Infinite Series Symmetry Reduction Solutions to the Perturbed Coupled

Nonlinear Schrodinger Equation

Xue-Ping Cheng®?, Qing-Qing Yuan®, Xiang-Qing Zhao?, and Jin-Yu Li?®
2 Department of Physics, Zhejiang Ocean University, Zhoushan 316004, P.R. China

b Department of Physics, Shanghai Jiao Tong University, Shanghai 200240, PR. China
¢ Department of Physics, Ningbo University, Ningbo 315211, P.R. China

Reprint requests to X.-P. C.; E-mail: chengxp2005@126.com

Z.. Naturforsch. 67a, 381 -388 (2012) / DOI: 10.5560/ZNA.2012-0034
Received November 10, 2011 / revised March 16, 2012

By the approximate symmetry perturbation method, the perturbed coupled nonlinear Schrodinger
equation (PCNLSE) is investigated. As a result, the approximate symmetries and infinite series sym-
metry reduction solutions are obtained. Specially, we take the symmetry reduction for soliton solu-
tions as an example, where the effects of perturbations on soliton solutions are briefly discussed.
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1. Introduction

The highly idealized nonlinear evolution equa-
tions, such as the Korteweg—de Vries (KdV) equa-
tion, the nonlinear Schrodinger (NLS) equation, the
Kadomtsev—Petviashvili (KP) equation, etc., may have
been solved analytically many times by kinds of well-
known methods, including the inverse scattering trans-
formation (IST), the Hirota bilinear method, the Dar-
boux transformation, and so on. However, to obtain
the analytical solutions of their correction systems that
differ from the standard ones by some small additional
terms (so-called perturbations), it still does not seem to
be an easy task. One of the most powerful techniques
in dealing with these systems is based on the IST [1].
This method requires that the unperturbed equations
must be exactly solvable via the IST, which seriously
restricts the range of application. Besides, the direct
perturbation method has also been frequently used to
find approximate analytical solutions to perturbed par-
tial differential equations. Supplements for this method
can be found in [2 - 6] and the references therein. An-
other effective way to investigate perturbed nonlinear
evolution equations is the approximate symmetry per-
turbation method, which is an integration of the per-
turbation method and the symmetry reduction method
first proposed by Fushchich and Shtelen [7]. Recently,
the approximate symmetry perturbation method has

been further improved by Lou and his colleagues, and
has been widely applied to many equations [8—11].

In the present paper, we shall introduce the approx-
imate symmetry perturbation method to the perturbed
coupled system of two NLS equations:

ip+ Bipe + (k1 |p* +1lal*)p
= &P(P,q,Px,Qx; P> -+ -) »
iq: + Bague + (129> + 1p|H)g
=€0(4,P,9x, Px; i+ 41> --) -

(1a)

(1b)

Equation (1) has been applied in various physical
fields, such as plasma physics [12], nonlinear op-
tics [13, 14], condense matter physics [15, 16], geo-
physics fluid dynamics [17], etc. In the context of non-
linear optics, p and ¢ in (1) describe the envelopes of
the waves with mutually orthogonal linear polariza-
tion, x and ¢ correspond to normalized distance and
time, respectively. The parameters 8, B, are the dis-
persion coefficients, k7, k» the Landau constants which
describe the self-modulation of the wave packets, and
Y1, 7> the wave-wave interaction coefficients which
describe the cross-modulations of the wave packets.
€P and €Q are perturbations of arbitrary form, and
€ is a small parameter characterizing the magnitude
of these perturbations. When € = 0, (1) reduces into
the coupled nonlinear Schrédinger equation (CNLSE).
Manakov [18] was the first to show that the CNLSE is

(© 2012 Verlag der Zeitschrift fiir Naturforschung, Tiibingen - http://znaturforsch.com


mailto:chengxp2005@126.com

382

integrable in terms of the method of IST for the case
where 1 = B, =1, kK1 = k» = y1 = . Later Zakharov
and Schulman [19] have thoroughly studied the inte-
grability of system (1) with € = 0, and they summa-
rized that only when B} = 3, Ky =Ko =7 = ) or
Bl = —ﬁg, K| = K» = —Y1 = —% the CNLSE is inte-
grable, i.e. it can be solved by IST. To put it in an-
other way, with other more general 1, B2, K1, K2, Y1, V>
values, system (1) is non-integrable, and the perturbed
ones are included.

For the sake of simplicity and convenience, here
we take account of the special case of (1) with
coefficients B = =x ==y =7 =1
and €P(p,q, px,qx,---) = —1€p, €0(q, P, qx, Pxs---) =
—iggq, corresponding to the action of linear damping in
fiber systems [20]. Thereby, system (1) becomes

ip + po+ (P + g p+iep =0,
ig+ g+ (Ip* +|qI*)g+ieg =0.

As we know, several perturbation methods have been
employed to obtain the zero-order solutions of (2) [21],
but a perturbation method for deriving the first order or
much higher-order modifications is still quite rare.

(2a)
(2b)

2. Approximate Symmetry Perturbation Method to
the Perturbed Coupled Nonlinear Schrodinger
Equation

To search for the solutions of the PCNLSE (2), we
would like to assume that the complex functions p and
q are in exponential form:

p=ue”, g=re", 3)

where u = u(x,t), v =v(x,t), r = r(x,1), s = s(x,1).
Substituting expression (3) into (2) and separating real
and imaginary parts, (2) is then replaced by

fuv,+uxx7uv)2c+u3+ur2:0,
Uy 4+ 22U vy +uv +Eu=0,
—rst—|—rxx—rs)2€+ru2+r3=0,
1+ 2y +rse+er=0.

According to the approximate symmetry perturbation
theory, the solutions of (4) are expressed as series:

u= isjuj, V= i&'jl}j,
Jj=0 Jj=0

r= i&‘j}’j, s = i&‘jsj'.
Jj=0 Jj=0

(4a)

(4b)

&)
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uj, vj, rj, and s; are functions with respect to x and ¢.
When one inserts expansion (5) into (4) and vanishes
the coefficients of all different powers of €, a system of
partial differential equations is given:

2 3 2
— UQVor + Uoxx — UV, + Uy +uorg =0, (6a)
uor + 2uoxvox + toVor = 0, (6b)
2 2,3
— 10S0r + Foxx — 105, + Foug +15 =0, (6¢)
1o + 270xS0x + 70Soxx = 0, (6d)
2
— UQV1r — ULVor + ULy — U1V, — 2UQV0xV1x (7a)
+ 2ugror; + ug r(z) + 3u(2)u1 =0,
Us + UoVixe + U1 Vore + 2(U1xvox + toxVix)
(7b)
+up = 01
2
— 1081 — F180r + Flxx — 21050x51x — 7150, (70)
+ 2rouguy + rlu(% + 31‘(2)}"1 =0,
1t + 708 10e + 71S0xx + 2(F0xS1x + F1xS0x)
(7d)
+ro=0,
o
j j =i
- 2 WiVj—iy+Ujxx— 2 2 UiVixVj—i—kx
i=0 i=0k=0
L 8a
Iy (8a)
3N wirerjoik i) =0,
i=0k=0
J J
uj;+ 2 Uivj—ipe+2 D Uixvj—ix+uj—1 =0,  (8b)
i=0 i=0
j j =i
- 2 FiSj—it +Fjxx — Z Z ViSkxSj—i—kx
i=0 i=0k=0
L 8c
j i (8¢)
+ 20 > rilwj i+ rirjik) =0,
i=0k=0
J J
rjs+ Z FiSj—ixx+2 Z FixSj—ix+rj-1=0, (8d)
i=0 i=0
withu_ | =v_1 =r_1 =s5_1 =0. To find the exact solu-

tions of (8), we first construct its Lie point symmetries
and then give the corresponding symmetry reductions.
In what follows, we shall suppose that the Lie symme-
try transformations satisfy

Ou; :Xujyx—i—Tuj’, —Uj7 Oy, :XVj7x+TVj7, —Vj
%a)

Oy; =Xrjx+Trj; —Rj, Os; =Xsjx+Tsj,—S;,
(9b)

where X, T, U;, V;, R;, and §; are functions with re-
specttox,,uj,vj,rj,ands; (j=0,1,2,...), thatis, (8)
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is invariant under the transformations
{x,t,uj,vj,rj,s;} — {x+eX,t+€T,u; (10)
+€Ui,Vj JrSVj,I‘j +8Rj,Sj JrSSj}

with an infinitesimal parameter €. Under the nota-
tion (9), Ou;» Oy}, Or;s and Oy, are then the solutions of
the symmetry equations, i.e., the linearized equations
for (8) listed below: )

— UpOyy,t — OuyVor + Oug.xx — OugVox — 2M0V0x0-v0 X
+ 2170 Oy + Oy 13 4 3ud 0, = 0,

Oug,t + U0 Oy xx + Oy Voxx + 2ugy Oy ,x

+ 2Gu0,xV0x = 07

(11a)

(11b)

—100sy,t — OryS0t + Orgxx — 2rOSOx0-sO,x - Gr()s%x (11c)
+ 2roug 0y, + Grou(z) + 3}’86,0 =0,
Ory,t T 1005) xx T OrySoxx + ZVOszO,x
(11d)
+ 26r07x50x =0,

— UpOy, + — U1 Oyyt — OyyV1r — Oy Vor + Oy xx
- 2Gu0VOxV1x - ZMOGV(),)CVIX - 2“0V0xo-v1 X

— 2U1vx Oy x — Oy, v(z)x + 2ror Oy, + Oy, r(z) (12a)
+ 6upu; 0y + 2ugri Oy, + 2roug Oy, + 2rolt] Oy,
+3udo,, =0,

Oyt + U0 Oy, xx + U1 Oyy xx + Oy Vixx + Ouy Voxx
+ 2u0x0-v1 xt 2u1x0-v0,x + 20—u0,xle + 26141 2 V0x
+0y =0,

— 1005t — 105yt — OrgS1t — Oy S0t + Oy xx

(12b)

- 2r050xo-s1,x - erGso,xslx - 2r1S0sz07x
—205,80xS1x — O s%x + 2ugroOy, + 2uou; Oy, (12¢)
+ 2rgu1 Gy + 2ugri Oy, + 6ror1 6y, + Oy, u%
+3r50, =0,

Ot T 7005, xx + 7105y xx T OrySixx + Ory SOxx
+ 270x6s1 xt 2r1xo-so,x + 2Gr0,xslx + 20—}'1 xS0x
+ 0y = 0,

(12d)

“ey

J
- Z(Midvj-,,-,t + Guivjfi,t) + Guj,xx
=0
J J1
- z z '(O'uivk,xvj—i—k,x +UiOy xVj—i—kx
i=0k=0

4 (13a)
Jj—i

J
+ Mivk,xo'vj,,-,k,x) + Z Z (0w, (rirj—i—ic + ukttj—i—)
i=0k=0
+ui(Oprj—i—k+ T%Or;_i T Owltj—i—k + MkGuj,,-,k)]
= O,

383

J
Ou; t + Z(uiGVj,i,xx + c’1,{,-"]‘71',xx)
=0 (13b)

J
+2 Z(uiaxa"j—hX + O xVj-inx) + Ou;_y = 0,
i=0

J
- Z(riQVj,i,t + O-risjfi,t) + Or; xx
i=0
)
— (6 'Sk. S'—'—k, +r6 . S'—'—k,
P riSkxS j—i—kx T ViOsp xS j—i—k.x (13¢)
JoJj—i
+ 1Sk O,y x) F 2 [0 (et +rerj i)
i=0k=0

+1i(Ou U j—i—k+UkOu;__ +On T ji—k+7k0y;_ )] =0,

J
Or;t + Z(Fiosj;i,xx + O-r,-sjfi,xx)
i=0

; (13d)
+ 2 Z(Vi,xo-sj,,-,x + Gr,-,xsjfi.,x) + Grjfl = 07
i=0
and 0, , = 0, , = 0,_, = 0,_, = 0. Substituting (9)

into the linearized equation system (13) and eliminat-
ing uj, vji, rj, and sj according to (8) yield thou-
sands of determining equations by vanishing all co-
efficients of the different partial derivatives of uj,
vj, rj, and s; for the functions X, T, U;, V;, R;,
and S;. Solving these determining equations, we
conclude

X:C—;X+C1t+)€0, T =cot+1, (142)
collo Coro ax
0 5 Ko 7 0 o=Se=5, (14
U1:%, R1=%, Vi =covi, S1=cosi,
2 2
(14c¢)
2j—1)cou; . Cc1x
Uj:%, VjZJC()Vj-‘rTaj?Oy (14d)
2j—1)cor; . cx
Rj:(%, SjZJCOSjJFT‘SjaO- (14e)

co, €1, X0, and #y are all arbitrary constants. Thus the
Lie symmetries take the forms

C cou
Ouy = <5OX+61I+XQ)M()X—|—(Col—l—lo)uo,—k%,

(15a)
o c1x
Oy = (Ex—i—clt —|—xo> vox + (cot +1o)vo, — -
(15b)
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co "o
Gy, = (Ex—i—cﬂ—i—xo)roﬁ- cot +1o) rOt"’T
(15¢)
o c1X
Oy, = <?x+clt+x0)sox+ cot+t0 N 2 )
(15d)
o colUq
Oy = <5X+Clt+x0>u1x+ cot +fo)u; — o
(16a)
c
Oy, = (on—&-cﬂ-i-xo)le‘*‘ cot +10)viy = Covi
(16b)
¢o cori
o, = (Ex+c1t+xo)i’1x+ cot +1o) ==
(16¢)
c
O5, = <§x+clt+x0)51x+ cot +10)s1: = Cos1
. (16d)
e]
oy = (?X+C1I+X0>Mj7x+(C0t+t0)uja’
. 17
@i Dy e
2 b)
(€]
ij = (Ex-‘rcll‘-i-Xo)Vj,x‘i‘ (COt+t0)V/7f
. (17b)
. 1X
— JCoVj— 76/'707
€o
Oy, = (?x+cll +X0>”j,x + (C()t +t0)rjvf
. 17
_ 2j=1)cory e
2 )
o
oy; = (Ex—&—clt—&-)m)s]'.x‘i‘ (cot +10)ss
. ox (17d)
— JcoS; — 75j,0~

Note that the notation 0;; satisfies §; ; = 1 and §;, =
0(j # i). Subsequently, the similarity solutions to (8)
can be obtained by solving the characteristic equations

dx dr dug dvy dr 0 ds (U

X T U Vo R So
_duj_de_drj_de_

up Vi R

..klg)

In the following paragraphs, two subcases are distin-
guished concerning the solutions to (18).

Case 1. When ¢y # 0, we choose the group invariant
as

c(z)x —2cocit +2coxg — 4eity

c3v/col +1o

&=

Solutions to Perturbed Coupled Nonlinear Schrodinger Equation

Then the similarity solutions for fields u;,v;,7;, and s;
are

:UO(g)(cotHO)j%, wy = U () (cot +10)2 ...,
= U;(&)(cot +10) T, (19a)
=V0(§)+f7 vi =Vi(&)(cot +10),- .-,
:Vj(é)(cm-ﬁ-t())j-l-aj,of, (190)
:Ro(g)(cotﬂo)—%, = Ri(E)(cot +10)2 ...,
rj = Ri(E)(cor +10) T, (19¢)
so=3S0(&)+f, s1=51(&)(cot +10),...,

5= S;(E)(eot +10)1 + 80 (159

As follows from (19), the perturbation series solutions
to (4) are described by the equations

oo

=3 U (&) (cot +10) T

j=0

o (20a)
v=r+ Y V(&) (cot +10),
j=0
r= iejRj(i)(Cottho)#,
/=0 (20b)

s= 1+ Y, &8, (cor o).
j=0

where

Cl
f= C—3 [(C]l‘o — CQX()) ln(Cot +to) + c(z)x
0
—cocyt +2coxg — 4clt0]
and U_; =V_; =R_; = 5_1 = 0. Inserting similarity

solutions (19) into (8), we summarize the similarity re-
duction equations

1
Uo.g.g — UOVO%: + ECQ@UQV()& + Uy (U§ -‘rR(z))

(21a)
+AUy =0
2U()V05§ +4U0§V05 7C0§U05 —coUp =0, (21b)
Rugs — RoS3e + yc08RoSeg +Ro(G3 +RE) 5,
+ARy=0
2R0S055 +4RO§SO§ — COéRog —coRy =0, (21d)
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1
Uige —2U00VieVoe — U1V02§ + ECQ& (U()V]g +U1V05)

+2UoRoR1 + UIR(Z) + 3U02U1 —coUpV1 (22a)
+AU; =0,
2(UoViee + U Voee) +4(UpeVie + Ui Voe ) o)

—co&Ujg +coU; +2Up =0,

1
Rige —2R0S1£S0e —R1S(2)5 + ECQ&(R()S]& +R1S0§)

£ 2RoUoUy +R\UZ + 3R2R, — coRoS (22¢)
+AR; =0,
_CO‘;:Rl(: +coR1+2Ry =0,
J oy

Ujee = 2, 2 UVieViiig

i=0k=0

j g

+3 Y Ui(RR ik + UUj— i) (23a)

i=0k=0

1, Lo
+ Ecog ZUiiji,é —co Z(J —)UV,_i+AU; =0,
i=0 i=0

j j
2N UV, jee +4 D UieViiz +cobU g
i=0 i=0

(23b)
+(2]_ I)COU]+2UJ,1 :O’
Joj-i
Rjee — 2 2 RiSieSi—ike
i=0k=0
joj-i
+ 3 Y Ri(RiRj—i—j+ UUj—i—) (23c)
i=0k=0
1 / J
+ EC()é zRiSj_,’g —C0 Z(] — i)R,'Vj,i + )LRJ- =0,
i=0 i=0
J j
23 RiS; ;ee+4 )Y R eS¢ +coCR;
i:E(l) j—i,E& zg(‘) i,&9j—i & é J.E (23d)

+(2j—1)coRj+2R;—1 =0.
The constant A is A = %(coqxo — c%to) )

Case 2. In the case ¢y = 0, the similarity solutions be-
come

(24)

with the similarity variable & and function g being
taken as

. 0112 + 2xpt — 2tox
o 2to
(c1t +x0)

= —W(C%lz +2c1x0t — 3cltox—|—x(2)) .
0

)

§

Hence, the perturbation series solutions to (4) are

u= 3 eUE). v=g+ 3 EV,(E)
j:o /:0 (25)
=S RE), =gt 358
=0 =0

J

And the similarity reduction equations related to simi-
larity solutions (24) can be expressed by

Uoee — UoVe: +Uo(Rg +Ug) + xkUp =0, (26a)
U()Voijij + 2V0§ UO& =0, (26b)
Roze — ROS;‘;g +Ro(R3+U})+ xRy =0, (26¢)
ROSO§§ + 2S05R05 =0, (26d)
Uiz —2UoVoeVie — Uiz +2UoRoR; 070
+ 302U + U RS+ kU =0,
U()V]gg +U1V0§€ +2(VO§U15 +V1§U0§) (27b)
+ UO = 07
Rige —2R0SoeS1e —Rngé +2RoUpU, 270
+3R3R| +R U3 + kR, =0,
RoSyz¢ +RiSoee +2(SoeRie +S1eR
08125 +RiSoze +2(SozRig +SiRoz) 27d)
+Ry =0,
j =i

Ujge =2, 2 UVieViioke

; i=0k=0 (283)
+ Y Ui(RR ik + UUj—i—x) + KU; =0,

i=0
j j
DUV ige+22 UieVjig+Ui1 =0, (280)
i=0 i=0
j =i

Rige =2 D RiSteVioiore

' i=0k=0 (28C)

J
+ ZRi(Rkijifk + UkUjfifk) +KkR;=0,
i=0
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J J
SRS e +2D RigSiiz+Rj1=0, (28d)
i=0 i=0

where U_; =V_1 =R_1 =S5_; =0, and the parameter

. . 2citgé+x3
K is determined by k = %

On observation of (23) ar(id (28), it is not difficult
to find that the jth similarity reduction equations con-
tain Uo,U,...,U;, Vo,V1,...,Vj, Ro,Ry,...,R;, and
S0,S81,...,58;. When the previous Up,U,...,U;_q,
V(),V],...,ijl, R(),R],...,Rj,b and S(),Sl,...,Sj,1
are known, the jth similarity reduction equations re-
duce to the second-order linear ordinary differential
equations of Uj, V;, R;, and S;. One can then solve
them one after another.

3. Symmetry Perturbation Reduction for
One-Soliton Solutions

For more detailed and further studying, let us take
the simple case ¢; = cp = 0 for example and consider
the effects of perturbations on soliton solutions of the
CNLSE with the help of Maple. Now the group vari-
able & becomes

Io
=t——x.
g 0"

Calculating as above steps, it is easy to get the sim-
ilarity reduction equations (for convenience, we do
not write out them in detail). Solving of the reduc-
tion equations leads to the solutions of different orders.

(@)

lgih2 —
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Here for simplicity, we give the perturbation series so-
lutions up to order 1, that is,

2 2
uy = Up(&) = ko tanh <\/;:205 +b1> , (29a)
0
ro=Ro(&)
2
— (48353 +3) tanh (22 1) (29b)
— 0
B 2t ’
x56
SOZVOZSO@):VO(%):—ZTZ, (29¢)
0
uy = Uy (&) ki (30a)
1=Vl = B) ;
2 \/ixog
2cosh ( o +b1)
kiy/—(4k312 +x3)
rn=Ri(&)= N ) (30b)
4koto cosh ( oy +b1)
0
s1=v1 =51(8) =Vi(§)
Vade
+2b,
_ ¢’ N 423k e % — 1613 (300)
213 ﬁng%g o, )
X2|e % -1
0

cey

where ko, k1, by are arbitrary constants.

In Figures 1 and 2, the evolution of intensity pro-
files |p|*> and |g|> of the one-soliton solutions of (2)
without and with perturbations, respectively, are plot-
ted. The parameters in (29) and (30) are fixed at

(b)

ZFZ D

==

ZZZD)

ﬂ////
7
7

e
ZZZZZL,

7=

==
T
7 =
7
992722
o

T Z

Fig. 1. Evolution of intensity profile | p|2 (a) and |q|2 (b) of the one-soliton solutions of (2) with no perturbation, where the
functions u, v, r, s in (3) are respectively replaced by ug, v, 79, So shown in (29). The parameters are set at xo =ty = b =

ko= 1.
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(b)
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Fig. 2. Evolution of intensity profile |p|? (a) and |¢|* (b) of PCNLSE (2) with € = 0.9. The zeroth-order and the first-order
solutions are chosen as (29) and (30), where parameter k; = 2 and others are the same as those in Figure 1.

xo=to=ko=b1 =1, kf =2, € =0.9. Some gen-
eral behaviours of solitons in this case can also be
found in [22]. Under the action of perturbations —iep
and —igg, the solitons become deformed. For larger
€ values, the distortion is more serious and the width
of solitons is narrower and narrower. Another effect
of the perturbations on solitons is that the perturba-
tions have also changed the initial positions of soli-
tons. It can be found obviously in Figure 3, which
illustrates the time evolution of amplitudes of solu-
tions of (2) with different € values, where the param-
eter € =0, 0.5, 0.7, 0.8, respectively, from right to
left.

4. Summary and Discussion

In summary, approximate similarity reductions of
the PCNLSE were studied in the frame of the approx-

Fig.3. Time evolution
of amplitudes of the
one-soliton solutions of
PCNLSE (2) with dif-
ferent € values for x =
0. £=0,0.5, 0.7 0.8
from right to left.

imate symmetry reduction method, and the approx-
imate symmetries and similarity symmetry solutions
of different orders are given. From the results (23)
and (28), it is not difficult to discover that the jth-
order similarity reduction equations are linear vari-
able coefficient ordinary differential equations of U;,
Vi, R;j, and §;, which depend on particular solutions
of the previous similarity reduction equations from
zero order to (j — 1) order and U;, V;, R;, and §;
can be solved step by step. Compared with other per-
turbation methods, the approximate symmetry pertur-
bation method is much easier for treating the per-
turbed partial differential equations. Besides, with the
help of Maple, we have also analyzed the effects of
perturbations on the one-soliton solutions, where we
found that the perturbations —iep and —igq have
not only changed the shapes of the solitons, but also
the initial positions of the solitons. Also, if choos-
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ing other solutions as initial approximate, we can an-
alyze the effects of perturbations on them in the sim-
ilar way. Moreover, extending the approximate sym-
metry perturbation method to more other perturbed
nonlinear evolution equations is worthy of further
study.
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