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We designed a coupled resonator structure and studied its transmission properties through the tight-
binding approach and the transfer matrix method. Based on the coupling of resonant modes and the
electro-optic effect, some comb-channels with two orthogonal polarizations can be obtained. The
total number of channels is two times the number of resonators. The orthogonal polarization channels
cannot only be arranged alternately, but also be separated totally, just through adjusting the intensity
of the external electric field. The split wavelength interval of two orthogonal polarizations is linear
with the intensity of the external electric field.
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1. Introduction

In dense wavelength-division multiplexing
(DWDM) optical communication, a multi-channeled
filter is much needed. Recently, some designs of
multi-channeled filters based on the defect mode of
photonic crystals (PCs) have been proposed [1 – 6]. By
increasing the size or the number of the defects, more
and more defect modes with different frequencies
will emerge inside the photonic band gap (PBG)
as a result of the Bragg resonant, leading to the
multi-channeled filtering phenomenon. However, this
conventional method has a prominent shortcoming.
In order to increase the number of channels and
the Q value of the channel, we must increase the
number of periods that is at the cost of increasing the
volume of the device. In addition, all conventional
multi-channeled filters can output only light with
one polarization. In practical applications, a multi-
channeled filter with two orthogonal polarizations
and small volume may be more useful in future
optical devices. In this paper, we designed a coupled
resonator structure. Based on the coupling of resonant
modes and the electro-optic effect, some tunable
comb-channels with two orthogonal polarizations can
be obtained.

2. Structure Model and Theoretical Methods

The designed structure model is shown in Figure 1.
A layered structure of [DM]ND is placed along the z-
axis in the background of air. Here D and M denote
metal layers and crystal layers with the thicknesses dD
and dM, respectively, and N is the number of periods.
For the metal layers, the relative permittivity and per-
meability are given by

εD = 1−ω
2
ep/ω

2, µD = 1 , (1)
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Fig. 1. Schematic of structure. Layers M are composed of
magnetic materials and layers D are composed of metal with
negative permittivity. An electric field is added on layers M
along the direction perpendicular to the z-axis.
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where ωep is the effect electronic plasma frequency. In
general, the effective plasma frequency is a function of
the electron density and the surface structure, such as
subwavelength holes or slits, and is tunable [7]. In de-
sign, we keep ωep > ω , thus εD has a negative value.
Due to this negative value, all electromagnetic waves
within the layers D are evanescent waves. As is well
known, an evanescent wave cannot propagate through
a single dielectric layer. For our current structure, if the
thicknesses of layers D are very narrow, the evanes-
cent field will be coupled into the first layer M. Be-
cause there are evanescent waves in all layers D, the
waves within the first layer M undergo total reflection
on both its two interfaces. Thus a resonance in a form
of standing-wave occurs within the layer M. Simi-
larly, the field energy of the first layer M will be cou-
pled into the second layer M through the evanescent
waves within the second layer D, and so on. There-
fore, each layer M can be looked at as a resonator cav-
ity, and the whole structure can be looked at as a one
dimensional analogy of the coupled-resonators optical
waveguides (CROW) through evanescent coupling [8].

2.1. Tight-Binding Analysis

An infinite CROW consisting of an arbitrary
type of resonator can be analyzed by the use of
the tight-binding approach in analogy to solid-state
physics [9 – 11], in which a propagating mode is ex-
pressed as an equiamplitude phase-locked excitation of
the local mode of each resonator EΩ (z). In the limit of
weak, nearest-neighbour interresonator coupling, the
dispersion relation ωK is

ωK = Ω

[
1− ∆α

2
+κ1 cos(Kd)

]
, (2)

where Ω is the resonance frequency of the individual
resonator, K is the Bloch wave vector, d is the period-
icity, and κ1 is the coupling factor defined as

κ1 =
∫

[ε0(z−d)− ε(z−d)]

×EΩ (z) ·EΩ (z−d)dz .
(3)

In the current system, the value of κ1 is determined by
the structure parameters of layer D. According to the
periodic boundary conditions, K in (2) takes N values
(N is the number of cavities M) [12]. Each K corre-
sponds to one eigenfrequency. For N cavities, the sin-
gle resonant mode Ω is split into N eigenfrequencies

and forms a discrete transmission band. Although the
tight-binding approach deals with the infinite structure,
it can provide an analysis basis on the finite structure.

2.2. Transfer Matrix Analysis

In practice, the number of coupled resonators in
a CROW is finite. The transfer matrix method is a pow-
erful tool to study the transmission properties of a lay-
ered structure [13, 14]. A monochromatic plane wave
with angular frequency ω propagates in the direction
of the z-axis with the electric field polarized in an arbi-
trary direction in the xy-plane having the specific form

E = Exex ei(kzz+ωt) +Eyey ei(kzz+ωt), (4)

where ex and ey are unit vectors along the x- and y-
axis. The fundamental equations of light are given by
Maxwell’s equations:

∇×E(r) = iωµ0H(r), (5a)

∇×H(r) =−iωε0ε̃E(r). (5b)

The specific dielectric tensor ε̃ in (5b) is given in (6)
for anisotropic materials

ε̃ =

 εxx 0 0
0 εyy 0
0 0 εzz

 . (6)

For the metal layers, we set ε̃ =

 εD 0 0
0 εD 0
0 0 εD

.

To solve (5), it is convenient to use a state vector de-
fined as V (z) = [ex ey hx hy]. Here, ex(y) and hx(y) are
the scaled x(y)-components of the electric and mag-
netic fields, respectively, which are introduced by the
relations of ex(y) = ε0Ex(y) and hx(y) = Ex(y)/c with the
vacuum dielectric constant ε0 and the light vacuum ve-
locity c. Taking (6) into (5), we obtain the following
differential equation:

d
dz

V (z) = C ·V (z) (7)

where C = 2π i
λ


0 0 0 1
0 0 −1 0
0 −εyy 0 0

εxx 0 0 0

. Equation (7)

has the eigensolution of V (z) = V0 eλ z. Taking V (z) =
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V0 eλ z into (7), we obtain

(C−λ I)V0 = 0 . (8)

Equation (8) is a matrix eigenequation and has four
eigenvalues and four eigenvectors. Thus (7) has the
general solution

V (z) = A1a1 eiλ1z +A2a3 eiλ2z

+A3a3 e−iλ3z +A4a4 e−iλ4z.
(9)

Here ai is the eigenvector corresponding to the eigen-
value λi. Therefore (9) can be depicted as

V (z) = a · eiλ z ·A , (10)

where a = [a1,a2,a3,a4] is a 4× 4 matrix, A =
[A1,A2,A3,A4], and

eiλ z =


eiλ1z

eiλ2z

e−iλ3z

e−iλ4z

 . (11)

Equation (10) can be written as

V (z) = a · eiλ (z−z′) ·a−1 ·a · eiλ z′ ·A
= Pl(z,z′) ·V (z′) ,

(12)

where Pl(z,z′) = a · eiλ (z−z′) ·a−1 is called 4× 4 trans-
fer matrix, and l = D or M denotes the metal or the
crystal layer, z and z′ are the positions of two interfaces
of the metal or the magnetic layer. The state vector at
the incident interface V (z = z0) and at the exit interface
V (z = z0 +d) follow the relation

V (z = z0 +d) = PDPMPDPMPDV (z = z0) . (13)

The angle between the direction of the incident electric
field polarization and the x-axis is denoted as α , and
the amplitude of the incident electric field is assumed
as one. The state vector in the exterior space z < z0
is given by the sum of the incident wave and the two
reflected waves as

V (z) =


cosα

sinα

−sinα

cosα

 eik(z−z0)

(14)

+

C1


cosα

sinα

sinα

−cosα

+C2


sinα

−cosα

−cosα

−sinα


 e−ik(z−z0) ,

and in the exterior space z > z0 +d is given by the sum
of the two transmitted waves as

V (z) = C3


cosα

sinα

−sinα

cosα

 e−ik(z−z0−d)

+C4


sinα

−cosα

cosα

sinα

 e−ik(z−z0−d) .

(15)

The values of C1 –C4 are related with the amplitudes of
the reflected and transmitted waves. We can obtain the
values of C1 –C4 just by taking (14) and (15) into (13).
Thus the total state vector at the output point z = z0 + d
can be decomposed in the x- and y-direction and is cal-
culated through

V (z = z0 +d) =


Ex

Ey

Hx

Hy

(z = z0 +d)

(16)

= C3


cosα

sinα

−sinα

cosα

+C4


sinα

−cosα

cosα

sinα

 .

Through (16), we can obtain the transmission proper-
ties of the model system.

3. Calculation and Analysis

We choose M as LiNbO3 that is a uniaxial crystal
in the absence of an external electric field. Without
loss of generality, the refraction indexes of ordinary
light and extraordinary light for LiNbO3 are chosen
as no = 2.286 and ne = 2.2, respectively. The optical
axis of LiNbO3 is along the direction perpendicular to
the z-axis, and the external electric field is along the
direction of the optical axis of LiNbO3. According to
the crystal optics [15], we can choose the directions of
the x- and y-axis to yield

nxx = no +1/2n3
or22E⊥ = no + e , (17)

nyy = no−1/2n3
or22E⊥ = no− e , (18)

and

εxx = n2
xx , (19)

εyy = n2
yy , (20)
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where e = 1/2n3
or22E⊥ denotes the intensity of the

electro-optical effect, and r22 is one of the elements
of the electro-optical coefficient tensor for LiNbO3. In
the numerical studies, we set α = π/4 and the structure
parameters as ωep = 5.4 ·1015 s−1, dD = 200 nm, and
dM = 2500 nm. Firstly, we let E⊥ = 0 (e = 0). In this
case, the directions of the x- and y-axis have the same
angle of π/4 with the optical axis. Thus the direction
of the electric field of the incident light is perpendicu-
lar to the direction of the optical axis, and the incident
light becomes o-light. The transmission spectra for the
structure (DM)ND are shown in Figure 2. In the fig-
ures, the peaks of Ex and Hy are at the same wavelength
just corresponding to one transmission mode called the
x-polarization here, while the peaks of Ey and Hx are at
the same other wavelength corresponding to the other
transmission mode called the y-polarization. For sim-
plicity, we only give the intensities of Ex and Ey. For
N = 1, there are some discrete single narrow transmis-
sion peaks of Ex and Ey with the same intensities of 0.5
at the same wavelengths within wide and deep back-
ground of the band gap. For the limit of figure size,
only one peak with a Q value of 59 683 is given in
the figure (the Q value is the ratio of the center wave-
length and the full width at half maximum of the peak).
The components of Ex and Ey have no phase differ-

Fig. 2. Transmission spectra for the structure (DM)ND with e = 0. (a) N = 1; (b) N = 7.

ence. Thus the x-polarization and the y-polarization are
merged into one polarization with the intensity of 1,
and the polarization direction of the output light is the
same as that of the incident light. The single resonant
mode Ω satisfies the resonant condition

nod′M = kλ/2, (k = 1,2,3, . . .) , (21)

where k is the order number of the resonant mode
and d′M is the effective thickness. The resonant peak
in Figure 2(a) clearly corresponds to k = 2. The two
ends of the standing wave are not exactly at the inter-
faces of layer M but within layer D, i. e., d′M is a lit-
tle larger than dM. For other values of N, there are
N resonant peaks of Ex and Ey with the same inten-
sities of 0.5 and no phase difference at the same wave-
lengths, which means that the single resonant mode
Ω is split into N resonant modes due to N cavities.
The N resonant modes are just N optical channels. Fig-
ure 2(b) shows the result for N = 7. All the results can
be explained by the tight-binding approach. These dis-
crete resonant peaks with high Q values can be used as
multi-channeled filter in DWDM optical communica-
tion system.

In future optical communication systems, a multi-
channel and compact volume is much needed. Based
on the structure of Figure 2(b), we consider the electro-
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Fig. 3. Transmission spectra of the structure (DM)7D for e =
0.0003.

optic effect, i. e., e is not equal to zero in (17) and (18).
Figures 3 and 4 show the transmission spectra of the
structure (DM)7D for e = 0.0003 and e = 0.006.
It is clear that the electro-optic effect makes the x-
polarization and the y-polarization split. Thus the
total number of channels is two times of that with no
electro-optic effect. For the small value of e (Fig. 3), the
split interval is small so that the polarization changes
alternately from the x-polarization to the y-polarization.
However, for the large value of e (Fig. 4), the two
groups of x-polarization channels and y-polarization
channels are totally separated. Therefore, through the
electro-optic effect and the coupled-resonators, we ob-
tain comb-channels with two orthogonal polarizations.
Clearly, all these comb-channels have high Q values that
cannot be obtained from the defect modes of photonic
crystals (PCs). The reason is that the comb-channels
come from the effect of resonance and coupling of
cavities, while the defect modes of PCs result in the
effect of light interference and gap. The Q values of the
defect modes of PCs are dependent on the gap depth.

Here we still study the dependence of the split inter-
val of the two orthogonal polarizations on the value
of e. From Figure 3, we find that the split intervals
for each channel are the same, thus we can only con-
sider the center channel. In Figure 5, we plot the split
two orthogonal polarization channels of the center res-
onant mode with the values of e changing from 0.0003

Fig. 4. Transmission spectra of the structure (DM)7D for e =
0.006.

Fig. 5. Split of the center channel with the values of e chang-
ing from 0.0003 to 0.0036 by a step size of 0.0003. Each e
gives one couple of orthogonal polarization channels. Due to
12 values of e, there are 12 couples of polarization channels.

to 0.0036 by steps of 0.0003. Each e gives one cou-
ple of orthogonal polarization channels. Due to 12
values of e, Figure 5 shows 12 couples of polariza-
tion channels. The right 12 channels are for the x-
polarization, and the left 12 channels are for the y-
polarization. The most inner two polarization chan-
nels and the most outer two polarization channels cor-
respond to e = 0.0003 and e = 0.0036, respectively.
The split wavelength intervals of the most inner two
channels and the most outer two channels are 1.57 nm
and 18.79 nm, respectively. Through a detailed obser-
vation, we find that the split wavelength interval of
two orthogonal polarization channels is linear with the
value of e. Thus we obtain

∆λ/∆e = 1.5658 nm , (22)
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where ∆λ is the split wavelength interval of the two
orthogonal polarization channels. Because the value of
e is linear with the value of E⊥, we can exactly scale
the external electric field through the value of ∆λ and
use such structure as an electric field sensor.

4. Conclusions

In this paper, we designed a structure of coupled
resonators. Based on the coupling of resonant modes

and the electro-optic effect, some orthogonal polar-
ization modes with high Q values are obtained, which
can become optical channels. The positions of the
x-polarization channels and the y-polarization channels
can be adjusted just through adjusting the intensity of
the external electric field. Compared with the defect
modes of photonic crystals, the structure in this study
has a larger number of channels basing on more compact
volume. Such structure can be used in DWDM optical
communication system and as an electric field sensor.
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