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1. Introduction, preliminaries and definitions

In this article we shall follow the terminology of [4, 5, 8, 17, 19, 21]. All topological spaces are assumed to be Hausdorff.
By w we shall denote the first infinite ordinal and by |A| the cardinality of the set A. All cardinals we shall identify
with their corresponding initial ordinals. If Y is a subspace of a topological space X and A C Y, then by cly(A) and
inty (A) we shall denote the topological closure and the interior of the subset A in Y, respectively.

A semigroup is a non-empty set with a binary associative operation. A semigroup S is called inverse if for any x € S
there exists a unique y € S such that x - y-x =x and y - x -y = y. Such an element y in S is called the inverse of x
and denoted by x~'. The map defined on an inverse semigroup S which maps every element x of S to its inverse x' is
called the inversion.

For a semigroup S by E(S) we denote the subset of all idempotents of S.

Let S be a semigroup with zero Os and A be any cardinal > 1. We define the semigroup operation on the set
Bi(S) = (A x S x A) U {0} as follows:

(a,ab,9), itB=y;

(¢,a,B)-(y,b,0) = {0, B #v,
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and (¢,a,8)-0=0-(a,a,8) =0-0=0, forall a,8,y,0 € Aand a,b € S. If S = S" then the semigroup B,(S) is
called the Brandt A-extension of the semigroup S [9, 10]. It is clear that 7 = {0} U {(a, Os, B) | Os is the zero of S} is
an ideal of B,(S). We put BY(S) = B,(S)/J and the semigroup B)(S) is called the Brandt A\’-extension of the semigroup
S with zero [12].

Next, if A C S then we shall denote A, = {(a,s,B8) | s € A} if A does not contain zero, Asg = {(a,s,.B) | s €
A\ {0s}} U {0} and A: ; = Asp\ {0} if 0s € A for o, € A If T is a trivial semigroup (i.e., Z contains only
one element), then we denote the semigroup Z with the adjoined zero by Z° Obviously, for any A > 2, the Brandt
A%-extension of the semigroup Z° is isomorphic to the semigroup of A x A-matrix units and any Brandt A’-extension of a
semigroup with zero which also has a non-zero idempotent contains the semigroup of A x A-matrix units.

We shall denote the semigroup of A x A-matrix units by B, and the subsemigroup of A x A-matrix units of the Brandt
AO-extension of a monoid S with zero by BY(1). We always consider the Brandt A\°-extension only of a monoid with
zero. Obviously, for any monoid S with zero we have BY(S) = S. Note that every Brandt A-extension of a group G
is isomorphic to the Brandt A’-extension of the group G® with adjoined zero. The Brandt A’-extension of the group
with adjoined zero is called a Brandt semigroup [5, 19]. A semigroup S is a Brandt semigroup if and only if S is a
completely O-simple inverse semigroup [3, 18] (cf. also [19, Theorem 11.3.5]). We also observe that the trivial semigroup
T is isomorphic to the Brandt A’-extension of Z for every cardinal A > 1. We shall say that the Brandt A\°-extension
BY(S) of a semigroup S is finite if the cardinal A is finite.

For a topological space X, a family {As | s € .} of subsets of X is called locally finite if for every point x € X there
exists an open neighbourhood U of x in X such that the set {s € . | UN A; # &} is finite. A set A of a topological
space X is called regular open if A = intx(clx(A)).

We recall that a topological space X is said to be

e semiregular if X has a base with regular open subsets;

e compact if each open cover of X has a finite subcover;

e sequentially compact if each sequence {x;}:c, of X has a convergent subsequence in X;

e countably compact if each open countable cover of X has a finite subcover;

e countably compact at a subset A C X if every infinite subset B C A has an accumulation point x in X;
e countably pracompact if there exists a dense subset A in X such that X is countably compact at A;

e pseudocompact if each locally finite open cover of X is finite.

According to Theorem 3.10.22 of [8], a Tychonoff topological space X is pseudocompact if and only if each continuous
real-valued function on X is bounded. Also, a Hausdorff topological space X is pseudocompact if and only if every
locally finite family of non-empty open subsets of X is finite. Every compact space and every sequentially compact
space are countably compact, every countably compact space is countably pracompact, and every countably pracompact
space is pseudocompact (see [2] and [8]).

We recall that the Stone-Cech compactification of a Tychonoff space X is a compact Hausdorff space BX containing X
as a dense subspace so that each continuous map f: X — Y to a compact Hausdorff space Y extends to a continuous
map f: BX — V.

A semitopological (resp., topological) semigroup is a topological space together with a separately (resp., jointly) contin-
uous semigroup operation.

Definition 1 ([12]).
Let . be some class of semitopological semigroups with zero. Let A be any cardinal > 1, and (S, 7) € .. Let 75 be a
topology on BY(S) such that:

a) (BR(S),TB) e .¥; and
b) 7g|s,, = T for some a € A.

Then (BY(S), 7s) is called the topological Brandt A°-extension of (S, T) in ..
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The notion of the topological Brandt A’-extension of topological semigroup was introduced in the paper [12] on purpose
of constructing an example of an absolutely H-closed semigroup S with an absolutely H-closed ideal / such that S// is
not a topological semigroup. In [16] Gutik and Repov$ described compact topological Brandt A’-extensions in the class
of topological semigroups and countably compact topological Brandt A\°-extensions in the class of topological inverse
semigroups, and correspondent categories. Also, in [13] countably compact topological Brandt A’-extensions in the class
of topological semigroups were described. This paper is motivated by the result obtained in [11] which states that every
Hausdorff pseudocompact topology 7 on the infinite semigroup of matrix units B, such that (B,, ) is a semitopological
semigroup, is compact.

In this paper we investigate topological properties of a topological Brandt A’-extension BY(S) of a semitopological
monoid S with zero. In particular we prove that for every Tychonoff pseudocompact (resp., Hausdorff countably compact,
Hausdorff compact) semitopological monoid S with zero there exists a unique semiregular pseudocompact (resp., Hausdorff
countably compact, Hausdorff compact) extension BY(S) of S and establish their Stone-Cech and Bohr compactifications.
We also describe a category whose objects are ingredients in the constructions of pseudocompact (resp., countably
compact, sequentially compact, compact) topological Brandt A°-extensions of pseudocompact (resp., countably compact,
sequentially compact, compact) semitopological monoids with zeros.

2. Pseudocompact Brandt A°-extensions of semitopological monoids

The following three lemmas describe the general structure of topological Brandt A°-extensions of semitopological semi-
groups in the class of semitopological semigroups.

Lemma 2.

Let A be any cardinal > 1 and 1}, be a topology on the Brandt A\°-extension B(S) of monoid S with zero such
that (BY(S), ) is a semitopological semigroup. Then S,g and S, ;s with the induced topology from (B}(S), t5) are
homeomorphic subspaces, and, moreover, S, and Sgg are topologically isomorphic semitopological monoids for all
a,B,y,0 €A

Proof.  Since (BJ(S), 75) is a semitopological semigroup we conclude that the maps (pféi?f: BY(S) — BJ(S) and
<p((§§)) BY(S) — BY(S) defined by the formulae <p((;;§))(x) = (y,1s,a) - x - (B, 15,0) and <p((§g))(x) = (a,1s,¥) - x -
(0,1s, B), respectively, are continuous maps and, moreover, the restrictions ((p((g";))O(p((E:;))) ‘Sq,g: Sep — Sap and

(¢}E§f°¢f§§f) ‘s 6: Sys — Sy are identity maps for all o, B,y,0 € A Hence we have that the restrictions
V.

(P((f):’g)) Sa‘g: Sap — Sy and (,o((;g)) SM: Sys — Seap are homeomorphisms. Now, simple verifications imply that the
map <p((§g)) . Se.a = Spp is an isomorphism of subsemigroups S, , and Sg g of BY(S). This completes the proof of the
lemma. ’ O
Lemma 3.

Let A be any cardinal > 1 and T}; be a topology on the Brandt X°-extension BY(S) of monoid S with zero such that
(BE(S), rg) is a Hausdorff semitopological semigroup. Then for arbitrary (a,s, B) € BY(S) \ {0} there exists an open
neighbourhood U, s g of the point (a,s, B) in (BJ(S), 13) such that Ugsp C S;p and hence S}, is an open subset
and S is a closed subset of (BY(S), t3), for all a, B € A.

Proof.  Let V(o5 be an open neighbourhood of the point (a,s, B) in (BY(S), 75) such that 0 & V(s 5. Then the
continuity of the map (p((gjg)): BY(S) — B(S) which is defined by the formula (p([gjg))(x) =(a,1s,0) - x - (B, 1s, B) implies
that there exists an open neighbourhood Ui, of the point (a,s, B) in (BR(S), TE) such that Ug,sp € S; g Hence
S is open in (BY(S), 73) and since S, 5 = BY(S)\ U.s)cpxanap Sy we have that Sep is a closed subset of the

topological space (Bg(S), Tg). O
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Proposition 4.

Let S be a semitopological monoid with zero, A > 1 be any cardinal, and B}(S) be a topological Brandt A°-extension
of S in the class of semitopological semigroup. Then every non-trivial continuous homomorphic image of BY(S) in a
semitopological semigroup W is a topological Brandt \’-extension of some semitopological monoid with zero. Moreover,
if T is the continuous image of BY(S) under a homomorphism h, then T is topologically isomorphic to a topological
Brandt \’-extension of the continuous homomorphic image of the semitopological monoid S, , under the homomorphism
h for any a € A Also, the subspaces h(A.g) and h(A,s) of W are homeomorphic for all a,B,y,0 € A, and every
nonempty A C S.

Proof.  Let h: B)(S) — W be a continuous homomorphism of a topological Brandt A’-extension of a semitopological
monoid S into a semitopological semigroup W. The algebraic part of the proof follows from Proposition 3.2 of [16]. If h
is an annihilating homomorphism, then the statement of the lemma is trivial.

We fix arbitrary a, B, y, 0 € A and define the maps (p(“ W — W and <p(§[§')): W — W by the formulae

OiE5)(s) = h((y,1,)-s-h((B,1,6)) and  @FH(s) = h((a, 1,v))-s-h((6,1,B)),
for s € W. Obviously we have that

o5 (olta) (h (e x ) = h(x.B)  and  gffs) (@l (b (v x, 00 = h((v.x.0),

for all a,B,v,0 € A x € S, and hence the map <p((;§) s ): h(Sag) — h(S,;s) is invertible to the map
a.B

(P((gg)) e . h(Sy,(;) — h(Sqp). This implies that the map (p((gg)) s ): h(Sqg) — h(Sy5) is a homeomorphism and
U C(VB

hence the last statement of the proposition holds. O

Results of Section 2 of [12] imply that for any infinite cardinal A and every non-trivial topological semigroup (and hence
for a semitopological semigroup) S, there are many topological Brandt A%-extensions of S in the class of semitopological
semigroups. Moreover, for any infinite cardinal A on the Brandt A’-extension of two-element monoid with zero (i.e.,
on the infinite semigroup of A x A-units) there exist many topologies which turns B, into a topological (and hence a
semitopological) semigroup (cf. [11]).

The following proposition describes the properties of finite topological Brandt A’-extensions of semitopological semi-
groups in the class of semitopological semigroups.

Proposition 5.
Let A be any finite non-zero cardinal. Let (S, T) be a semitopological semigroup and tg a topology on BY(S) such that
(BY(S). 18) is a semitopological semigroup and tg|s,, = T for some a € A. Then the following assertions hold:

(i) If a non-empty subset A3 Os of S is open in S, then so is Ag,, in (BS(S), TB) for any B,y € A,
(i) If a non-empty subset A > Os of S is open in S, then so is g ,c, Ay in (BYS). t8);
(iii) If a non-empty subset A 3 Os of S is closed in S, then so is Ag,, in (B3(S), t5) for any B,y € A;
(iv) If a non-empty subset A > Os of S is closed in S, then so is g ,c, Ap,y in (BY(S), t8);

(v) If x is a non-zero element of S and %, is a base of the topology T at x, then the family Bg .y = {Up, | U € %y}
is a base of the topology t5 at the point (B, x,y) € BY(S) for any B,y € A;

(vi) If Pos is a base of the topology T at zero Os of S, then the family %y = {Ug ,c, Usy | U € %os} is a base of
the topology 15 at zero O of the semigroup BY(S).
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Proof. (i) Let W 3 0 be an open set in (BY(S), 75) such that W N S, € 1g|s,,. Then by Lemma 3, W N S;,
an open subset in (BO (S), ‘rB)
Bg Definition 1 the set A, is open for some a € A. Since the map (p(g(z)) BY(S) — BY(S) defined by the formula

<p(6 V)(x) (a,1s,¥)-x-(d,1s, @) is continuous, the set A, 5 = ((p(a y))

the full preimage of an open set under a continuous map.
(ii) Let A > 0s be an open subset in S and W be an open subset in (B(A)(S), TB) such that W N S, , = Aq 4 for some

a € A Since the map (p((g;) BY(S) — BY(S) is continuous for any @, y, & € A we conclude that

(A is open in (BY(S), tg) for any y, & € A as

Avs = AU (S [0 € 0 Ly ) = (952) (Ace)

is an open subset in (BY(S), 75). Then since the cardinal A is finite, we have that U A = ﬂ Zyv[; and this implies
a,BEA y,0€A
statement (ii).

Statements (iii) — (vi) follow from (i) and (ii). O

Remark 6.

Note that the statements (i), (iii), (iv) and (v) of Proposition 5 hold for any infinite cardinal A and their proofs are similar
to corresponding statements of Proposition 5 and follows from Lemma 3. However, Example 2 and Lemma 7 of [11] imply
that the statements (ii) and (vi) are false for any infinite cardinal A in the case of topological Brandt A%-extensions of
topological semigroups in the class of topological semigroups (and hence in the case of topological Brandt A’-extensions
of semitopological semigroups in the class of semitopological semigroups).

Proposition 5 implies the following theorem which describes the structure of topological Brandt A\°-extensions of semi-
topological monoids with zero in the class of semitopological semigroups for an arbitrary finite cardinal A > 1

Theorem 7.
For any semitopological monoid (S, t) with zero and for any finite cardinal A > 1 there exists a unique topological

Brandt A’-extension (BY(S), ) of (S, 7) in the class of semitopological semigroups, and the topology Ts is generated
by the base %5 =J{Zs(1) | t € BY(S)}, where:

(i) Z5(t) = {(U(5))ap \ {0s} | U(s) € Bs(s)}, where t = (a, s, B) is a non-zero element of BY(S), a, B € A;
(ii) %5(0) = {U,, per(U(0s))ap | U(0s) € #s5(0s)}, where 0 is the zero of B)(S),

and As(s) is a base of the topology T at the point s € S.

A topological Brandt A’-extension (BY(S), 1) of a semitopological semigroup (S, 7) is called pseudocompact (resp.,
countably pracompact, countably compact, sequentially compact, compact, semiregular) if its underlying topological
space is pseudocompact (resp., countably pracompact, countably compact, sequentially compact, compact, semiregular).

Lemma 8.
A continuous image of a countably pracompact topological space is a countably pracompact space.

Proof.  Let X be a countably pracompact topological space and f: X — Y be a continuous map from X into a Hausdorff
topological space Y. Without loss of generality we may assume that f(X) = Y. The countable pracompactness of X
implies that there exists a dense subset A in X such that X is countably pracompact at A. Then we have that f(A) is
a dense subset of Y (see the proof of Theorem 1.4.10 from [8]). We fix an arbitrary infinite subset B C f(A). For every
b € B we choose an arbitrary point a € A such that f(a) = b and denote by A* the set of all points chosen in such way.
Then A* is infinite subset of A and hence A* has an accumulation point x in X. We claim that f(x) is an accumulation
point of B in Y. Otherwise there would exists an open neighbourhood U(f(x)) of f(x) in Y such that BN U(f(x)) = @
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Then the continuity of the map f: X — Y implies that V = =" (U(f(x))) is an open neighbourhood of the point x in X
such that f~'(B)N V = @, a contradiction. O

Lemma 9.

Let A be any cardinal > 1. If a topological Brandt A°-extension (BQ(S), rg) of a semitopological monoid (S, t) with zero
in the class of Hausdorff semitopological semigroups is pseudocompact (resp., countably pracompact, countably com-
pact, sequentially compact, compact), then the topological space (S, 1) is pseudocompact (resp., countably pracompact,
countably compact, sequentially compact, compact).

Proof.  We observe that any continuous image of a compact (resp., sequentially compact, countably compact, count-
ably pracompact, pseudocompact) space is again a compact (resp., sequentially compact, countably compact, count-
ably pracompact, pseudocompact) space (see [8, Chapter 3] and Lemma 8). Let a € A be such that t5|s,, = T
Since (BR(S), Tg) is a semitopological semigroup we have that the map (p(a'a)' BY(S) — BY(S) defined by the formula

(@,a) *
(a.a)

Plaq)(X) = (a,1s,a) - x - (a,1s, a) is continuous and <p(‘jjf;; (Bf\’(S)) = Sg,a- Then Definition 1 completes the proof of the
lemma. O

Next proposition will prove useful for constructing topology at zero of Brandt A’-extension for an infinite cardinal A in
the class of countably compact semitopological semigroups.

Proposition 10.

Let A be any cardinal > 1. Let (BY(S), 1) be a topological Brandt A’-extension of a semitopological monoid (S, )
with zero in the class of semitopological semigroups. If (BS(S), rg) is a Hausdorff countably compact space then for
every open neighbourhood U(0) of the zero in (BQ(S), rg) there exist finitely many pairs of indices (a, B) such that

Sap € U(0).

Proof.  Suppose to the contrary that there exists an open neighbourhood U(0) of the zero 0 in (BS(S), rg) such that
Sap € U(0) for infinitely many pairs of indices (a, B). Then for every such S,z we fix a unique point x, g € Sa\ U(0)
and put A = [J{xas}. Then A is infinite and Lemma 3 implies that the set A has no accumulation point in (BY(S), j).
This contradicts Theorem 3.10.3 of [8]. The obtained contradiction implies the statement of the proposition. O

Proposition 10 implies the following corollary:

Corollary 11.

Let A be any cardinal > 1. Let (BY(S), tj;) be a topological Brandt A’-extension of a semitopological monoid (S, T) with
zero in the class of semitopological semigroups. If (BS(S), Tg) is a Hausdorff sequentially compact (compact) space then
for every open neighbourhood U(0) of the zero in (BE(S), rg) there exist finitely many pairs of indices (a, B) such that

Sap & U(0).

The following theorem describes the structure of Hausdorff countably compact topological Brandt A%-extensions of
semitopological monoids with zero in the class of semitopological semigroups.

Theorem 12.

For any Hausdorff countably compact semitopological monoid (S, ) with zero and for any cardinal A > 1 there exists a
unique Hausdorff countably compact topological Brandt A°-extension (B(S), 13) of (S, 1) in the class of semitopological
semigroups, and the topology T3 is generated by the base %g = | J {%’B(t) |t e B?(S)}, where:

(i) Bs(t) = {(U(s))ap \ {0s} | U(s) € Bs(s)}, where t = (a,s, B) is a non-zero element of B)(S), a, B € A;

(ii) %(0) = {UA(O) = Uiwgepsma Saps UU.5ea(U(0s))ys | A is a finite subset of A x A and U(0s) € %’5(05)},

where 0 is the zero of BY(S),
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and Ps(s) is a base of the topology T at the point s € S.

Proof. In the case when A is a finite cardinal, Theorem 7 and the definition of a countably compact space imply
the statements of the theorem. Also, in this case the proof of the separate continuity of the semigroup operation in
(BY(S), 73) is trivial, and hence we omit it.

Suppose that A is an infinite cardinal. Then statement (i) follows from Remark 6 and Proposition 10 implies that %5(0)
is a base of the topology 73 at the zero 0 € BJ(S). The proof is completed by showing that the semigroup operation
in (BE(S), Tg) is separately continuous. We consider only the cases 0 (a, s, B) and (a, s, B) - 0, because in other cases
the proof of the separate continuity of the semigroup operation in (BJ(S), 73) is trivial.

Let K be an arbitrary finite subset in A x A and let U(Os) be an arbitrary open neighbourhood of the zero Os in (S, 7).
Then there exists an open neighbourhood V/(0s) in (S, 1) such that s- V(0s) € U(0s) and V(0s) - s € U(Os). Let K; be
such subset of A that K U {(a, B), (B, &)} C K; x Kj. Then we have that

Vi ko (0) - (o5, B) C Uk(0)  and  (a,5, B) - Vi (0) € U (0).

This completes the proof of the theorem. O

Theorem 12 implies the following corollary:

Corollary 13.

For any Hausdorff sequentially compact (resp., compact) semitopological monoid (S, t) with zero and for any car-
dinal A > 1 there exists a unique Hausdorff sequentially compact (resp., compact) topological Brandt X\°-extension
(BY(S), 13) of (S,7) in the class of semitopological semigroups, and the topology T3 is generated by the base
B =\J{Bs(1) | t € B)(S)}, where:

(i) Z5(t) = {(U(5)ap \ {0s} | U(s) € Bs(s)}, where t = (a, s, B) is a non-zero element of BY(S), a, B € A;

(ii) #p(0) = {UA(O) = U(a,B)e(/\x/\)\A Sep U U(y,a)eA(U(OS))y,é | A is a finite subset of A x X and U(0s) € %5(05)},

where 0 is the zero of BY(S),

and As(s) is a base of the topology T at the point s € S.

We proceed to show that the statement analogous to Proposition 10 holds in case BY(S) is a semiregular pseudocompact
space.

Proposition 14.

Let A be any cardinal > 1. Let (BE(S), TE) be a topological Brandt A’-extension of a semitopological monoid (S, T) with
zero in the class of semitopological semigroups. If (BE(S), rg) is a semiregular pseudocompact space then for every open
neighbourhood U(0) of the zero in (BS(S), rg) there exist finitely many pairs of indices (a, B) such that S, g ¢ U(0).

Proof.  Let 2(0) be a base of the topology 75 on BY(S) which consists of regular open subsets of (B}(S), 75). Fix
an arbitrary U(0) € #(0). We claim that there exist finitely many pairs of indices (a, B) such that S, 5 & clBg(s)(U(O)).

Otherwise, by Lemma 3 we have that & = {S;B \ clBg(S)(U(O)) |a,B e )\} is a family of open subsets of the topological
space (BS(S), T,’g). Simple verifications show that &2 is an infinite locally finite family, which contradicts the pseudo-
compactness of the space (BS(S), ‘rg). The obtained contradiction implies that there exist finitely many pais of indices
(a, B) such that S, g € clg(5)(U(0)).

Let V(0) be any open neighbourhood of the zero 0 in (BY(S), ). Then there exists an element U(0) of the base Z(0)
of the topology 3 on BY(S) which consists of regular open subsets of (B?(S), rg) such that V(0) C U(0) and by the
above there exist finitely many pairs of indices (a, B) such that S, g € dBE\’(S)(U(O))' Consider an arbitrary set S, g such
that Sqp C clBg(S)(U(O)). Then by Lemma 3 we have that S; ; C 'Lnth(S)(clBg(S)(U(O))) and since U(0) is a regular open
set we conclude that S, g € U(0). This completes the proof of the proposition. O
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The following theorem describes the structure of semireqular pseudocompact topological Brandt A’-extensions of semi-
topological monoids with zero in the class of semitopological semigroups.

Theorem 15.

For any semiregular pseudocompact semitopological monoid (S, t) with zero and for any cardinal A > 1 there exists a
unique semireqular pseudocompact topological Brandt \°-extension (BY(S), T3) of (S, 7) in the class of semitopological
semigroups, and the topology T3 is generated by the base Bg =|J{%s(1) | t € BY(S)}, where:

(i) Bs(t) = {(U(s))ap \ {0s} | U(s) € Bs(s)}, where t = (a,s, B) is a non-zero element of B)(S), a, B € A;

(ii) #p(0) = {UA(O) = U(a,B)E(/\X/\)\A Sep U U(yvé)eA(U(Os))y,(; | A is a finite subset of A x X and U(0s) € %’5(05)},

where 0 is the zero of BY(S),

and As(s) is a base of the topology T at the point s € S.

The proof of Theorem 15 is similar to the proof of Theorem 12 and is based on Proposition 14.
Theorem 15 implies the following corollary.

Corollary 16.

For any semireqgular countably pracompact semitopological monoid (S, T) with zero and for any cardinal A > 1 there
exists a unique semireqular countably pracompact topological Brandt X’-extension (B(S), 13) of (S, 1) in the class of
semitopological semigroups, and the topology T3 is generated by the base %g = | J {,%B(t) |t e BE(S)}, where:

(i) Bs(t) = {(U(s))ap \ {0s} | U(s) € Bs(s)}, where t = (a,s, B) is a non-zero element of B)(S), a, B € A;

(ii) Ap(0) = {UA(O) = U(a,B)e(/\X)\)\A Sep U U(yvé)eA(U(Os))yﬁ | A is a finite subset of A x A and U(0s) € %’5(05)},

where 0 is the zero of BY(S),

and PBs(s) is a base of the topology T at the point s € S.

By Theorems 12, 15 and Corollaries 13, 16 we have that for every semiregular pseudocompact (resp. semiregular
countably pracompact, Hausdorff countably compact, Hausdorff sequentially compact, Hausdorff compact) semitopological
semigroup (S, T) there exists a unique semiregular pseudocompact (resp., semiregular countably pracompact, Hausdorff
countably compact, Hausdorff sequentially compact, Hausdorff compact) topological Brandt A’-extension (BY(S), 73) of
(S, 1) in the class of semitopological semigroups. This implies the following corollary, which generalized Theorem 2
from [11].

Corollary 17.
Let A be an arbitrary cardinal > 1 and (S, 1) be a Hausdorff semitopological monoid with zero. Then the following
assertions hold:

(i) if (S, 1) is compact then the semireqular pseudocompact (resp., semireqular countably pracompact, Hausdorff
countably compact) topological Brandt A°-extension (BS(S), ‘rg) of (S, 1) in the class of semitopological semi-
groups is compact;

(éd) if (S, 1) is semireqular sequentially compact then the semiregular pseudocompact (resp., semireqular countably
pracompact, Hausdorff countably compact) topological Brandt A°-extension (BS(S), Tg) of (S, 1) in the class of
semitopological semigroups is sequentially compact;

(i) if (S, 1) is semiregular countably compact then the semiregular pseudocompact (resp., semiregular countably
pracompact) topological Brandt X’-extension (BY(S), 13) of (S, 1) in the class of semitopological semigroups is
countably compact;
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(iv) if (S, 1) is semiregular countably pracompact then the semireqular pseudocompact topological Brandt A°-extension
(BR(S), ‘rg) of (S, 1) in the class of semitopological semigroups is countably pracompact.

The following example shows that the statements of Theorem 15, Corollaries 16 and 17 are not true in the case when
the pseudocompact (resp., countably pracompact) space (B?(S), T;;) is not semiregular.

Example 18.
Let A be any infinite cardinal. Let S be the set {1} U {1 —1: n € w} with the semilattice operation min and the usual
topology t,. We define a topology 5 on BY(S) in the following way:

(i) the family Bg(a,s, B) = {(a, U,B) | U € 1,} is the base of the topology 73 at the non-zero element (a,s, B) €
BY(S); and

is the base of the topology 7§ at the zero 0 € BY(S).

Simple verifications show that (BS(S),TE) is a Hausdorff non-semiregular topological space. Since every nonzero
element (a, s, B) of the topological space (Bg(S), rg) has a base which consists of open-and-closed subsets we conclude
that the topological space (BR(S), Tg) is functionally Hausdorff (i.e., for every two distinct points x, y € X there exists
a continuous function f: X — [0, 1] such that f(x) = 0 and f(y) = 1).

Proposition 19.
If A is an infinite cardinal then (BY(S), 13) is a countably pracompact semitopological semigroup, where S is the
topological semigroup defined in Example 18.

Proof.  First we show that the topological space (BE(S), ‘rg) is countably pracompact. Simple observations show
that the set A = {(a,s,B) | s € S\ {0,1}} is dense in (BJ(S), 73). Let B be an infinite subset of A. If for some S,z
the set BN S, is infinite then the definition of the topology 73 implies that (a, 1, B) is an accumulation point of B in
(BY(S), 3). Otherwise, the definition of the topology 7 implies that zero 0 is an accumulation point of B in (BJ(S), 73).
The task is now to show that (BR(S), ‘rg) is a semitopological semigroup. For every

(i) if B =y then (a, V(s),B)- (v, V(t),0) C (a, U(s - t), 0) for open neighbourhoods V/(s), V(t) and U(s - t) of s, t and
s-tin S, respectively, such that V(s)- V(t) C U(s - t), because S is a topological semigroup;

(Vi) Uia,a).(0q.81).-Aam Balar,ar)olaman) * (€050 B) C Uiy 1).....(cn B0)-

Hence the semigroup operation in (BS(S), rg) is separately continuous. This completes the proof of the proposition. [

Remark 20.
In the case when A is an infinite countable cardinal (BJ(S), 73) is not a metrizable space because (B}(S), 73) is a
second countable space which is not regular (see Theorem 4.2.9 of [8]).
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Here and subsequently 3 denotes the the topology on the Brandt A’-extension BY(S) of a semitopological semigroup
S which is defined in Theorems 12 and 15.
The following proposition is proved by detailed verifications.

Proposition 21.
Let A by any cardinal > 1. Then (BY(S), t3) is a Hausdorff semitopological semigroup if and only if (S, 7) is a Hausdorff
semitopological semigroup.

Proposition 22.
Let A > 1 be any cardinal. Then the following conditions hold:

(i) the topological space (BY(S), t3) is regular if and only if the space S is reqular;
(ii) the topological space (BY(S), 13) is Tychonoff if and only if the space S is Tychonoff;

(iii) the topological space (B?(S), Tg) is normal if and only if the space S is normal.

Proof. (i) Implication (=) follows from Theorem 2.1.6 of [8].

(<) Suppose that the space S is reqular. We consider the case when cardinal A is infinite. In the case A < w the proof
is similar and follows from Theorem 7.

Fix an arbitrary point x € B)(S). Suppose that x € S;; ; for some o, B € A. Then the reqularity of S, Remark 6 and the
definition of the topology 5 on BY(S) imply that there exist open neighbourhoods V/(x) and U(x) of x in (BS(S), Tg)
such that clBg(S)(\/(x)) C Ulx) € S;p

We now turn to the case x = 0. Let Ux(0) be a basic open neighbourhood of 0 in (B&)(S), T“g)‘ Now, the regularity of
the space S implies that there exists an open neighbourhood V/(0s) of Os in S such that cls(V/(0s)) € U(Os). Next, by
Remark 6 the set (S \ cls(V/(0s)))ap is open in (BS(S), Tg) for any a, B € A, and hence Remark 6 implies the following
inclusion Clgg(s)(VA(O)) C Ua(0). This completes the proof of the statement.

(éi) Implication (=) follows from Theorem 2.1.6 of [8].

(<) Suppose that the space S is Tychonoff. We consider the case when cardinal A is infinite. In the case A < w the
proof is similar applying Theorem 7.

Fix an arbitrary point x € BJ(S). Suppose that x € S, p for some @, B € A Since by Lemma 3 the subspace S p is
homeomorphic to S, we identify S, g with S. Let U(x) be an open neighbourhood of the point x in (B}(S), 73) such that
U(x) C Ssp- Then by Proposition 1.5.8 of [8] there exists a continuous function f: S = S, — [0, 1] such that f(x) =1
and f(y) = 0 for all y € S, 5\ U(x). We define the map ¢: BY(S) — B(S) by the formula ¢(x) = (a, 15, @)-x- (B, 15, B).
Since (BS(S), Tg) is a semitopological semigroup we conclude that such map ¢ is continuous and hence the map
F: BY(S) — [0, 1] defined by the formula F(x) = f(¢(x)) is continuous. Moreover we have that F(x) = 1 and F(y) =0
for all y € BY(S)\ U(x).

It remains to prove that (BY(S), 73) is Tychonoff for x = 0. Let n be any positive integer. Then by Proposition 1.5.8 of
[8] for every open neighbourhood Vi(0s) of zero O0s in S, i = 1,..., n, there exists a continuous function fi: S — [0, 1]
such that f,i(0s) = 1 and f,i(y) = 0 for all y € S\ V¥(0s). The definition of the topology 73 on BY(S) implies that for
every open neighbourhood W(0) of zero 0 in (BY(S), T3) there exists finitely many indices (a1, B1), ..., (e, Ba) € A X A
and finitely many neighborhoods V'(0s), ..., V"(0s) of zero Os in S such that W(0) = \/(1(11 a0 NN Ve 6 (0). For
any a, B € A we identify the topological space S,p with S. Let ¢: BY(S) — BJ(S) be the map defined in the proof of
statement (i). Then the map F;: BY(S) — [0, 1] defined by the formula F;(x) = fyi(¢(x)) is continuous as a composition
of two continuous maps. Now the map F: B}(S) — [0, 1] defined by the formula F(x) = min{F1(x), ..., F,(x)} becomes
continuous (see [8, Section 1.4]). Simple verifications show that F(0) = 1 and F(y) = 0 for all y € BY(S)\ W(0). Then
Proposition 1.5.8 of [8] completes the proof of the statement.

Next we shall prove statement (iii).

(=) Suppose that (B(S), 73) is a normal space. By Lemma 3 we have that S, is a closed subset of (B}(S), 73) for
every a € A. Then by Theorem 2.1.6 from [8], S, is a normal subspace of (BE(S),T;;) and hence Definition 1 and
Lemma 2 imply that S is a normal space.

(<) Suppose that S is a normal space. Let F; and F, be arbitrary closed disjoint subsets of (BY(S), 73). Then only
one of the following cases holds:
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1) 0e Fiand0¢ F;
2) 0¢ Frand 0 & Fs.

Suppose case 1) holds. Since 0 & F, we conclude that the definition of the topology 73 on BY(S) implies that there
exists finitely many pairs of indices (a1, B1), ..., (an, Bn) such that F, C S7 o U---US; o . By Definition 1 and Lemma 2
we have that the space S is homeomorphic to the subspace S, g of (B}(S), 73) and hence S, 4 is a normal subspace of

(BE(S), Tg) for all @, B € A. Then there exist finitely many pairs of open subsets (U;«Bw U;’B1 ) A (U;n,Bn' Uﬁnﬂn) in
Sy Byr -+ 1 Say g respectively, such that the following conditions hold:

FiNSap € Usp € Sapyr -0 F1 0 Sa,p, € Us g C Sanpys

AN 5,11,191 C U;”& - vagw ..., FHn Sa”,f;” C Ugann C San,5n~
Put

U(F) = U g U+~ U UL 5 Ul J{Sag | (a.B) € Ax A\ {(a1,B). ..., (cn, Bn)}}

and U(F,) = U3 5 U---UUZ . Then we have that U(F1) N U(F,) = @ and the definition of the topology 73 implies
that U(F;) and U(F;) are open neighbourhoods of closed sets f; and F; in (BS(S), Tg), respectively.
Suppose case 2) holds. Then the definition of the topology 73 implies that there exists finitely many pairs of indices

(a1,B1), - -, (0, By) such that FFUF, C Sk , U---U Sjnﬁn. Now, similarly as in case 1) we can find finitely many pairs

.81
of open subsets (U}, 5, U2 5 ). (Ul g, UZ 5.) In Saipy- - - Say ., Tespectively, such that the following conditions
hold:
F1 N Sa‘\ B g U(L,Bq g 50(1 Brr o F1 n Sa,,,Bn g U;n,ﬁn g SO{mBn'
F2 N S”W B g U§1 B g S”W Brrocee F2 n S"n:ﬁn g U(?,,,B,, g Saann'
We put U(Fy) = U«1z1,81 Uu---u U;",B” and U(F) = U§1,B1 Uu---u U;,,B”. Then we have that U(F7) N U(F,) = @ and
the definition of the topology 75 implies that U(F;) and U(F,) are open neighbourhoods of closed sets F; and F; in

(B(S), 3). respectively. This completes the proof of the statement. O

Further we shall need the following lemma.

Lemma 23.
Let S be a semigroup with the zero Os. If a Hausdorff semitopological semigroup T contains S as a dense subsemigroup
then Os is zero in T.

Proof.  On the contrary, suppose that Os is not zero in 7. Then there exists t € T such that either t-0s # Os
or Os -t # 0s. If t-0s = x # 0s then the Hausdorffness of T implies that there exist open neighbourhoods U(0s)
and U(x) of the points Os and x in T, respectively, such that U(0s) N U(x) = @. Also, the separate continuity of
the semigroup operation in T implies that there exists an open neighbourhood V/(t) of the point t in T such that
V(t) - 0s C U(x). Since S is a dense subsemigroup of T we conclude that V(t) NS # & and hence we have that
0s € (V(t)Nn'S)-0s C V(t)- 0s C U(x), a contradiction. The obtained contradiction implies that t - 0s = 0s. The proof
of the equality Os - t = Os is similar. O

In the same manner we can see that next lemma holds.

Lemma 24.
Let S be a semigroup with the unit 1s. If a Hausdorff semitopological semigroup T contains S as a dense subsemigroup
then 15 is unitin T.
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3. Stone-Cech and Bohr compactifications of pseudocompact Brandt A°-extensions of semi-
topological monoids

We shall say that a Tychonoff space X has the Grothendieck property if for any Tychonoff space Z every separately
continuous map f: X x X — Z can be extended to separately continuous map f: BX x BX — BZ. We observe that if
X, Y and Z are Tychonoff pseudocompact spaces then every continuous map f: X x X — Z can be extended to separately

continuous map F:BX x BX - BZ [20]. Also [1, 20], a Tychonoff space X has the Grothendieck property provides that
X is pseudocompact and one of the following conditions holds:

(i) X is countably compact;

(éi) X has the countable tightness (i.e., t(X) = k, where t(X) is the minimal infinite cardinal x such that if x € X,
A C X and x € clx(A) then there exists B C A such that |B| < « and x € clx(B));

(iii) X is separable;
(iv) X is a k-space (i.e., X is a Hausdorff space which can be represented as a quotient space of a locally compact
space).

By Proposition 1.11 of [20] we have that if a Tychonoff space X has the Grothendieck property then every separately
continuous map f: X x X — X extends to a separately continuous map f: BX x BX — BX, and hence the following
proposition holds:

Proposition 25.
Let S be a Tychonoff semitopological semigroup with the Grothendieck property. Then BS is a compact semitopological
semigroup. Moreover, if 15 is the unit of S (resp., Os is the zero of S) then 15 is the unit of BS (resp., Os is the zero of

BS).
We observe that the last statement of Proposition 25 follows from Lemmas 23 and 24.

Theorem 26.
Let S be a Tychonoff semitopological monoid with the Grothendieck property and zero. Then for an arbitrary cardinal
A > 1 and the Tychonoff pseudocompact topological Brandt A’-extension (BJ(S), 13) of S in the class of semitopological

semigroups the compact topological Brandt A’-extension (BR(BS), Tgs) of BS contains (BY(S), 13).

Proof. By Proposition 25, BS is a compact semitopological monoid with zero Os and the unit 1s, which contains
S as a dense subsemigroup. We extend the embedding map B: S — BS onto Bj: BY(S) — BY(BS) by the formulae
B5(0) = 0 and B(v.s,6) = (v,B(s),d) for all y,6 € A Then by Theorem 15, BY(BS) with the topology Tgs is a
compact topological Brandt A’-extension of B8S in the class of semitopological semigroups. It is easily seen that the
map B5: B)(S) — BJ(BS) is an isomorphic topological embedding of the semitopological semigroup (BY(S), 73) into
the compact semitopological semigroup (BE(BS), Tgs). O

Theorem 26 implies the following corollary:
Corollary 27.
Let S be a Tychonoff pseudocompact semitopological monoid with zero such that one the following conditions holds:
(i) S is countably compact;
(ii) S has the countable tightness;
(iii) S is separable;

(iv) S is a k-space.
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Then for arbitrary cardinal A > 1 and for the Tychonoff pseudocompact topological Brandt A°-extension (BE(S), Tg) of S
in the class of semitopological semigroups the compact topological Brandt A’-extension (BE(BS), Tgs) of BS contains
(BJ(S). 73).

If X is a topological space, then by d(X) we denote the density of X, i.e,
d(X) = min {|A| | A is a dense subset of X}.

Proposition 28.
Let A by any cardinal > 1 and S be a Hausdorff semitopological semigroup. Then the following statements hold:

(i) t(BY(S) 13) = t(S);

(id) d (BY(S), 73) = max{A, d(S)};
(@) (B3(S)
(iv) (B(S)

, T3 ) is separable if and only if S is separable and A < w;

3)
,T3) is k-space if and only if S is k-space.

Proof. (i) Since S is homeomorphic to the subspace S;; of (B3(S), 73) for all i, j € A we conclude that the definition
of tightness of a topological space implies the following inequality t(S) < t(BR(S), Tg).

Suppose that t(S) = k > w. Then for every open subset A of S and every point x € cls(A) there exists B C A such that
|B| < k and x € cls(B).

Fix an arbitrary subset A of (BY(S), 73). Let x be an arbitrary point of (BJ(S), 73) such that x € clgy(s)(A).- We consider
two cases:

(1) x € 5;; for some i,j € X
(2) x is zero of the semigroup BY(S).

Suppose that case (1) holds. By Lemma 3, S}, is an open subspace of (BE(S), Tg) and since t(5;;) < #(S) we conclude
that there exists a subset BC AN S;; C A such that x € clBg(s)(B) and |B| < k.
Suppose that x is zero of the semigroup BY(S) and x € clBg(S)(A) for some A C BY(S). If the set A intersects infinitely

*

7 i, j € A, then there exists an infinite countable subset B of BY(S) such that the following conditions holds:

many sets S
(1) either BN S;; = @ or BN S}, is a singleton for all i, j € A, and
(2) BCA

Then the definition of the topology 73 on BJ(S) implies that x € clB(A)(S)(B)A In the other case there exist finitely

many subsets S; ..., S; . of B)(S) such that A C S U---US; . U{x}and x € cls, , (ANS} ),....x €
" (AnS; ). Since t(S) < k we conclude that there exist B;,; € S ,..., B C S; , such that |B; ;| <

Ky ..o, t‘k.jk| Skandx eds, (Biyji) -0 x €cls Bi, i )- Then the definition of the topology 73 on BY(S) implies

that t (BY(S), 73) < «.

(ii) Let A be a dense subset of the topological space S. Then the definition of the topology 3 on BJ(S) implies that Ag =

U A;j is a dense subset of the topological space (B}(S), 73), and hence we have that d (B}(S), 73) < max {4, d(S)}.

ijer

By Lemma 2 we have that the space S is homeomorphic to the subspace S;; of (BJ(S), t3) for all i,j € A, and hence

.41
Cls

ik (

we get that d(S) = d(S;)). If A is a dense subset of the topological space (BY(S), 73) then since by Lemma 3, Sijisan
open subset of (BJ(S), 73) we have that AN S, is a dense subset of 57, and hence we get that d(S;;) < d (BY(S). 73)
forall i, j € A Then the set {0} U(ANS;)) is dense in S;;, and hence we get that d(S) = d(S;)) < d (BB(S), Tg). Also,
since S;; is an open subset of the topological space (BY(S), 73) we conclude that if A is a dense subset of (B}(S), 73)
then A < |A|. This implies the inequality A < d (B(S), 13) which completes the proof of the statement.

Statement (iii) follows from (ii).
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(iv) If (BO(S) TB) is a k-space then the definition of the topology 73 implies that S;; is a closed subset of (BO(S) Tg)

for all i, j € A, and hence by Theorem 3.3.25 from [8] and Lemma 2 we have that S is a k-space.
Suppose that S is a k-space and .27 (A) is the one-point Alexandroff compactification of the infinite discrete space A with
the remainder a. Then by Theorem 3.3.27 from [8] we have that 2/(A) x S with the product topology is a k-space. We
put

J ={(a,s)|s€ S}U{(i,0s) | i € A and Os is zero of S} .

Then the definition of the space /() x S implies that _# is a closed subset of 27(A) x S.

Simple verifications show that the relation Qg = (I *x F)UAypxs, where A xs is the diagonal of &7(A) x S, is
an equivalence relation on 47(A) x S.

Next we shall show that Q 4 is a closed relation on o7 (A) x S. Fix an arbitrary ((i, s), (j, t)) € (&7 (A) x S) x (&7 (A) x S))\
Q 7. Since Q y is symmetric we need only to consider the following cases:

(1) i=a, j# a, and t # Os;

(2) i=j#a, s=0s and t #0s;

() i=j#aandOs#s#t+#0s
4) a#i+j#a s%0s and t #0s.

In case (1) the Hausdorffness of S implies that there exists an open neighbourhood U(t) of the point t in S such that
U(t) $ 0s. Then the definition of the topological space <7 (A) implies that («/(A)\ {j}) x S and {j} x U(t) are open
disjoint neighbourhoods of the points (i, s) and (j, t) in o7 (A) x S, respectively, and hence ((i, s), (j, t)) is an interior point
of the set ((27(A) x S) x (&(A) x S))\ Q ;.

In case (2) the Hausdorffness of S implies that there exist an open neighbourhoods U(s) and U(t) of the points s = Os
and t in S, respectively, such that U(s) N U(t) = @. Since i = j # a is an isolated point of the space <7(A) we have
that {i} x U(s) and {j} x U(t) are open disjoint neighbourhoods of the points (i, s) and (j, t) in /() x S, respectively,
and hence ((i, s), (j, t)) is an interior point of the set ((<(A) x S) x (&Z(A) x S))\ Q z.

In cases (3) and (4) the proofs of the statements that ((i, s), (j, t)) is an interior point of the set ((<7(A) x S) x (&/(A) x S))\
Q » are similar to (2) and (1), respectively.

Therefore we have that Q » is a closed equivalence relation on the topological space </(A) x S and hence the quotient
space (#/(A) x S) /Q » (with the quotient topology) is a Hausdorff space. Thus, the natural map Q¢ A(A) xS -
(/(A) x S)/Q ¢ is a quotient map and by Theorem 3.3.23 from [8] we get that (&/(A) x S)/Q & is a k-space for
every infinite cardinal A. Also, we observe that for every finite subset Kz;, C o7(A) such that @ € K¢i, we have that
T , (Ktin X S) is a k-space by Theorem 3.3.23 of [8], because the definition of the space &/(A) x S implies that A x S*
is an open subspace of 7 (A) x S for every subset A C &7 (A) \ {a}.

We observe that if A is an infinite cardinal then [A x A| = A and simple verifications show that the map 7: (BY(S), 13) —
(#(A) x S)/Q g defined by the formulae

fli,s j)=(i.j,s) EAxAxS" ifs€ S and f(0)=mq,(F x 7)
is a homeomorphism in the case when we identify cardinal A with its square A x A. This completes the proof of statement
(iv). O

Recall [7] that a Bohr compactification of a semitopological semigroup S is a pair (b, B(S)) such that B(S) is a compact
semitopological semigroup, b: S — B(S) is a continuous homomorphism, and if g: S — T is a continuous homomorphism
of S into a compact semitopological semigroup T, then there exists a unique continuous homomorphism f: B(S) — T
such that the diagram

54>B

\/
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commutes. In the sequel, similar as in the general topology by the Bohr compactification of a semitopological semigroup
S we shall mean not only pair (b, B(S)) but also the compact semitopological semigroup B(S).

The definition of the Stone-Cech compactification implies that for every Tychonoff semitopological monoid S with the
Grothendieck property any continuous homomorphism h: S — T into a compact semitopological semigroup T has the
unique extended continuous homomorphism Bh: BS — T. This implies that the Bohr compactification of S in this case
coincides with its Stone-Cech compactification 8S. Hence Proposition 28 implies the following two theorems.

Theorem 29.

Let S be a Tychonoff pseudocompact semitopological monoid with zero such that one the following conditions holds:
(i) S is countably compact;
(i) S has the countable tightness;
(iii) S is a k-space.

Then for arbitrary cardinal A > 1 and for the Tychonoff pseudocompact topological Brandt A°-extension (BY(S), 13)
of S in the class of semitopological semigroups the Stone-Cech compactification B (BS(S), Tg) is a compact semitopo-
logical semigroup and, moreover, the Bohr compactification B (BY(S), t3) of (BY(S), 13) is topologically isomorphic to
B(B(S). 73)-

Theorem 30.

Let A > 1 be a countable cardinal and S be a Tychonoff separable pseudocompact semitopological monoid with zero.
Then the Stone-Cech compactification B (B(A)(S), Tg) of the Tychonoff pseudocompact topological Brandt A°-extension
(BE(S), Tg) of S in the class of semitopological semigroups is a compact semitopological semigroup and, moreover, the
Bohr compactification B (BY(S), 73) of (BY(S), t3) is topologically isomorphic to B (B3(S), 73).

The following theorem is an analogue of the Comfort-Ross Theorem for topological group (see [6]).

Theorem 31.
Let A > 1 be any cardinal and S be a normal countably compact semitopological monoid with zero. Then the Stone-
Cech compactification B (BY(S), 13) of a countably compact topological Brandt °-extension (BY(S), 13) is topologically

isomorphic to the compact topological Brandt A’-extension (BS(BS), rﬁs) of BS.

Proof.  Theorem 29 implies that B (B}(S), 73) is a compact semitopological semigroup which contains (BY(S), 73) as
a dense subsemigroup. By Theorem 12 we have that 73 is a unique Hausdorff topology on BY(S) such that (B}(S), 73)
is a countably compact semitopological semigroup and by Proposition 22 (iii) the space (B(A)(S), Tg) is normal. Now,
Corollary 3.6.8 of [8] implies that clB(BE(S)’Tg)(Sl,K) = B(S.«) = BS forall , k € A. We observe that the separate continuity
of the semigroup operation in B (B}(S), 73 ) implies that (1, 15, 1)-x-(k, 15, k) = x forallx € S, C B(S.x) C B (BI(S). 13).
where (, k € A

Fix an arbitrary x € B (B}(S), 73) \ BY(S). Then the Hausdorffness of B (BJ(S), 73) and Theorem 12 imply that there
exists an open neighbourhood U(x) of the point x in B (BY(S), 73) which intersects finitely many sets S;,, 1,k € A
Next we shall show that there exist i, ky € A and open neighbourhood V/(x) of the point x in B (BR(S), T;;) such that
V(x) N BY(S) C S; .. Suppose to the contrary that V(x) N BY(S) € S, for any open neighbourhood V/(x) of the point x
in B (BE(S), Tg) and any pair of indices (1, k). Then there exists at least one pair (v, 8) # (1, ) such that V(x)NS; 5 #+ @.
Then Lemma 23 implies that the zero 0 of B)(S) is zero of B (BJ(S), 73) and hence x # 0. If (1,1s,1) - x - (k, 15, k) =0,
then there exist open neighbourhoods W(0) and W/(x) of the points 0 and x in B (BJ(S), 73), respectively, such that the
following conditions hold:

WO NnW(x) =2, WK C VK and (41s 1) W) - (k 1s, k) C W(0).
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But W(x) NS, # @ and hence we have that ((¢,1s,1) - W(x) - (k, 15, k)) N W(x) # &, a contradiction. If (;,1s,1) - x -
(k,1s,k) = y # 0, then for every open neighbourhood W(y) % 0 of the point y in B (BJ(S), 73) there exists an open
neighbourhood W(x) of x in B (BJ(S), 13) such that (1, 1s,1) - W(x) - (k, 15, k) € W(y). Since W(x) N Sy 5 for some
(v.0) # (1, k) we get that 0 € (1,15, 1) - W(x) - (x, 15, k) € W(y), a contradiction. The obtained contradictions imply that
X € ClB(Bg(S),rg)(Sw) = B(S, ) for some 1,k € A.

The separate continuity of the semigroup operation in B (BY(S), 73) and Lemma 23 imply that

B(S.), if (1k) = (v, 0)
S NB(Sys) = o
B(Sik) N B(Sy.s) { {0}, if (LK) # (v, 0)
and (1, 1s,1)-x-(k, 15, k) = x for any x € B(S,.) and all (, k, y, 8 € A. Next, we suppose that the map f,,.: BS — B(S..)
identifies the compact spaces BS and B(S,.) such that f,(1s) = (1, 1s,k) € B(S.«) and f.(0s) = 0 € B(S.) C
B (BJ(S), 13). Then the map /: BY(BS) — B (B}(S), 73) defined by the formula

_ ) fx), x € (BS)u
f(x)_{o, if x =0,

is an algebraic isomorphism. Therefore, B (BR(S), Tg) is a compact Brandt A\°-extension of BS. Theorem 12 completes
the proof. O

Remark 32.

We observe that by Theorem 3.10.21 from [8] every normal pseudocompact topological space is countably compact
and hence Theorem 31 holds in the case of pseudocompact topological Brandt A°-extensions of normal semitopological
semigroups.

4. On categories of pseudocompact topological Brandt A°-extensions of semitopological semi-
groups

Definition 33 ([16]).
Let A be any cardinal > 2. We shall say that a semigroup S has the B} -property if S satisfies the following conditions:

1) S does not contain the semigroup of A x A-matrix units;

2) S does not contain the semigroup of 2 x 2-matrix units B, such that the zero of B, is the zero of S.
Theorem 34.
Let A and X, be any cardinals such that A, > M > 1. Let BY (S) and B) (T) be topological Brandt A- and A)-extensions
of semiregular pseudocompact semitopological monoids S and T with zero, respectively. Let h: S — T be a continuous
homomorphism such that h(0s) = Oy and ¢@: Ay — A, an one-to-one map. Let e be a non-zero idempotent of T, H, a

maximal subgroup of T with unit e and u: Ay - H. a map. Then I, = {s € S| h(s) = 07} is a closed ideal of S and
the map o BY (S) — BY, (T) defined by the formulae

. . -1 H .
s, B)):{(¢(a),u(a) ) B 0B, T 5 € 5\

and (01)o = 0y, is a non-trivial continuous homomorphism from 821 (S) into Bf\)z(T), where 01 and 0, are zeros of ng (S)
and BSZ(T), respectively. Moreover, if for the semigroup T the following conditions hold:

(i) every idempotent of T lies in the center of T,
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(it) T has By, -property,

then every non-trivial continuous homomorphism from BR1 (S) into BRZ(T) can be constructed in this manner.

Proof.  The algebraic part of the proof follows from Theorem 3.10 of [16].

Since the homomorphism h is continuous, /, = h='(07) is a closed ideal of the semitopological semigroup S.

Our next goal is to show that the homomorphism ¢ is continuous provides h is continuous. We consider the following
cases:

(i) 0(04) = 02;
(i)) o((a,s,B)) = 0y, e, s € [}; and

(ii)) o((a,s, B) = (¢p(a), u(a) - h(s) - (u(B) ™", (B)),

where (a, s, B) is any non-zero element of the semigroup 821 (S).

Without loss of generality we may assume that ¢: Ay — A, is a bijection. Moreover, to simplify the proof we can assume
that (a)¢p = a for all a € A;.

We begin from case (i). Let Ua(0;) = U(a,B)e(AzxAz)\A Sap U U(m)eA(U(OT))y,g be any open basic neighbourhood of the
zero 0; in BRZ(T). Since left and right translations in T and the homomorphism h: S — T are continuous maps, we
have that for any u(a), (u(B))™" € 821 (S) there exists an open neighbourhood V#(0s) in S such that u(a)- h(V#(0s))-
(u(B))~" C U(07). Put V(0s) = Niepren VaB(0s) and V4(01) = Uieprzinxana Sas Y Uy.5ea(V(0s))y.6. Then we get that
O'(VA(01)) - UA(Oz)

In case (ii) we have that h(s) = 07. Let Ua(0;) = U(a,B)E(AzxAz)\A SQ,EUU(M)EA(U(OT))W; be any basic open neighbourhood
of the zero 0, in Bgz(T). Since left and right translations in T and the homomorphism h: S — T are continuous maps,
we conclude that for the open neighbourhood U(07) of the zero O7 in T there exists an open neighbourhood V/(s) of the
point s in S such that u(a) - h(V(s)) - (u(B))™" € U(01). Therefore we have that o((V(s))ap) C Ua(02).

Next we consider case (iii). Let U, g be any basic open neighbourhood of the point a((a, s, B)) = (a, (a)u-(s)h-((B)u)~", B)
in the topological space BQZ(T). Since left and right translations in the semigroup T and the homomorphism h: S —
T are continuous maps, we conclude that there exists an open neighbourhood V/(s) of the point s in S such that
u(a) - h(V(s)) - (u(B))™' C U and hence we get that o((V(s))ap) C Uap-

Since left and right translations in the topological semigroup BEZ(T) are continuous and any restriction of a continuous
map is continuous, we conclude that the continuity of the homomorphism o: 321(5) — BSZ(T) implies the continuity of
h. O

Next we define a category of pairs of semiregular pseudocompact semitopological monoids with zero and sets, and a
category of semireqular pseudocompact semitopological semigroups.
Let S and T be semiregular pseudocompact semitopological monoids with zeros. Let CHom(S, T) be a set of all
continuous homomorphisms g: S — T such that g(0s) = 07. We put

E”(S, T) = {e € E(T) | there exists o € CHom(S, T) such that a(1s) = e}
and define the family

HP(S, T)={H(e) | e € E*(S, T)},

where by H(e) we denote the maximal subgroup with the unit e in the semigroup 7. Also by PETB we denote the
class of all semireqgular pseudocompact semitopological monoids S with zero such that S has B*-property and every
idempotent of S lies in the center of S.

We define a category T FP6€% as follows:

(i) Ob(TL2CB) = {(S.A) | S € PEITB and A is a nonzero cardinal}, and if S is a trivial semigroup then we identify
(S, A1) and (S, Ay) for all nonzero cardinals Ay and A;
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(ii) Mor(TPEAB) consists of triples (h, u, ¢): (S, A) = (S’, A), where

h: S — S’ is a continuous homomorphism such that h € CHom(S, S'),
u: A — Hle) is a map, for H(e) € 74'”(S, S"),

@: A — A’ is an one-to-one map,

with the composition
(hou,@)(h',u’, @) = (hh",[u, @, h", u’], p¢"),

where the map [u, ¢, h’, u’]: A — H(e) is defined by the formula

[u, @, h' u')(a) = u'(p(a))- h'(u(a)) for a € A.

Straightforward verification shows that .72%¢% is the category with the identity morphism gs 5 = (lds, v, Id,) for any
(S,4) € Ob(TPE€B), where Ids: S — S and Id,: A — A are identity maps and up(a) = 15 for all a € A.
We define a category B*(TP€.7) as follows:

(i) let Ob(%B*(T2%.7)) be all semiregular pseudocompact topological Brandt A’-extensions of semireqular pseu-
docompact semitopological monoids S with zero in the class of semitopological semigroups such that S has
B*-property and every idempotent of S lies in the center of S;

(ii) let Mor(#*(T2%.%)) be all homomorphisms of semireqular pseudocompact topological Brandt A°-extensions
of semireqular pseudocompact semitopological monoids S with zero such that S has B*-property and every
idempotent of S lies in the center of S.

For each (S, A1) € Ob(.TP€%) with non-trivial S, let B(S, A1) = 321 (S) be the semireqular pseudocompact topological
Brandt Ad-extension of the semiregular pseudocompact semitopological monoid S in the class of semitopological semi-
groups. For each (h,u, ¢) € Mor(TP€%) with a non-trivial continuous homomorphism h, where (h, u, ¢): (S, A1) —
(T, A2) and (T, 42) € Ob(TP6H), we define a map B(h, u, ¢): B(S, A1) = B}, (S) = B(T, A2) = BY (T) in the following
way:
(#l). ule) - h(s) - (u(B) " 9(B)). i s € S\ Iy

0,, it sel;,

[B(h, u, @)l((a,s,B) = {

and [B(h, u, 9)](01) = 0y, where I, = {s € S| h(s) = 07} is a closed ideal of S and 0y and 0, are the zeros of the
semigroups 821 (S) and BSZ(T), respectively. For each (h, u, ¢) € Mor(F7P€%) with a trivial homomorphism h we define
amap B(h,u,9): B(S, ) = 821 (S) = B(T,A) = BSZ(T) as follows: [B(h, u, ¢)|(a) = 0, for all @ € B(S, I},) = BgW(S).
If S is a trivial semigroup then we define B(S, A1) to be a trivial semigroup.

A functor F from a category € into a category %" is called full if for any a,b € Ob(%) and for any #-morphism
a: Fa — Fb there exists a ¥-morphism B: a — b such that FB = «, and F called representative if for any a € Ob(.%")
there exists b € Ob(%) such that a and Fb are isomorphic [19].

Theorem 4.1 [16] and Theorem 34 imply

Theorem 35.
B is a full representative functor from TP€R into B*(TPE.S).

Remark 36.

We observe that the statements similar to Theorem 35 hold for the categories of semireqular countably pracompact
(resp., Hausdorff countably compact, Hausdorff sequentially compact, Hausdorff compact) semitopological monoids and
nonempty sets and corresponding to them semiregular countably pracompact (resp., Hausdorff countably compact, Haus-
dorff sequentially compact, Hausdorff compact) topological Brandt A’-extensions of semireqular countably pracompact
(resp., Hausdorff countably compact, Hausdorff sequentially compact, Hausdorff compact) semitopological monoids in the
class of semitopological semigroups. Moreover in the case of semiregular pseudocompact (resp., semireqular countably
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pracompact, Hausdorff countably compact, Hausdorff sequentially compact, Hausdorff compact) semitopological semilat-
tices the functor B determines the equivalency of such categories and corresponding to them categories of semiregular
pseudocompact (resp., semiregular countably pracompact, Hausdorff countably compact, Hausdorff sequentially compact,
Hausdorff compact) topological Brandt A°-extensions of countably compact (resp., semireqular countably pracompact,
Hausdorff countably compact, Hausdorff sequentially compact, Hausdorff compact) semitopological semilattices with
zero in the class of semitopological semigroups. The last assertion follows from Proposition 4.3 [16].

Comfort and Ross [6] proved that the Stone-Cech compactification of a pseudocompact topological group is a topological
group. Therefore the functor of the Stone-Cech compactification B from the cateqory of pseudocompact topological
groups back into itself determines a monad. Gutik and Repovs in [15] proved the similar result for countably compact 0-
simple topological inverse semigroups: every countably compact O-simple topological inverse semigroup is topologically
isomorphic to the topological Brandt A°-extension of a countably compact topological group with adjoined isolated zero
for some finite non-zero cardinal A and the Stone-Cech compactification of a countably compact O-simple topological
inverse semigroup is a compact O-simple topological inverse semigroup (see Theorems 2 and 3 in [15]). Hence the functor
of the Stone-Cech compactification B: B*(€€.TY) — B*(€€.T%Y) from the category of Hausdorff countably compact
Brandt topological semigroups #*(¢'¢.5%) into itself determines a monad [16]. Also, in [14] were obtained similar results
to [15] for pseudocompact completely O-simple topological inverse semigroups. There was proved that every countably
compact completely O-simple topological inverse semigroup is topologically isomorphic to the topological Brandt A°-
extension of a pseudocompact topological group with adjoined isolated zero for some finite non-zero cardinal A and
the Stone-Cech compactification of a pseudocompact completely O-simple topological inverse semigroup is a compact
0-simple topological inverse semigroup (see Theorems 1 and 2 in [14]).

By #* (X €T%) we denote the category of completely 0-simple Hausdorff pseudocompact topological inverse semigroup,
i.e., the objects of B*(FP€.7%) are Hausdorff pseudocompact Brandt topological inverse semigroups and morphisms in
B (PE€TY) are continuous homomorphisms between such topological semigroups. Then Theorem 2 from [14] implies
the following:

Corollary 37.
The functor of the Stone-Cech compactification B: B*(PE€TY) — B*(P€TY) determines a monad.
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