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Abstract: Using Foreman’s method, the core structure and Peierls stress of dislocations in bubble rafts have been
investigated within the framework of the modified Peierls-Nabarro (P-N) model in which the discrete lattice
effect is taken into account. The core width obtained from the modified P-N model is much wider than
that from the P-N model owing to the discrete lattice effect. It is found that the core width of dislocation
increases with a decrease of the bubble radius. The elastic strain energy associated with the discrete effect
is considered while calculating the Peierls stress. The new expression of the Peierls stress obtained in this
paper is not explicitly dependent on the particular form of the restoring force law, which is only related to
the core structure parameter and can be used expediently to predict the Peierls stress of dislocations. The
Peierls stress decreases rapidly with the decrease of the bubble radius.
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1. Introduction

Bubble rafts, a single layer of bubbles freely floating on asurface of water, have been widely used to exhibit topolog-ical defects such as dislocations, disclinations and grainboundaries, with vivid images of the structure of defectssince first being introduced by Bragg and Nye to modelmetallic crystalline structures [1–4]. Bubble rafts havealso been used to study nanoindentation of an initiallydefect-free crystal and dynamic behavior of crystals un-
∗E-mail: xiaozhiwu@cqu.edu.cn

der shear [5, 6]. To date, the core width and Peierls stressof dislocations in bubble rafts have remained unsolved.In order to clarify the core structure of dislocations inbubble rafts, one should point out three problems appear-ing in the analysis of the dislocations core structure andPeierls stress within the scope of the dislocation latticetheory: (i) how to get the relation between restoring forcelaw and radius of bubble rafts, (ii) what is the form of anunified dislocation equation for bubble rafts and (iii) themainly mathematical problem related to the solution ofthe nonlinear dislocation equation. Foreman et al. pro-posed a phenomenological method for the more generalcase to remedy the defects of the sinusoidal force lawin the framework of the Peierls-Nabarro (P-N) model [7].
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Based on the conclusions of Nicolson et al., Guo et al.obtain the relation between the restoring force law andthe bubbles radius within the Peierls cut-glue scheme [8–11]. As is well known, the P-N model can predict thecore width and Peierls stress of dislocations analytically[12–16]. However, the fundamental dislocation equation inthe P-N model is derived from the balance between thenonlinear interaction from the misfit gluing and the linearinteraction form the deformation, which is obtained by theassumption that the crystal is taken to be elastic contin-uum. Recently, a modified P-N dislocation equation tak-ing into account the discrete lattice effect is presented onthe basis of lattice statics and symmetry principles, whichis important for the dislocation core structure [17–19].Today, the remaining key task to determine the disloca-tion core structure is to obtain the solution of the modi-fied P-N dislocation equation combined with the restoringforce law for bubble rafts. An analytical expression of theforce law for bubble rafts with different radii is presentedin Ref. [8]. Unfortunately, the expression is so complexthat attempts to solve the modified P-N dislocation equa-tion are unsuccessful. In this paper, Foreman’s method,an elegant idea for dealing with dislocation width withgood generalization for different dislocations with differ-ent geometrical characters, is applied to find the solutionof the modified P-N dislocation for bubble rafts [7, 13, 14].The core widths obtained by P-N and modified P-N dis-location equation for bubble rafts with different radii arepresented. The new expression of the Peierls stress ob-tained in this paper is not explicitly dependent on theparticular form of the restoring force law, which is onlyrelated to the core structure parameter and can be usedexpediently to predict the Peierls stress of dislocations.
2. Core width of dislocations in bub-
ble rafts
The modified P-N dislocation equation including the dis-crete lattice effect was obtained firstly by using the solv-able models and secondly derived in a model-independentway, and takes the following form [17–19]
− β2 d2u

dx2 − µ2π(1− ν)
∫ +∞
−∞

dx ′

x ′ − x

(
du
dx

)∣∣∣∣
x=x′ = f(u),(1)where u(x) is the relative displacement of the bilateralmisfit planes along the glide direction. µ and ν are theshear modulus and Poisson’s ratio, respectively. Thereis an extra second-order derivative in the modified P-Nequation compared with the classical P-N equation, whichdenotes the modification of lattice discrete effect. β is

the modification parameter of the discrete effect originatedfrom the special structure of crystals. Generally, the bub-bles are close-packed structure and the form of packingis taken to be two-dimensional triangular lattice. For atwo-dimensional triangular lattice, the modified parame-ter β = 34 , shear modulus µ = √34 and Poisson’s ratio
ν = 14 [17, 18]. f(u) is the restoring foce law due tothe atoms in the opposite glide plane, which can be ob-tained from the gradient of the generalized stacking fault(GSF) energy for materials f(u) = − ∂γ(u)

∂u [13, 14]. How-ever, the GSF energy of bubble rafts is hard to obtainand the restoring force law for different radii is deriveddirectly based on the interaction between bubbles withinthe Peierls cut-glue scheme [8]. As described above, theexpression for the restoring force law for bubble rafts iscomplex and the dislocation equation cannot be solved byvariational method, although it is an effective method tosolve the integro-differential dislocation equation [20, 21].In this paper, Foreman’s method is applied to solve themodified P-N dislocation equation to determine the dis-location core structure in bubble rafts. Foreman’s methodis also be generalized to solve the dissociated and mixeddislocations by Medvedeva et al. [13, 14]. Foreman’s so-lution for dislocations is typically given as follows [7, 22]
u(x) = b

π

{1− (η − 1) ∂∂η
}arctan p0

η , (2)
where p0 = κ0x with κ0 = 2(1−ν)

d , which originated from theexact arctan-type solution of the P-N dislocation equationwith the sinusoidal force law. η is an arbitrary parameterand η = 1 corresponds to the solution for the classicalP-N dislocation with a sinusoidal force law [23]. The corestructure parameter η contains two modifications to dislo-cation core: the first results from the discrete lattice effectand the other is from the modification of the sinusoidalforce law. The core width of dislocation is determinedby the core structure parameter η and increases with theincreasing of the core structure parameter.Let p0 = η cot ( θ2 ), the stress and displacements can bewritten in the convenient parametric form
2πd
µb σ =8βb(1− ν)2 cot ( θ2 ) (−3 + 4η+ cot ( θ2 )2)

µdη3 (1 + cot ( θ2 )2)3

+ 2 cot ( θ2 ) (−2 + 4η+ cot ( θ2 )2)
η2 (1 + cot ( θ2 )2)2 ,

(3)

1
bu = 1

π

(
π2 − θ2 + η − 12η sinθ) . (4)

The shear stress σ corresponding to the left of Eq. (1) areillustrated in Fig. 1 for η = 1, 2, 4, 10 within the framework
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of the P-N and modified P-N models. As can be seen,the maximum of the shear stress σ decreases as the corestructure parameter η is increased, whereas the positionof the maximum shear stress is increases. Furthermore,the maximum shear stress obtained in the modified P-Ndislocation equation is larger than that of the P-N dislo-cation equation for the same core structure parameter η.This indicates that the same shear stress correspondingto the different core structure parameters η, and the corestructure parameter is smaller in the P-N theory than thatin the modified P-N theory. This indicates that the sameshear stress corresponding to the different core structureparameters η, and η is smaller in the P-N theory thanthat in the modified P-N theory.

Figure 1. Shear stress distribution along slip direction: (a) the P-N
theory, (b) the modified P-N theory.

The shear stress distribution along slip direction can bedetermined by atomistic simulation for crystals, and thecore structure parameter η which controls the disloca-

tion core structure is easily fixed [24]. Nowadays, therestoring force law is the only exist condition for the bub-ble rafts. According to Eq. (3) and Eq. (4), the relationbetween shear stress σ and the displacement u can beestablished. By comparing the σ (u) with the restoringforce law obtained in Ref. [8] for bubble rafts with differ-ent radii, the core structure parameters η can be obtained.The criterion of comparison is that both distributions havethe same maximum shear stress σmax. This requirement iseasily understood. The dislocation core width is mainlycontrolled by the maximum of the stable stacking fault en-ergy (namely the unstable stacking fault energy), and themaximum of the shear stress has the same effect as theunstable stacking fault energy while describing the dislo-cation structure [20]. The results are listed in Tab. 1 forbubble rafts with different radii. The core structure param-eter η obtained in the modified P-N theory is larger thanthat of the P-N theory, namely the dislocation core widthis wider within modified P-N theory when the discrete lat-tice effect is taken into account. Although the maximumshear stress is increases with increase of the radius of thebubble rafts, the core structure parameters η0 obtainedin the P-N theory decreases with the increases with thebubble radius. The dislocation core width of large bub-ble rafts is narrower than that of small ones. As is wellknown, the modification of discrete lattice effect is obviousfor narrow dislocations. The core structure parameters ηobtained in the modified P-N theory also decrease of thebubble radius. It is found that ∆η = η − η0 are in thesmall range 2.1 ∼ 2.6 for radius of bubble rafts in therange 0.592 mm ∼ 1.682 mm. Thus, ∆η
η0 is used to repre-sent the degree of the modification of the discrete latticeeffect, and which increases with increase in the bubbleradius. As shown in Tab. 1, ∆η

η0 = 91.3% for R = 1.682 mmbubble rafts and ∆η
η0 = 51.1% for R = 0.888 mm bubblerafts, namely the degree of discrete lattice discrete effectof modification is larger for bigger bubble rafts with narrowdislocations therein. The half core width of dislocations

ζ0 obtained in the P-N theory and ζ achieved in the mod-ified P-N theory, defined as the range of positions withinwhich displacement changed form 0 to b4 , are presentedin Tab. 1. It is obviously that the discrete lattice effect isimportant for dislocation core width in bubble rafts, whichcannot be neglected.
While the maximum shear stress σmax = 1.0 (in units of
µb2πd) without consideration of the position of σmax, the corestructure parameters are η0 = 1.0 and η = 3.4 for theP-N equation and the modified P-N equation, respec-tively. η0 = 1.0 signifies the classical P-N solution. Fore-man’s solution is identical with the variational solution ifthe parameter η is replaced by 11−c [20]. Therefore, thecore structure parameter η = 3.4 is the same as c = 0.71
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Table 1. The bubble radius R (in units of mm), the maximum shear
stress σmax (in units of µb2πd , which is taken from Ref. [8]), the
core structure parameters η0 and η, the core width ζ0 and ζ
(in units of b), Peierls stress σP (in units of µ).

R σmax η0 η ∆η ∆η
η0 ζ0 ζ σP1.682 0.728 2.3 4.4 2.1 91.3% 0.79 1.30 4.09× 10−61.420 0.638 2.7 4.9 2.2 81.4% 0.88 1.42 6.73× 10−71.332 0.623 2.8 5.0 2.2 78.6% 0.91 1.45 4.68× 10−71.080 0.513 3.6 5.8 2.2 61.1% 1.10 1.65 2.46× 10−80.888 0.430 4.5 6.8 2.3 51.1% 1.32 1.90 5.80× 10−10

for illustrating the dislocation core structure. While therestoring force law is sinusoidal and the modified P-Ndislocation equation is solved with the variational method(following the procedure in Ref. [20]), the parameter cequals to 0.71. The agreement of the results from Fore-man’s method and variational method shows that the corestructure of dislocations in bubble rafts determined hereare acceptable. In Fig. 2, the shear stress σ (u) for bubblerafts with radius R = 1.682 mm and R = 0.888 mm areplotted and compared with the previous results. As can beseen, the different values of the core structure parameters
η0 and η give nearly the same shear stress σ (u) and themaximum shear stress is the same. The position of themaximum shear stress of the restoring force law in Ref. [8]is deviated from the middle point (u = 0.25b), howeverthat does not affect the results discussed here.
3. Peierls stress of dislocations in
bubble rafts
In the classical P-N theory, the Peierls stress (the mini-mum applied shear stress moving a dislocation) is calcu-lated by summing the local misfit energy between atomsrows on each side of the glide plane, viz. only the contri-bution of the misfit energy is considered. However, it hasbeen shown that the elastic strain energy has the samemagnitude as the misfit energy. Therefore, the contribu-tion of elastic strain energy should be taken into accountand cannot be neglected [20]. The dislocation containsthe contribution of misfit energy and elastic strain energycan be expressed as

Edis(x0) = n=+∞∑
n=−∞ γ[u(nb − x0)]
+ 12 n=+∞∑

n=−∞ f [u(nb − x0)]u(nb − x0), (5)

Figure 2. The shear stress σ (u) in P-N theory and modified P-N
theory comparing with the theoretical restoring force law
(which is taken from Ref. [8]), and the core structure pa-
rameter η0 and η is determined.

where x0 is the position of the dislocation center, the dis-location energy depends on the position of the centerof the dislocation x0. The fist term is the misfit energy
Emis(x0), which results from the atomic interaction acrossthe glide plane. The second term is the elastic strainenergy Eela(x0), which is neglected in the classical P-Nmodel. γ(u) and f(u) are the GSF energy and the restor-ing force law, respectively. By means of Poisson’s formula,the misfit energy and the elastic strain energy take thefollowing form

Emis(x0) = m=+∞∑
m=−∞

e2πim x0
b2πim
∫ +∞
−∞

f(u)ρ(x)e2πim x
b dx, (6)

Eela(x0) = m=+∞∑
m=−∞

e2πim x0
b2b
∫ +∞
−∞

f(u)u(x)e2πim x
b dx. (7)
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For bubble rafts, only the restoring force law is known andthe GSF energy is unknown. Foreman et al. approximatedthe Peierls stress by using the cosine-type GSF energy(the corresponding restoring force law is sinusoidal) tocalculate the misfit energy [7]. As mentioned before, therestoring force law in bubble rafts deviates from a sinu-soidal one. Therefore, the definition of the restoring force
f(u) = − ∂γ(u)

∂u and the integration by parts are used whilederiving the Eq. (6). The Peierls stress can be obtainedfrom the maximum slope of the dislocation energy
σP = max ∣∣∣∣ 1b dEdis(x0)

dx0
∣∣∣∣ . (8)

After a long and tedious calculation, the Peierls stressstill can be written in two parts: σmisP and σelaP

σP = σmisP + σelsP , (9)
where σmisP and σelaP indicate the contribution of the misfitenergy and the elastic strain energy to the Peierls stress

σmisP = κ0bξ96π2η3(1− ν) [σmisPa + σmisPb
]
e−ηξ , (10)

σelaP = 12π2η2(1− ν) [σelaPa + σelaPb
]
e−ηξ , (11)

where σmisPa , σmisPb , σelaPa and σelaPb are listed in Appendix with
ξ = 2π

κ0b . The Peierls stress is proportional to e−ηξ , whichis similar to the expression of the Peierls stress obtainedin the P-N theory for a sinusoidal force law
σP ∝ e

− 2π
κ0b

[12]. The new expression of the Peierls stress presentedhere is not explicitly dependent on a particular form of therestoring force law. Therefore, it is expedient to predictthe Peierls stress for dislocations where the core structureparameter is determined. The Peierls stress of disloca-tions in bubble rafts with different radii is calculated withthe new expression. The results are listed Tab. 1. ThePeierls stress decreases rapidly with the decrease of theradius of bubble rafts.
4. Conclusions
The core structure and Peierls stress of the dislocationsin bubble rafts is investigated within the modified P-Nmodel in which the discrete lattice effect is taken into ac-count. The discrete lattice effect is important for disloca-tions. The core width obtained in the modified P-N model

is much wider than that obtained in the P-N model. Thecore width of dislocation is increases with the decreaseof the bubble radius. The elastic strain energy associ-ated with the discrete effect is considered while calculat-ing the Peierls stress. The new expression presented forthe Peierls stress is not explicitly dependent on a partic-ular form of the restoring force law. The Peierls stress isdecreases rapidly with decrease of the bubble radius.
Appendix
The calculation of σmisPa , σmisPb , σelaPa and σelaPb are long andtedious, and expression for them are given directly as fol-lows
σmisPa =βκ0(1− ν) (3− 3η(4− ξ) + 2η4(3− ξ)ξ2 + η5ξ3

+3η2(5− 4ξ) + η3ξ (15− 6ξ + ξ2)) ,
σmisPb =2µη3 (6 + (η − 1)ξ(η − 1)2ξ2) ,
σelaPa =βκ0 (−(6− 8η − 6ν + 8ην)Λ1

−(4− 8η − 4ν + 8ην)Λ2 + 2(1− ν)Λ3)
+ πβ12ηb (1− η) (3 + 3η(−2 + ξ)(1 + ηξ)
−2η3ξ3(1− η)) (1− ν),

σelaPb =µ (−4η(2− 3η)Λ1 − 4η(4− 7η)Λ2 + 12η2Λ3 + 4η2Λ4)+ πµ4 (1− η) (1 + η(−3 + ξ)− η2(−1 + ξ)ξ + η3ξ3)
with

Λ1 = π576 (30 + 30ηξ + 39η2ξ2 + 11η3ξ3)
+ πηξ96 (

−3 + 3ηξ − η2ξ2) e2ηξΓ(0, 2ηξ)
− πηξ96 (3 + 3ηξ + η2ξ2) (ec + ln 2ηξ),

Λ2 = π24
(1 + ηξ + 58η2ξ2 − 1124η3ξ3)

− πηξ96 (3− 3ηξ − 3η2ξ2) e2ηξΓ(0, 2ηξ)
+ πηξ96 (

−3− 3ηξ + η2ξ2) (ec + ln 2ηξ),
Λ3 = π576 (66 + 66ηξ − 69η2ξ2 + 11η3ξ3)

− πηξ96 (15 + 9ηξ + η2ξ2) e2ηξΓ(0, 2ηξ)
− πηξ96 (15− 9ηξ + η2ξ2) (ec + ln 2ηξ),

Λ4 =− π576 (300 + 300ηξ − 123η2ξ2 + 11η3ξ3)
+ π96 (48 + 57ηξ + 15η2ξ2 + η3ξ3) e2ηξΓ(0, 2ηξ)
+ π96 (48− 57ηξ + 15η2ξ2 − η3ξ3) (ec + ln 2ηξ).
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