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Under investigation in this paper is the dissipative Zabolotskaya–Khokhlov equation from nonlin-
ear acoustics. Through extending a symbolic computation algorithm, namely, the (G′/G)-expansion
method, a new type of exact solution with variable separation is constructed for the equation. The so-
lution is more general because two arbitrary functions are involved with regard to the time variable.
Some novel time solitons are observed by appropriately choosing the arbitrary functions at special
cases.
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1. Introduction

The dissipative Zabolotskaya–Khokhlov equation
(DZKE) reads as

(ut +uux−uxx)x +uyy = 0 . (1)

It can be traced back to the (3 + 1)-dimensional
Zaboloskaya and Khokhlov equation (ZKE),

(ut +uux)x +uyy +uzz = 0 , (2)

which was proposed in [1] to model sound beam prop-
agation governing diffraction and nonlinear effects in
a slightly nonlinear medium without dispersion or ab-
sorption. It enables one to study the beam deforma-
tion associated with the nonlinear properties of the
medium. In [2], Kuznetsov took into account the ther-
moviscous term of adsorption and derived a equation
known as Khokhlov–Zabolotskaya–Kuznetsov equa-
tion (KZKE):

(ut +uux)x− vuxxx +uyy +uzz = 0 , (3)

which has been derived in some physic models (see
e.g. [3, 4]). The KZKE (3) is also known as dissipative
ZK equation.

A more general version of the ZKE (2) was de-
rived by Taniuti in [5]. He demonstrated that a mul-
tidimensional system of nonlinear evolution equations
can be reduced to the Kadomtsev–Petviashvili equa-
tion and to the Zabolostskaya–Khokhlov equation with
a dissipative term in the weakly dispersive and weakly
dissipative cases, respectively, by means of an exten-
sion of the reductive perturbation method to quasi-one-
dimensional propagation.

Finding the exact solution of the equations (1) – (3)
is a significant, but very difficult task. Vinogradov and
Vorob’ev applied symmetries in looking for an exact so-
lution of the ZKE (2) in [6]. Chowdhury and Nasker ob-
tained some Lie point symmetries and the conservation
laws of the ZKE (2) in (2+1)-dimensions in [7]. The in-
finitesimal symmetries and exact solutions of the ZKE
(2) and the KZKE (3) have been investigated in [3, 8].

Tajiri discussed a similarity reduction of the ZKE.
(2) with a dissipative term by Lie’s method in [9]. In
that paper, the ZKE (2) is reduced to a one-dimensional
differential equation of the Burgers equation. Some ex-
act solutions were obtained by substituting the solu-
tions of the Burgers equation into the similarity trans-
formations.
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Recently, Bruzon et al. obtained some travelling
wave solutions of the DZKE (1) by using the theory
of nonclassical symmetry reductions (see [10]).

We think that finding more types of exact solutions
of the equations (1) – (3) is still of fundamental interest.

Wang et al. proposed a new method, namely,
the (G′/G)-expansion method, to find travelling
wave solutions for nonlinear evolution equations
(NEEs) [11 – 13]. The method is based on the homoge-
neous balance principle and linear ordinary differential
equation (LODE) theory. It is assumed that the travel-
ling wave solutions can be expressed by a polynomial
in (G′/G), and that G = G(ξ ) satisfies a second-order
LODE, where ξ is a linear travelling wave transform
of the independent variables. The degree of the poly-
nomial can be determined by the homogeneous bal-
ance between the highest-order derivative and nonlin-
ear terms appearing in the given NEE. The coefficients
of the polynomial can be obtained by solving a set of
algebraic equations.

The (G′/G)-expansion method is a powerful tool
to look for the exact solutions for NEEs. It has been
applied to many NEEs later [14 – 18]. Very recently,
we have extended the (G′/G)-expansion method to
construct the generalized travelling wave solutions for
some NEEs [19 – 27]. The known travelling wave solu-
tions are the special cases of the generalized travelling
wave solution.

In this paper, we are motivated by exploring the new
solutions of the DZKE (1) by the (G′/G)-expansion
method. A type of generalized travelling wave solu-
tion is constructed in variable separation form for the
DZKE (1). The solution includes two arbitrary func-
tions of time variable. Some particular cases are dis-
cussed by setting properly these arbitrary functions.

The paper is arranged as follows. In Section 2, the
(G′/G)-expansion method is extended. The general-
ized travelling wave solution is obtained for the DZKE
(1) by this method in Section 3. Some particular solu-
tions are investigated in Section 4 and conclusions are
then given in the final Section 5.

2. A Brief Description of the (G′G′G′/G/G/G)-Expansion
Method

For a given (2+1)-dimensional NEE with indepen-
dent variables x,y, t and dependent variable u,

F(u,ut ,ux,uy,utt ,uxt ,uyt ,uxy,uxx,uyy, . . .) = 0 , (4)

the fundamental idea of the (G′/G)-expansion method
is that the solutions of (4) can be expressed by a poly-
nomial in (G′/G) as [11, 12]

u =
n

∑
i=0

ai

[
G′(q)
G(q)

]i

, (5)

where q = sx+ ly−Vt is a linear travelling wave trans-
formation, and s, l,V,ai (i = 0,1,2, . . .,n) are constants
to be determined later. G(q) satisfies the second-order
LODE as follows:

G′′+λG′+ µG = 0 . (6)

We extend q = sx+ ly−Vt into a nonlinear transfor-
mation q = q(x,y, t), where q is an arbitrary function of
the independent variables x,y, t. The solutions involv-
ing q(x,y, t) are here called the generalized travelling
wave solutions. The generalized travelling wave solu-
tions allow us to select q(x,y, t) and excite abundant
soliton structures.

However it is extremely arduous to calculate the
solutions with q(x,y, t). In general, we may suppose
that q(x,y, t) is in variable separation form, such
as q(x,y, t) = f (x, t) + g(y) or q(x,y, t) = f (x, t) +
g(y, t).

3. The Generalized Travelling Wave Solution of the
DZKE (1)

Supposing the solution of the DZKE (1) can be ex-
pressed as

u =
m

∑
i=0

ai

[
G′(q)
G(q)

]i

, (7)

where ai (i = 0,1,2, . . . ,n) are arbitrary functions of
variables x,y, t to be determined, G(q) satisfies the
second-order LODE (6), and q = q(x,y, t) is an arbi-
trary function of x,y, t.

Balancing the highest power of uxxx and (uux)x in
the DZKE (1), we easily get m + 3 = (2m + 1)+ 1⇒
m = 1 (see [28]). Thus, (7) can be rewritten as fol-
lows:

u = a0 +a1

(
G′

G

)
, a1 6= 0 . (8)

Hereafter we adopt the following notations: aix =
∂ai
∂x , ait = ∂ai

∂ t , aixx = ∂ 2ai
∂x2 , aitx = ∂ 2ai

∂x∂ t , qx = ∂q
∂x , qxx =

∂ 2q
∂x2 , and so on. From (8) and (6), we calculate uyy,
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utx, (uux)x, and uxxx, then submit them into (1). Col-
lecting the term of (G′/G) with the same power, then
letting each coefficient to zero, we can derive a set
of over-determined partial differential equations for
a0,a1:(

G′

G

)4

: 3a2
1q2

x +6a1q3
x = 0 , (9)

(
G′

G

)3

: 2a1qtqx +{−(a2
1qx)x

−2qx[a1(a1x−λa1qx)−a0a1qx]+3λa2
1q2

x}
−{2(a1q2

x)x−2qx[−(a1qx)x−qx(a1x−λa1qx)

+2λa1q2
x ]−6λa1q3

x}+2a1q2
y = 0 , (10)(

G′

G

)2

: {−(a1qt)x−qx(a1t −λa1qt)+2λa1qtqx}

+{−(a1qy)y−qy(a1y−λa1qy)+2λa1q2
y}

+[a1(a1x−λa1qx)−a0a1qx]x−qx[a0(a1x−λa1qx)
+a1(a0x−µa1qx)]−2λqx[a1(a1x−λa1qx)−a0a1qx]

+3µa2
1q2

x− [−(a1qx)x−qx(a1x−λa1qx)+2λa1q2
x ]x

+2λqx[−(a1qx)x−qx(a1x−λa1qx)+2λa1q2
x ]

+qx[(a1x−λa1qx)x−λqx(a1x−λa1qx)+2µa1q2
x ]

+6µa1q3
x = 0 , (11)(

G′

G

)
: (a1t −λa1qt)x−λqx(a1t −λa1qt)

+2µa1qxqt +(a1y−λa1qy)y−λqy(a1y−λa1qy)

+2µa1q2
y +[a0(a1x−λa1qx)+a1(a0x−µa1qx)]x

−λqx[a0(a1x−λa1qx)+a1(a0x−µa1qx)]
−2µqx[a1(a1x−λa1qx)−a0a1qx]− [(a1x−λa1qx)x

−λqx(a1x−λa1qx)+2µa1q2
x ]x +λqx[(a1x−λa1qx)x

−λqx(a1x−λa1qx)+2µa1q2
x ]+2µqx[−(a1qx)x

−qx(a1x−λa1qx)+2λa1q2
x ] = 0 , (12)(

G′

G

)0

: (a0t −µa1qt)x−µqx(a1t −λa1qt)

+(a0y−µa1qy)y−µqy(a1y−λa1qy)
+ [a0(a0x−µa1qx)]x−µqx[a0(a1x−λa1qx)
+a1(a0x−µa1qx)]− (a0x−µa1qx)xx

+ µ[qx(a1x−λa1qx)]x + µqx[(a1x−λa1qx)x

−λqx(a1x−λa1qx)+2µa1q2
x ] = 0 . (13)

In this paper, we attempt to seek the solution for
DZKE (1) with variable separation as

q(x,y, t) = f (x)+g(y, t) , (14)

where f (x) and g(y, t) are the functions of the indicated
variables to be determined later. After computation, we
only get

qxx = qyy = 0 . (15)

We set

f (x) = kx , g(y, t) = h(t)y+ r(t) , (16)

where k is constant and k 6= 0, h(t) and r(t) have the
derivatives of t. Thus we acquire a set of a0,a1,q as
follows:

a0 =
−h′(t)y+ r′(t)−λk2

k
− h2(t)

k2 ,

a1 =−2k ,

q(x,y, t) = kx+h(t)y+ r(t) .

(17)

Substituting the general solution of (6) into (8), the
solution of the DZKE (1) can be obtained in the fol-
lowing generalized travelling wave solution.

When λ 2− 4µ > 0, noting δ1 =
√

λ 2−4µ

2 , we have
the generalized travelling wave solution for the DZKE
(1) in terms of hyperbolic functions:

u(x,y, t) =− kh′(t)y+[h2(t)+ kr′(t)]
k2

−2kδ1B ,

(18)

where q(x,y, t) = kx+h(t)y+ r(t) and

B =
C1 sinhδ1q(x,y, t)+C2 coshδ1q(x,y, t)
C1 coshδ1((x,y, t)+C2 sinhδ1q(x,y, t)

. (19)

It is obvious that the solution (18) can degenerate the
travelling wave solution when h(t) and r(t) are taken
as arbitrary constants.

4. Some Novel Time Soliton Solutions for the
DZKE (1)

Thanks to the arbitrary functions h(t) and r(t) in
solution (18), it is convenient to investigate abundant
particular solutions by setting h(t) and r(t) at special
functions. We take solution (18) to discuss some spe-
cial solutions in terms of variables y, t, and u.
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Example 1. Setting h(t) and r(t) in solution (18) as
follows:

h(t) = 1 ,

r(t) = sech(t)+ tanh(t)+ sin(t) ,
(20)

then fixing variable x and parameters C1,C2,δ1 as

x = 0 , C1 = 3 , C2 = 2 , δ1 = 1 . (21)

Figure 1 illustrates the plots by setting k = 2 and 10,
respectively.

Example 2. We take h(t) and r(t) in solution (18) as

h(t) = k1t , r(t) = t2 + k2 , (22)

fix variable x and parameters C1,C2,δ1,k1,k2 as

x = 1 , C1 = 3 , C2 = 2 ,

δ1 = 1 , k1 = 10 , k2 = 1 .
(23)

Figure 2 exhibits the plots by setting k2 = −11 and 6,
respectively.
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Fig. 1. Plots of u(x, t) with h(t) and r(t) given by (20),
x,C1,C2,δ1 given by (21), and (a) k = 2, (b) k = 10.

Example 3. Setting h(t) and r(t) in solution (18) as

h(t) = exp(−t2)+ cos(t) ,

r(t) = exp(−t2)+ cos(t) ,
(24)

then fixing variable x and parameters C1,C2,δ1 as

x = 1 , C1 = 3 , C2 = 2 , δ1 = 1 . (25)

Figure 3 shows the plots by setting k = 2 and 10, re-
spectively.

Example 4. When setting h(t) and r(t) in solution (18)
as

h(t) = 1 , r(t) = tanh(t) , (26)

h(t) = 1 , r(t) = sech(t−10)
+ tanh(t)+ sech(t +10) ,

(27)

then taking variable x and parameters C1,C2,δ1 also
given by (25), we observe the plots in Figure 4.

Example 5. Loop-like structures can often be ob-
served in nature, such as ocean waves and biological
DNA structure. A loop-like solitary wave is an interest-
ing nonlinear physical phenomena (see also [29 – 33]).
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Fig. 2. Plots of u(x, t) with h(t) and r(t) given by (22),
x,C1,C2,δ1,k,k1 given by (23), and (a) k2 =−11, (b) k2 = 6.



B.-Q. Li at al. · New Exact Solution and Novel Time Solitons for the DZKE 605

−10

−5
0

5
10

−10

−5

0

5

10

−10

0

10

t
y

u

−10

−5
0

5
10

−10

−5

0

5

10

−10

0

10

t
y

u

(a)

(b)

Fig. 3. Plots of u(x, t) with h(t) and r(t) given by (24),
x,C1,C2,δ1 given by (25), and (a) k = 2, (b) k = 10.
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Fig. 4. Plots of u(x, t) with the settings x,C1,C2,δ1 given by
(25), and h(t),r(t) given by (a) (26), (b) (27).
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Fig. 5. Plots of u(x, t) with r(T ),h(t), and r̄(T ) given by (28),
(29), and (30), and x,C1,C2,δ1 given by (31), with (a) k2 =
1,k3 = 18; (b) k2 = 18,k3 = 1.

The structures are represented in mathematical multi-
value functions. Now we explore the loop-like solution
for the DZKE (1).

For solution (18), we introduce a new variable T de-
fined by

r(T ) =
∫

r̄(T )dT, t = r̂(T ), (28)

where r̄ and r̂ are functions of T .
Setting h(t), r̄, and r̂ as

h(t) = 1 , (29)

r̄(T ) = T sech2(k1T ) , (30)

t = r̂(T ) = T + k2tanh2(T )+ k3sech2(T ) ,

then fixing variable x and parameters C1,C2,δ1 as

x = 1 , C1 = 3 , C2 = 2 , k1 = 1 , δ1 = 1 , (31)

a type of loop-like solutions is demonstrated in Fig-
ure 5 by setting k2 and k3 at different values, respec-
tively.
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5. Conclusions

Constructing new solutions and finding novel soli-
tons are attractive in the research of nonlinear evolu-
tion systems [34 – 47].

In this paper, we established a type of new gen-
eralized travelling wave solutions in variable separa-
tion form for the DZKE (1) via extending the (G′/G)-
expansion method. Moreover, some novel time solitons
are investigated by taking properly the arbitrary func-
tions involved in the solutions.

We believe that the discussions and results here
could be interesting both for scientists investigating the

corresponding model in acoustics and for specialists on
methods to exact solutions of NEEs.
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