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The combined effects of thermal radiation absorption and magnetic field on an unsteady chemi-
cally reacting convective flow past an impulsively started vertical plate is studied in the presence of
a constant wall heat flux. Boundary layer equations are derived and the resulting approximate nonlin-
ear partial differential equations are solved numerically using a semi-discretization finite difference
technique. A parametric study of all parameters involved is conducted, and a representative set of
numerical results for the velocity, temperature, and concentration profiles as well as the skin-friction
parameter and Sherwood number are illustrated graphically to show typical trends of the solutions.
Further validation with previous works is carried out and an excellent agreement is achieved.
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1. Introduction

There is a considerable increase in the research in-
terest in the hydromagnetic boundary layer flow with
combined heat and mass transfer characteristics in the
presence of buoyancy forces due to its wide range
of applications in engineering, industries, and geo-
physics. These include magnetohydrodynamic power
generators, the cooling of reactors, the solidification
of alloys, convection over heat exchanger tubes, solar
heating systems, thermal insulations, polymer produc-
tion, manufacturing of ceramics or glassware, food
processing, etc. The buoyancy forces arising from tem-
perature and concentration differences play a signifi-
cant role in several convective thermal and concentra-
tion diffusion problems whenever the flow velocity is
relatively small and the temperature difference or con-
centration difference is relatively large [1, 2]. These
buoyancy forces induce a pressure gradient in the
boundary layer, which can act so as to modify the ve-
locity, temperature, and concentration fields, and hence
the rate of heat and mass transfer between the surface
and the fluid [3]. In many engineering applications,
it is of practical significance to consider the buoy-
ancy effect in the study of boundary layer flows. Sev-
eral researchers such as Jaiswal and Soundalgekar [4],

Mahmoud and Chamkha [5], Makinde [6] have shown
interest in recent years for obtaining self similar so-
lutions of boundary layer flows with thermal and/or
mass diffusion. The study of heat and mass transfer
on hydromagnetic boundary layer flow of a viscous
incompressible conducting fluid past an infinite ver-
tical porous plate in presence of suction velocity was
presented by Rajeswari et al. [7]. Muthucumaraswamy
and Kulaivel [8] presented an analytical solution to
the problem of flow past an impulsively started in-
finite vertical plate in the presence of heat flux and
variable mass diffusion, taking into account the pres-
ence of a homogeneous chemical reaction of first
order.

Moreover, many processes in engineering do oc-
cur at high temperatures and knowledge of radiation
heat transfer becomes very important especially for
the design of the reliable equipments. Thermal radi-
ation effects on the boundary layer play a very im-
portant role in controlling heat transfer in polymer
processing industry where the quality of the final prod-
uct depends on the heat controlling factors to some
extent. High temperature plasmas, cooling of nuclear
reactors, liquid metal fluids, gas turbines, power gener-
ation systems, various propulsion devices for aircraft,
missiles, satellites, and space vehicles are some impor-
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tant applications of radiative heat transfer. Makinde [9]
used a superposition technique and a Rosseland diffu-
sion flux model to study the natural convection heat
and mass transfer in a gray, absorbing–emitting fluid
along a porous vertical translating plate. England and
Emery [10] investigated radiation effects on the lami-
nar free convection boundary layer of an absorbing gas.
Ogulu and Makinde [11] obtained a closed form solu-
tion for unsteady hydromagnetic free convection flow
of a radiating fluid past a vertical plate with constant
heat flux. Zueco [12] investigated the effects of radi-
ation on free convection unsteady flow past a semi-
infinite vertical plate embedded in a porous medium.
A few other works of interest in this area can be found
in [13 – 18].

The present paper is aimed at analyzing the effects
of combined effects of radiation and magnetic field on
transient flow of an electrically conducting chemically
reacting, viscous, incompressible fluid past an impul-
sively started vertical plate with constant heat flux. The
paper essentially extends the earlier results of Ogulu
and Makinde [11] to include the effects of buoyancy
force due to concentration gradient and Ohmic heat-
ing. Such a study has immediate applications in the
chemical process engineering. A well-tested, numeri-
cally stable semi discretization finite-difference proce-
dure known as method of line is employed to tackle
the nonlinear partial differential equations governing
the model problem [19]. In the following sections, the
problem is formulated, solved, and discussed quantita-
tively.

2. Problem Formulation

Consider a two-dimensional unsteady chemically
reacting flow of an incompressible, electrically con-
ducting viscous Boussinesq fluid past an impulsively-
started semi-infinite vertical plate in the presence of ra-
diation and a transversely applied magnetic field. Here,
the x′-axis is taken along the plate in the vertically
upward direction, and the y′-axis is taken normal to
the plate (see Fig. 1). It is assumed that a first-order
chemical reaction between the diffusing species and
the fluid exists. Under the above assumptions, the gov-
erning equations are based on the usual conservation
laws of mass, linear momentum, energy, and mass dif-
fusion given by Muthucumaraswamy and Kulaivel [8],
England and Emery [10], Ogulu and Makinde [11], and
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Fig. 1. Flow configuration and coordinate system.
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where u′ is the velocity component, T the temperature,
C the concentration, t ′ the time, ν the kinematic coef-
ficient of viscosity, ρ the fluid density, cp the specific
heat capacity at constant pressure, k the thermal con-
ductivity, q′r the radiative flux vector, σc the electrical
conductivity, B0 the applied magnetic field, g the ac-
celeration due to gravity, D the chemical species mass
diffusivity coefficient, γ the rate of reaction, β the co-
efficient of volume expansion due to temperature, βc
the coefficient of volume expansion due to concentra-
tion, and subscript ‘∞’ denotes conditions in the free
stream. For an optically thin fluid, we have [16, 18]:
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and α2 is the absorption coefficient, λ the frequency, B
Planck’s function, and δ the radiation absorption coef-
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ficient. The initial and boundary conditions are [8, 11]

t ′ ≤ 0 : u′ = 0, T = T∞, C = C∞ for all y′, (6)

t ′ > 0 :

u′ = U,
∂T
∂y′

=−q
k
, C = Cw at y′ = 0,

u′→ 0, T → T∞, C→C∞ as y′→ ∞,
(7)

where q is the constant heat flux at the plate surface and
Cw is the chemical species concentration at the plate
surface. We introduce the following non-dimensional
quantities and parameters:
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where Pr is the Prandtl number, Gr the thermal Grashof
number, Gc the solutal Grashof number, h the reaction
rate parameter, M the Hartmann number, and Ra the
radiation parameter. Substituting (8) into (1) – (7), we
obtain
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The appropriate boundary conditions now become

t ≤ 0 : u = 0, θ = 0, φ = 0 for all y, (12)

t > 0 :

u = 1,
∂θ

∂y
=−1, φ = 1 at y = 0,

u→ 0, θ → 0, φ → 0 as y→ ∞.
(13)

Other physical quantities of interest in this problem,
namely the skin friction parameter Cf and the Sher-
wood number Sh can be easily computed. These quan-
tities are defined in dimensionless terms as

Cf = −∂u
∂y

∣∣∣∣
y=0

and Sh = −∂φ

∂y

∣∣∣∣
y=0

. (14)

The above partial differential equation is an initial
boundary value problem (IBVP) and will be solved
numerically in the following section using a semi-
discretization finite difference method.

3. Numerical Procedure

In order to obtain an approximate solution for the
above problem, we employed a semi-discretization fi-
nite difference method known as method of lines [19].
Equations (9) – (11) together with their initial and
boundary conditions (12) – (13) are transformed into
a system of ordinary differential equations using fi-
nite difference for the spatial derivative. The availabil-
ity of robust stiff ordinary differential equation (ODE)
integrators gives an advantage to the method of lines
proposed by Berzins and Ware [19]. The discretiza-
tion is based on a linear Cartesian mesh and uniform
grid. The spatial interval 0 ≤ y ≤ y∞ is partition into
N equal parts with grid size ∆y = 1/N and grid points
yi = y∞i∆y, 0 ≤ i ≤ N, where y∞ lies very well out-
side the momentum, energy, and concentration bound-
ary layers. The first and second order spatial deriva-
tives are approximated with second-order central dif-
ference. Let ui(t), θi(t), φi(t) be the approximations
of u(yi, t), θ(yi, t), and φ(yi, t), then the semi-discrete
system for the problem becomes
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=
(

ui+1−2ui +ui−1

(∆y)2

)
−M2ui +Grθi

+Gcφi ,

(15)

dθi

dt
=

1
Pr

(
θi+1−2θi +θi−1

(∆y)2

)
−Raθi

+Ec

(
ui+1−ui−1

2∆y

)2

+EcM2(ui)2,

(16)

dφi

dt
=

1
Sc

(φi+1−2φi +φi−1

(∆y)2

)
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with the initial conditions

ui(0) = 0 , θi(0) = 0 , φi(0) = 0 , 0≤ i≤ N . (18)

The equations corresponding to the first and last grid
points are modified to incorporate the boundary condi-
tions, that is,

u0 = 1 , θ2 = θ0−
2
N

, φ0 = 1 ,

uN = 0 , θN = 0 , φN = 0 .
(19)

Equation (19) is incorporated into (15) – (17) and
the set of nonlinear ordinary differential equa-
tions (15) – (17) with initial conditions (18) are solved
numerically by using the fourth-order Runge–Kutta in-
tegration scheme with Sc, M, Gr, Gc, Pr, Ec, h, and Ra
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Fig. 2. Computations
showing the compar-
ison in velocity and
temperature distribution
with [11] when Gc = 0,
Gr = 5, M = Ra = 1,
Ec = 0.01, Pr = 0.71.

as prescribed parameters. To verify the accuracy of our
numerical scheme, a comparison of the computed ve-
locity and temperature profiles is made to that of Ogulu
and Makinde [11] as shown in Figure 2. Note that in
this case, mass transfer and Ohmic heating are not in-
cluded. From Figure 2 a perfect agreement is observed.

4. Results and Discussion

In order to illustrate the influence of the various pa-
rameters on the velocity profile (u), temperature pro-
file (θ ), concentration profile (φ ), skin friction, and
Sherwood number, numerical calculations of the so-
lutions, obtained in the preceding section, have been
carried out as shown in Tables 1 – 2 and Figures 3 – 15.
To be more realistic, the value of the Prandtl num-
ber is chosen to be Pr = 0.71 which correspond to air
and Sc = 0.24, 0.62, 0.78, 2.62, representing diffus-
ing chemical species of most common interest in air
like H2, H2O, NH3, and propyl benzene, respectively.
Table 1 illustrates the transient effects of the skin fric-
tion coefficient (Cf) and the mass transfer rate (Sh) at
the moving plate surface when the plate is cooled by
free convection current (Gr > 0). It is interesting to
note that both the skin friction and Sherwood number
increase with time for a given set of parameter values
until a steady state condition is achieved. In Table 2,
the effects of parameter variations on the skin friction
and mass transfer rate are illustrated at a fixed time
(t = 1). The presence of a negative sign in the skin fric-
tion can be attributed to the velocity overshoot caused
by buoyancy forces due to a cooling effect of the free
convection current. The skin friction increases with in-

Table 1. Computations showing the transient effects on skin
friction and Sherwood number when Gr = Gc = M = Ra =
h = Ec = 0.1, Pr = 0.71, Sc = 0.62.

t Cf Sh
0.1 −0.02509560 0.0138512688
0.5 −0.07378508 0.0310770629
1.0 −0.12125988 0.0436456626
1.5 −0.16322726 0.0530459129
2.0 −0.20179922 0.0607765985
3.0 −0.27178847 0.0732892719

Table 2. Computations showing the effects various param-
eters on skin friction and Sherwood number when t = 1,
Pr = 0.71.

Gr Gc M Ra Sc Ec h Cf Sh
0.1 0.1 0.1 0.1 0.62 0.1 0.1 −0.1212598 0.04364566
1.0 0.1 0.1 0.1 0.62 0.1 0.1 −0.7025881 0.04364566
5.0 0.1 0.1 0.1 0.62 0.1 0.1 −3.3441388 0.04364566
0.1 1.0 0.1 0.1 0.62 0.1 0.1 −0.6791432 0.04364566
0.1 5.0 0.1 0.1 0.62 0.1 0.1 −3.1620324 0.04364566
0.1 0.1 0.5 0.1 0.62 0.1 0.1 0.01260295 0.04364566
0.1 0.1 1.0 0.1 0.62 0.1 0.1 0.37394277 0.04364566
0.1 0.1 0.1 0.5 0.62 0.1 0.1 −0.1127885 0.04364566
0.1 0.1 0.1 1.0 0.62 0.1 0.1 −0.1044142 0.04364566
0.1 0.1 0.1 0.1 0.78 0.1 0.1 −0.1180629 0.04895449
0.1 0.1 0.1 0.1 2.62 0.1 0.1 −0.1013851 0.08972136
0.1 0.1 0.1 0.1 0.62 0.2 0.1 −0.1242195 0.04364566
0.1 0.1 0.1 0.1 0.62 0.3 0.1 −0.1271730 0.04364566
0.1 0.1 0.1 0.1 0.62 0.1 0.5 −0.1179581 0.20509094
0.1 0.1 0.1 0.1 0.62 0.1 1.0 −0.1144284 0.38237721

creasing intensity of thermal and solutal Grashof num-
bers due to buoyancy effects while it decreases with
an increase in the radiation parameter (Ra). A similar
trend is observed with an increase in the magnetic field
intensity (M) as well as viscous and Ohmic heating as
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Fig. 3. Velocity profiles, M = h = Ra = Ec = 0.1, Sc = 0.62,
Pr = 0.71, Gr = Gc = 5.

Fig. 4. Velocity profiles, M = h = Ra = 0.1, t = 1, Sc = 0.62,
Pr = 0.71, Gr = Gc = 5.

the Ec number also increases. As the Schmidt number
(Sc) and the reaction rate parameter (h) increase, the
mass transfer rate increases while the skin friction de-
creases at the plate surface.

A. Effect of Parameter Variation on Velocity Profiles

In Figures 3 – 8, the influence of various parameters
on the velocity profiles are presented. It is notewor-
thy that Gr = Gc = 5 correspond to strong species and
thermal buoyancy forces. Generally a velocity over-
shoot towards the plate surface is observed and after
attaining its peak value, the velocity decreases gradu-
ally to the zero far field value away from the plate. It

Fig. 5. Velocity profiles, M = h = Ec = 0.1, t = 1, Sc = 0.62,
Pr = 0.71, Gr = Gc = 5.

Fig. 6. Velocity profiles, M = h = Ra = Ec = 0.1, t = 1, Pr =
0.71, Gr = Gc = 5.

is interesting to note that the peak value of the veloc-
ity overshoot towards the plate surface increases with
time until its steady state value is achieved for a given
set of parameter values as shown in Figure 3. Thus,
the momentum boundary layer thickness increases in
the transient flow regime. Figure 4 shows the variation
of the velocity profiles with the Eckert number (Ec).
The Eckert number may be interpreted as a constant
measure of the heat due to viscous dissipation takes
the values 0.1 and 0.4, as this will be more appro-
priate from the practical point of view. A slight in-
crease in the viscous dissipation leads to an increase
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Fig. 7. Velocity profiles, h = Ra = Ec = 0.1, t = 1, Sc = 0.62,
Pr = 0.71, Gr = Gc = 5.

Fig. 8. Velocity profiles, Ec = M = Ra = 0.1, t = 1, Sc =
0.62, Pr = 0.71, Gr = Gc = 5.

in the velocity boundary layer thickness. Figures 5 – 8
show the effects of an increase in the parameter val-
ues of Ra, Sc, M, and h on the velocity profiles. In
all cases, a decrease in the peak value of velocity
overshoot which eventually lead to a decelerating flow
away from the plate surface into the free stream zero
value. It is also noted that with increasing values of
the parameters, the velocity boundary layer thickness
decreases. Hence, thermal radiation flux may affect
the flow control from the surface into the boundary
layer regime as illustrated in Figure 5. This is impor-
tant in polymeric and other industrial flow processes
since it shows that the presence of thermal radiation in
the transient flow regime may affect the overall qual-

ity of the product. As the Schmidt number increases
(see Fig. 6), the molecular diffusivity of the chemi-
cal species reduces leading to a decrease in the ve-
locity profile. The effects of a transverse magnetic
field on an electrically conducting fluid gives rise to
a resistive-type force called the Lorentz force. This
force has the tendency to slow down the fluid motion
as observed in Figure 7. This result qualitatively agrees
with the expectations (see [6, 7, 17]). As the reactant
is consumed with increasing value of destructive re-
action rate parameter (h), the reactant concentration
decreases, consequently the effect of buoyancy force
due to the concentration gradient diminishes leading
to a decrease in the velocity profile as illustrated in
Figure 8.

B. Effect of Parameter Variation on Temperature
Profiles

Figures 9 – 12 illustrate the temperature field against
spanwise coordinate y. The fluid temperature is highest
at the plate surface and decreases exponentially to
the free stream zero value far away from the plate
satisfying the boundary condition. In Figure 9, we
observed an increase in both the plate surface tem-
perature and the fluid temperature within the transient
flow regime as the values of t increases for a given set
of parameter values until a steady state is achieved.
Consequently, one can conclude that the thermal
boundary layer thickness increases within the transient
flow regime. A similar trend is observed in Figure 10
with increasing magnetic field intensity parameter (M)
which invariably contributes to the presence of Ohmic

Fig. 9. Temperature profiles, M = h = Ra = Ec = 0.1, Sc =
0.62, Pr = 0.71, Gr = Gc = 5.
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Fig. 10. Temperature profiles, h = Ra = Ec = 0.1, t = 1, Sc =
0.62, Pr = 0.71, Gr = Gc = 5.

Fig. 11. Temperature profiles, M = h = Ra = 0.1, t = 1, Sc =
0.62, Pr = 0.71, Gr = Gc = 5.

heating, leading to an increase in the fluid temperature
and thermal boundary layer thickness. Figure 11
depicts the influence of the Eckert number on the
thermal boundary layer. As more heat is generated
within the fluid due to viscous dissipation effects, the
fluid temperature increases leading to an increase in
the plate surface temperature. The thermal boundary
layer thickness also increases with an increase in
Eckert number. An increase in the thermal radiation
(Ra) causes a decrease in the fluid temperature within
the boundary layer and consequently the thermal
boundary layer decreases as shown in Figure 12.

Fig. 12. Temperature profiles, M = h = Ec = 0.1, t = 1, Sc =
0.62, Pr = 0.71, Gr = Gc = 5.

Fig. 13. Concentration profiles, M = h = Ra = Ec = 0.1, Sc =
0.62, Pr = 0.71, Gr = Gc = 5.

C. Effect of Parameter Variation on Concentration
Profiles

Figures 13 – 15 present typical profiles for chemi-
cal species concentration against spanwise coordinate
y. The chemical species concentration is highest at the
plate surface and decreases exponentially to the free
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Fig. 14. Concentration profiles, M = h = Ra = Ec = 0.1, t =
1, Pr = 0.71, Gr = Gc = 5.

Fig. 15. Concentration profiles, Ec = M = Ra = 0.1, t = 1,
Sc = 0.62, Pr = 0.71, Gr = Gc = 5.

stream zero value far away from the plate. It is ob-
served in Figure 13 that the chemical species concen-
tration increases in the transient flow regime with in-
creasing value of t at a given set of parameter values
until a steady state is achieved. This clearly shows that
the concentration boundary layer thickness increases
within the transient flow regime until steady state
is achieved. An increase in Schmidt number (Sc) as
shown in Figure 14 decreases the concentration bound-

ary layer and this can be attributed to the fact that
as Sc increases the molecular mass diffusivity of the
reacting chemical specie decreases, consequently the
species concentration decreases within the boundary
layer region. A similar trend is observed in Figure 15
with increasing destructive reaction rate (h). Since as
h increases, the reactant is consumed, leading to a de-
crease in the chemical species concentration within the
boundary layer region.

5. Conclusions

An analysis is performed to study the combined ef-
fects of magnetic field and thermal radiation on a con-
ducting chemically reacting transient flow past an im-
pulsively started moving vertical plate with viscous
dissipation, Ohmic heating and constant heat flux.
The nonlinear dimensionless governing partial differ-
ential equations are solved numerically using a semi-
discretization method known as method of line. It is
observed that the fluid velocity, temperature, and con-
centration increase within the transient flow regime for
a given set of parameter values until a steady state is
achieved. Both the fluid velocity and temperature de-
crease as the radiation parameter (Ra) increases but
it increases with an increase of the viscous heating
parameter (Ec). The presence of thermal and solutal
Grashof numbers (Gr, Gc) causes an overshoot in the
velocity profile towards the plate surface as a result
of buoyancy forces. Moreover, the fluid velocity de-
creases while the temperature increases with an in-
crease in the magnetic field parameter (M). The con-
centration boundary layer thickness decreases with
increasing values of reaction rate parameter (h) and
Schmidt number (Sc). It is found that both the skin
friction and the mass transfer rate increase within the
transient flow regime.
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