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In this note, the Carathéodory approximation scheme for vector valued stochastic differential equa-
tions under G-Brownian motion (G-SDEs) is introduced. It is shown that the Carathéodory approxi-
mate solutions converge to the unique solution of the G-SDEs. The existence and uniqueness theorem
for G-SDEs is established by using the stated method.
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1. Introduction

The Carathéodory approximation scheme was intro-
duced by the Greek mathematician named Constantine
Carathéodory in the early part of 20th century for or-
dinary differential equations (Chapter 2 of [1]). Later
this was extended by Bell and Mohammad to stochas-
tic differential equations [2] and then by Mao [3, 4].
Generally, the solutions of stochastic differential equa-
tions (SDEs) do not have explicit expressions except
the linear SDEs. We therefore look for the approxi-
mate solutions instead of the exact ones such as the
Picard iterative approximate solutions etc. Practically,
to compute X*(¢) by the Picard approximation, one
need to compute X°(¢),X'(¢),...,X*"1(¢), which in-
volve a lot of calculations on It6’s integrals. However,
by the Carathéodory approximation we directly com-
pute X*(¢) and do not need the above mentioned step-
wise iterations, which is an admirable advantage as
compared to the Picard approximation [5].

The theory of G-Brownian motion and the related
Itd’s calculus was introduced by Peng [6]. He de-
veloped the existence and uniqueness of solutions
for stochastic differential equations under G-Brownian
motion (G-SDEs) under the Lipschitz conditions via
the contraction method [6, 7]. While by the Picard ap-
proximation the existence theory for G-SDEs was es-
tablished by Gao [8] and then by Faizullah and Piao

with the method of upper and lower solutions [9]. Also
see [10]. In this paper, the Carathéodory approxima-
tion scheme for G-SDEs is entrenched. It is shown
that under some suitable conditions the Carathéodory
approximate solutions X*(z), k > 1, converge to the
unique solution X(¢) of the G-SDEs in the sense
that

lim E [ sup

k—oo  |o<i<T

X"(t)X(t)ﬂ ~0.

This paper is organized as follows. In Section 2,
some mathematical groundwork is included. In Sec-
tion 3, the Carathéodory approximation scheme for
G-SDEs is introduced. In Section 4, some important
results and the existence and uniqueness theorem for
G-SDEs with the mentioned method are given.

2. Preliminaries

This section is devoted to some basic definitions
and notions concerning the work of this paper [6 -8,
11-13].

Let Q be a (non-empty) basic space and H be a lin-
ear space of real valued functions defined on €2 such
that any arbitrary constant ¢ € H and if X € H then
|X| € H. We consider that H is the space of random
variables.
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Definition 1. A functional E : H — R is called sub-
linear expectation, if VX,Y € H, c € R, and A > 0 the
following properties are statified:

(i) Monotonicity: If X > Y then E[X] > E[Y].

(ii) Constant preserving: E[c] = c.
(iii) Subadditivity: E[X +Y] <E[X]+E[Y] or
E[X]-E[y] <E[X —Y].

(iv) Positive homogeneity: E[AX] = AE[X].

The triple (Q,H,E) is called a sublinear expecta-
tion space. Consider the space of random variables H
such that if X1, X5, ...,X, € H then ¢(X,X,...,X,) €
H for each ¢ € Cyp;jp(R"), where Cjpip(R") is the
space of linear functions ¢ defined as

CiLpR") = {qo ‘R" - R|ACERT, meN sit.
0() — 90| sc<1+|x|m+y|'">|xy|}

for x,y € R".

Definition 2. An n-dimensional random vector ¥ =
(11,Ya,...,Y,) is said to be independent from an m-
dimensional random vector X = (X1,Xa,...,Xp) if
Elp(X,Y)] = E[E[p(x,Y)]:—x]
V(p S (Cl.Lip (Rm X R”) .

Definition 3. Two n-dimensional random vectors X
and X defined, respectively, on the sublinear expec-
tation spaces (Q,H,E) and (Q,H,E) are said to be
identically distributed, denoted by X ~ X if

Elp(X)] = E[p(X)] V¢ € Cirip(R").
Definition 4. Let (Q,7,[) be a sublinear expectation
space and X € H with

6* =R[X?], o = -E[-X?].
Then X is said to be G-distributed or N{(0;[52
distributed if Va,b > 0, we have

,0%))-

aX +bY ~ a2 +b2X,

for each Y € 'H which is independent to X and ¥ ~ X.
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2.1. G-expectation and G-Brownian Motion

Let Q = Cy(R™), that is, the space of all R-valued
continuous paths (w;),cg+ With wy = 0 equipped with

the distance
< 2
E <max lw! — t|/\1),

and consider the canonical process B;(w) = w; fort €
[0,00), w € Q, then for each fixed T € [0, ), we have

Lip(QT) = {(p(Bll7Blza"'7Bln) :

- tn €[0,T], 0 € Cipip(R") ,n € N},
where Lip(€2;) C Lip(Q2r) for t < T and Lip(Q2) =
U;:lLip(Qm)'

Consider a sequence {&}, of n-dimensional
random vectors on a sublinear expectation space
(Q,H,, &) such that & is independent of
(&1,&,...,&) for each i = 1,2,...,n— 1, and &
is G-normally distributed. Then a sublinear ex-
pectation E[.] defined on Liy(€2) is introduced as
follows.

For0 =1y <t; <...<t, <oo, ¢ € Cip;p(R") and
each

:(P(Btl BZ‘Q7BZ‘2_Bt17"'7Btn_Btnfl) eLip(Q)’

[ ( Bto;Btz_Bl‘lv "7Btn _Btnfl):l

B o (VA1 Vi) -

Definition 5. The sublinear expectation [E : Li, () —
R defined above is called a G-expectation and the
corresponding canonical process {B;,t > 0} is called
a G-Brownian motion.

The completion of Li,(£2) under the norm || X||, =
(E[|X|P])!/? for p > 1 is denoted by LZ(Q) and
L2 () CLE(L27) CLE(2) for0<t < T < oo. The fil-
tration generated by the canonical process {B;,t > 0}
is denoted by F;, = 6{B,,0 < s <t}, F={F: };>0.

2.2. It6’s Integral of G-Brownian Motion

For any T € R", a finite ordered subset @y =
{to,t1,...,ty} such that 0 =y <11 < ... <ty =T is
a partition of [0, 7] and
max {|tiy1 —4]:i=0,1,...,N

p(mr) = -1}
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A sequence of partitions of [0,7] is denoted by 7y =
{12V, ...,1N} such that Jlim u(m) =o.

Consider the following simple process: Let p > 1
be fixed. For a given partition np = {9,t1,...,ty} of
[0,7],

2@

where & € L%(€;,), i =0,1,...,N — 1. The collec-
tion containing the above type of processes is de-
noted by M%°(0,T). The completion of M5°(0,T) un-

der the norm ||n|| = {fo [Inv |” dv} /7 is denoted by
MP(0,T) and for 1 < p < g, ME(0,T) D M&(0,T).

| @

Definition 6. For each 1, € MZ°(0,T), 1t
of G-Brownian motion is defined by

T N-1
o= [ nan =5 s, -2,
i=0

Definition 7. An increasing continuous process
{(B);,t > 0} with (B)o = 0, defined by

’s integral

t
(B), = B? ,2/ B, dB,,
0

is called the quadratic variation process of G-Brownian
motion.

3. The Carathéodory Approximation Scheme for
G-SDEs

We now consider the following stochastic differen-
tial equation under G-Brownian motion (G-SDE):

~Xo+ [ FOX0) av

+ [ eux)

+/Oth(v,X(v))dB(v), te

d(B)(v) @
[07 T] )

where the initial condition Xo € R" is a given
constant, the coefficients f(¢,x),g(t,x),h(t,x) €
MZ(0,T;R") [7], and {(B)(t),t > 0} is the quadratic
variation process of one-dimensional (only for sim-
plicity) G-Brownian motion {B(t),# > 0}. A process
X; belongs to the above mentioned space satisfying the
G-SDE (2) is said to be its solution. The Carathéodory
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approximation scheme for G-SDE (2) is given as
follows. For any integer k > 1, we define X*(¢) = Xo
ont € [—1,0] and

Xk(t):Xo—&—/Otf(v,Xk (v—i)) dv
+/0lg<v,Xk <v—11€)> d(B)(v) 3)
+/0lh<v,xk <v—]1€)> dB(v) on t € (0,T].

Also we have to note that X k(t) an be computed step
by step on the intervals [0, ), [}, 2), ... with the pro-
cedure given below. For 1 € [0 1)

x*(r) :X0+/t f(1,Xo)dv
0

+ [ g0 X0) B W)+ [ 102 X0) B0,

then for ¢ € [}, %),

X(r) = x* (11) +/}jf (v,Xk <v— ]1{)) dv
+/};g <v,x’< <v— i)) d(B)(v)
+/;h <v,x’< <v i)) dB(v),

and so on. We make the following assumptions.
Suppose that K and K are positive constants such
that the following two conditions hold:

(i) Lipschitz condition: For all x,y € R" and ¢ €
[0,7]

‘J(t7y) _‘,(t7-x)|2 < Ie‘y_'xlza (4‘)

where J = f, g, and h, respectively.
(i) Linear growth condition: For all x € R" and
t€[0,T]

(%) < R(14|x), 5)

where J = f, g, and h, respectively.

By the definition of X¥(¢), Burkholder-Davis—
Gundy (BDG) inequalities [8] and above assumptions
it is easy to see that the sequence {X*(t)},c(o7) for
each k > 1 is well defined in MZ(0,T;R").
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4. Main Results

The following lemma is very important; it will be
used in the forthcoming results.

Lemma 1. Suppose that the linear growth condi-
tion (5) holds. Then we have

(i) Forall k > 1,

sup ka(r)ﬂ <c, 6)

0<t<T

where C = (1+4E[|Xo[2)) e* (K17 K| = (TC, +C,T +
C3), and Cy, Cy, Cs are arbitrary positive constants.

(ii) Forallk>1and 0 <s <t <T,
- 2
E“Xk(t)—Xk(s)‘ } <Kot —s), %)

where Ky = 3KK;(1+C).

Proof. To prove (i), from (3) it follows that for ¢ €
[0, 7],

X5 (1) < 4]X0? +4'/(:f (v,xk (v— i)) dv
o -]
+4‘/Oth <v,x’< (vi)) dB(v) ’

Taking G-expectation, using the BDG inequalities [8]
and the linear growth condition (5), we have

sup £ “Xk(u) 2]

0<u<t

<4E |]Xo

o
<1
[

2

+4I?(TC] +CT+Cs)
1 2
x* (v— k) ]) dv
+4I€K1
.
) dv

/ (1+ sup B UX"(M)
0 0<u<v

for all ¢+ € [0,T]. Then the well-known Gronwall in-
equality yields

1+ sup B Ux"(u)ﬂ < (1 i) [|Xo|2D HREiL

0<u<t

< 4E |X0|

F. Faizullah - Carathéodory Approximation Scheme for Stochastic Differential Equations

Consequently,

sup E “Xk(t)’z] < (1 +4E [\X0|2D KT — ¢

0<t<T

which is the required result (6).
To prove (ii), it is easy to see that for any k > 1 and
0<s<t<T,

X*(1) = X*(s) = '[f(v,Xk (v— /i)) dv
+/:g(v,Xk (v—}{)) d (B) (v)
+/Sth(v7Xk (v—}()) dB(v).

Hence by using the BDG inequalities [8] and the linear
growth condition (5), we have

xw x4 |

Frloe(-1))e

sup
s<r<u<t

E { sup
s<r<u<t

<3k sup

s<r<u<t

+3E

+3E | sup

s<r<u<t

tr-l
§3C1(t—s)/ f

t~
+3C3/IE
s

-/j(wf@_

)

<3K(OT+GT+Gy) >
HEREYE

(

t~
= 3KK1(I—S)+3KK1/ E
s
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by using (6), we have

i UXk(t) — xk(s)

2 _ _
:| < 3KK; (t —S) —|—3KK]C(I —S)
= 3RK;(14+C)(t —s)
= Kz(t — S) ,
which is the required result (7). O

Theorem 1. Suppose that the respective Lipschitz and
linear growth conditions (4) and (5) hold. Also assume
that X (t) is the unique solution of the G-SDE (2). Then

x0-xo[ | <. ®

E [sup

0<t<T
where K3 = 6KK K e®5K1T

Proof. Using the BDG inequalities [8], the Lipschitz
condition (4) and the inequality (7), we have

- 2
& [sup Xk(u)—X(u)‘ }
0<u<t
N 1 z
§3KK1/IE Xk <v—k> —X()| | dv
0
L 1\ ?
§6KK1/]E X*(v) — Xk (v—k> dv
0

A r . 2
+6KK1/ & “Xk(v)—X(v)’ } dv
0
. 1
< 6KK1K2;

t~
+6I€K1/ E [sup
0

0<u<v

Xk (u) —X(u)ﬂ dv.

Then the Gronwall inequality gives

- 2 N P 1
E [sup Xk(u)—X(u)‘ } < 6KK K, eSKKT
0<u<t k
Consequently,
- 2 K
b [sup XH(0) - X () ] K
0<t<T k
where K3 = 6KK; K, kKT O

Remark 1. From the above inequality (8), it is obvious
to see that

im[E {sup

|
k—eo  Jo<i<T

Xk(r) —x(t)ﬂ o0,
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that is, the Carathéodory approximate solutions X*(r)
converge to the unique solution X (¢) of the G-SDE (2).

Now, we give a very general and main result. In the
above theorem it was supposed that the G-SDE (2) has
a unique solution. In the next theorem, without making
this supposition, we use complectly the Carathéodory
approximation scheme to obtain the existence and
uniqueness of solutions for the G-SDE (2).

Theorem 2. Under the hypothesis (4) and (5), the
sequence {X* k > 1} defined by (3) is a Cauchy se-
quence in M&(0,T;R") and converges to a limit X (t)
which is a unique solution of the G-SDE (2).

Proof. To show that {X* k > 1} is a Cauchy sequence,

let I > k, then for ¢ € [0,T],
2 1 1
‘X’(r)—X"(t)’ <3‘/0 {f(v,Xl (v—l>>

o)
A1)
<
<

2

—g(v,Xk
-
+3/ h
0 [

By using the BDG inequalities [8], Lipschitz condi-
tion (4), and Lemma 1, we have

- 2
sup E [’Xl(t) —X’”(t)‘ } <3KR(O\T+GCT +G)

0<t<T
- 1 1 ?
R (v=2 ) =xF[v—= d
I ECHEICHIIE
1

ot 1 2
§6KK1/]E ‘Xl<vl> Xk< > ]dv
0
ot 1 1\
+6KK1/ Iy ‘Xk <v ) —xk <v—) dv
0 l k

A 't ~ 2

< 6KK1/ sup E “Xl(u) —Xk(u)‘ ] dv
0 0<u<v

+6KK K>T .1

152 1)
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Hence, by Gronwall’s inequality,

—xk(r)ﬂ < KyeSKKIT (llc — ;) C))

where K4 = 6KK,K,T. From (9) it is clear that the
sequence {X¥(¢),k > 1} is a Cauchy sequence in
MZ(0,T;R") and denote its limits by X(¢). Letting
| — oo in (9) yields

sup “X’(r)

0<t<T

sup E ka(t) —X(t)ﬂ < KwGKK‘T% (10)

0<e<T
Next, we have to show that X (7) satisfies the G-

SDE (2). Let ¢ € [0,T], then by the BDG inequalities
[8], the Lipschitz condition (4), and Lemma 1, we ob-

s L[ (e (1) stexe]of
+]E_/Ot g<vXk<v>>
_g(_wX(v)}d )
+]E_/Ot h(v,xk<v2—)>
} |
(vi)x
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