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This paper aims to construct a general formulation for the d-dimensional orthogonal functions and
their derivative and product matrices. These matrices together with the Tau method are utilized to re-
duce the solution of partial differential equations (PDEs) to the solution of a system of algebraic equa-
tions. The proposed method is applied to solve homogeneous and inhomogeneous two-dimensional
parabolic equations. Also, the mentioned method is employed to find the solution of the coupled
Burgers equation. Illustrative examples are included to demonstrate the validity and applicability of
the presented technique.
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1. Introduction

The Burgers equation has been found to describe
various kinds of phenomena such as a mathematical
model of turbulence [1] and the approximate theory
of flow through a shock wave travelling in viscous
fluid [2]. The coupled Burgers system was derived by
Esipov [3]. It is a simple model of sedimentation or
evolution of scaled volume concentrations of two kinds
of particles in fluid suspensions or colloids under the
effect of gravity [4]. Using the Hopf–Cole transforma-
tion, Fletcher [5] gave an analytical solution for the
system of the two-dimensional Burgers equations. Sev-
eral numerical methods for solving this equation have
been given [6 – 13].

In this study, the system of coupled Burgers equa-
tions is investigated by applying the operational ma-
trix. Accordingly, the orthogonal functions and their
derivative and product matrices for d-dimensional
time-depended partial differential equations are con-
structed. These matrices together with the Tau method
are then utilized to reduce the solution of Burgers equa-
tions to the solution of a system of algebraic equa-
tions. The Tau approach is an approximation tech-

nique introduced by Lonczos [14] in 1938 to solve
differential equations. The Tau method is based on
expanding the required approximate solution as the
elements of a complete set of orthogonal functions.
This method may be viewed as a special case of
the so-called Petrov–Galerkin method. But, unlike the
Galerkin approximation, the expansion functions are
not required to satisfy the boundary constraint individ-
ually [15 – 18].

2. Implementation of the Tau Method on the Heat
Equation

In this section, we aim to convert the time-depended
partial differential equations (PDEs) in the form of

ut(x, t) = ∇u(x, t)+ f (x, t) in Ω × J ,

u(x,0) = g(x) , x ∈Ω ,

Bu(x, t) = h(x, t) on ∂Ω × J

(1)

to a system of algebraic equations by applying the
operational matrix of orthogonal functions in Ω × J.
Here, ∇ = ∂ 2/∂x2

1 + ∂ 2/∂x2
2 + · · ·+ ∂ 2/∂x2

d , Ω ⊆ Rd

is an open bounded domain with smooth boundary
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∂Ω , J = (0,T ] with T > 0, and g(x) and h(x, t) are
known smooth functions.

In this way, we construct a family of orthogonal
functions in Ω × J by using orthogonal polynomi-
als such as Legendre and Chebyshev. At first, we as-
sume that Ω = Ω1 ×Ω2 × ·· ·Ωd , xi ∈ Ωi ⊆ R for
i = 1,2, · · ·,d, and the polynomials, denoted by φ

[i]
n (xi),

are orthogonal with weight functions wi(xi) over Ωi,
and also ψn(t) is orthogonal with weight functions w(t)
over J:∫

Ωi

φ
[i]
n (xi)φ

[i]
m (xi)wi(xi)dxi = b[i]

n δnm, i = 1,2, · · ·,d ,∫ T

0
ψn(t)ψm(t)w(t)dt = bnδnm, (2)

where δnm is the Kronecker function, b[i]
n and bn are

known values for each polynomial φ
[i]
n (xi) and ψn(t),

respectively, that are obtained as

b[i]
n =

∫
Ωi

(
φ

[i]
n (xi)

)2
wi(xi)dxi, i = 1,2, · · ·,d ,

bn =
∫ T

0

(
ψn(t)

)2
w(t)dt.

(3)

A function fi(xi) defined over Ωi can be expanded as

fi(xi) =
+∞

∑
n=0

a[i]
n φ

[i]
n (xi) ,

and the coefficients a[i]
n are given by

a[i]
n =

1

b[i]
n

∫
Ωi

fi(xi)φ
[i]
n (xi)wi(xi)dxi, n = 0,1,2, · · · .

By defining

Φ̂
[i](xi) =

[
φ

[i]
0 (xi),φ

[i]
1 (xi), · · ·,φ [i]

n (xi), · · ·
]T

,

Ψ̂(t) = [ψ0(t),ψ1(t), · · ·,ψn(t), · · ·]T,

the family of functions

Φ̂(x, t) = Φ̂
[1](x1)⊗ Φ̂

[2](x2)⊗·· ·⊗ Φ̂
[d](xd )⊗Ψ̂(t)

are orthogonal with weight functions w(x, t) =
w1(x1)w2(x2)· · ·wd(xd )w(t) over Ω × J; also ⊗ de-
notes the Kronecker product. It’s clear that the orthog-
onality property appears as∫

Ω×J
φ̂n(x, t)φ̂m(x, t)w(x, t)dx dt = cn δnm . (4)

A function u(x, t) can be expanded as

u(x, t) =
+∞

∑
n=0

an φ̂n(x, t) ,

and the coefficients an are given by

an =
1
cn

∫
Ω×J

u(x, t)φ̂n(x, t)w(x, t)dxdt,

n = 0,1,2, · · · .
(5)

In practice, only the finite terms of Φ̂(x, t) are con-
sidered. Therefore, mi-terms of Φ̂ [i](xi) and s-terms of
ψ̂(t) are defined in the form

Φ
[i](xi) =

[
φ

[i]
0 (xi),φ

[i]
1 (xi), · · ·,φ [i]

mi−1(xi)
]T

,

Ψ(t) = [ψ0(t),ψ1(t), · · ·,ψs−1(t)]T,

and consequently, N-terms of φ̂m(x) (N = s
d
∏
i=1

mi) can

be obtained as

Φ(x, t) = Φ
[1](x1)⊗Φ

[2](x2)⊗·· ·⊗Φ
[d](xd )⊗Ψ(t).

These functions approximate u(x, t):

uN(x, t) =
N−1

∑
i=0

aiφi(x, t) = AT
Φ(x, t)

with

A = [a0,a1, · · ·,aN−1]T,

φi(x, t) = φ
[1]
i1

(x1)φ
[2]
i2

(x2)· · ·φ [d]
id

(xd )ψ j(t) ,

i = i1m2m3· · ·mds+ i2m3m4· · ·mds+ · · ·
+ id−1mds+ ids+ j ,

(6)

ik =
[

i
mk+1mk+2· · ·mds

]
− i1m2m3· · ·mks

− i2m3· · ·mks−·· ·− ik−1mks , k = 1,2, · · ·,d ,
(7)

j = i− i1m2m3· · ·mds+ i2m3m4· · ·mds+ · · ·
+ id−1mds+ ids ,

(8)

where [·] denotes the integer part of the number.

2.1. Operational Matrix of Derivatives

At first, we describe a property of the Kronecker
product as

(A1⊗A2⊗·· ·⊗An)(B1⊗B2⊗·· ·⊗Bn)
= A1B1⊗A2B2⊗·· ·⊗AnBn .

(9)
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Lemma 1. The derivative operator of the vector
Φ(x, t) can be expressed by

∂

∂xi
Φ(x,t)' DiΦ(x,t) , i = 1,2, · · ·,d ,

where

Di = Im1⊗ Im2⊗·· ·⊗ Imi−1⊗Di⊗ Imi+1⊗·· ·⊗ Imd ⊗ Is .

Di is the derivative matrix of vector Φ [i](xi), and Im j is
the identity matrix of order m j.

Proof.

∂

∂xi
Φ(x, t) = Φ

[1](x1)⊗Φ
[2](x2)⊗·· ·

⊗DxiΦ
[i](xi)⊗·· ·⊗Φ

[d](xd )⊗Ψ(t) ,

where Dxi is derivative operator of xi. We assume
DxiΦ

[i](xi)'DiΦ
[i](xi) that Di is the derivative matrix

of vector Φ [i](xi).
Now by using (9), the Lemma can be proved.

Also, the time-derivative matrix is obtained as

∂

∂ t
Φ(x,t)' DtΦ(x,t) ,

Dt = Im1 ⊗ Im2 ⊗·· ·⊗ Imd ⊗Dt ,

where Dt is the derivative matrix of vector Ψ(t).

Remark 1. The derivative matrix of vector Φ [i](xi) for
shifted Chebyshev and Legendre polynomials is ob-
tained in [19 – 21]. In general, we can obtain the deriva-
tive matrix of vector Φ [i](xi) by using the orthogonal
property (2)

Di =< DxiΦ
[i](xi),Φ [i](xi)T > d−1

i ,

where < DxiΦ
[i](xi),Φ [i](xi)T > and di are two mi×mi

matrices defined as

< DxiΦ
[i](xi),Φ [i](xi)T >

=
{∫

Ωi

Dxiφ
[i]
n (xi)φ

[i]
m (xi)wi(xi)dxi

}mi−1

n,m=0
,

di =< Φ
[i](xi),Φ [i](xi)T >= diag{b[i]

n }mi−1
n=0 .

(10)

Denote that φ
[i]
n (xi) are polynomials of degree n; one

can write

φ
[i]
n (xi) =

n

∑
j=0

h[i]
j,nx j

i ,

where

h[i]
j,n =

1
j!

d j

dx j
i

φ
[i]
n (xi)

∣∣
xi=0 .

Subsequently, Dxiφ
[i]
n (xi) is obtained as

Dxiφ
[i]
n (xi) =

n

∑
j=1

jh[i]
j,nx j−1

i .

Thus, by using above equation, the appeared integral
in (10) can be obtained as∫

Ωi

Dα
xi

φ
[i]
n (xi)φ

[i]
m (xi)wi(xi)dxi

=
n

∑
j=1

jh[i]
j,n

∫
Ωi

x j−1
i φ

[i]
m (xi)wi(xi)dxi .

In orthogonal polynomials one can say that the ele-
ments of the derivative matrix Di are achieved as

{
Di
}mi−1

n,m=0 =


0 , n−1 < m ,

n
∑
j=1

m
∑

k=0
j

h[i]
j,nh[i]

k,m

b[i]
n

∫
Ωi

xk+ j−1
i wi(xi)dxi ,

n−1≥ m .

For shifted Legendre polynomials defined in [0,Li], we
have

h[i]
j,n =

(−1) j+n( j +n)!

(n− j)!( j!)2L j
i

, b[i]
n =

Li

2n+1
, wi(xi) = 1 ,

{
Di
}mi−1

n,m=0 =

{
0 , n−1 < m or n+m is even ,
4m+2

Li
, otherwise .

Also, for shifted Chebyshev polynomials defined in
[0,Li], one has

h[i]
j,n = n

(−1)n− j(n+ j−1)!22 j

(n− j)!(2 j)!L j
i

,

b[i]
0 = π , b[i]

n =
π

2
, n≥ 1 ,

wi(xi) =
1√

Lix− x2
,

{
Di
}mi−1

n,m=0 =


0 , n−1 < m or n+m is even ,
2n
Li

, m = 0 ,
4n
Li

, m 6= 0 .

Remark 2. The ∇-operational matrix can be con-
structed as

∇ =
∂ 2

∂x2
1

+
∂ 2

∂x2
2

+ · · ·+ ∂ 2

∂x2
d

,

∇ = D2
1 +D2

2· · ·+D2
d .



270 S. Kazem · Coupled Burgers Equation Based and Operational Matrices

2.2. The Product Operational Matrix

The following property of the product of two or-
thogonal vectors will also be applied:

φ
[i](xi)φ [i](xi)TV ' Ṽ φ

[i](xi) ,

where Ṽ is an mi×mi product operational matrix for
the vector V . Using above equation and by the orthogo-
nal property mentioned in (2), the elements {Ṽnm}mi−1

n,m=0
can be calculated from

Ṽnm =
1

b[i]
n

mi−1

∑
k=0

vkg[i]
nmk ,

where g[i]
nmk is given by

g[i]
nmk =

∫
Ωi

φ
[i]
n (xi)φ

[i]
m (xi)φ

[i]
k (xi)wi(xi)dxi .

Remark 3. g[i]
nmk for the shifted Chebyshev and Leg-

endre polynomials can be obtained as

i) shifted Chebyshev polynomials defined in [0,Li]:

g[i]
nmk =

Lick

2

(
δn+m,k +δ|n−m|,k

)
,

c0 = π , ck =
π

2
, k = 1,2, · · ·,mi−1 .

ii) shifted Legendre polynomials defined in [0,Li]:

g[i]
nmk =

Li

2


dm−ldldn−l

(2n+2m−2l+1)dn+m−l
, k = n+m−2l ,

l = 0,1, · · ·,m ,

0, k 6= n+m−2l ,

l = 0,1, · · ·,m ,

where m≤ n and dl = (2l)!/2l(l!)2.

The product of two orthogonal vectors will also be
applied as

Φ(x, t)Φ(x, t)TA ' ÃΦ(x, t),

where Ã is an N×N product operational matrix for the
vector A. Using above equation and by the orthogonal
property (4), the elements {Ãi j}N−1

i, j=0 can be calculated
from

Ãi j =
1
ci

N−1

∑
k=0

akgi jk ,

where gi jk and ci are given by

gi jk =
∫

Ω×J
φi(x, t)φ j(x, t)φk(x, t)w(x, t)dxdt,

gi jk = g[1]
i1 j1k1

g[2]
i2 j2k2
· · ·g[d]

id jdkd
grpq ,

ci = b[1]
i1

b[2]
i2
· · ·b[d]

id
br ,

where is, js,ks,r, p, and q are obtained by apply-
ing (6) – (8).

3. Numerical Examples

In this section, two examples of homogeneous and
inhomogeneous two-dimensional parabolic equations
are given to illustrate our results. Also, in the last ex-
ample, we apply our combined method to the coupled
Burgers equations. In all experiments, we consider the
shifted Legendre polynomials defined in (0,π) as basis
functions. It is noticeable that the results in shifted
Chebyshev or other polynomials have no more differ-
ence. Comparisons between present results and cor-
responding analytical solutions are given. For these
comparisons, the root mean square (RMS) error of the
following form is applied:

RMS =

√
∑

M
k=1

(
u(xk, tk)−uN(xk, tk)

)2

M
,

where u(xk, tk) and uN(xk, tk) are achieved by the exact
and the approximate solution on (xk, tk), and M is the
number of test points.

3.1. The Inhomogeneous Two-Dimensional Heat
Equation

Consider the following equation [12, 13]:

f (x1,x2, t) = sin(x1) · sin(x2) · e−t −4 ,

g(x1,x2) = sin(x1) · sin(x2)+ x2
1 + x2

2 ,

0 < x1,x2 < π , t > 0 ,

with boundary conditions

u(0,x2, t) = x2
2 , u(x1,0, t) = x2

1 ,
u(π,x2, t) = x2

2 +π2, u(x1,π, t) = x2
1 +π2.

The exact solution of this problem is

(x1,x2, t) = sin(x1) · sin(x2) · e−t + x2
1 + x2

2 .
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By applying the mentioned method, (1) is written as

AT[Dt −∇
]
Φ(x1,x2, t) = FT

Φ(x1,x2, t) ,

where by using (5), we have f (x, t) ' FTΦ(x1,x2, t).
Now similar to the Tau method [18, 20], one has

EA = F, where E =
[
Dt −∇

]T
. (11)

Also the initial and boundary conditions are given as[
Im1 ⊗ Im2 ⊗Ψ(0)

]T
A = G ,

g(x1,x2)' GT
Φ

[1](x1)⊗Φ
[2](x2) ,[

Φ
[1](0)⊗ Im2 ⊗ Is

]T
A = H1 ,

x2
2 ' HT

1 Φ
[2](x2)⊗Ψ(t) ,[

Im1 ⊗Φ
[2](0)⊗ Is

]T
A = H2 ,

x2
1 ' HT

2 Φ
[1](x1)⊗Ψ(t),[

Φ
[1](π)⊗ Im2 ⊗ Is

]T
A = H3 ,

x2
2 +π

2 ' HT
3 Φ

[2](x2)⊗Ψ(t) ,[
Im1 ⊗Φ

[2](π)⊗ Is
]T

A = H4 ,

x2
1 +π

2 ' HT
4 Φ

[1](x1)⊗Ψ(t) .

By substituting above equations in (11), one can obtain
a system of algebraic equations and give a unique solu-
tion for the unknown coefficients {ai}N−1

i=0 . We solved
this problem for different N and compared our result
with the exact solution in Table 1. The graphs of the
absolute error functions for m1 = 7, m2 = 7, and s = 4
are shown in Figure 1. These errors illustrate that the
approximate solution is in good agreement with the ex-
act solution.

3.2. The Homogeneous Two-Dimensional Heat
Equation

In this example, we consider the two-dimensional
linear homogeneous Burgers equation given by [12,
13]

g(x1,x2) = sin(x1) · sin(x2) , 0 < x1,x2 < π , t > 0 ,

Table 1. RMS error with some values of N = m1m2s in Examples 1, 2, and 3.

Example m1 = m2 = s = 4 m1 = m2 = s = 5 m1 = m2 = s = 6 m1 = m2 = s = 7
1 2.85 ·10−3 1.54 ·10−4 6.73 ·10−5 4.94 ·10−7

2 4.57 ·10−3 3.15 ·10−4 8.61 ·10−5 5.45 ·10−7

3 2.67 ·10−3 1.45 ·10−4 5.36 ·10−5 1.37 ·10−7

Fig. 1. Graph of the absolute error with N = 196 for Exam-
ple 1.
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Fig. 2. Graph of the absolute error with N = 196 for Exam-
ple 2.

with boundary conditions

u(0,x2, t) = 0 , u(x1,0, t) = 0 ,

u(π,x2, t) = 0 , u(x1,π, t) = 0 .

The exact solution of this problem is

u(x1,x2, t) = sin(x1) · sin(x2) · e−2t .

Fig. 3. Graph of the absolute error for the coupled Burgers
equation with N = 64.

By applying the mentioned method, (1) is written as

AT[Dt −∇
]
Φ(x1,x2, t) = 0 .
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Now, similar to Tau method [18, 20], one has

EA = 0, where E =
[
Dt −∇

]T
. (12)

Also the initial and boundary conditions are obtained
as [

Im1 ⊗ Im2 ⊗Ψ(0)
]T

A = G ,

g(x1,x2)' GT
Φ

[1](x1)⊗Φ
[2](x2) ,[

Φ
[1](0)⊗ Im2 ⊗ Is

]T
A = 0 ,[

Im1 ⊗Φ
[2](0)⊗ Is

]T
A = 0 ,[

Φ
[1](π)⊗ Im2 ⊗ Is

]T
A = 0 ,[

Im1 ⊗Φ
[2](π)⊗ Is

]T
A = 0 .

By substituting above equations in (12), one can obtain
a system of algebraic equations and give a unique solu-
tion for the unknown coefficients {ai}N−1

i=0 . We solved
this problem for different N and compared it with the
exact solution in Table 1. The graphs of the absolute
error functions for m1 = 7, m2 = 7, and s = 4 are shown
in Figure 2. These errors demonstrate that the approxi-
mate solution obtained by using this scheme is in good
agreement with the exact solution.

3.3. The Coupled Burgers Equations

Finally, we consider the following nonlinear system
of equations given by [12, 13]:

ut −∇u−2uux +(uv)x = 0 , (13)

vt −∇v−2vvx +(uv)x = 0 , (14)

subject to the initial and boundary conditions

u(x,0) = sin(x) , v(x,0) = sin(x) ,
u(0, t) = 0 , v(0, t) = 0 ,

u(π, t) = 0 , v(π, t) = 0 .

The exact solutions of this system are

u(x, t) = e−t sin(x) , v(x, t) = e−t sin(x) .

By assuming u(x, t) = ATΦ(x, t) and v(x, t) =
BTΦ(x, t) and applying the proposed method, (13)
and (14) are obtained as

AT[Dt −∇−2DxÃ+DxB̃+Ṽ
]
Φ(x, t) = 0 ,

BT[Dt −∇−2DxB̃+DxÃ+W̃
]
Φ(x, t) = 0 ,

where V = DT
x B and W = DT

x A. Now, similar to the Tau
method, we have[

Dt −∇−2DxÃ+DxB̃+Ṽ
]T

A = 0 , (15)[
Dt −∇−2DxB̃+DxÃ+W̃

]T
B = 0 . (16)

The conditions of the problem are obtained as[
Im1 ⊗Ψ(0)

]T
A = S ,

[
Im1 ⊗Ψ(0)

]T
B = S ,[

Φ
[1](0)⊗ Is

]T
A = 0 ,

[
Φ

[1](0)⊗ Is
]T

B = 0 ,[
Φ

[1](π)⊗ Is
]T

A = 0 , big[Φ [1](π)⊗ Is
]T

B = 0 ,

where sin(x) = STΦ [1](x). By substituting above equa-
tions in (15) and (16), we can obtain a system of
nonlinear algebraic equations and have a solution for
the unknown coefficients {ai,bi}N−1

i=0 . This problem is
solved for different values of N and the accomplished
comparison with the exact solution is shown in Table 1.
The graphs of the absolute error functions for m1 = 8
and s = 8 are shown in Figure 3. These errors reveal
that the approximate solution is in good agreement
with the exact solution.

4. Conclusions

In this paper, the Tau method for solving the cou-
pled Burgers equation is applied. The orthogonal func-
tions based on orthogonal polynomials for solving this
time-depended equation by the means of the Kronecker
product have been constructed. Also, a general formu-
lation for the operational matrices of derivative and
product has been derived. The achieved operational
matrices along with the Tau method are used to re-
duce the problem to a system of algebraic equations.
In order to demonstrate the efficiency and reliability of
the proposed technique, the root mean square (RMS)
error are applied.
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