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In the present paper, we have focused our attention to highlight the study of a non-Newtonian
nanofluid between coaxial cylinders with variable viscosity. The governing equations of the non-
Newtonian fluid with variable viscosity along with energy and nanoparticles are given. The coupled
nonlinear differential equations are solved analytically with the help of the homotopy analysis method
(HAM). The convergence of the solution is discussed through h-curves. The physical features of
pertinent parameters are discussed by plotting graphs.
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1. Introduction

The study of non-Newtonian fluids in the presence
of heat transfer analysis has received a great boost
and a renewed interest in recent years because of their
increasing demand in industry and technology. Some
important theoretical studies on this topic are given
in [1 – 8].

Recently, a special attention has been given to the
nanofluids. The term nanofluid was introduced by Choi
1995 [9] and means a liquid containing a suspension of
submicron solid particles (nano particles). The major
advantage of nanofluids is their thermal conductiv-
ity enhancement (see Masuda et al. [10]). Accord-
ing to Buongiorno and Hu [11], the major use of
nanofluids technology is in advance nuclear systems.
A comprehensive study about natural convection of
nanofluids has been done by Putra et al. [12]. They
experimentally discussed the natural convection of
nanofluids inside a horizontal cylinder heated from
one end and cooled from the other end. Kuznetsov
and Nield [13] have examined the natural convec-
tive boundary layer flow of a nanofluid past a verti-
cal plate. In another study, Nield and Kuznetsorv [14]
have reported the thermal instability in a porous
medium layer saturated by a nanofluid. A numerical
study about boundary layer flow of a nanofluid past
a stretching sheet has been presented by Khan and
Pop [15].

The above studies show that there is a strong need
to investigate the non-Newtonian nanofluids. There-
fore, the aim of the present investigation is to discuss
the non-Newtonian nanofluids between two coaxial
cylinders. The governing equations of non-Newtonian
fluids along with nanoparticles equations have been
derived in the presence of variable viscosity. The cou-
pled nonlinear equations have been solved analyti-
cally with the help of the homotopy analysis method
(HAM) [16 – 22] for two cases of viscosity, namely
Reynolds and Vogels viscosity models. The expres-
sions of velocity, temperature, and nanoparticles func-
tions are discussed graphically for different physical
parameters.

2. Problem Statement

Consider an incompressible and thermodynamic
third-grade nano fluid between two infinite coaxial ver-
tical cylinders. The flow is induced by a constant pres-
sure gradient and motion of an inner cylinder. The
outer cylinder is kept fixed. The heat transfer analysis
is also taken into account. The dimensionless problems
which can describe the flow and heat transfer are
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The corresponding boundary conditions are

v(r) = 1 , Φ(r) = 1 , θ(r) = 1; r = 1 , (4)

v(r) = 0 , Φ(r) = 0 , θ(r) = 0; r = b . (5)

The nondimensional quantities used in the above equa-
tions are defined as
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Here µ0, V0, Λ , β3, θm, θw, Φm, and Φw are
reference viscosity, reference velocity, dimensionless
non-Newtonian parameter, dimensional third-grade
parameter, a reference temperature (the bulk mean
fluid temperature), wall temperature, reference mass
concentration, and wall nanoparticle concentration,
respectively.

3. Solution of the Problem

Following Nadeem and Ali [5], the solution is con-
sidered for two models of variable viscosity, as fol-
lows.

4. Series Solutions for Reynolds’ Model

In this case, the viscosity is a function of temper-
ature and is expressed in the form of an exponential
function:

µ = e−Mθ (7)

which by Maclaurin’s series can be written as

µ = 1−Mθ +O(θ 2) . (7a)

For M = 0, the above equation corresponds to the case
of constant viscosity. Making use of (7), (1) – (3) take
the following form:
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The solution of above equations have been found ana-
lytically by the homotopy analysis method. For HAM
solution, we require the following initial guesses:

v0 (r) =
(r−b)
(1−b)

, (11)

θ0 (r) =
(r−b)
(1−b)

, (12)

Φ0 (r) =
(r−b)
(1−b)

. (13)

The auxiliary linear operators are

£vr (v) = v′′, (14)

£θr (θ) = θ
′′, (15)

£Φr (θ) = Φ
′′, (16)

which satisfy

Lvr(A1 +B1r) = 0 , (17)

Lθr(A2 +B2r) = 0 , (18)

LΦr(A3 +B3r) = 0 , (19)

here A1, A2, B1, B2, A3, B3 are the constants.
If p ∈ [0,1] is an embedding parameter and hv, hθ ,

and hΦ are the auxiliary parameters, then the problems
at the zero and mth-order deformations are defined as

(1− p)Lv[ v̄(r, p)− v0 (r)]
= ph̄vNv[ v̄ (r, p), θ̄(r, p),Φ̄(r, p)] , (20)
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(1− p)Lθ [ θ̄(r, p)− θ0 (r)]
= ph̄θ Nθ [ v̄ (r, p), θ̄(r, p),Φ̄(r, p)] ,

(21)

(1− p)LΦ [ Φ̄(r, p)− Φ0 (r)]
= ph̄Φ NΦ [ v̄ (r, p), θ̄(r, p),Φ̄(r, p)] ,

(22)
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Lθ [θm(r)−χmθm−1(r)] = h̄θ Rθ (r) , (24)

LΦ [Φm(r)−χmΦm−1(r)] = h̄Φ RΦ(r) , (25)

v̄(r, p) = θ̄(r, p) = Φ̄(r, p) = 1, r = 1 , (26)

v̄(r, p) = θ̄(r, p) = Φ̄(r, p) = 0 , r = b , (27)

v̄m(r, p) = θ̄m(r, p) = Φ̄m(r, p) = 0 , r = 1 , (28)

v̄m(r, p) = θ̄m(r, p) = Φ̄m(r, p) = 0 , r = b . (29)

In the above equations, the nonlinear operators for
velocity, temperature, and nanoparticles are defined
as
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Fig. 1. h-curve for the velocity profile for the Reynolds
model.
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Fig. 2. h-curve for the temperature profile for the Reynolds
model.
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By Mathematica, the solutions can be written as

v = ∑vm (r) =
3m+1

∑
n=0

am,nrn, m≥ 0 ,

θ = ∑θm (r) =
3m+1

∑
n=0

dm,nrn,

Φ = ∑Φm (r) =
3m

∑
n=0

em,nrn, m≥ 0 ,

(36)

where am,n, dm,n, and em,n are constants to be deter-
mined by substituting (36) into (20) – (22).

Fig. 3. h-curve for the nanoparticle concentration profile for
the Reynolds model.

Fig. 5. h-curve for the temperature profile for the Vogel
model.

5. Series Solutions for Vogel’s Model

Here, the viscosity is defined as

µ = µ0 exp

[
A

(B+θ)
−θ0

]
, (37)

which can also be written as

µ =
C
s

(
1− θA

B2

)
, (38)

where

s = µ0 exp

[
A
B
−θ0

]
. (39)

Fig. 4. h-curve for the nanoparticle concentration profile for
the Vogel model.

Fig. 6. h-curve for the velocity profile for the Vogel model.



M. Y. Malik et al. · Flow of a Non-Newtonian Nanofluid Between Coaxial Cylinders 259

Using the similar procedure as discussed in previous
section, the solution of this case is straightforward
written as

v = ∑vm (r) =
3m+1

∑
n=0

a
′
m,nrn, m≥ 0 ,

θ = ∑θm (r) =
3m+1

∑
n=0

d′m,nrn,

Φ = ∑Φm (r) =
3m

∑
n=0

e′m,nrn, m≥ 0 ,

(40)

where a′m,n, d
′
m,n, and e

′
m,n are constants.

Fig. 7. Nanoparticle concentration profile along radial dis-
tance for different values of Nt for the Reynolds model.

Fig. 9. Velocity profile along radial distance for different val-
ues of Nb for the Reynolds model.

6. Graphical Results and Discussion

The convergence of the obtained series solutions
and the effects of pertinent parameters in the present
investigation are reported through Figures 1 – 15. The
variations of Nt, Nb, A, and B are observed. Fig-
ures 1 – 3 have been plotted for Reynolds’ model. Fig-
ure 1 is prepared to see the convergence region for
the velocity profile. Figure 2 is prepared to see the
convergence region for the temperature profile. Fig-
ure 3 is prepared to see the convergence region for
the nanoparticle concentration profile. Figures 4 – 6 are
prepared to see the convergence region for the nanopar-

Fig. 8. Nanoparticle concentration profile along radial dis-
tance for different values of Nb for the Reynolds model.

Fig. 10. Temperature profile along radial distance for differ-
ent values of A for the Vogel model.
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Fig. 11. Nanoparticle concentration profile along radial
distance for different values of A for the Vogel model.

Fig. 13. Temperature profile along radial distance for differ-
ent values of B for the Vogel model.

ticle concentration, temperature, and velocity profiles
for the Vogel model. Figures 7 – 9 have been plotted for
Reynolds’ model. Figure 7 is prepared for the nanopar-
ticle concentration distribution when different values
of Nt are used. It can be seen that with an increase
in Nt the nanoparticle concentration profile decreases.
Figure 8 is plotted for the nanoparticle concentration
when different values of Nb are used. It is observed
that with an increase in Nb the nanoparticle concen-
tration profile increases. Figure 9 is prepared in order
to observe the behaviour of velocity profiles for differ-

Fig. 12. Nanoparticle concentration profile along radial
distance for different values of B for the Vogel model.

Fig. 14. Velocity profile along the radial distance for different
values of B for the Vogel model.

ent values of Nb. It is observed that the velocity pro-
file increases with an increase in Nb. Figures 10 – 15
have been plotted for Vogel’s model. Figures 10 – 11
are plotted for the nanoparticle concentration and tem-
perature profiles for different values of A. It is observed
that the temperature increases and the nanoparticles
concentration profiles decreases with rise in A. The
nanoparticle concentration, temperature, and velocity
profiles are seen in Figures 12 – 14 for different values
of the viscosity parameter B. Figure 15 is plotted for
the nanoparticles concentration for different values of
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Fig. 15. Nanoparticle concentration profile along radial dis-
tance for different values of Nt for the Vogel model.

Nt. It can be seen that this profiles increases with an
increase in Nt.

Table 1. Convergence table for the Reynolds model for M =
0.1, Λ = 0.001, Gr = 0.1, α = 1, α1 = 1, Br = 0.1, hθ =
−0.70, hφ =−0.75, hv =−0.65, Nt = 0.1, and C =−0.1.

Order of |v′′ (1)| |θ ′′ (1)| |φ ′′ (1)|
approximation

5 1.52960 1.42838 0.005

10 1.53939 1.44088 0.006

15 1.53917 1.44093 0.006

20 1.53917 1.44093 0.006

25 1.53917 1.44093 0.006

30 1.53917 1.44093 0.006

35 1.53917 1.44093 0.006
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