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Abstract: Using Foreman’s method, the core structure and Peierls stress of dislocations in bubble rafts have been
investigated within the framework of the modified Peierls-Nabarro (P-N) model in which the discrete lattice
effect is taken into account. The core width obtained from the modified P-N model is much wider than
that from the P-N model owing to the discrete lattice effect. It is found that the core width of dislocation
increases with a decrease of the bubble radius. The elastic strain energy associated with the discrete effect
is considered while calculating the Peierls stress. The new expression of the Peierls stress obtained in this
paper is not explicitly dependent on the particular form of the restoring force law, which is only related to
the core structure parameter and can be used expediently to predict the Peierls stress of dislocations. The
Peierls stress decreases rapidly with the decrease of the bubble radius.
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1. Introduction der shear [5, 6]. To date, the core width and Peierls stress
of dislocations in bubble rafts have remained unsolved.
In order to clarify the core structure of dislocations in

. ) bubble rafts, one should point out three problems appear-
Bubble rafts, a single layer of bubbles freely floating on a

) o ing in the analysis of the dislocations core structure and
surface of water, have been widely used to exhibit topolog-

) . . N ; Peierls stress within the scope of the dislocation lattice
ical defects such as dislocations, disclinations and grain

boundaries, with vivid images of the structure of defects
since first being introduced by Bragg and Nye to model
metallic crystalline structures [1-4]. Bubble rafts have
also been used to study nanoindentation of an initially

theory: (i) how to get the relation between restoring force
law and radius of bubble rafts, (ii) what is the form of an
unified dislocation equation for bubble rafts and (iii) the
mainly mathematical problem related to the solution of
} ) the nonlinear dislocation equation. Foreman et al. pro-
defect-free crystal and dynamic behavior of crystals un- .

posed a phenomenological method for the more general
case to remedy the defects of the sinusoidal force law

*E-mail: xiaozhiwu@cqu.edu.cn in the framework of the Peierls-Nabarro (P-N) model [7].
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Based on the conclusions of Nicolson et al., Guo et al.
obtain the relation between the restoring force law and
the bubbles radius within the Peierls cut-glue scheme [8-
11]. As is well known, the P-N model can predict the
core width and Peierls stress of dislocations analytically
[12-16]. However, the fundamental dislocation equation in
the P-N model is derived from the balance between the
nonlinear interaction from the misfit gluing and the linear
interaction form the deformation, which is obtained by the
assumption that the crystal is taken to be elastic contin-
uum. Recently, a modified P-N dislocation equation tak-
ing into account the discrete lattice effect is presented on
the basis of lattice statics and symmetry principles, which
is important for the dislocation core structure [17-19].
Today, the remaining key task to determine the disloca-
tion core structure is to obtain the solution of the modi-
fied P-N dislocation equation combined with the restoring
force law for bubble rafts. An analytical expression of the
force law for bubble rafts with different radii is presented
in Ref. [8]. Unfortunately, the expression is so complex
that attempts to solve the modified P-N dislocation equa-
tion are unsuccessful. In this paper, Foreman’s method,
an elegant idea for dealing with dislocation width with
good generalization for different dislocations with differ-
ent geometrical characters, is applied to find the solution
of the modified P-N dislocation for bubble rafts [7, 13, 14].
The core widths obtained by P-N and modified P-N dis-
location equation for bubble rafts with different radii are
presented. The new expression of the Peierls stress ob-
tained in this paper is not explicitly dependent on the
particular form of the restoring force law, which is only
related to the core structure parameter and can be used
expediently to predict the Peierls stress of dislocations.

2. Core width of dislocations in bub-
ble rafts

The modified P-N dislocation equation including the dis-
crete lattice effect was obtained firstly by using the solv-
able models and secondly derived in a model-independent
way, and takes the following form [17-19]

Be_a (o
2dx? 2n(1—v) J_o x' —x \dx

where u(x) is the relative displacement of the bilateral
misfit planes along the glide direction. p and v are the
shear modulus and Poisson’s ratio, respectively. There
is an extra second-order derivative in the modified P-N

= f(u),

’

X=X

equation compared with the classical P-N equation, which
denotes the modification of lattice discrete effect. B is

the modification parameter of the discrete effect originated
from the special structure of crystals. Generally, the bub-
bles are close-packed structure and the form of packing
is taken to be two-dimensional triangular lattice. For a
two-dimensional triangular lattice, the modified parame-
ter B = % shear modulus p = ? and Poisson’s ratio
v = 1 [17,18]. f(u) is the restoring foce law due to
the atoms in the opposite glide plane, which can be ob-
tained from the gradient of the generalized stacking fault
(GSF) energy for materials f(u) = —% [13, 14]. How-
ever, the GSF energy of bubble rafts is hard to obtain
and the restoring force law for different radii is derived
directly based on the interaction between bubbles within
the Peierls cut-glue scheme [8]. As described above, the
expression for the restoring force law for bubble rafts is
complex and the dislocation equation cannot be solved by
variational method, although it is an effective method to
solve the integro-differential dislocation equation [20, 21].
In this paper, Foreman's method is applied to solve the
modified P-N dislocation equation to determine the dis-
location core structure in bubble rafts. Foreman’s method
is also be generalized to solve the dissociated and mixed
dislocations by Medvedeva et al. [13, 14]. Foreman's so-
lution for dislocations is typically given as follows [7, 22]

u(x):§{1—(n—1)‘%}arctan %, 2)

where py = kox with kg = @ which originated from the

exact arctan-type solution of the P-N dislocation equation
with the sinusoidal force law. n is an arbitrary parameter
and n = 1 corresponds to the solution for the classical
P-N dislocation with a sinusoidal force law [23]. The core
structure parameter n contains two modifications to dislo-
cation core: the first results from the discrete lattice effect
and the other is from the modification of the sinusoidal
force law. The core width of dislocation is determined
by the core structure parameter n and increases with the
increasing of the core structure parameter.

Let po = ncot (g) the stress and displacements can be
written in the convenient parametric form

2nd  8Bb( = vPcot(8) (=3 +4n+ cot ()]
2nd _
ub udr)3(1+cot(§)2)3
2c0t(§)(—2+4r]+cot(%)2)
w(iret ()
1T 1 (m 6 n-1
b ( T

2

p sin 9) . (4)

The shear stress o corresponding to the left of Eq. (1) are
illustrated in Fig. 1 for n = 1,2, 4,10 within the framework
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of the P-N and modified P-N models. As can be seen,
the maximum of the shear stress ¢ decreases as the core
structure parameter n is increased, whereas the position
of the maximum shear stress is increases. Furthermore,
the maximum shear stress obtained in the modified P-N
dislocation equation is larger than that of the P-N dislo-
cation equation for the same core structure parameter n.
This indicates that the same shear stress corresponding
to the different core structure parameters n, and the core
structure parameter is smaller in the P-N theory than that
in the modified P-N theory. This indicates that the same
shear stress corresponding to the different core structure
parameters 1, and n is smaller in the P-N theory than
that in the modified P-N theory.
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Figure 1. Shear stress distribution along slip direction: (a) the P-N
theory, (b) the modified P-N theory.

The shear stress distribution along slip direction can be
determined by atomistic simulation for crystals, and the
core structure parameter n which controls the disloca-

tion core structure is easily fixed [24]. Nowadays, the
restoring force law is the only exist condition for the bub-
ble rafts. According to Eq. (3) and Eq. (4), the relation
between shear stress ¢ and the displacement u can be
established. By comparing the o(u) with the restoring
force law obtained in Ref. [8] for bubble rafts with differ-
ent radii, the core structure parameters n can be obtained.
The criterion of comparison is that both distributions have
the same maximum shear stress 0,.. This requirement is
easily understood. The dislocation core width is mainly
controlled by the maximum of the stable stacking fault en-
ergy (namely the unstable stacking fault energy), and the
maximum of the shear stress has the same effect as the
unstable stacking fault energy while describing the dislo-
cation structure [20]. The results are listed in Tab. 1 for
bubble rafts with different radii. The core structure param-
eter n obtained in the modified P-N theory is larger than
that of the P-N theory, namely the dislocation core width
is wider within modified P-N theory when the discrete lat-
tice effect is taken into account. Although the maximum
shear stress is increases with increase of the radius of the
bubble rafts, the core structure parameters ny obtained
in the P-N theory decreases with the increases with the
bubble radius. The dislocation core width of large bub-
ble rafts is narrower than that of small ones. As is well
known, the modification of discrete lattice effect is obvious
for narrow dislocations. The core structure parameters n
obtained in the modified P-N theory also decrease of the
bubble radius. It is found that Anp = n — ng are in the
small range 2.1 ~ 2.6 for radius of bubble rafts in the
range 0.592 mm ~ 1.682 mm. Thus, %0” is used to repre-
sent the degree of the modification of the discrete lattice
effect, and which increases with increase in the bubble
radius. As shown in Tab. 1, IA]—(;’ =91.3% for R = 1.682 mm

bubble rafts and %’ = 51.1% for R = 0.888 mm bubble
rafts, namely the degree of discrete lattice discrete effect
of modification is larger for bigger bubble rafts with narrow
dislocations therein. The half core width of dislocations
(o obtained in the P-N theory and { achieved in the mod-
ified P-N theory, defined as the range of positions within
which displacement changed form 0 to %, are presented
in Tab. 1. It is obviously that the discrete lattice effect is
important for dislocation core width in bubble rafts, which
cannot be neglected.

While the maximum shear stress o0,,, = 1.0 ('Ln units of
%) without consideration of the position of g;,., the core
structure parameters are g = 1.0 and n = 3.4 for the
P-N equation and the modified P-N equation, respec-
tively. no = 1.0 signifies the classical P-N solution. Fore-
man'’s solution is identical with the variational solution if
the parameter n is replaced by = [20]. Therefore, the

core structure parameter n = 3.4 is the same as ¢ = 0.71
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Table 1. The bubble radius R (in units of mm), the maximum shear
stress oy (in units of %, which is taken from Ref. [8]), the
core structure parameters o and n, the core width ¢, and ¢
(in units of b), Peierls stress op (in units of y).

A
R Omax 10 n An 'Ton @) 4 ap

1682 0728 23 44 21 913% 079 130 4.09x 1079
1420 0638 27 49 22 814% 088 142 6.73x 107
1332 0623 28 50 22 786% 091 145 4.68 x 107
1080 0513 36 58 22 61.1% 1.10 165 2.46 x 1078
0.888 0430 45 68 23 51.1% 1.32 1.90 5.80 x 1010

for illustrating the dislocation core structure. While the
restoring force law is sinusoidal and the modified P-N
dislocation equation is solved with the variational method
(following the procedure in Ref. [20]), the parameter ¢
equals to 0.71. The agreement of the results from Fore-
man’s method and variational method shows that the core
structure of dislocations in bubble rafts determined here
are acceptable. In Fig. 2, the shear stress g(u) for bubble
rafts with radius R = 1.682 mm and R = 0.888 mm are
plotted and compared with the previous results. As can be
seen, the different values of the core structure parameters
no and n give nearly the same shear stress o(u) and the
maximum shear stress is the same. The position of the
maximum shear stress of the restoring force law in Ref. [8]
is deviated from the middle point (u = 0.25b), however
that does not affect the results discussed here.

3. Peierls stress of dislocations in
bubble rafts

In the classical P-N theory, the Peierls stress (the mini-
mum applied shear stress moving a dislocation) is calcu-
lated by summing the local misfit energy between atoms
rows on each side of the glide plane, viz. only the contri-
bution of the misfit energy is considered. However, it has
been shown that the elastic strain energy has the same
magnitude as the misfit energy. Therefore, the contribu-
tion of elastic strain energy should be taken into account
and cannot be neglected [20]. The dislocation contains
the contribution of misfit energy and elastic strain energy
can be expressed as

Egsbo) = S Vu(nb — x)]
”=7,Ioon:+oo (5)
+ 5 Z flu(nb — xo)Ju(nb — xo),

08
F —a—P-N
R=1.682
o7k @ mm | —e— modified P-N
> —&— theory
0.6 |- AN
L L]
\
_ 05| N,
k=] L N e
el \
= [ A
S 03} \
T /4 \\
02 |- :
."‘ N
)
0.1 | Y
0.0 " 1 1 |
00 0.1 02 03 0.4 05
u/b
05
| (b) R=0.888mm “a PN
- o —e— modified P-N
04 // n —&— theory
n=45we ‘\
—~ 03 F /4
o S\
& s N=6.8
3 f
£ .
3 02f W \
B b N\
/ )
01 \
\\
00 1 1 1 1
0.0 01 02 03 0.4 05
u/b

Figure 2. The shear stress o(u) in P-N theory and modified P-N
theory comparing with the theoretical restoring force law
(which is taken from Ref. [8]), and the core structure pa-
rameter no and n is determined.

where xg is the position of the dislocation center, the dis-
location energy depends on the position of the center
of the dislocation xo. The fist term is the misfit energy
E nis(x0), which results from the atomic interaction across
the glide plane. The second term is the elastic strain
energy Ees(x0), which is neglected in the classical P-N
model. y(u) and f(u) are the GSF energy and the restor-
ing force law, respectively. By means of Poisson’s formula,
the misfit energy and the elastic strain energy take the
following form

m=+o00 eZJrim%O +00 it
Ewbo) = 3 S [ fwpemidx, (o

m=+o00 im0
eme b

5 [w f(u)u(x)e”™™bdx.  (7)

Eelu (XO) =

m=—o0Q
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For bubble rafts, only the restoring force law is known and
the GSF energy is unknown. Foreman et al. approximated
the Peierls stress by using the cosine-type GSF energy
(the corresponding restoring force law is sinusoidal) to
calculate the misfit energy [7]. As mentioned before, the
restoring force law in bubble rafts deviates from a sinu-
soidal one. Therefore, the definition of the restoring force
flu) = -2
deriving the Eq. (6). The Peierls stress can be obtained
from the maximum slope of the dislocation energy

and the integration by parts are used while

1 dEd,s(Xo)

Op = max
b dXO

(8)

After a long and tedious calculation, the Peierls stress
still can be written in two parts: g%® and o8l

mis els

op =0p" +05°, 9)

where g% and 08! indicate the contribution of the misfit
energy and the elastic strain energy to the Peierls stress

) Kob .
op" = 967(2[703(15 V) [Ulll‘ntiS + opy’ e, (10)
1
lo _ ( la] o—n&
O = S =y Lo HoR e (1)
where 0[9”;5, abis, gl and ogle are listed in Appendix with
& = 2% The Peierls stress is proportional to e™"¢, which

is SLmllar to the expression of the Peierls stress obtained
in the P-N theory for a sinusoidal force law

_2n
op ox e b

[12]. The new expression of the Peierls stress presented
here is not explicitly dependent on a particular form of the
restoring force law. Therefore, it is expedient to predict
the Peierls stress for dislocations where the core structure
parameter is determined. The Peierls stress of disloca-
tions in bubble rafts with different radii is calculated with
the new expression. The results are listed Tab. 1. The
Peierls stress decreases rapidly with the decrease of the
radius of bubble rafts.

4. Conclusions

The core structure and Peierls stress of the dislocations
in bubble rafts is investigated within the modified P-N
model in which the discrete lattice effect is taken into ac-
count. The discrete lattice effect is important for disloca-
tions. The core width obtained in the modified P-N model

is much wider than that obtained in the P-N model. The
core width of dislocation is increases with the decrease
of the bubble radius. The elastic strain energy associ-
ated with the discrete effect is considered while calculat-
ing the Peierls stress. The new expression presented for
the Peierls stress is not explicitly dependent on a partic-
ular form of the restoring force law. The Peierls stress is
decreases rapidly with decrease of the bubble radius.

Appendix

The calculation of ofi*, aii*, gl and o8l are long and
tedious, and expression for them are given directly as fol-
lows

ope =Bko(1—v) (3=3n(4— &) +27'3 - & + &
+32(5 — 48 + & (15— 6& + &%),
apy =2un’ (6 + (n— 1)&(n —1)°8),
va’;’ =Bko (—(6 — 81— 6v + 8nv)A;
—(4 — 81— 4v + 8qv)A; + 2(1 — V)A3)

+ oE G 32+ 0+ 08)

281 =) (1-v),
apy =u (—4n(2 = 3m)A — 4n(4 — 7n)A; + 120°As + 4n°/\s)

+ A=) (1 4+ n(=3+ & — (=1 + & + °8)

4
with
2 3
Ay = 576 (30 + 300 + 39282 + 117°8)
TS (<3430 — ) €7T(0,209)
””5 (34308 + 12€) (e, + 0208),
11
A = 24 1T+n8+ 2 n52 363
”’75 (3—3n¢ =30 52) e2%T(0, 218)
+ ’;’f( 3= 308+ 178) ec + 1n20¢),
- _ 272 373
As = (66 + 661 — 69287 +117°8)
T (15 4 90 + E) ¥¥T(0, 209)
—Lng(15 & + n*&) (ec + In2n8),
Ny = 576 (300 + 300n& —123°& + 117° &%)

+ 36 (48 +570& +157°& + &) 71 (0, 2n8)

48 — 5708 +150°& — ’&) (ec + In2n8).
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