Trace Formulae for Matrix Integro-Differential Operators
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In this paper, we consider the eigenvalue problems for matrix integro-differential operators with
separated boundary conditions on the finite interval and find new trace formulae for the matrix

integro-differential operators.
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1. Introduction

In this paper, we will find trace formulae for
the following matrix integro-differential operators
L(Q,M;h,H):

V() + +/sz Na =¥,
xe (0,m),
with boundary conditions

Y'(0)—hY(0) =0 2
and

Y'(r)+HY () =0, 3

where A is a spectral parameter, Y (x) = [yx(x)],_17 is
a column vector, Q(x) and M(x,t) are d x d real sym-
metric matrix-valued functions, and # and H are d X d
real symmetric constant matrices. M(x,¢) is an inte-

grable function on the set Dy déf{ (x,1):0<t<x<m,
x,t €R}, Q € C'[0, 7], where C![0,7] denotes a set
whose element is a continuously differentiable func-
tion on [0,7]. In particular, & = e in (2) means the
Dirichlet boundary condition ¥ (0) = 0, and H = o in
(3) means the Dirichlet boundary condition Y (7)) = 0.

For the matrix Sturm-Liouville equation (when
M =01in (1)) properties of spectral characteristics were
provided in [1 —4], and asymptotics of eigenvalues for
the integro-differential operator with d = 1 in (1) were
given in [5-9].

Gelfand and Levitan [10] discussed the Sturm-—
Liouville problem

=) +q()y(x) = Ay(x), x€ (0,7), &
with the Neumann boundary conditions
Y(0) =y(m) =0 )

and obtained the remarkable formula for the regular-
ized trace as follows:

Sl n—*/ ]

1 T
= —[q(0) +

= 300 +am) - 5 [t
where ¢ € C'[0,7] and A, (n =0,1,2,...) are the
eigenvalues of the Sturm-Liouville problem (4) and
(5). For the Sturm—Liouville problem (4) with Dirich-

let boundary conditions and the eigenvalues 4, (n =
1,2,...) , they got the following formula:

> humrt= 1 [
~3la0)+a(m)+ 5 ["awas

Since then, this kind of trace formulae for dif-
ferential operators was found by a number of au-
thors (see references). A trace formula of a differen-
tial operator has many applications in the inverse prob-
lem, in the numerical calculation of eigenvalues, in
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the theory of integrable systems, etc. Sadovnichii and
Podol’skii [11] stated several sharp methods to trace
formulae of second-order operators, high-order opera-
tors as well as partial differential operators.

Using Rouché’s theorem for operator-valued func-
tions in [12], we can suitably locate the eigenvalues of
L(Q,M;h,H) and find a precise description for the for-
mula of the square root of the large eigenvalues up to
the o( %)—term, which are similar to the results in [1, 2]:

(i) Let A (j = T,d; n = 0,1,2,...) be eigenval-
ues of the operator L(Q,M;h,H), then ),,EJ ) satisfy the
asymptotic formula
O

=nt+——+ 2=,

(j) def (J)
i =V nmw n

where a)l(j ) are the characteristic values of the d x d
real symmetric matrix @, = h-+H + 3 [¢f O(x)dx and
Sk P < o

(ii) Let A,Ej) (j=1,d;n=1,2,...) be eigenvalues of
the operator L(Q, M; h,), then )L,Ej ) satisfy the asymp-
totic formula

Pt 2,00 —pl

()

where a)zj are the characteristic values of the d x d
real symmetric matrix @ = h+ % [ Q(x)dx and
Sl < oo,

(iii) Let /1,5” (j=1,d;n=1,2,...) be eigenvalues
of the operator L(Q,M;e,H), then )L,Ej) satisfy the
asymptotic formula

N de , 1
) EN A =n— 2+

where w3(j ) are the characteristic values of the d x d
real symmetric matrix w3 = H + [ Q(x)dx and
Sl P < oo

(iv) Let l,gj) (j=1,d; n=1,2,...) be eigenvalues
of the operator L(Q,M;oo, o), then l,gj) satisfy the
asymptotic formula

, . () )
P N2 =g Py T
nmw n

where a)ij) are the characteristic values of the

d x d real symmetric matrix @y = % Jo O(x)dx and
S |2 < oo,

However, some trace formulae for the matrix
integro-differential operator L(Q,M;h,H) have never
been considered before. In this paper, we shall discuss
the eigenvalue problem for the operator L(Q,M;h,H)
and find new trace formulae.

2. Result

For simplicity A;; denotes the entry of matrix A at
the ith row and jth column and trA denotes the trace
of the matrix A; I; is a d x d identity matrix and Oy, is
a d x d zero matrix.

Theorem 1. ‘

(i) For the operator L(Q,M;h,H): let l,sj)(j =
l,d; n=0,1,2,...) be eigenvalues of the operator
L(Q,M;h,H), then we have the trace formula

oo d
A,Ejlnz fgr 11r 0
> Ll( ) - <won| = (o +em)

1 1 rm 1
——t — [ twM(t,t)dr — =tr (K> + H?).
nrw1+2/0 rM(t,1) 2r( +H?)

(ii) For the operator L(Q,M;h,oo): let l,gj)(j =
I,d;, n=1,2,...) be eigenvalues of the operator
L(Q,M;h,oo), then we have the trace formula

= | ; 1N\ 2
n=1 | j=1 2 T (7

_ %tr (0(0) = 0(x)) + % /OntrM(t,t)dt - %trhz.

(iii) For the operator L(Q,M;e,h): let l,sj)(j =
l,d; n=1,2,...) be eigenvalues of the operator
L(Q,M;oo,h), then we have the trace formula

EC-b) ]

tr (Q(rw) —0(0)) + % /OntrM(t,t)dt — %ter.

(iv) For the operator L(Q,M;e, ) let A,Sj)(j =
l,d; n=1,2,...) be eigenvalues of the operator
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L(Q,M;o0,00), then we have the trace formula

D [i (A7 —n?) - %tr au]

= ©)
1 1 1 /=
:fztr(Q(O)+Q(7r))+;trw4+§/0 twM(1,1)dr.

3. Proof

We only give the proof for (6) in Theorem 1. Anal-
ogously, we can also prove that (7)—(9) in Theorem 1
hold.

Let @(x, A1) be a solution of (1) satisfying @(0,1) =
I, @'(0,4) = h, then we have

D(x,A) =cos(px)l; + g sin(px)

+/X {sinpi)xt)Q(t)

+/M Sinplx= é)dé} ®(1,1)dr.

Using integration by parts and the iterative method, we
can compute

(10)

D(x,1) = cos(px)la + [h + % /OXQ(t) dt} Sing’x)

SR

) 3, [Q)h+M(t,1)]dr (17
(/Q )}( X)“(;T;)’
where A = p2, T = |Imp|. From (11), we obtain
@'(x,A) = —psin(px)ly
[ dt] cos(p) + {Q(x):Q(O)
(12)

+s / QA+ M (e.1))ar

g ([ons) ().

In virtue of (11) and (12), we get the character-
istic matrix w(A) for the boundary-value problem

(H-0G):
w(d) = @' (n,A) + HO(m, )
= —psin(pm)ly 4 @) cos(p)

: T
sin(p ) . (e> ,
p|
where

1 T

(13)
+ s

and

0(0) +Q(ﬂ)

A
(e’

The eigenvalues A7) of the operator L(Q,M;h,H)
can be located by determining whether the matrix-
valued function w(A ) is singular or not. We can rewrite

w(A) =wo(4)+e(4),

where wo(A) = (—psin(pr))l; and €(A) is a remain-
der. We shall see that wo(A) has a quite neat and sim-
ple form from which we can determine those values A
making wo(A) be singular. By the extension theo-
rem of Rouché’s theorem on operator-valued functions
in [12], we are getting close to locate the eigenvalues

W5 =

(t)h+HQ(t) +M(t,1)]dr +Hh

of L(Q,M;h,H).
Let Aj(A) = 0(e™/|p|?), then
v () =1 — 2P g L
P (14)
A(A)
sin(pm)’
Denote Iy, &{p : |p| =No+%}and Gs={p:|p —k|

>0, k=0,+£1,4£2,...}, where Ny is a sufficiently
large integer, and 0 > 0 is sufficiently small. Accord-
ing to [13, p. 7], we obtain

|sin(p7z:)|2C5em, A’EG(% |p|2p*7 (15)

where p* = p*(8) sufficiently large, and Cj is a con-
stant with respect to 6. From (15) and A;(4) =
o(e™/|p[?), we get

o = (jpp) on

(16)
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Thus we have
AA)E detlwy ! (A)w(A)]

a0 1 (1))
P p P

Using the Laplace expansion of determinants, we ob-
tain that

d t(pm) 1 1
A(A _II{ICO D1.iji— —= O [i+0<>}
( ) e p 1, p2 S, p2

2
)

where
d—1

a=—3 3 0o
i=1i<j

Moreover, we have

COt

A =1-

d 1 d
Z 111'—72(05,1‘1'

cot’(pm acot’(pm 1
+4<p zzwlnwl,n‘i‘ 7§p )+0(2)
p i=1i<j P P

Expanding InA(A) by the Maclaurin formula, we ob-
tain that on I'y,

d

cot pﬂ z

1 d
? Z s ji

2
2
| ot(pm) cot (pn 2 2601 i cot? pn <20)1 zz)

p i=1i<j

InA(A) =

2
N acot gpﬂ) o (12> .

p p

Let k,g”(j =1,d; n=0,1,2,...) be the zeros of

the function detw(A) and y, =n (n =0,+1,42,...)
be the zeros of the function detwg(A ). From (14) for
sufficiently large Ny, we see that the numbers An ()
(n < Np) are inside I'y, and the numbers A (n> Np)

are outside I'y,. Obviously, u, = n do not lie on the
contour Iy,. We have the following identity:

No d ) 1 .
N S (24, —2n%) = _mf{% 2pInA(A)dp.  (17)

n=0 j=1

183

By calculating residues, we get for sufficiently large Ny

No

% cot(pm)dp =2mi Y l,

nsz()
cot?(pr)

i
i () 90 =e)

Substituting (18) into (17), we have

—;imfmgﬁygngumm+mm>

2(2Ng +1
Jr( o+1)

dp = —2mi+o(1), (18)

% 19
tra)1+/ tr M(t,t)dt 19
0

—tr (KX +H*) +o(1).

From (17) and (19), we obtain

No | & 2 1
Z lz (An — nz) — Etr wl] = Ztr (Q(0)+Q(m))

n=0 [ j=1

1 1 /=
— —troy + f/ tr M(z,¢) dt (20)
T 2 Jo

1
—Etr(h2+H2)+o(1).

Letting N9 — o< in (20) yields

2 1
mfw%—nuwlzﬂmmm+gm»
o +1/”t M(t,t)de L (h*+H?)
— —tr = T ——tr .
T 2 ’ 2
This completes the proof of Theorem 1. O
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