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Under investigation in this paper is a variable-coefficient coupled Gross—Pitaevskii (GP) system,
which is associated with the studies on atomic matter waves. Through the Painlevé analysis, we obtain
the constraint on the variable coefficients, under which the system is integrable. The bilinear form and
multi-soliton solutions are derived with the Hirota bilinear method and symbolic computation. We
found that: (i) in the elastic collisions, an external potential can change the propagation of the soliton,
and thus the density of the matter wave in the two-species Bose—Einstein condensate (BEC); (ii) in
the shape-changing collision, the solitons can exchange energy among different species, leading to
the change of soliton amplitudes. We also present the collisions among three solitons of atomic matter

waves.
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1. Introduction

Solitons, as one type of local excitations, have been
discussed in such fields as condensed matter physics,
plasma physics, nonlinear optics, and fluid dynam-
ics [1-6]. Solitons arise in the nonlinear evolution
equations (NLEESs) due to the balance between the dis-
persion and nonlinear effects, and can be used to ex-
plain some nonlinear mechanisms [1 -3, 7-10]. For
instance, the dynamic behaviour of Alfvén waves has
been studied in the inhomogeneous plasma, which
can be characterized with the variable-coefficient
derivative nonlinear Schrédinger equation [7]. Soli-
ton resonance phenomena, governed by the (2 4+ 1)-
dimensional Boussinesq equation, have been studied in
the propagation of gravity waves on a water surface [9].

Solitons have been found to exist in the Bose—
Einstein condensates (BECs) [11 —13]. There has been
increasing interest on the atomic matter waves [14]
since the experimental realization of the BEC in the
vapour of alkali-metal atoms [11]. With the phase
imprinting technique, [12] has created the dark soli-

ton in a cigar-shaped BEC of 8’Rb, shown to main-
tain its shape under the balance between the kinetic
energy and repulsive interatomic collisions. Trapping
techniques have been developed to generate the two-
species BECs, such as the overlapping condensate of
87Rb in two spin states [15] and the BEC of 3’Rb and
41K [16]. Two-species BECs can possess more phe-
nomena than the one-species ones, like the vector soli-
tons [13].

In this paper, via symbolic computation [17—20],
we plan to investigate the propagation and collision
of bright solitons in a two-species BEC with exter-
nal potential and thermal cloud effects [21 — 23], which
can be described with the three-dimensional coupled
Gross—Pitaevskii (GP) equations [21]. As seen below,
those bright solitons can exist in the region of vary-
ing scattering length, different from the dark solitons
in [12]. If the transversal motion of the condensate
is frozen as claimed in [21, 23], the radial freedom
of the three-dimensional coupled GP equations men-
tioned above can be integrated out, and thus the quasi-
one-dimensional coupled GP system can be obtained
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in the following form [21, 23]:

191, +a(t)Pr o+ 2b(1) (101> + |92]*) 61
+V(X,t)¢1 -+ iC([)(I)] = 0,

12,0 +a(t)Gae +2b(0) (|91 + [92]°) 92
+V(x,0)$2 +ic(t)$a =0,

where ¢ and x are respectively the dimensionless vari-
ables representing the time and space [21, 23], ¢; =
¢j(x,1) denotes the macroscopic wave functions of the
Jjth species (j = 1,2) [21, 23], a(¢) is the small pertur-
bation in the BEC [21-23], b(t) is the time-dependent
atom-atom collision coefficient [21 —23], V(x,t) rep-
resents the external potential (including harmonic and
linear potentials) [22-25], and c(¢) is related to the
damping or feeding effect caused by the condensate
thermal cloud [26 —28].

Some bright and dark solitons have been derived for
system (1) [22 —24]. Without the influence of the ther-
mal cloud effect c(t), creation and collision of the dark
solitons have been numerically simulated in a two-
species BEC when the atom—atom collision effect b(t)
is stable [22]. Bright-bright [23] and dark—dark [23]
solitons have been found in a two-species BEC under
the balance between the tunable atom—atom collision
effect b(t) and external potential V (x,) [23]. Ref. [24]
has presented two families of bright and dark solitons
for a special case of (1) with ¢; = ¢, and with b(¢) and
c(t) satisfying certain conditions in terms of V (x,7).

On the other hand, the Painlevé analysis can be
used for us to determine the integrable condition
of the NLEEs [29], and the Hirota bilinear method,
to derive the explicit multi-soliton solutions for the
NLEEs [30]. Shape-changing collisions of the soli-
tons have been discussed for the coupled NLEEs, for
such a collision allows the energy exchange among
different components, which exists as a distinct phe-
nomenon of the coupled NLEEs, from the uncoupled
ones [31-33].

To our knowledge, although some soliton solu-
tions for (1) have been given with certain con-
straints [22—24], the integrable condition of (1) has
not been analyzed yet. Shape-changing collisions of
the solitons in the two-species BECs via (1) have not
been observed, either. The main aim of the present
paper will be to investigate (i) the integrable condi-
tion that permits the solitons in the two-species BEC
via (1), and (ii) the shape-changing collisions of those
solitons. The paper will proceed as follows: Section 2

(1a)

(1b)
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will perform the Painlevé analysis to determine the in-
tegrable condition of (1). We will utilize the Hirota
bilinear method to derive the multi-soliton solutions
for (1) in Section 3. Then we will discuss in Section 4
the propagations and collisions of the bright soliton
in the BEC, especially the shape-changing collisions.
Section 5 will be our conclusions.

2. Painlevé Analysis of System (1)

Painlevé singularity-structure analysis can be used
to identify the integrability of a given NLEE [34, 35].
According to [29], a NLEE is said to possess the
Painlevé property if its solution is single valued about
the movable singularity manifold [34].

To test the Painlevé property of (1), we will first
rewrite (1) as

101 +a(t) o1 +2b(6) (101> + |6217) 91

. (2a)
+V()C,[)(I)1 =+ IC(I)(P] = 0,
— i@ +a(t) erw+20(t) (o1 + |<pz|2)<m(2b)
+V(x,t)pr —ic(t)pr =0,
100, +a(t) Goe+2b(t)(|02] +[01]*) 02 20

+V(x,1)p +ic(t)p =0,
— i@ +a(t) Qaue+2b(1) (|02 > + | @1 |2)¢>z(2d)
+V(x,t)p —ic(t)pr =0,

where @; is the complex conjugate of ¢; (j = 1,2).
Then, we assume that the solutions for (2) in the gen-
eralized Laurent series expansions [34] are

o1 =3 0 (x,0)y HE(x,0),
k=0

- (3a)
o= Y ol ()P (x,0),
k=0
0= 3 00 () y T (x,0),
k=0 (3b)

0= Y ol )y 2w,
k=0

where o, 3, 7, and 0 are the positive integers to be de-
termined, d);k) (x,2) and (pj(-k) (x,7) are all analytic func-
tions, y(x,t) is an analytic function, and y(x,t) =0
defines a non-characteristic movable singularity mani-
fold.

Substituting the leading-order behaviour of the

forms ¢ ~ 0" w2, ¢ ~ 0 Vy P, 9 ~ 0y,
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0 ~ (péo) v~ into (2) and equating the dominant

terms, we obtain the following results:
0 0
001y = 2092 0)9:" (1) —al)yE(x) (@
b()g;” (x,1)

In order to determine the powers at which the arbi-
trary functions can enter into the series, called the res-
onances, substituting

97 =0y oy 1k,

©)
0. _ 0.
o) = J(')V/ 1+(P,<~>llf Ik
into (2), and making the term y 3t/
(k) (K\T : :
(¢;, ;)" vanish, we consider
A0 + 4120 + 41300 + A0l = 9,
Az ¢1(k> +A22<P1(k) +A23¢2<k) +A24<P§k) = Fz(k) ) ©)
2o 0® 1 Ao o® 4 a0® 1 Ao — p®
310 FARQ +A330, A0, =,
4310 + A0 + 4330 + Aol = FY |
where F,f,k) (m functions

1,2,3,4) are the
¢2(k—1)m¢2(0) (Pl(k_1)~~~‘PfO)
(pz(k_l)..xp(()), v, x, and f. Making the determi-

nant composed of these coefficients equal to 0, we
have

of oD o0,

Ay A Az Ap
Ay Axp Ay An

-0, 7
A3z Az Azz Axn )
Ay Agp Ay Ay

An = An = =2b(1) 0" @) + (K = 3k —2)a(t)y2,

20) (") (01”) + 4a(0)0” 0"y

(0)
(‘Pl )
2 2

+ % Az = A =20(1)0" 0",

b(1) (o)

2
—2b(t) 9" (‘Péo)) ~2a(1) 93" y?

Az =Agp =

0 b
o
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Az = A3y = 2b(1)g\” 4’2(0) ;
~260) (07 0l ~ 2a(1)01”y?
Aly=Axn= 0 )
0
Ase =260 (01)", A = Ass = 26(0)01” ¢}
+ (K = 3k)a(t)yZ, Ass = 2b(1) (<p§0>)2.
From (7), we have
(k+ 1) (k—3)*(k—4)a* (1) yd =0. (8)
Solving (8), we obtain the resonances as
k=-1,0,0,0,3,3,3,4. ©)
The resonance at k = —1 naturally corresponds to

the arbitrariness of the singular manifold, k£ = O repre-
sents the arbitrariness of the functions (])}0) and (pj(.o),
while k = 3 and k = 4 respectively correspond to ar-
bitrary functions among ¢;3>’ (pj<-3>, (])1(4), and (pj(-4) (=
1,2). By substituting (3) into (2) and collecting the co-
efficients of different powers of y;, the existence of
a sufficient number of arbitrary functions at each res-
onance value can be easily checked. From the com-
patibility condition at k = 4, we derive the following

constraint on the variable coefficients:
(1) LG (1) an(t)+2a,(t)c(t)
a(t)  alr) 2a2(1)
@0 a)b)
2(1)b(t)
) by (1)

2a3(t) 2a
bu (1) +4by(t)c(t) 4
2a(t)b(t) a(t)b*(t)
Thus, we can conclude that (1) is Painlevé integrable
under constraint (10).

Vir(x,0) =2

(10)

3. Bilinear Form and Multi-Solitons Solutions

The Hirota bilinear method is a tool for dealing with
the soliton problems for integrable NLEEs [30]. Once
we transform the original NLEE into its bilinear form,
we can derive the soliton solutions directly via the per-
turbation technique [30].

Using (10), the transformations

T:/a(t)dt,

P (11)
¢j(x’ T) = (T) j .
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and the assumption V(x,7) = a(1)Q(1)x* +
a(t)I(7)x+a(1)A(T), (1) can be rewritten as

it o+ 2 (gl + s ?) w (12)
+ Q1) + I (1)x+A(T) +iC(7)]u; =0,

where II(7) and A(7) are both functions of 7, and

1
(1) = C (1) +5C:(0),
C(o) — €0, ax(Db(D) —a(D)be(c)
a(t) 2a(71)b(7)
Taking the transformations u; = é}’ ei@x , We can

obtain the bilinear form of (12) as
[iD; + D2+ 2iC(7)xDx + I1(7)x + A(7)
Dif-f=2(Igil*+lgs-jI), j=

1,2, (13b)

where D is the Hirota bilinear operator [30] defined by
AN
Jx X
0 a\"
: (81’ - 81”) flx,1)g(,7')
Multi-soliton solutions for (1) can be generated via

solving (13) with the power-series expansions of g and

f as

D'D'f-g
(14)

x=x',t=1

8j = €8j1 +83gj,3 +£58j,5+... )

15
f=1+e2fH+e*fu+eSfo+.... (1>

Taking
N
k
=210
k=1

&= Gf][nk—ﬁ-i/()'ﬂ(r)dr], o = e2/Cdr

Ok:ékari/&kzd'chi/A(r)d'cha)k,

rcs

with lj(»k>, Mk, and @y (k= 1,2,...,N) as the arbitrary
complex constants, we can obtain the multi-soliton so-
lutions for (1). For N = 1, we choose

(1) —1 6,

gin=1'o""e (16)
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and have

1 1
1P+ 15" P
(m+n;)?
. =0, n=4,6,8,....

_ .6+6/+m o __
o=t e = ;

gim=0, m=3,57,...

Then the one-soliton solutions can be written as
J
¢ .

exp{l[elel @ +iC(1)x ]}

1
sech{2(91+91 er)} j=12.

a7

For N =2, we take

gi1=0" <lj(-1)e9l +l§z) e62>

and obtain the two-soliton solutions as

(18)

a(t) (8j1+853) icre

0= b(t) (1+ fo+ fa) ¢

, J=12, 19)

with

fo=My 90 L M0 My eSO
+ My e®t0

gjs= Lj7121 69|+92+9f‘ +Lj,122 e91+92+92*7

fa = Giappe®r+0H0+6;

gim=0, m=357"7,...

lid)lgh)* +l§d)l§h)*

, n=0, n=4,6,8,...,

Man=""(n, +m)? dh=12
Eo =(Ns+0)Myy, s,v=1,2,
Ljio = o (m —m) 1(1) En
) | 1P By |
Lim = o '(m—m) 51) Epp
T mAm)(mAng) | 1P Ey |
Giopy = (M —m)(nf —n3)
(M +n7) (M +n3)(Mm2+n7) (M2 +n3)

’ Enn Enp

Ex Exn
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Similarly, the three-soliton solutions can be expressed

as
0= a(7) (81 +8i3+8j5) ic(o)e
J b(T) (1+f2 +f4 +f6) )
j=12,
with
8j1= 0-71 (lj(,l)eel +l](2) 662 _’_11(3) ee3> ’

fr =My O My OO 4 M5O
+ M3, St + M et + M3 e® 1o
+ Ms, ee3+e]* + M, e93+62* + Ms; ee3+6§‘ ,
gi3=Ljm 1 +6:+67 +Ljm 1 +6:+6;
+Ljs Q01162463 L 01+65+6]
+Lj,132 691+93+92* +Lj,133 661+93+6§‘
+ L oOr+03+6] + L3 o003+
+Ljys ROREECS

01+6,+6;+65 01+6,+6;+65
Sa=G12e” T2 4 Gpy3e”t T2

% % * *
+ G1223 661+92+92 +63 + G13]2€el+63+61 +6;

4 G13]3 661+93+91 +93 + Gl323 e91+93-‘v—92 +93

(20)

o' (m —m)(m —m3) (M —n3)(nf —n3)

529

+ G2312 692+93+91 +6; + G2313 692+93+91 +63
0r+05+ 05 +07
+ Gozpze? T BT

* ¥
gj75 — Hj.12 eel+92+93+91 +92

+Hj 13 ee|+62+93+91*+93*

?

+Hj 23 ee|+62+93+92*+93*

f6 = K23 691+92+93+91*+9§+9§‘

)

gim=0, m=79,..., f,=0, n=8,10,....

The coefficients of the three-soliton solutions are given
as

() (), () (h)
1Dy )y
Mo — L1 2 2 g )My,
B e B M
_ d
Lige=—C fa—m) | 1 Ea,
PR a0t ng) | 1 By |
G = (Ma — 1) (g —n7)
M MaAn) M+ 1) M+ n) (M 1)
Eds Edv _
‘ Ehs Ehv ) (d,h,S,V—1,2,3),

Hjin= (

n+n) (M +n3)(m+n7)(m2+n3) (3 +n) (s +n5)

o' (m—m)(m —m) (M —n3)(ny —n3)

Hj;3=
” (

N +n0) (M +n3)(m+n7)(m2+n3) (s +n) (s +n3)

o' (m —m)(m —n3)(n2—n3)(n3 —n3)

Hja = (

N +n3) (M +n3)(Mm+n3) (M2 +n3) (13 +n3) (N5 +n3)

l/(»” En Ep
lj<-2) Ey Exn |,
15»3) E31 E3
lj<-l) Enn Epz
1.5»2> Ey Ex |,
11(»3) E31 Es3
lj('1> E;p Eis
l;z) Exy Ex |,
l/(»3> Ex Es

(M —m2) (M —m3) (M2 —n3)(n} —N5)

Epp
Ey»

Ei3
En;

K =
B ) m +n3) (00 (e +n3) (e +13)
* * * * E
(ny —n3)(n5 —n3) E”
: * * * 21
(ms+n7) (M3 +n3)(n3 +n3) Es

E3

Es;3
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(2) (b)
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|1 |2
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4. Propagations and Collisions of Solitons in BECs

In this section, we will study the propagations and
collisions of solitons in a BEC and analyze the influ-
ence of the parameters a(t), b(t), and c¢(¢).

Based on (17), soliton propagations with ¢(¢) =0
and c(t) = ¢ are respectively shown in Figures 1
and 2. Figure 1 shows that the soliton can sta-
bly propagate with ¢(t) = 0. In Figure 2, when
c(t) = t, the soliton width will become narrower
when the amplitude becomes higher, while the width
will widen when it reaches the narrowest place,
and the amplitude begins to drop at the same
time.

(@ (b)
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SSAX “: 5K 5,
SIS 3 H
:“::g‘::‘:‘:‘\‘:‘w Fig. 1 (colour online). One

B soliton via (17) with the pa-
rameters a(t) = 1, b(t) = 1,
ct) = 0, m = 0.5 1 0.5i,
V(x,t) =sin(t) + 1, o) =0,

1Y = o6, 1) = V03,

Fig.2 (colour online). One
soliton via (17) with the pa-
SIS rameters a(t) = 1, b(t

Z I, ¢t) =t mn = 0.
S 0.51, V(x,1) = (12 +0.5)x
sin(t) + 1, o =0, 1\'

V0.6, 18 = V03,

IS
(OBASIRT
SRS
t““:‘:‘:‘

n—

+
+

=

=

When the values of a(z) and b(z) are both constants,
for simplicity, we take a(t) = b(r) = 1. Based on (19),
we find that the parameters l](-k) (j,k=1,2) have a di-
rect connection with the collision patterns: elastic and
inelastic collisions. When [ fl) : 121) = ll(z) : léz), the
collision is elastic, which means that there is no en-
ergy exchange between the two solitons. When ll1 :
l;l) # l§2) : 152), the collision is inelastic, which means
that there exists an energy exchange between two soli-
tons. That is, the shape-changing collisions arise in this
case.

With the parameters chosen as V (x,7) = sin(¢) + 1,
c(t)=0,11=0.5+0.5i,12,=0.6—-0.51, ®; =, =0,

Fig. 3 (colour online). Elastic
collisions between two soli-
tons via (19) with the pa-
rameters a(r) = 1, b(t) = 1,
c(t) =0,V (x,t) =sin(t) +1,
n =05+0.51, 1, =06—
0.5i, o = @ = 0, 151)
1P = vose, 11 =1 =
v0.3.
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(@) (b)

et |¢2|

(a) (b)

(@ (b)

531

Fig. 4 (colour online).
Inelastic  collisions  be-
tween two solitons via (19)

with the parameters
at)=1,b(t)=1,c(t) =0,
V(x,t) = sin(t) + 1,
m = 05 4+ 0.5i,

m = 0.6 — 0.51, w =
w =0 1" =61 =1,

=P —s.

Fig.5 (colour online). Two
solitons via (19) with the pa-
rameters a(t) = 1, b(t) = 1,
c(t) = 035 + 0.005,
V(x,t) = (012252 +
0.175)x*> + sin(r) + 1,
m = 0.5 + 0.51, m =

Fig. 6 (colour online). Elastic
collisions between two soli-
tons via (19) with the param-
eters a(r) =12, b(r) = 3'/32,
c(t) 0, V(x1)
2fsin(5)x + sin(y) + 1
n = 05+ 051, m

W[ ]

0.6 — 0.5i, @ = @, = 0,
l?) =1 = voe, 1Y) =
1P =03

Fig.7 (colour online). In-
elastic collisions between
two solitons via (19)

with the parameters
a(t) = 12, b(r) = 332,
c(t) = 0, Vgx,t) =
[sin(5)x + sin(y) + 1],
m = 05 1 05i
m = 0.6 — 051, w =
w =01V =6 1Y =1,

O
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l{l) = l§2) = \/R, lil) = liz) = /0.3, the elastic colli-
sions between two solitons are shown in Figure 3, and
we can see that there is no change in the amplitudes of
the solitons. Figure 4 reveals how the energy exchange
occurs between the two solitons, where the energy
transfers from the soliton in the vertical direction in
component ¢ to that in ¢, after collision. Such a col-
lision scenario is different from that in Figure 3. Fig-
ure 5 presents two solitons with ¢(¢) = 0.35¢ 4 0.005;
the width and amplitude of solitons are changed.

When the values of a(r) and b(¢) are variable, such
as a(t) =1t> and b(t) = v/3t%, we analyze the elastic and
inelastic collisions, respectively, shown in Figures 6
and 7. We can see that the two solitons propagate for-
ward in the form of a curve. Similar to Figure 3, there
is no energy exchange between the solitons in Figure 6.
As shown in Figure 7, the amplitude of the soliton in
the vertical direction in component ¢; decreases, while
that in ¢ increases after the collision. Then the shape-
changing collisions can be observed in Figure 7.

In the following, we pay attention to the collisions
among three solitons. Soliton collisions among N (N >
3) soliton excitations would be more complicated than
those between two excitations. According to (20), if
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Fig. 8 (colour online). Elastic
collisions among three soli-
tons via (20) with the pa-
rameters a(t) = 1%, b(t) =
31532, ¢(t) = 0, V(x,1) =
2fsin(5)x+sin(5)], m =1,
RS Mm=15n3=1-0.6i, 0 =
g —15, 0y = —22, w3 = —30,

4 1 =1(j=1,2:k=1,23).
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Fig. 9 (colour online). Inelas-
tic collisions among three
solitons via (20) with the pa-
rameters a(t) = 1%, b(t) =
3132 ¢(r) = 0, V(x,) =
tz[sin(g)x—i—sin(%)], m=1,
m=15n3=1-0.6i,0; =

li” =06, 1Y =1V =1,
1 = 03,1 = 1) =2,

SRR
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l%l) : lél) = l%z) : léz) = l§3) : lf), as seen in Figure 8,
the collisions among three solitons are elastic which
means there is no energy exchange among three soli-
tons. If l(l) : lél) # lﬁz) : l§2>, or l§2) : léz) #* 153) : lf),
or!/ fl) : 121) # 11(3) : 153) , inelastic collisions appear as in
Figure 9. That is, there are some shape-changing colli-
sions with energy exchange among three solitons.

5. Conclusions

Via symbolic computation, we have investigated
system (1), a variable-coefficient coupled GP system,
which can describe the matter-wave solitons in BECs
with small perturbation a(r), atom—atom collision ef-
fect b(r), external potential V(x,7), and damping or
feeding effect ¢(¢). We have found the integrable con-
dition for (1), i.e., constraint (10). Based on bilin-
ear form (13), soliton solutions (17), (19), and (20)
have been derived through the Hirota bilinear method.
Moreover, we have studied the propagations and col-
lisions of solitons, e.g., elastic and inelastic collisions
of two solitons. We have found that: (i) in the elas-
tic collisions, the external potential V' (x,7) can change
the propagation of the soliton and thus the density of



Z.-Q. Lin et al. - Coupled Gross—Pitaevskii System for Atomic Matter Waves

the matter wave in the two-species BEC (see Figs. 3
and 5); (ii) in the shape-changing collision, the solitons
can exchange energy among different species, leading
to the change of soliton amplitude (see Figs. 4 and 6).
We have also obtained the collisions of three solitons
of atomic matter waves (see Figs. 7 and 8).
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