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In this paper, the soliton solutions and the corresponding conservation laws of a few nonlinear wave
equations will be obtained. The Hunter—Saxton equation, the improved Korteweg—de Vries equation,
and other such equations will be considered. The Lie symmetry approach will be utilized to extract
the conserved densities of these equations. The soliton solutions will be used to obtain the conserved

quantities of these equations.
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1. Introduction

The theory of nonlinear waves is a very important
area of research in the field of applied mathematics
and theoretical physics. Nonlinear waves appear in the
areas of quantum mechanics, nonlinear optics, fluid
dynamics, plasma physics, mathematical biology, and
several other areas. They are studied diligently in all of
these contexts. There are several aspects of these waves
that are touched upon in the research conducted in this
area. A couple of important issues are the integrability
aspects that are important to move forward in this area
of these nonlinear wave equations and the correspond-
ing conservation laws.

The analytical study leads to the integrability issues
of these equations which consequently extracts exact
nonlinear wave solutions. Another obligation to the
analysis of these equations is the conservation laws that
can be obtained by the multiplier approach using the
Lie symmetry analysis. This is a very useful technique
that reveals several hidden conservation laws. These
laws describe the physics of the waves in a profound
manner and are therefore very well appreciated.

2. Improved Korteweg—de Vries Equation

There are several nonlinear evolution equations that
govern various physical situations [1 —20]. In order to

study the dynamics of shalow water waves, the im-
proved Korteweg—de Vries (KdV) equation is the one
that models it best. With power law nonlinearity, this
equation is given by [2, 6, 11]

ut+aunux+buxxt+ﬂuxxx20a n#0,—-1,-2. (D

The first term represents the evolution term, while the
seconde term is the nonlinear term. The two dispersion
terms are due to the coefficients b and 3, where the co-
efficient b accounts for the improved KdV equation. If
however b = 0, then (1) collapses to the regular KdV
equation. The parameter n dictates the power law non-
linearity.

The Lie point symmetry generators that leave (1) in-
variant are the translations X; = o, and X, = 0;. For
n = 1, we obtain the additional symmetry

b b
X3 = atoy + %t&x—i— (1 — %u) Oy - 2)

The search is going to be a solitary wave solution
for (1). Thus, we use the ansatz

u(x,t) = Asech’ 7, 3)
where

T=B(x—wt). 4)
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A is the soliton amplitude, B the inverse width of the
soliton, and v the velocity of the soliton. The value of
the unknown index p will fall out during the course of
derivation of the solution of the equation. Thus, substi-
tuting (3) into (1) gives

pvsech? T — apA™sech" VP ¢ 5)
+bp’B*vsech? T —bvp(p+1)(p+2)B*sech” 1
—Bp*Bsech?” T+ Bp(p+1)(p+2)B*sech” 2 1
=0.

By the aid of balancing principle, equating the expo-
nents (n+ 1)p and p + 2 implies

(n+D)p=p+2 (6)
ie.,
2
p=-. @)
n

Now from (5), setting the coefficients of the linearly
independent functions sech”t/ 1 for Jj =0,2 to zero,
yields

4B?
V= ?(ﬁ —b) (®)
and
aA”"
B = 9
n\/2(n+1)(n+2)(ﬁbv) ©)
which leads to the constraint condition
a(B—>bv)>0. (10)

(a) (b)

wx, 1)
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Hence, the one-soliton solution to the improved KdV
equation is given by

)

where the amplitude A and the inverse width B are re-
lated as in (9), and the velocity of the soliton is given
by (8). This poses a constraint condition that is given
by (10) which must stay valid in order for the soliton
solution to exist.

The two Figures 1a and 1b show the profile of a one-
soliton solution of the improved KdV equation with
n =1 and n = 2, respectively. Also in both cases, the
parameter values chosenare a=b=f§ = 1.

u(x,r) = Asechr [B(x—vr)],

2.1. Conservation Laws

In order to determine conserved densities and
fluxes, we resort to the invariance and multiplier
approach based on the well known result that the
Euler-Lagrange operator annihilates a total divergence
(see [8]). Firstly, if (7,S) is a conserved vector corre-
sponding to a conservation law, then

D,T+D,S=0

along the solutions of the differential equation
E(t,x,u,u(1),U(),-..) =0, where u; represents all the
possible ith derivatives of u.

Moreover, if there exists a nontrivial differential
function f, called a ‘multiplier’, such that

EJfE) =0,
then fE is a total divergence, i.e.,
fE =D, T"+D,T*,

for some (conserved) vector (7,S), and &, is the re-
spective Euler—Lagrange operator. Thus, a knowledge

wlx, 1)

Fig. 1 (colour online). (a) Profile
of one-soliton solution (n=1);
(b) Profile of one-soliton solution
(n=2).
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of each multiplier f leads to a conserved vector deter-
mined by, inter alia, a homotopy operator. See details
and references in [8, 9].

For (1), it turns out that multipliers up to the second
order in derivatives are given by f; with corresponding
conserved densities 7;,i = 1,2, 3.

O A=1:
T =ut?
1=Uu 3uxx.
(i) hr=u:
1
L= 6(3142 —buf +2buuxx) .
a
(iii) f3 = uy + %uxx—k mu”“ :
3a? ab(—1+n?
T3:n+1u2n+2 (n+2 )Mnlflﬂ/lx
b(11+7
+%u”+luﬂ+6aﬂu”+luﬂ
(n+1)

+ <3bu,2 b2 — 2B Pty
+10bBug it + 6B%u%, — 2bButyitgg

+ 6B g1ty + bttty + DB Uty

— 3buuy — 6P uny + b*utty; + bp uuxm> .

The respective conserved quantities are

1) (12)

5 {nz(n +4)—db(n+4)B?

" 22(n+4)B
+16bAsz}r(%)r(%)
r(i+3)
and
13:/: %uznu abi’igl) My
ab(11+7n)

n+1 n+1
p—) Uty +6afu’t

1
(n ; ) (3bu,2 4022, — 26 ity

+ 10b Bttt + 68212, — 2b Bttty
+6Buu, + bPugtigy + bBuity — 3buuy,

+

— 6B uuy; + b Uty + bB uuxm)] dx

B 442
i+ 1)(n+2)(n+4)(3n+4)B
- 16a*A"n* (n+2)? — 24aBA"B*n® (n+1)*(n+2)
+80bBvB*(n+1)3(2n+3)(n+2)
+ 4abA" B (n+ 1) (A"(l —n)+v(Tn+ 11))
+3vB%n3 (bv —2B) (n+1)2(n+2)(3n +4)
+4B*n* (3b*v? +3B% — bvB) (n+1)*
2y(1
rere)
2_ 1) -
re+;)
These integrals are evaluated from the one-soliton so-
lution (11) that is derived in the previous section. In
fact, each of these conserved quantities refer to specific
physical quantities. They are the mass, energy, and the
Hamiltonian of the soliton, respectively.

Note: it can be shown that the action of the symme-
tries on the multipliers satisfy

Xjfi=0, j=12, i=12,3,

.(zn+3)(n+z)} (14)

(15)
and for n = 1, we have the additional relationships
ab
X3/1=0, X3/2=f1— 7ﬂfz7
a 2ab
Xsfs=-fr——f3.
3/3 bfz B VE!

3. Other Classes of Nonlinear Wave Equations

(16)

In this section, we analyse another class of nonlinear
wave equations related to the above equation but with
greater generality, viz., the partial differntial equation
(PDE)

auy — 2m(u)uy + tpxy + 22Uty + Ullyry
+ kg =0, m(u),a,k#0.

In [10], the authors study various cases of (17)
construing it as one that is ‘lying mid-way between
the periodic Hunter—Saxton and Camassa—Holm equa-
tions, and which describes evolution of rotators in
liquid crystals with external magnetic field and self-

a7
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interaction’. We would like to bring the paper and the
references cited therein to the attention of the reader.

As in the previous section, we determine the conser-
vation laws and symmetries of the equations. However,
here, we show how one can obtain reductions and ex-
act solutions via a particular procedure we refer to as
‘double reduction’ [2, 9].

3.1. Symmetries, Conservation Laws and Double
Reductions

Firstly, we present some of the preliminaries dealing
with symmetries and double reductions of PDEs.

A function f(x,u,u(yy,...,ug)) of a finite number
of variables is called a differential function of order
k. u(l),u(2)7 -+, U(r) denote the collections of all first,
second, ..., kth-order partial derivatives, that is, uf‘ =

D;(u®),u u; _D iDi(u®), ..., respectively, with the total
differentiation operator with respect to x’ given by
d o 0 o 0
Di=oatigattiget (18)
J

in which the summation convention is used whenever
appropriate.
Consider a kth-order system of PDEs of n inde-

pendent variables x = (x!,x%,....x") and m dependent
variables u = (u',u?,...,u"):
ER(cuyuqyy,.ugy) =0, p=1,...,m (19)

The Lie—Bicklund or generalised operator is given
by
X= é’ +n L En*eA, (20)
where A is the universal vector space of differential
functions. The operator (20) is an abbreviated form of
the infinite formal sum

d J
X &?‘i‘n W+2C11’2 ly&(x ?

iyip...Is

21

where the additional coefficients are determined
uniquely by the prolongation formulae

D;(W®) +&/uf:,
G =W+ £/, o
Cil...is :Dil lv(W )+51 Ujiy g s>1.
In (22), W% is the Lie characteristic function
W =n*—&/uf (23)

Soliton Solutions, Conservation Laws, and Reductions of Nonlinear Wave Equations

A current vector T = (T',...,T") is conserved if it
satisfies
DT =0 (24)

along the solutions of (19).

Definition 1. [14] A Lie-Bécklund symmetry genera-
tor X of the form (21) is associated with a conserved
vector T of the system (19) if X and T satisfy the rela-
tions

X(T') +T'Du(8") = T*De(E") =

Theorem 1. [15, 16] Suppose that X is any Lie—Bdick-
lund symmetry of (19) and T', i =1,...,n, are the com-
ponents of the conserved vector of (19). Then

0,i=1,....n. (25)

=X(T"
T'D;E", i=

T = [T X]

v 26
+T'D;E - (20)

1,...,n,

constitute the components of a conserved vector of
(19), i.e., D,‘T*l |(19): 0

Theorem 2. [13] Suppose that D;T' =0 is a conser-
vation law of the PDE system (19). Then under a con-
tact transformation, there exist functions T' such that

J D,;T" = D;T', where T' is given as
T! T!
72 72
- -](A_l)T . )
7 ™
7! 7l @0
72 72
J| . | =AT
™ 7
in which
D])C] Elxz Dlxn
Dyx; Dox; Dyxy
A= .
an] ) DnXZ ) ann / (28)
DXy D& D1x,
DyxXy Dyi Dy X,
Al =
anl an2 ann

and J = det(A).
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Theorem 3. [13] (fundamental theorem on double
reduction) Suppose that D;T' = 0 is a conservation
law of the PDE system (19). Then under a similarity
transformation of a symmetry X of the form (21) for
the PDE, there exist functions 71 such that X is still a
symmetry for the PDE, satisfying D;T" = 0 and

XT! [T!,X]
XT? [T%,X]
=JA T , . (29
XT" [T",X]
where
Dixi  Dix Dix,
Dox; Dyxy Dyx,
A= . . . )
anl NEnXZ i ann / (30)
DXy Dix» Dx,
= Dyx1 Daxy Doy
anl anz ann
and J = det(A).
Our original system is equivalent to
151 212
1 E'+ fi"E” =0,
sys; = fl ! f2 )’ (€29
SUE — fi"E“=0.
This system can be rewritten as
DT +D,T* =0,
(32)

AE' —fIE*=0.
3.1.1. Equation 1

As a first case, we list the conserved densities of

u; + au’ uy + buty g + Cll

33
+ Ottty + Bty = 0. (33)

When o = ¢ = 0, then (33) reduces to the improved
KdV equation that was studied in the previous section.
(i) Forall ¢, f =1 and

b
T:u—i—gum.

617

(ii) For ¢ =2, f = u leads to another density

1
T = —(3u® — bu? + 2buu,,) .

6
(iii) Whenc =2, a =1, b = 1’f:sz+%M§+(u+
Buy+ n"?u”ﬂ yields conserved densities. For exam-
ple, when n = 10, the density is given by

1
T= 70 (6au12 — 99au10ux2 — 9au“uxx

+ 66 3ttt + 210t + 20t (s + Pty
+ 1ty (U + ﬁ“xxx)) +44u? (60x — Upxxx)
+22u (61, + g + 18Pt — Attt

= Bttxer — 3Pty ) -

3.1.2. Equation 2

For the equation

auy — 2m(u)uy + Upy + 20Uy + Uy

34
+ kit =0, m(u),a,k;éO, 69

which appears in the study of shallow water waves in
lake or ocean shores, we separate the results into two
cases for the parameter a and list some multipliers with
corresponding conserved vectors.

The principal Lie algebra of Lie point symmetries is
(0, x). The case m = u admits an additional generator

2+a

k+ (2
X = Ttat+2tax_ w

k

In the enumeration below, we choose m = cosu for
illustrative purposes.

Oy

La#0.
f=a+autas (2sz + ZWxszr 2k, + u}%
_2/m(u)du).
O fi=1
T:au—|—%7
S:—zsinu+"‘ﬁ+2uxt et

2 3
(i) fo =u:

T= (3au2 — uxz +2uuxx) ,

N =
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S=2-2cosu— gu,ux— Ekux + U Uy

2
+u (—Zsinu—i— Zxr+kuxx> .

1
(i) = 5 (2 + 2t + bt +12) 2 / m(u) du:
1 2 . 2

T=3s (=36(—1+cosu)u,” — 36u(sinuuy

— (=1 4cosu)uy) + 3u? (3ausux
+2u, % (2cosu+ ) +2(12a(—1 + cosu)
+ (2sinu+ uy gy + kuxxz) + tty (U

+ kum)) + 2u4(6auxx — Uprrr)

+u (6aux2 +9auy; + 18akity, — dutythyyy
— Byt — 3kuxxxx)) ,

1
S = T2 (72(—1+ cos u)uptuy + 72u(sin uu uy

— (=1 +cosu)uy ) + 3u*(6au* + 3u*

+u, (—24sinu + Suy + 12Kkuy)

+ 4(2ux,2 +3(—2sinu + kg, )?

+ g (— 14 sinu + Skityy ) — 4u (e + Kitrr)
+ 2u; ((6ak — 4 cos )iy + tyy + Kitry) )

+ 4u4(—6aux, +9u” + Usxxt )

+u? (— 18auy; + 8u; (3auy, + tyyy)

+ 6(—6ux, (ak — 2uyy)

+6(—4sinu+ uxz)uxx 1 2Ktt* A+t

+ kuxxxt)) ) .

II.a=0.
Equation (17) becomes

—2m(u)uy + Ugx + 20lhy + Ubhyry

+ kg =0, m(u),k#£0 (33)

whose principal Lie algebra of Lie point symmetries is
(0, 0x).
The following cases admit an additional generator:

l.m=u: Xy =—ktd,—1; +ud,.

2kt

i 2uo,
B—1

p-1

1+
>8x+ﬁ_1tat—

3m=é": X3=(-2t+x)0dy+1d, —209,.

2.m—uﬁ:X2—<

Thus, m = u,uP " are special cases.
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In the enumeration below, we choose m = u for illus-
trative purposes. In case (iii), we just list the conserved
density.

f= b]M—I—G](l) + G, (l‘,
1,
_ /Zm(u) du+ 1y + vy, + ki, + Eux :

() fi =gl

~—

T = ~g(t)ux,

=W =

S = € (=28 uy + g (1) (—6u? +3u,> + 4uy

+ Okutyy + 6uyy)) .
Gi) for=u:

1
T = 6(*%2 + 2uuyy ),

1
S=¢ (— 41 — 1, (2u; 4 3kute) + 6110y

+ u(4uy + Okisyy)) .

1
(iii) f5 = — /2m(u) du + uyr + Uiy + ki, + Eui:
1

36
+ 1ty (Btrnr + (Bk — 414ty ) — Bttlhrrr

T (6ux2uxx + Ottty + Okt

— kUl — 2u2uxxxx) .

4. Illustration: A Double Reduction of
Equation (35)

We perform the double reduction procedure for case
(1) using the symmetry generator X; and denote the
conserved vector (7,S) by T = (T{,T}).

Without loss of generality, we choose g(¢) = 1.

We first show that X is associated with 77.

Using (25) for i = 1,2, we obtain

I t
()=
T} T
(-1 0N\ [T\ _ (T{\ _ (U
AL v)  \U)’

1 1
U1 = 7§tuxx+ gtuxx

where
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and

1 2
U, =tu® — Etuﬁ — gtuxt — ktuy, — tutty, — 2tu®

1
+ tulty, — gux + tu)% + Kkt + tUl

4 2 1 1
+ gtuxl + gktuxx + gktuxx + gux

2
+tu® — Etu)zc — gtuxt — ktuyy — tuttyy .

This computation shows that
U] =0= U2 3
where the prolongation of X is given by

XP—t 2 S 0l 2

ot ox u Juy
d d
+ uxx% + (Zuxt +kuxx)87xt .

Thus, X is associated with 77.
We can get a reduced conserved form for the equa-
tion
FE=0 (36)
since X is an associated symmetry of the conserved
vector 717.
We transform the generator X to its canonical form
Y= %, where we assume that this generator is of the
;09 4 9 2
formY =05+ 5. +05-.
From X, (r) =0, X;(s) = 1, and X;(w) = 0, we ob-
tain

dr dx de dr ds dw
—t —kt u 0 1 0 37)
The invariants of X; from (37) are given by
ay=kt—x, ap=tu, az3=r,
1 2 3 (38)

as=s+Int, as=w,

where a3, a4, and as are arbitrary functions all depen-
dent on a; and ay.

By choosing a3 = ay, as =0, and a5 = a», we obtain
the canonical coordinates

r=kt—x, s=—Int, w=tu, 39)

where w = w(r), since Y = %.

From (39), the inverse canonical coordinates are
given by

—S

t=e’, x=ke*—r, u=we’. (40)

From (28), we compute A and (A~")T:
A= D,t D,x
Dt Dgx

(0 -l
T\ —e® —ke®

and

_ ko —1
- _ es 0 9
where J = det(A) = —e™*.
The partial derivatives of u from (40) are given by
Uy =—w, €, uy = e’ (—kw,+wee’),
Uxy = Wyr esv Uxxt = e’ (kWrrr —Wyr es) y (41)
Upx = —Wppr€' .
We now apply the formula from (27) to obtain the
reduced conserved form

(1) =0 (z)

By substituting (40) and (41) into (42), we obtain

(42)

1 1
T =w,—w*+ EW% +wwp, T = FWrr 43)

where the reduced conserved form is also given by

D, T =0. (44)
From (44), we have T = ki, i.e.,
1
wr—w?+ fwf +ww =kp, 45)

2
where k| is a constant.
Differentiating (45) implicitly with respect to r re-
sults in

Wep — 2WWp 4 2W, Wi + W = 0. 46)

After transforming (36) using (40) and (41), this re-
sults in (46).
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We analyse (45) fork; =0, i.e.,

1
Wy —w? + fw%—&—ww,r =0. 47

2
Since % is a Lie symmetry generator of (47), we
have the zero, first-order, and second-order invariants
given by

B _wrr

a:W7B:W,«, do w .
i

(48)
Substituting (48) into (47) results in the first-order
ordinary differential equation
B _o 1, B
do B a 20
Solving (49) leads to a solution for w in (47) and
hence a solution for u in (35).

(49)

5. Conclusions

In this paper, a couple of nonlinear wave equations
were studied. The improved KdV equation with power
law nonlinearity was studied by the aid of the ansatz
method, and a solitary wave solution was established
along with a constraint condition that must hold for the
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