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Based on the use of the Hirota bilinear method and the Riemann theta function, we develop in
this paper a constructive method for obtaining explicit quasi-periodic wave solutions of a new inte-
grable generalized differential-difference equation. Analysis on the asymptotic property of the quasi-
periodic wave solutions is given, and it is shown that the quasi-periodic wave solutions converge to

the soliton solutions under certain conditions.
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1. Introduction

Exact solutions of nonlinear equations have proven
to be useful in simulating many real physical phenom-
ena. The bilinear method developed by Hirota pro-
vides a direct approach to construct exact solutions
of nonlinear equations. In other words, if a nonlinear
equation is written in bilinear forms by using an ap-
propriate dependent variable transformation, its multi-
soliton solutions can usually be obtained [1-9]. Re-
cently, based on the Hirota bilinear method, Nakamura
in his two serial papers [10, 11] proposed a conve-
nient way to construct a kind of quasi-periodic so-
lutions of nonlinear equation from which the quasi-
periodic wave solutions of the Korteweg—de Vries
(KdV) equation and the Boussinesq equation were ob-
tained. Following this work, Dai, Zhang, Fan, and Ma
et al. extended the method to other equations such
as Kadomtsev—Petviashvili equation, breaking soliton
equation, Boussinesq equation, asymmetric Nizhnik—
Novikov—Veselov equation, and Bogoyavlenskii equa-
tions [12—16]. The success of this method depends
on circumventing the complicated algebro-geometric
theory to directly give explicit quasi-periodic wave
solutions. It can, however, be shown that all of the
parameters appearing in the periodic wave solutions

are conditionally free variables. In the case of quasi-
periodic solutions, it involves some Riemann constants
which are difficult to be determined explicitly. To the
knowledge of the authors, there is very few work
available for constructing quasi-periodic solutions of
differential-difference equations [16, 17].

Based on the use of the Riemann theta function,
we extend in this paper the Hirota bilinear method
to construct quasi-periodic solutions of differential-
difference equations. For illustration, a new inte-
grable differential-difference equation [18] is chosen
to demonstrate the feasibility of the proposed construc-
tion method. It will be shown that the quasi-periodic
wave solutions converge to the soliton solutions under
certain conditions.

This paper is organized as follows. In Section 2,
we briefly introduce the bilinear form of differential-
difference equation and the Riemann theta function.
The Hirota bilinear method and Riemann theta func-
tion are then used in Section 3 to construct the quasi-
periodic wave solutions for the differential-difference
equation. Finally, we give an analysis on the asymp-
totic behaviour of the quasi-periodic wave solutions in
the last Section 4 in which it has rigorously been shown
that the periodic solutions tend to the well-known soli-
ton solutions under a ‘small amplitude’ limit.
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2. Bilinear Form and Riemann Theta Function

We first consider an integrable differential-
difference equation [18] whose bilinear form is

[D,Dx +AD;, sinh(D,,)
()

0,

— 4sinh? (;Dn> - c} f(n)- f(n)

where A is an arbitrary constant and c is an integration
constant. The bilinear differential operator D,, D;, and
the difference operator e’ are defined respectively by

D)rrnD;nlf(xJ) 'g(x7t)
= (0 — )" (0 — A)™ Fe, )8 (W 1"y srss

e®Pn f(n) - g(n) = =) f(n)g(n')

— fn+ 8)gln— ). @
Sinh(8D,)f(n) () = 5 (9 — &80} () - ()
= S +-8)g(n—3) ~ fln—3)g(n +5))

The bilinear form (1) arises from many famous
differential-difference equations. In particular, if
f(n;x,t) = f(n;t), (1) becomes a special case of an ex-
tended Lotka-Volterra equation [19]; when A = 0 and
taking the transformation of the solution

_fi=1)f(n+1)

Ty="—— %, 3)
! f*(n)
(1) becomes the two-dimensional Toda equation [2]
9’1,
ﬁa'; =exp(Th—1 — Tn) —exp(Th — Tnt1). (&)

It had been shown in [18] that (1) is integrable in the
sense of Backlund transformation.

The operators Dy, D;, e’ and sinh(8D,,) have the
following nice properties when acting on exponential
functions:

D;"D;”/ efl.ef2 = (o1 — o)™ () — a)z)m'eéﬁéz’
el . g8 = dVi—V2) gli+er 3)
sinh(6D,,) efl . ef2 = sinh[8 (v — vy)] eél"‘éz’

where §; = ojx + w;t + v;n+ 0j, j = 1,2. More gen-
erally, we have

G(Dy,D;,sinh(8D,))e*
= Goy — 0, 01 — oo, sinh(8(vy — vp)))edi e, ©
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where G(Dy,D;,sinh(8D,)) is a polynomial function
with respect to the operators Dy, Dy, and sinh(6D,,).

In the special case of ¢ = 0, (1) admits the following
one-soliton solution:

sinh? (%v)

—=—t (T
o+ Asinh(v) —|—vn+6> ™

f(n)=14exp (ocx+4

The following one-dimensional Riemann theta
function plays a central role in the quasi-periodicity of
the solutions:

V(& ¢e,s5|T) = Z exp[2mi(& +¢€)(m+s)

meZ
- nf(m+s)2],

®

where m € Z, s,e € C,and & = ox+ wr +vn+ 0 is
a complex phase variable depending on the continuous
variables x, ¢, and discretized variable n. Here, T > 0 is
called the period matrix of the Riemann theta function.
For simplicity, in the case when s = € = 0, we denote

6(5?7’-):0(5’070“)' &)

Definition 1. A function g(¢) on C is said to be quasi-
periodic in 7 with fundamental periods Ti,...,T; € Cif

Ti,...,T; are linearly dependent over Z and there exists
a function G(yy,...,yx) € C¥, such that
GO1seosyi+ Ty,
(yl Yj bi }’k) (10)
:G(y17'”uyj7'”ayk)7
for all (y1,...,yx) € Ck. If we denote
G(t,... t,...,t) =g(1), a1

then g(¢) becomes periodic with the period 7 if and
only if T; = m;T for some m; € Z.

Proposition 1. The Riemann theta function ¥(&, )
defined in (8) has the periodic properties [21, 22]
(€ +1+it,7)

=exp(—2rmié + 1) (€, 7). (12)

Proposition 2. The meromorphic functions F(&) on
C satisfy:

O FO=gnoe, e

y _ ¥(E+e 1) .

(i1) F(é)_(?éln SETh ) E,e,heC,; 13)
V(& +e,1)V(E —e 1)

(i) F(&)= D(E 12 , §.eeC,



Y. C. Hon and Q. Wang - Quasi-Periodic Wave Solutions DDE 23

which implies that 3. Quasi-Periodic Solution
) Consider the Riemann theta function solution for the
FE+1+it)=F(&), §€C. (14) differential-difference equation in bilinear form (1),
In other words, the meromorphic functions F(§) are f(n)=v(&,1)= Z e2”im5—ﬂmzf7
quasi-periodic functions with two fundamental periods m=—eco
land it [17]. whereme Z, 1 >0,and & = ax+ ot +vn+o0o.

Substitute the above f(n) into (1) gives

G(Dx,Dy,sinh(8D,)) f(n) - f(n) = G(Dx,Dy,sinh(8D,)) Y, e2mné-mt. § 2mimE—mn’t

= T G(DxDyysinh(8D,) e e

1 Q2mimé—mm’t

m' =—com=—co
= 3 Y G2mi(m —m)a,27mi(m —m)o,sinh27i 5V (m' —m)]) 2H S wln? tm)e
m'=—com=—co (15)
TS S GRrim — e, 2mi (2 — '), sinh[2ri Sy (2m' — 1')]) ¥R &P
I'=—ocom!/=—o0

YYD W (4mi (' =15 ) o (' 1 = £ ) @,sinh [4risv (w1 -2 )])

[=—co t=0,1m/=—o0
] e4m(1+%)§—n[m’2+(2l+u—m’)2] T.

Let m' = h+ 1, and using the relations

ht=[n-E]+ 1+

Joneton= o] 1),

we finally obtain that

G(Dy, Dy, sinh(8D,)) f(n) - £(n)

= i { Y i G(4ni (h—%) o, 4 (h—%) , sinh [471715v (h—%)D e—2”(h—é‘)zf}

|=—o0 ,,L:O_ylh:—eo

A8 )e-2n (i )’e )
= i C(oc,a),v,u)e“”i(’*%)é*z”(”%)zf,
[=—c0
where
Cloovy=3 3 G (4ni (1) aami (h—1 ) ,sinh [4zisv (n-2)]) e 27 (-5)"% (13

u=0,1 h=—co

It can be observed that if the following equa- bilinear equation (1). On the other hand, the equa-
tions C(ot, @, v, 1) = 0 are satisfied, for all possible tions G(cot,,v,0) = 0 and G(a,®,v,1) =0 can be
combinations u = 0, 1, then (&, 7) is a solution of the  explicitly written as
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& 1 1 1 1
Yy < —l6n? <h— ) wo+4ATi (h— ) wsinh {4niv (h— )} — 4sinh? [Zniv (h— )} +e
h=—oo 2 2 2 2

2
. e—27t(h—%) T _ 0,

ie.
¥ (0,A)wo + Asinh(D,) 9 (0,1)®
| Q1)
)
—4sinh (2Dn) 1 (0,A) +ch(0,4) =

9 (0,A)wa +Asinh(D,)9;(0,1)®

1 (22)
— 4sinh? (an) %(0,A) + ¢ (0,1) =0

where the prime denotes the partial derivate dg and

A=e 27,
01(8,4) = 9(26,27)
+o0
= A4 exp(4rmihé),
h=—oo

| (23)
2E.4) =0 (2£.0.-

2)

+o00
— ¥ AV expmi(2h—1)E).

h=—o0
By introducing the notations
ary = 9y (0,A) 0 +Asinh(D,
ajp = (O,QL)
az = 95(0,A) o +Asinh(D,)19;(0,1),
an = 192 07A‘

= 4ginh® ( )191 (0,1),

by = 4sinh? (2 ) % (0,1),

n)01(0,4),

(24)

the system (21) —(22) admits an explicit solution

_ bian —bap

)
appazz —apzdzg

25
_ byaiy —biay ()

apjazz —apdaz

(20)

Finally, we obtain the quasi-periodic solutions for the
integral differential-difference lattice equation (1)

- .
2 emeé m 1:’

m=—oo

(26)

where & = ox+ ot + vn+ 0, o, v, and o are arbitrary
constants, @ and c are given by (25).

4. Asymptotic Properties

In this section, an analysis on the asymptotic prop-
erties of the one-periodic wave solution is given. It will
be shown that the one-soliton solution can be obtained
as a limiting case of the one-periodic wave solution
(19). We will directly use the system (25) to analyse the
asymptotic properties of the periodic solution, which
is easier and more effective than our original method
proposed in [14, 15]. The relations between these two
solutions are established as follows.

Theorem 1. Suppose that the vector (®,c¢) is a so-
lution of the system (25), and for the periodic wave
solution (26), we let

o =2mia, V' =2riv, o' =2ric—nt, 27)

where o, v, and 6 are given in (26). Then we have the
following asymptotic properties:

c—0, 2w —nt— 1N,
4sinh? (lv’)
! 2
M= O Asinh(v))
0(&,7) = 1+em as A —0.

t+vn+o, (28)

In other words, the periodic solution (26) tends to the

soliton solution (7) under a small amplitude limit.

Proof. Since the coefficients of system (24) are power
series about A, its solution (w,c) is also a series
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about A. The coefficients of the system (24) can then Let the solution of the system (25) be in the form
be explicitly expanded as follows:
0=wy+oA+mA*+-=ap+o(A)

" (30
c=c0+cll+027tz+~~-:co—I—o(),). 30)

an = [-327° a+4Azisinh(47iv) At + -

ap =1+4+2A% 42216

Substituting the expansions (29) and (30) into the sys-
’ (29) tem (25) and letting A — 0, we immediately obtain the
an =20 +223 4217 following relations:

by = 8sinh* (2miv)A* + -,

ay) = [-8m* o+ 4Amisinh(27iv)|A + - -

8sinh*(ziv)
. . =0 = . (31
by = 8sinh*(miv)A +---. =5 W —8n20 +4Amisinh(27iv) @D
(a) (b)
20 A
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Fig. 1 (colour online). Quasi-periodic wave for the two-dimensional Toda equation (4): (a) perspective view of wave, (b)
overhead view of wave, with contour plot shown, (c) along ¢-axis, (d) along x-axis, where &« = 0.1, v=0.1,n =10, 0 =0,
and 7= 1.
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Fig. 2 (colour online). Solitary wave for the two-dimensional Toda equation (4): (a) perspective view of wave, (b) along 7-axis,
(c) along x-axis, where ¢« =0.1,v=0.1,n=10,0 =0,and 7= 1.

Combining (30) and (31) leads to

sinh? (% v/ )

27i 4——= -

T T Asinh(V) (32)
c—0as A —0,

or equivalently,
E=2mié—nt (33)
k2 (14,
/ sinh (5\/) / /
oxt o/ + Asinh(v/) Tveto =

It remains to consider the asymptotic properties of the
one-periodic wave solution (26) under the limit A — 0.
For this purpose, we expand the Riemann theta func-
tion ¥(&, 1) and make use of the expression (33) to

obtain
B(E,T) = 1422 (M 4 72mE)
+28 (e“”i’v’ +e*4’“5> oo
= 1+e5+l4(e*5+e2’5)+---

—1+4+¢em as A — 0,

(34)

which complete the proof for the theorem. We con-
clude that the periodic solution (26) tends to the soliton
solution (7) as the amplitude A — 0. O

The bilinear form (1) in general arises from many
famous differential-difference equations. For example,
when A = 0 and taking the transformation of the so-
lution (3), the bilinear form (1) becomes the two-
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dimensional Toda equation (4). From Theorem 1, we
can directly obtain the quasi-periodic solution 7, of
the two-dimensional Toda equation (4). The quasi-
periodic and the corresponding soliton solutions of the
two-dimensional Toda equation have been presented in
Figures 1 and 2.

5. Conclusion

In this paper, we give a construction method for ob-
taining quasi-periodic wave solutions of differential-
difference equations. Similarly, multi-periodic wave
solutions of differential-difference equations can be
constructed by using the following multi-dimensional

oo N
> X G<4niz
U=0,1hy,...hy=—co j=1
N
MY (= B |
o |-2x 3 (1) ma (- )] -0

Obviously, in the case of differential-difference equa-
tions, the number of constraint equations of the type
(17) is 2. On the other hand, we have parameters
Tjt = Tij, Qj, ©j, V;, and ¢ whose total number is
IN(N+1)+3N + 1. Among which 3N parameters 7},
o, and v; are taken to be the given parameters related
to the amplitudes and wave numbers (or frequencies)
of N-periodic waves, and %N (N — 1) parameters Tj;
implicitly appear in series form, which in general can-
not be solved explicitly. Hence, the number of the ex-
plicit unknown parameters is only N + 1. The number
of equations is larger than the number of unknown pa-
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