ‖ ‖c Qs 21 .
Consequently, by the definition of c0, we can conclude that = ‖ ‖c Qs0 21 after showing that <I 0c

p as
> ‖ ‖c Qs 21 . To prove that, let ≔

‖ ‖
v Qc

Q s
s1 2 1, then ∈v Sc and
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1
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1
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(3.17)

which implies that if > ‖ ‖c Qs 21 , then there exists >t 00 small enough, such that ( ) <E v 0p t0 . Thus, it follows
that <I 0c

p as > ‖ ‖c Qs 21 . Therefore, the claim is proved.

Now we argue by contradiction to assume that when =p s
d

4 1 , Ic
p
0 has a minimizer ∈u Sc3 0. Then by

Lemma 2.2, � ( ) =u 0p
3 . However, as (3.12), by the Gagliardo-Nirenberg inequality (1.5) with =s s1,

� ⎜ ⎟( )
⎡

⎣
⎢
⎢

⎛
⎝

⎞
⎠

⎤

⎦
⎥
⎥

≥ ‖∇ ‖ + ‖∇ ‖ −
‖ ‖

u s u s u c
Q

1 .p
s s

s
3 2 3 2

2
1 3 2

2 0

2

s
d

2 1
1

4 1

(3.18)

Since ∈u Sc3 and = ‖ ‖c Qs0 21 in (3.16), then (3.18) implies that � ( ) >u 0p
3 , which is a contradiction. This

completes the proof. □

Proof of Theorem 1.3. Let ∈u Sc c be a minimizer of Ic
p, then clearly uc is a critical point of Ep on the sphere

Sc, thus there exists a Lagrange multiplier �∈λc , such that the couple ( )u λ,c c solves weakly equation (2.5),
and that (2.6) holds for ( )u λ,c c . Then we derive from (2.6) that

( )

‖ ‖ = ‖ ‖ − ‖∇ ‖ − ‖∇ ‖

=
+

‖ ‖ −

+

+

+

+

λ u u u u
p

p
u E u

,

2
2 .

c c c p
p

s c s c

c p
p p

c

2
2

2
2

2
2

2
2

2
2

1 2

(3.19)
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Note that ( ) = <E u I 0p
c c

p , see Theorem 1.2, then we obtain from (3.19) that >λ 0c . On the other hand, from
the definition of Ic

p and Definition 1.1, it follows immediately that uc is a ground state solution of (1.3) with
=λ λc. □

4 Mass critical and supercritical cases

In this section, we consider the existence and properties of normalized solutions in the mass critical and

super-critical cases, namely
( )

≤ <
− +

ps
d

s
d s

4 4
2

2 2

2
. Note that in these cases, the functional is unbounded from

below, thus we consider the following local minimization problem.

( )≔
∈

J E uinf ,c
p

u V
p

c
(4.1)

where Vc is defined by

�{ ∣ ( ) }≔ ∈ =V u S u 0 .c c
p (4.2)

We point out that, to prove the existence of minimizers of Jc
p, we use some ideas from [24], but the

calculations here are more complicated.
Note that the manifold Vc is indeed a natural constraint for Ep on Sc, since we have

Lemma 4.1. Assume that
( )

≤ <
− +

ps
d

s
d s

4 4
2

2 2

2
. Then for >c 0, each critical point of ∣Ep

Vc is a critical point
of ∣Ep

Sc.

Proof. Let u be a critical point of ∣Ep
Vc, then by [14, Corollary 4.1.2]we have that either ( )i �( ) ( )′ up and ( )‖ ‖ ′u 2

2

are linearly dependent, or ( )ii there exist �∈λ λ,1 2 such that

�( ) ( ) ( ) ( ) ( )′ + ′ + = ∗E u λ u λ u H0, in .p p s
1 2 2 (4.3)

Indeed, ( )i is impossible. Let us assume that it is true, then for some �∈λ0 , we have

�( ) ( ) ( ) ( )′ + ‖ ‖ ′ = ∗u λ u H0, in ,p s
0 2

2 2

or equivalently

( ) ( ) ∣ ∣ ( )− + − − + = ∗s u s u p u u λ u H2 Δ 2 Δ d
2

2 0, in .s s p s
1 2 01 2 2 (4.4)

As in the proof of Lemma 2.2, multiplying (4.4) by ū and ⋅∇x ū, respectively, and integrating by parts, we
have

‖∇ ‖ + ‖∇ ‖ − ‖ ‖ + ‖ ‖ =+

+s u s u p u λ u2 2 d
2

2 0s s p
p

1 2
2

2 2
2

2
2

0 2
2

1 2 (4.5)

and

( ) ( )
( )

− ‖∇ ‖ + − ‖∇ ‖ +
+

‖ ‖ − ‖ ‖ =+

+s s d u s s d u p
p

u λ d u2 2 d
2 2

0.s s p
p

1 1 2
2

2 2 2
2

2

2
2

0 2
2

1 2 (4.6)

From (4.5) and (4.6), we obtain that

( )
‖∇ ‖ + ‖∇ ‖ −

+
‖ ‖ =+

+s u s u p
p

u4 4 d
2 2

0.s s p
p

1
2

2
2

2
2

2
2

2 2

2
2

1 2 (4.7)

Note that ∈u Vc and then � ( ) =u 0p . By this identity and (4.7), we conclude that
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( ) ( )
( )

− ‖∇ ‖ −
−

+
‖ ‖ =+

+s s s u p p s
p

u4 d d 4
2 2

0,s p
p

1 1 2 2
2 2

2
2

1

which is a contradiction, since ∈u Sc, <s s1 2, and ≥p s
d

4 2 .
Now to end the proof, we only need to show that =λ 01 in (4.3). As the above, multiplying (4.3) by ū and

⋅∇x ū, respectively, and then integrating by parts, we have

( ) ( ) ⎛
⎝

⎞
⎠

+ ‖∇ ‖ + + ‖∇ ‖ − − ‖ ‖ + ‖ ‖ =+

+λ s u λ s u pλ u λ u1 2 1 2 1 d
2

0s s p
p

1 1 2
2

1 2 2
2 1

2
2

2 2
2

1 2 (4.8)

and

( ) ( ) ⎛
⎝

⎞
⎠

+
−

‖∇ ‖ + +
−

‖∇ ‖ − −
−

+
‖ ‖ − ‖ ‖ =+

+λ s s d u λ s s d u pλ d
p

u λ u1 2 2
2

1 2 2
2

1 d
2 2

d
2

0.s s p
p

1 1
1

2
2

1 2
2

2
2 1

2
2 2

2
2

1 2 (4.9)

From (4.8) and (4.9), we have

( ) ( ) ⎛
⎝

⎞
⎠ ( )

+ ‖∇ ‖ + + ‖∇ ‖ − −
+

‖ ‖ =+

+λ s s u λ s s u pλ p
p

u1 2 1 2 1 d
2

d
2 2

0.s s p
p

1 1 1 2
2

1 2 2 2
2 1

2
2

1 2 (4.10)

Using the fact that � ( ) =u 0p , we then deduce from (4.10) that

⎡
⎣⎢ ( )

⎤
⎦⎥

‖∇ ‖ + ‖∇ ‖ +
+

‖ ‖ =+

+λ s u s u p
p

ud
8 2

0,s s p
p

1 1
2

2
2

2
2

2
2

2 2

2
2

1 2

which implies that =λ 01 , this ends the proof. □

To show that Jc
p is attained for some ∈u Vc, we consider the following equivalent minimization

problem:

�{ ( ) ∣ ( ) }͠≔ ∈ ≤
∼J E v v S vinf , 0 ,c

p p
c

p (4.11)

where

�( ) ( ) ( )͠ ≔ − =
−

‖∇ ‖ +
−

‖∇ ‖E v E v
p

v p s
p

v p s
p

v2
d

d 4
2d

d 4
2d

.p p p
s s

1
2
2 2

2
2

1 2 (4.12)

We can prove that

Lemma 4.2. Assume that
( )

≤ <
− +

ps
d

s
d s

4 4
2

2 2

2
. Then for any >c 0, there holds that

�{ ( ) ∣ ( ) }͠= ∈ = =
∼J E v v S v Jinf , 0 .c

p p
c

p
c
p (4.13)

Proof. By the definition, obviously ≥
∼J Jc

p
c
p
. In addition, for any ∈u Sc with � ( ) ≤u 0p , by the continuity of

� ( )up t about t, there exists ( ]∈t 0, 10 , such that � ( ) =u 0p t0 . Thus,

( )͠ ͠( )≤ ≤J E u E u .c
p p t p0

Taking the infimum, we have ≤
∼J Jc

p
c
p
, then (4.13) follows. □

Lemma 4.3. Assume that
( )

≤ <
− +

ps
d

s
d s

4 4
2

2 2

2
. Then when

( )
< <

− +
ps

d
s

d s
4 4

2
2 2

2
, the function ↦c Jc

p is non-
increasing on ( )+∞0, , and when =p s

d
4 2 , ↦c Jc

p is non-increasing on ( )+∞∗c , .

Proof. To prove the monotonicity of Jc
p, it is essential to show that

( )
( )

= < <
−∈ >

+
J E u s

d
p s

d s
inf max , if 4 4

2
,c

p
u S t

p t
0

2 2

2c
(4.14)

and
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�

( )= =
∈ >

J E u p s
d

inf max , if 4 ,c
p

u t
p t

0

2

c
(4.15)

where � { }≔ ∈ ‖∇ ‖ < ‖ ‖
+ +

+u S u u:c c s d s2
2 d

2 2
2

s
d

s
d

2 2
4 2

4 2
. To this aim, the key is to show that for any given ∈u Sc if

( )
< <

− +
ps

d
s

d s
4 4

2
2 2

2
or �∈u c if =p s

d
4 2 , there exists a unique >t 0u such that � ( ) =u 0p tu , and ( ) =E up tu

( )> E umaxt
p t

0 . To prove that, we observe from (2.3) that, for any ∈u Sc,

�( )
( )

( )= ‖∇ ‖ + ‖∇ ‖ −
+

‖ ‖ =− −
−

+

+

t
E u s t u s t u pt

p
u

t
ud

d
d
2 2

1 .p t s
s

s
s p

p p t
1

2 1
2
2

2
2 1

2
2

1

2
2

p

1
1

2
2

d
2 (4.16)

For given >a b c, , 0, define

( ) ≔ + − ∀ >− − −h t at bt ct t, 0,s s2 1 2 1 1p
1 2

d
2

then ( ) ( )= −h t t k ts2 12 , with

( ) ( )≔ + − >− −k t at b ct t, 0.s s s2 2p
1 2

d
2 2

It is not difficult to check that under either of the following two conditions,

(1)
( )

< <
− +

ps
d

s
d s

4 4
2

2 2

2
;

(2) =p s
d

4 2 and − <b c 0,

the function ( )k t is strictly decreasing on ( )∞0, , with a unique zero point >t 00 . Thus,

⎧

⎨
⎩

( )
( )
( )

> < <

= =

< >

h t t t
h t t t
h t t t

0, 0 ,
0, ;
0, .

0

0

0

Setting:

( )
= ‖∇ ‖ = ‖∇ ‖ =

+
‖ ‖ +

+a s u b s u c p
p

u, , d
2 2

,s s p
p

1 2
2

2 2
2

2
2

1 2

we conclude that under either of the conditions: (1)
( )

< <
− +

ps
d

s
d s

4 4
2

2 2

2
and any given ∈u Sc, or (2) =p s

d
4 2 and

any given �∈u c (note that when =p s
d

4 2 , − < ⇔ ‖∇ ‖ < ‖ ‖
+ +

+b c u u0 s d s2
2 d

2 2
2

s
d

s
d

2 2
4 2

4 2
), there exists a unique >t 0u

such that � ( ) =u 0p tu , and

( ) ( ) ( ) ( )> ∈ < ∈ ∞
t

E u t t
t

E u t td
d

0 if 0, , and d
d

0 if , ,p t
u

p t
u (4.17)

from which we deduce that ( )( ) = >E u E umaxp t
t

p t
0u .

Note particularly that when =p s
d

4 2 , for any �∈u c, by the Gagliardo-Nirenberg inequality (1.5) with
=s s2,

‖∇ ‖ <
+

‖ ‖ ⇒ ‖∇ ‖ < ‖ ‖ ‖ ‖ ‖∇ ‖ ⇔ > ‖ ‖ =
+

+ −

∗u d
d s

u u Q u u c Q c
2

.s s
d

s
d s s

s
d

s
d s s2

2

2
4 2

4 2
2
2

2

4

2

4

2
2

22 2

2

2 2

2 2

2 2

To end the proof, we clarify that since the other cases are standard as those in [11, Lemma 5.3], for
simplicity, here we omit the details. □

Proposition 4.1. Assume that
( )

≤ <
− +

ps
d

s
d s

4 4
2

2 2

2
, then under either of the following conditions:

(1)
( )

< <
− +

ps
d

s
d s

4 4
2

2 2

2
and ( )∈ +∞c 0, ;

(2) =p s
d

4 2 and ( )∈ +∞∗c c , ,

we have >J 0c
p . Moreover, there exists { }∈u H \ 0s2 , such that ( )͠ =E u Jp

c
p and ∈ ‖ ‖u V u 2 with < ‖ ‖ ≤u c0 2 .
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Proof. We first show that >J 0c
p . Indeed, for any ∈v Sc with �( ) ≤v 0, by the Gagliardo-Nirenberg

inequality (1.5) with =s s1, we have

( )
( )

( )
‖∇ ‖ + ‖∇ ‖ ≤

+
‖ ‖ ≤

+
‖∇ ‖ ‖ ‖+

+
+ −

s v s v p
p

v pB p d s
p

v vd
2 2

d , ,
2 2s s p

p
s

p
s p p

s
1 2

2
2 2

2
2
2 1

2

d
2

2
2 d

2
1 2 1

1 1 (4.18)

which implies that

( )
( )

+
≤ ‖∇ ‖

− −
−s p

pB p d s
c v2 2

d , ,
.p

s

p
s1

1

2
2

d
2 2p

s
d
2 1 1

1 (4.19)

Therefore, in both cases, by (4.12), (4.19), and the definition of
∼Jc

p
, we see that >

∼J 0c
p

. Thus by Lemma 4.2,
>J 0c

p is verified.

Now let { }vn be an arbitrary minimizing sequence for (4.11), i.e., { } ⊂v Sn c, � ( ) ≤v 0p
n , and ( )͠ → =

∼E v Jp
n c

p

Jc
p as → ∞n . We claim that { }vn is bounded in H s2. Indeed, since ∈v Sn c, it is enough to verify the

boundedness of ( ){ }‖∇ ‖ =v i 1, 2s n 2i . When
( )

< <
− +

ps
d

s
d s

4 4
2

2 2

2
, by (4.12), ( ){ }‖∇ ‖ =v i 1, 2s n 2i is surely bounded.

When =p s
d

4 2 , by (4.12), { }‖∇ ‖vs n 21 is bounded, then by (4.18) we observe that { }‖∇ ‖vs n 22 is bounded. Thus, the

claim is verified. In addition, by (4.18) and (4.19), there exists >C 00 such that

�

∣ ∣∫ ≥ >+v x Cd 0.n
p 2

0
d

Using the same arguments as in the proof of Proposition 3.1, up to a translation and a subsequence (still
denoted by { }vn ), there exists { }∈u H \ 0s2 such that

⇀ ≠v u H0 in .n
s2

Moreover, from Lemma A.1 we deduce that

� � �( ) ( ) ( )− − − →v v u u 0,p
n

p
n

p (4.20)

( ) ( ) ( )͠ ͠ ͠− − − →E v E v u E u 0,p
n

p
n

p (4.21)

‖ ‖ − ‖ − ‖ − ‖ ‖ →v v u u 0.n n2
2

2
2

2
2 (4.22)

By (4.22), < ‖ ‖ ≤u c0 2 . We claim that � ( ) ≤u 0p , which indeed can be proved by excluding the other
possibilities:

(1) If � ( ) >u 0p and ‖ ‖ <u c2 , it follows from (4.20) and � ( ) ≤v 0p
n that � ( )− ≤v u 0p

n for sufficiently

large n. Set = − ‖ ‖c c u1
2

2
2 and ( )= ‖ − ‖ −

−w c v u v un n n1 2
1 , then

� ( )‖ − ‖ → ∈ ≤v u c w S w, , and 0.n n c
p

n2 1 1

Thus, by the definition of
∼Jc

p
, it follows that

( ) ( )͠ ͠≥ − ≥
∼ ∼E w J E v u Jand .p

n c
p p

n c
p

1 1

From � ( ) ≤w 0p
n and (3.12), we see in particular that > ∗c c1 as =p s

d
4 2 . Then applying Lemma 4.3,

= ≥
∼J J Jc

p
c
p

c
p

1 1
, and by (4.21) we obtain

( )͠ =
−

‖∇ ‖ +
−

‖∇ ‖ ≤E u p s
p

u p s
p

ud 4
2d

d 4
2d

0,p
s s

1
2
2 2

2
2

1 2

which is impossible, since due to ∈u Sc and ≥ >p s
d

s
d

4 42 1 , we have ( )͠ >E u 0p .
(2) If � ( ) >u 0p and‖ ‖ =u c2 , then →v un in L2 as → ∞n . This implies that →v un in +L p 2 as → ∞n . On

the other hand, we deduce from � ( ) >u 0p that � ( )− ≤v u 0p
n for sufficiently large n. Thus, we can obtain

→v un in H s2 as → ∞n . This yields � ( )− →v u 0p
n as → ∞n . Thus, it follows from (4.20) and � ( ) >u 0p

that � ( ) >v 0p
n for sufficiently large n, which contradicts � ( ) ≤v 0p

n .
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Therefore, we have � ( ) ≤u 0p and < ‖ ‖ ≤u c0 2 . In particular, by (3.12), < ‖ ‖ ≤∗c u c2 when =p s
d

4 2 .

Thus, we deduce from the definition of
∼Jc

p
, and Lemma 4.3 that

( ) ( )͠ ͠≤ ≤ ≤ =
∼ ∼ ∼

‖ ‖ →∞J J E u E v Jlim ,c
p

u
p p

n
p

n c
p

2

which shows that ( )͠ =
∼E u Jp

c
p
. Using this equality, we can prove that � ( ) =u 0p . Indeed, if � ( ) <u 0p , then

there exists ( )∈t 0, 10 such that � ( ) =u 0p t0 , thus by Lemma 4.3,

( )͠ ͠( )≤ ≤ < =
∼ ∼ ∼

‖ ‖J J E u E u J ,c
p

u
p p t p

c
p

2
0

which is a contradiction. Therefore, by Lemma 4.2 we conclude that ( )͠ =E u Jp
c
p and � ( ) =u 0p . Then the

proof is complete. □

To prove Theorem 1.4, we need the following two lemmas.

Lemma 4.4. Assume that ≤ ≤ < ≤
− −

p s d, 2s
d

s
d s

s s
s s

4 4
2 1

22 1

1

1 2

2 1
. Let ∈u H s2 be a non-trivial weak solution of the

equation

�( ) ( ) ∣ ∣− + − + − = ∈u u λu u u xΔ Δ 0, ,s s p d1 2 (4.23)

then necessarily >λ 0.

Proof. Since �( )∈u H s d2 is a non-trivial weak solution of (4.23), we deduce from (2.6) and (2.8) that

( ) ( )

‖ ‖ = ‖ ‖ − ‖∇ ‖ − ‖∇ ‖

=
− −

‖∇ ‖ +
− −

‖∇ ‖

+

+λ u u u u
s d s p

p
u s d s p

p
u4 2

d
4 2

d
.

p
p

s s

s s

2
2

2
2

2
2

2
2

1 1
2
2 2 2

2
2

1 2

1 2

(4.24)

If ≤ ≤
−

ps
d

s
d s

4 4
2

2 1

1
, < ≤

−
s d2 s s

s s1
2 1 2

2 1
, and ≠u 0, then from (4.24), we observe that >λ 0. □

Lemma 4.5. Assume that ≤ ≤
−

ps
d

s
d s

4 4
2

2 1

1
, < ≤

−
s d2 s s

s s1
2 1 2

2 1
. Then the mapping ↦c Jc

p is strictly decreasing on
the interval ( )+∞0, .

Proof. By the fact that ↦c Jc
p is non-increasing proved in Lemma 4.3, if we assume by contradiction that

( )≡ ∀ ∈J J c c c, , ,c
p

c
p

2 33

for some >c c, 02 3 . Then by Proposition 4.1, for >c 03 , there exists ∈ ‖ ‖u V u0 0 2 such that

( ) = < ‖ ‖ <E u J u cand 0 .p
c
p

0 0 2 33

Hence, u0 is a free minimizer of Ep on the manifold � �{ } ( ){ }≔ ∈ =u H u\ 0 : 0s p2 . Thus, there exists a
Lagrange multiplier �∈λ3 , such that

�( ) ( ) ( ) ( ) ( )′ + ′ = ∗E u λ u H0, in .p p s
0 3 0 2

Using the same argument as in the proof of Lemma 4.1, we deduce that =λ 03 . Then

( ) ( ) ( )′ = ∗E u H0, in .p s
0 2 (4.25)

This means that u0 is a non-trivial weak solution of (4.23) with =λ 0. However, by Lemma 4.4, this is
impossible if ≤ ≤ < ≤

− −
p s d, 2s

d
s

d s
s s

s s
4 4

2 1
22 1

1

1 2

2 1
. Then the strict decreasing property of Jc

p about >c 0 fol-
lows. □

Proof of Theorem 1.4. By Proposition 4.1 and Lemma 4.5, we conclude immediately that when

≤ ≤
−

ps
d

s
d s

4 4
2

2 1

1
, < ≤

−
s d2 s s

s s1
2 1 2

2 1
, and >c 0, or when =p s

d
4 2 and > ∗c c , >J 0c

p and Jc
p admits at least one
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minimizer ∈u Vc c. In particular, by Lemma 4.1, uc is a critical point of Ep on Sc. Thus, there exists >λ 0c ,
such that ( )u λ,c c solves weakly equation (1.12). To show the behavior of uc as → +c 0 , note that using
� ( ) =u 0p

c and the Gagliardo-Nirenberg inequality (1.5), we have as (4.19) that

( )
( )

+
≤ ‖∇ ‖ =

− −
−s p

pB p d s
c v i2 2

d , ,
, 1, 2.i

i

p
s

p
s2

2

d
2 2p

si i
i

d
2 (4.26)

Note that − − < − >p 2 0, 2 0p
s

p
s

d
2

d
2i i

if
( )

< <
− +

ps
d

s
d s

4 4
2

2 2

2
, then by (4.26),

‖∇ ‖ → +∞ ‖∇ ‖ → +∞ → +u u c, , as 0s c s c2 21 2 (4.27)

and thus ( ) → +∞E up
c as → +c 0 , by the following calculation (� ( ) =u 0p

c is used)

�( ) ( ) ( )= − =
−

‖∇ ‖ +
−

‖∇ ‖E u E u
p

u p s
p

u p s
p

u2
d

d 4
2d

d 4
2d

.p
c

p
c

p
c s c s c

1
2
2 2

2
2

1 2 (4.28)

Finally, the fact that → +∞λc as → +c 0 , follows from (4.24) and (4.27). Then the proof is com-
plete. □
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Appendix

Lemma A.1. Assume that �{ } ( )⊂u Hn
s d and �( )∈u Hs d , being such that

�( )⇀u u in H, ,n
s d

then
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Proof. Let ≔ −v u un n , then = +u v un n , and ⇀v 0n , in �( )Hs d . Thus, it is not difficult to calculate that
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where in the last inequality we used the fact that

� � � �

� � � �

( ) ( )
∣ ∣

( ) ( )
∣ ∣

( ) ( )
∣ ∣

( ) ( )
∣ ∣

∫ ∫

∫ ∫

−
=

−

−
=

−

×

+

×

+

×

+

×

+

v x u x
x y

x y v y u y
x y

x y

v x u y
x y

x y v y u x
x y

x y

d d d d ,

d d d d .

n
d s

n
d s

n
d s

n
d s

2 2

2 2

d d d d

d d d d

Note that by changing the variable of the integrals, we have
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Since ⇀v 0n , in �( )Hs d , then
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thus by (A2) and (A3) we obtain (A1). This completes the proof. □
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