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We study the percolation in the hierarchical lattice of order N where the probability of connection
between two nodes separated by a distance  is of the form min{c8~%,1}, ¢ > 0 and B > 0. We
focus on the vertex degrees of the resulting percolation graph and on whether there exists an infinite
component. For fixed 3, we show that the critical percolation value o () is non-trivial, i.e., o (B) €

(0,00), if and only if B € (N,N?).
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1. Introduction and the Model

Percolation issues in the Euclidean lattice Z? were
promoted in the mathematics literature by Broadbent
and Hammersley a half century ago [1]. The infinity
of the space of sites (or nodes) and its symmetric ge-
ometry are two principal features of this model (see
e.g. [2, 3] for background). Some questions of perco-
lation in other non-Euclidean infinite systems are for-
mulated in [4]. The study of long-range percolation on
74 started with the work [5] and leads to a range of in-
teresting results in mathematical physics [6—11]. On
the other hand, various hierarchical structures take an
essential role in many applications in the physical, bi-
ological, and social sciences due to the multi-scale or-
ganization of many natural objects [12—15].

Recently, long-range percolation is studied on the
hierarchical lattice Qy of order N (to be defined be-
low), where classical methods for the usual lattice
break down. In fact, the analysis of percolation on 74
and other homogeneous graphs heavily relies on the
symmetry assumptions see e.g. [2, 3, 16, 17], while on
the hierarchical lattice these assumptions no longer ex-
ist and some techniques pertaining to ultra metric are
needed. Besides, the percolation on €y is possible
only in the form of long range percolation. The asymp-
totic long-range percolation on 2y is addressed in [18]
for N — oo. The work [19] and [20] analyze the long-
range percolation on Qy for finite N using different
connection probabilities and methodologies. The con-

tact process on 2y for fixed N has been investigated
in [21]. Following the above series of work, in this
paper, we focus on the vertex degree of long-range per-
colation graph on Qy for fixed N as well as the phase
transition of emerging an infinite component. To our
knowledge, the probabilities of connection used here
have not been considered in the study of phase transi-
tion on hierarchical lattices before.
For an integer N > 2, we define the set

Qy = {x:(xl,xz,...):xiG{O,l,...,N—l},

()
i=1,2,..., x; # 0 only for finitely many i},
and define a metric d on it:
0, X=Yy,
d(x,y) = , (2
(x.¥) {max{z (X £ yit, XAY.

We remark here that Qy C R™ for every integer N,
where R is thought of as a space with all the se-
quences eventually end with 0. The pair (Qy,d) is
called the hierarchical lattice of order N, which may be
thought of as the set of leaves at the bottom of an infi-
nite regular tree without a root, where the distance be-
tween two nodes is the number of levels (generations)
from the bottom to their most recent common ancestor,
see Figure 1.

Such a distance d satisfies the strong triangle in-
equality

d(x,y) < max{d(x,z),d(z,y)} 3)
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Fig. 1. Tllustration of hierarchical lattice €2, of order 2. The
distances between three nodes 0 = (0,0,0,...) (the origin),
x = (1,0,0,...) and y = (0,1,0,...) are d(0,x) = 1 and
d(0,y) = d(x,y) = 2. The numbers on the metric generating
tree indicate the coordinates of nodes.

for any triple x,y,z € Qy. Hence, (Qu,d) is an ul-
trametric (or non-Archimedean) space [22]. There are
some interesting (but often counterintuitive) character-
istic properties of an ultrametric space such as every
triangle in it is isosceles and every point inside a ball
is its center. From the ultrametricity of Qy, it is clear
that for every x € Qy there are (N — 1)N*~! nodes at
distance k from it. The random walks in 2y can go far
only by means of long-range jumps, which is clearly
not the case in Z%; c.f. [19, 23].

Now consider a long-range percolation on £2y. For
each k > 1, the probability of connection between x
and y such that d(x,y) = k is given by

pkzmin{gi,l} @)

where 0 < o < e and 0 < 8 < o, all connections
being independent. Two vertices X,y € Qy are in
the same component if there exists a finite sequence
X = Xq,X1,...,X; =Yy of vertices such that each pair
(xi—1,%;), i =1,...,n, of vertices forms an edge.

The rest of the letter is organized as follows. In Sec-
tion 2, we present the vertex degree and phase transi-
tion results. Section 3 is devoted to the proofs. Con-
cluding remarks are given in Section 4.

2. Main Results

For x € Qy, denote by Dy the degree of node x in the
resulting percolation graph. Let 0 be the origin in the
space 2y with all the components being zero. Since
Dy has the same distribution for every x € 2y, we may
study Dy instead of Dx. Let N be the non-negative inte-
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gers including 0, and denote by ¢ := min{k € N: o <

ﬁk+l }
Theorem 1. (Vertex degree)

(l)Ifﬁ §Nand(x>0, ﬂ’lenP(Dozoo): ]"
(ii) If B > N, then

a(N —1)N*

EDO:NKHW.

&)

Let |S| be the size of a set S. The connected compo-
nent containing the node x is denoted by C(x). Since,
for every x € Qy, |C(x)| has the same distribution, it
suffices to consider only |C(0)|. The percolation prob-
ability is defined as

6(a,B) := P(|C(0)] = =), (6)
and the critical percolation value is defined as
o (B) :=inf{a >0:0(ct,3) > 0}. @)

The phase transition is established in the following
result.

Theorem 2. (Critical value)

(i) If B <N, then a.(B) =0;
(i) IfN < B < N?, then 0 < o (B) < oo
(iii) If B > N2, then o.(B) = oo.

We should mention that a similar result has been es-
tablished in [20, Theorem 1], where a different connec-
tion probability formation is used.

3. Proofs

In this section, we prove Theorems 1 and 2, respec-
tively. Before proceeding, we introduce some nota-
tions.

For x € Qy, define B,(x) the ball of radius r around
x, that is, B,(x) = {y : d(x,y) < r}. From this we make
the following observations. Firstly, for any x € Qy,
B, (x) contains N vertices. Secondly, B,(x) = B,(y) if
d(x,y) < r. Finally, for any x, y and r, we either have
B,(x) = B.(y) or B,(x)NB,(y) =0.

For a set S of vertices, denote by S= Qn\S its com-
plement. Let C,(x) be the component of vertices that
are connected to x by a path using only vertices within
B,(x). For disjoint sets S;,52 C Qy, we denote by
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S1 < S, the event that at least one edge joins a ver-
tex in S] to a vertex in S,. S| ¢ S means the event
that such an edge does not exist, that is, S| and S, are
not directly connected. Let C'(x) be the largest com-
ponents in B, (x). If there are more than one such com-
ponents, just take any one of them as C”(x). It is clear
that |G} (x)| = maXyep, (x) 1Ca(y)]-

Proof of Theorem 1. We begin with (i). Let E; be the
event that the origin 0 connects by an edge to at least
one node at distance k. Therefore, by (4) and the fact
that there are (N — 1)N*~! nodes at distance k from 0,
we have

_ k—
P(Ey) = 1 — (1 — pg) VDN

(N- 1N ®)
:1—(1—min{§i,1}> .

Exploiting the inequality 1 — 1 < exp(—1) for

x > 0, we obtain for k > ¢+ 1, P(E;) > 1—
exp (—ﬁ(zv— 1)N’H), while for k < ¢, P(E,) = 1. If
B <N, we can see that the sum Y,;°_; P(Ey) diverges for
any o > 0. Since the events {E} };>; are independent,
it then follows from the Borel-Cantelli lemma that in-
finitely many of the event Ej occur with probability 1.
Consequently, P(Dy = ) = 1.
As for part (ii), we calculate as follows:

EDy= Y (N-1)N*p,

MzEMs

l(N )N~ lmln{%,l}

i mm{ﬁka } ©)

:Z oo OtNk
<Z 2 )
N—1)N*

(ﬁ (B-N)BC”

for B > N, where the definition of /, ie., ¢ =
min{k € N: o < ¥}, is utilized in the last but two
equality. O

ZTT

Proof of Theorem 2. Part (i) is a direct consequence of
Theorem 1 (i). In fact, we know that 6(ct,3) = 1 for
any o > 0and 0 < B < N. Hence, o (f) =0 for 0 <
B<N.
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As for part (iii), we only need to show 0 (N?) = oo

by virtue of the monotonicity. Take B = N2, and then
for any x € Qy and j € N, we obtain

(1 —pk><N”N’”>
/(10)

N/

=

P(Bj(x) < Bj(x)) = 1-( I

k=j+1
oo ) o (N—1)NK-! i
:1_(kgl(l_mm{w1}) )

Therefore, if j+1 < ¢, we have P(B;(x) < Bj(x)) = 1;
if j4+1 > /¢, we obtain from (10) that

P(B;(x) < Bj(x))

0o o\ (N—1)NE! NI
- (1,058

k=j+1
(N—l) 0o Nj+k71
_ _ J
<1 exp( oaN N2 k;l]\zz(j#ﬁl)—ocN*2

involving the inequality exp(—ﬁ) <l-—- for x> 1.

Note that there exists a constant M (independent of
J) sufficiently large such that the following inequality
holds for k = 1 (and hence for any k£ > 1 by monotonic-

ity):

QY

N2+ _ N2 5 Lt (12)
M
Combining (11) and (12), we have for j+1 > ¢,
o

P(B;(x) = Bj(x) < 1-exp(—% ). (13)

which is strictly less than 1 for any finite o.
Let ng =0 and nj1y = inf{n > n; : B,;(0) +> B,(0)}.

Since

{IC(0)] =} € [{Bu(0) = B, (0)}, (14

i=0

it suffices to prove that there a.s. exists an i such
that B,,,(0) > B,,(0). Now that the events {B,, (0) <
B,,(0)} are independent and all but finitely many of
them have the same probability strictly less than 1 as
per (13), we obtain

P(By;(0) < B,,(0), for any i > 0) =0, (15)

as desired.
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It remains to prove part (ii). The positivity of o ()
follows from the equality (5). In fact, the expected de-
gree in (5) can be made strictly less than 1 by choos-
ing o small enough (note that £ = 0 when a < f3).
Hence, by coupling with a subcritical branching pro-
cess [24], the almost sure finiteness of the percolation
cluster follows.

We prove the finiteness of o, () in the sequel. The
main technique to be used is an iteration involving
the tail probability of binomial distributions [20, 25].
Since § < N2, we choose K € N and N € R such that

VB <n < (NK-1)VE

A ball of radius nK is said to be good if its largest
component has size at least "X, Let s, represent
the probability that a ball of radius nK is good, i.e.,
sn = P(|C™%(0)]| > n"K). We set so = 1 by convention.
A ball of radius nK is said to be very good if it is good
and its largest component connects by an edge to the
largest component of the first (from left to right in Fig-
ure 1) good sub-ball in the same ball of radius (n+1)K.
Clearly, the first good sub-ball of radius #K in a ball of
radius (n+ 1)K is very good. From (16), we may con-
clude that the ball B, )k (0) is good if (a) it contains
NK—1 good sub-balls of radius nK, and (b) all these
good sub-balls are very good.

The number of good sub-balls of radius nK in
a ball of radius (n+ 1)K has a binomial distribution
Bin(NX,s,) with parameters NX and s,,. Clearly, given
the collection of good sub-balls, the probability that the
first such good sub-ball is very good is equal to 1. Fix
any of the other good sub-balls B, and we obtain

(16)

nK p,nK

P(B is not very good) < (1 —p(n+1)1<)n n

1,,2;11(
= (1 min{ﬁ(ﬁl)[(,l}>
< exp <— ;2(7;)"[(> =&,

since the distance between two vertices in a ball of ra-
dius (n+ 1)K is at most (n+ 1)K, and the largest com-
ponent of a good sub-ball contains at least n”X ver-
tices. Hence, the probability for any of the other good
sub-balls B to be very good is at leat 1 — ¢,. Conse-
quently, the number of very good sub-balls is stochas-
tically larger than a random variable obeying binomial

a7
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distribution Bin(NX s, (1 — ¢,)). From the above com-
ments (a) and (b) and the definition of s, it follows
that

Sns1 > P(Bin(NK s,(1—¢,)) >NK—1). (18)

Generally, we have
PBiniap) = n-1) 2 1~ () 1= pP 9

and then by (18) and writing &, = 1 — s,,, we obtain

NK
<§n+1 = 1*anrl S < o) )(1 *Sn“i’sngn)z

< (N2K>(1 st = <N2K) Eten

Choose & > 0 small enough so that 4(1\’21() < %, and
then choose o large enough so that (c) &, < §"*! and
(d) &1 < 87 hold. To see (c), note that B < n? and

()

(20)

21
ﬁ OlKﬁfK n ( )
= ((m) ) |
To see (d), note that olcim g =0,& =0and
NK )
G=1-n< (" ) G+e @
using (20). Inductively, if &, < §"*!, then
NK
§n+1 < (én + gn)z
2
(23)

NK
< 4( ) >(5n+1)2 < 62n+1 < 6n—&-27

which implies that &, < 8§"*! for all n € N. Therefore,
when o is large enough, s, converges to 1 exponen-
tially fast, and thus, s,(1 — ¢&,) converges to 1 expo-
nentially fast.

Let t, := P(|Cuk (0)| > n"K). We claim that

tar1 > 1, - P(Bin(NK — 1,5,(1—g,)) > NK —2). (24)

In fact, if |C,x (0)| > "X, then B, (0) is the first good
sub-ball in the derivation above. If this component is
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connected to at least NX — 2 other large components
in B(,; 1)k (0) as above, then the component containing
the origin in B, ; 1) (0) is large enough, which has size
at least

nnK(NK—l) ZnnKnK:n(YH*l)K. (25)
Thus, the inequality (24) follows.
Recall that a simple coupling gives
P(Bin(N¥ —1,5,(1—g,)) > NE -2
Bin(V ~ Lsy(1—e) 2NE=2)

> P(Bin(NX s5,(1—&,)) > NK—1).

Hence, we derive that the right-hand side of (26) con-
verges to 1 exponentially fast by exploiting (19) and
the fact that s,(1 — g&,) converges to 1 exponentially
fast. It then follows from (24) that, for o large enough,

limz, >0, 27
which readily yields o, (f3) < o as desired. O

4. Concluding Remarks

The use of percolation theory in mathematical
physics has long been recognized. In this paper, we
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