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Abstract

We investigate the existence of positive solutions for a system of non-
linear Riemann-Liouville fractional differential equations, subject to multi-
point boundary conditions. Existence results for systems of nonlinear Ham-
merstein integral equations are also presented. Some nontrivial examples
are included.
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1. Introduction

Fractional differential equations describe many phenomena in various
fields of engineering and scientific disciplines such as physics, biophysics,
chemistry, biology (such as blood flow phenomena), economics, control the-
ory, signal and image processing, aerodynamics, viscoelasticity, electromag-
netics, and so on (see [8], [10], [20], [23], [24], [25]). For some recent devel-
opments on the topic, see [1]-[7], [9], [11]-[12], [19], [22] and the references
therein.
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In this paper, we consider the system of nonlinear ordinary fractional

differential equations

(9) { D u(t) + Af(t,u(t),v(t)) =0, t€(0,1), n—1<a<n,
Dy v(t) + pg(t,u(t),v(t)) =0, t € (0,1), m—1< 8 <m,

with the multi-point boundary conditions

p
u(0) = w/(0) = --- = u""D(0) =0, u(l) =) au(&),

(BC) Zjl
0(0) = /(0) = - =0 (0) = 0, w(1) =) biw(n:),

=1

wheren, meN,n, m>2,p,qe N, a; e Rforalli=1,...,p, b; € R for
allt=1,...,q,

0<E < <<, O0<ny <+ <y <1,

Dg, and Dg . denote the Riemann-Liouville derivatives of orders o and 3,
respectively.

We shall give sufficient conditions on A, i, f and ¢ such that positive
solutions of () — (BC) exist. By a positive solution of problem (5)— (BC)
we mean a pair of functions (u,v) € C([0,1]) x C(]0, 1]) satisfying (S) and
(BC) with u(t) > 0, v(t) > 0 for all t € [0,1] and sup u(t)+ sup v(t) > 0.

te[0,1] t€(0,1]
The system (S) with a« = n, 8 = m, f(t,u,v) = a(t) f1(u,v), g(t,u,v) =
b(t)g1(u,v) and the boundary conditions (BC') has been studied in [14],
(see also [15] for a generalization of the problem investigated in [14]).

In Section 2 we present the necessary definitions and properties from
the fractional calculus theory and then we give some auxiliary results which
investigate a nonlocal boundary value problem for fractional differential
equations. In Section Bl we prove two existence theorems for the positive
solutions with respect to a cone for our problem (S) — (BC), which are
based on the Guo-Krasnosel’skii fixed point theorem. Existence results for
general systems of nonlinear Hammerstein integral equations are presented
in Section Ml Finally, some examples are given in Section [§] to illustrate
our main results.

2. Preliminaries and auxiliary results

We present here the definitions, some lemmas from the theory of frac-
tional calculus and some auxiliary results that will be used to prove our
main theorems.
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DEFINITION 2.1. The (left-sided) fractional integral of order a > 0 of
a function f : (0,00) — R is given by

I D0 = 1oy [ €= (@) ds 1> 0

provided the right-hand side is pointwise defined on (0, c0), where I'(«) is
o0
the Euler gamma function defined by I'(«) = / t*te~tdt, a > 0.
0

DEFINITION 2.2. The Riemann-Liouville fractional derivative of order
a > 0 for a function f : (0,00) — R is given by

oo =(5) weno= 0t (G) [ ot

t > 0, where n = [a] + 1, provided that the right-hand side is pointwise
defined on (0, 00).

The notation [a] stands for the largest integer not greater than a. We
also denote the Riemann-Liouville fractional derivative of f by Dg, f(t).
If « = m € N then Dg} f(t) = f™(t) for t > 0, and if @ = 0 then
D3, f(t) = f(t) for t > 0.

LeMmA 2.1. ([20]) a) If « > 0, 8 > 0 and f € LP(0,1), (1 <p < c0),
then the relation (I§‘+Ig+f)(t) = (Igj_rﬁf)(t) is satisfied at almost every
point t € (0,1). If «+ (8 > 1, then the above relation holds at any point of
0,1].
| ]b) If « >0 and f € LP(0,1), (1 <p < o0), then the relation
(Dg I, f)(t) = f(t) holds almost everywhere on (0,1).

c) Ifa>p >0and f € LP(0,1), (1 < p < o0), then the relation
(D€+Ioo‘+f)(t) = (Ig:ﬁf)(t) holds almost everywhere on (0,1).

LeEMMA 2.2. ([20]) Let « > 0 and n = [a] +1 for a ¢ N and n = « for
« € N; that is, n is the smallest integer greater than or equal to «. Then,
the solutions of the fractional differential equation D u(t) =0, 0 <t <1,
are
ut) = et et P et 0 <t <1,

where cq, co, ..., ¢, are arbitrary real constants.

LEMMA 2.3. Let a > 0, n be the smallest integer greater than or
equal toa (n—1 < a <n)andy € L'(0,1). The solutions of the fractional
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equation D, u(t) +y(t) =0, 0 <t <1, are

ult) = - F(loz

where cq, co, ..., ¢, are arbitrary real constants.

t
) / (t— ) ly(s)ds + et L f et 0<t <1,
0

P roof By Lemma[2d]b), the equation Dg, u(t) + y(t) = 0 can be
written as
Dy u(t) + Doy (I y)(t) =0 or Dy (u+ Igyy)(t) = 0.
By using Lemma [2.2], the solutions for the above equation are

u(t) + I§‘+y(t) = Clto‘_l o AL
U(t) = _I(?+y(t) + Clta_l + .+ Cnta—n
t

1
= P / (t—s) 2 y(s)ds +c1t® P+ et 0<t <1,
0
where ¢y, ca, ..., ¢, are arbitrary real constants. O

We consider now the fractional differential equation
D u(t) +y(t) =0, 0<t<1l, n—-1<a<n, (2.1)
with the multi-point boundary conditions

u(0) =/ (0) = =u"2(0) =0, u(l) =Y au), (22
=1

wheren € Nyn > 2, pe N, 0 <& <o <& <1, a € R for all
1=1,...,p.

LEMMA 2.4. If0 <& <~ <& <l,a;€Rforalli=1,...,p,

P
Ay =1-— Zaiﬁf‘_l # 0 and y € C([0,1]), then the solution of problem

21)-22) Z1':1g1'ven by
_ 1 t _Sa—l s) ds ta_l ! _Sa—l s) ds
) ==y [ =9 [
P &i
- Zai (& — 5)* y(s) ds] , 0<t <1,
i=1 70

(2.3)

P r o o f. By Lemma [2.3] the solutions of equation (2.1]) are

u(ty=—

t
() /0 (t— ) ty(s)ds 4+ et L+ - 4t ™,
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with ¢1, ..., ¢, € R. By using the conditions u(0) = '(0) =---= u(*2)(0) =
0, we obtain ¢g = --- = ¢, = 0. Then, we conclude

u(t) = ct* ! — F(la) /0 (t — ) Ly (s) ds.

Now, by condition u(1) = Z a;u(&;), we deduce
i=1

(H_Pé)Awl—@WJM@dS

from which we find

1 (1 [t @
e = A, <F(a) /(; (1 _ S)a 1 ds — ZQZ/ S)dé’).

Therefore, we obtain the expression (2.3]) for the solution of problem (2.1])-
2.2). O

LEMMA 2.5. Under the assumptions of Lemmal2.4] the Green function
for the boundary value problem (21))-(2.2) is given by

Gult,s) = gi(t,s) + XEM&,, S el01x[01,  (24)

where
, 0<s<t<1,

a—1 —s a—1 _
1 { (1 =) (- 25)

5)*”
i1 —s)l 0<t<s<1.

P r o o f. By Lemma [2.4] and relation (2.3]), we conclude

—_ 1 ! a—1 _Sa—l_ _Sa—l s) ds
MUINM{AU (1)~ (= 9 y(s)d

1
—i—/ 71— 5)* y(s) ds — /0 t7 1 — 5)2 Ly (s) ds

t

ta—l 1 a1 B p | & N -
oA [/0 (L—s)"""y(s)ds Zz:;az/o (& —s) y(s)dsl}

— 1 ! a—1 _Sa—l_ _Sa—l s) ds
~ e L[ =0 = = )
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a— 1 . 1 o ¢ ca—1
+ [t Ly(s) ds 1(1 Zalg )

t

X /Olto‘ '1- y(s)ds + tO‘A_ll [/011(11_ ) Ly(s) ds
Zz:al /0& 5)*y(s) ds] } — F(la) {/Ot e (1 — )

1

— (t—9)*" ] ()d8+/t t2 (1 — 5)*y(s) ds

ot 1 —5)* ly(s)ds — pa- “ — )Y Ly(s)ds
gs | a9ty > YACER y()d”
= F(loz) {/0 [ta_l(l — sl —(t— 5)0‘_1] y(s)ds
ZGZ/ ga 1 Sa 1
— (& —s)] dS-I—Zaz/ (1 —s)o ! (s)ds]}

1
:/0 [glts Zazgl (&, s ] (s)ds:/o Gi(t,s)y(s)ds

1
+/ 1 —s)*y ds+
t

where ¢; is given by (2.5]). Hence u(t / G1(t,s)y(s) ds, where G is
given in (2.4)). O
LEMMA 2.6. The function g, given by (2.3) has the properties:

a) g1 : [07 1] X [07
all (t,s) € 0,1] x [0,

| — Ry is a continuous function and ¢ (t,s) > 0 for

]

b) g1(t,s) < g1(01(s),s), for all (t,s) € [0,1] x [0,1].

1
1

c¢) For any c € (0,1/2),
min g1(t,s) > 1191(01(s),s), for all s € [0,1],

te€le,1—]
where y1 = 71, 01(s) = s if l <a <2, (n=2),
T se(0),
and 01(s) = 1_%:;)0_2 if n—1<a<mn, n>3.
s =0,

a—1’
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The proof of Lemma is similar to that of Lemma 3.3 from [I§]
-2
(see also [16]). For n > 3, we define #; at s = 0 as « 1 50 that 67 is a
o'

continuous function.

p
LEMMA 2.7. Ifa; >0 foralli=1,...,p, Ay =1— Zaiﬁf‘_l > 0,
i=1
0 <& <--- <& <1, then the Green function Gy of the problem (2.1))-
(2.2) is continuous on [0, 1] x [0, 1] and satisfies G1(t,s) > 0 for all (t,s) €
[0,1] x [0,1]. Moreover, if y € C([0,1]) satisfies y(t) > 0 for all t € [0, 1],
then the unique solution u of problem (21)-(2.2) satisfies u(t) > 0 for all
t €[0,1].

P r o o f. By using the assumptions of this lemma, we have G1(¢,s) > 0
for all (t,s) € [0,1] x [0,1], and so u(t) > 0 for all ¢ € [0, 1]. 0

LEMMA 2.8. Assume that a; > 0 for all ¢ = 1,...,p, A1 = 1 —

Zazﬁa 1'>0,0<¢ <--- <& < 1. Then the Green function Gy of the

prob]em (Z1)-(22) satisfies the inequalities:
a) Gy(t,s) < Ji(s), Y (t,s) € [0 1] x [0, 1], where

Ji ( ) - 91(91 Zazgl gzv ) [ ]
b) For every ¢ € (0,1/2), we have

l[mlln ]Gl(t ,8) > mJ1(s) > nGi(t',s), Vi, s €0,1].
te|lc c

P r o o f. The first inequality a) is evident. For part b), for ¢ € (0,1/2)
and t € [c,1 —¢], ', s € [0,1], we deduce

Gl(t7 8) 2 c* ! (91 Zazgl 517
=1 (91(91 Zazgl §ir s ) =mJ1(s) > nGi(t, s).

Therefore, we obtain the inequalities b) of this lemma. O
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LEMMA 2.9. Assume that a; > 0 for all ¢ = 1,...,p, A1 = 1 —
P
> agd ™t >0,0< G < <G <1 ce(0,1/2) and y € C([0,1)),
i=1
[0,
(

y(t) > 0 for all t € [0,1]. Then the solution u(t), t € | of problem
]

— =

(@1)-(22) satisfies the inequality min wu(t) > v, max u(t’
tele,1—¢] t'€0,1

Proof. Force (0,1/2),t € [c,1 -], t' €[0,1], we have

1 1
u®) =9 [ Hs)ys)ds =0 [ Gilt (s ds = ().
0 0
Then, we deduce the conclusion of this lemma. O

We can also formulate similar results as Lemmas [2.412.9] above, for the
fractional differential equation

Dy o) +h(t) =0, 0<t<1, m—1<B<m, (2.6)

with the multi-point boundary conditions
q
v(0) ='(0) =+ = o™ 2(0) =0, v(1) =) bw(m),  (27)
i=1

where m e Nym > 2, ¢ge N, 0O < < - <ng <1, by >0 for all
i=1,..,q and h € C([0,1]). We denote by Ag, v2, g2, b2, G2 and J the
corresponding constants and functions for the problem (2.6])-(2.7)) defined
in a similar manner as A1, 71, g1, 61, G1 and Jy, respectively.

We present now the Guo-Krasnosel’skii fixed point theorem (see [13])
that we will use in the proofs of our main results.

THEOREM 2.1. Let X be a Banach space and let C' C X be a cone in
X. Assume Q4 and €y are bounded open subsets of X with 0 € 1 C €1 C
Q9 and let A : CN(Q2\ Q1) — C be a completely continuous operator such
that, either

i) || Au|| < |lul|, we CNOQ, and ||Aul| > |jul|, uwe C NNy, or

i) [[Aul] > ||ull, uwe CNo, and ||Au| < ||ul|, uwe CNINe.
Then A has a fixed point in C' N (2 \ 21).

3. Main results

In this section, we shall give sufficient conditions on A, p, f and g such
that positive solutions with respect to a cone for our problem (5) — (BC)
exist.

We present the assumptions that we shall use in the sequel.
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(H) 0 < &g < - <& <l,a>0foralli =1,...,p, 0 < <
P

S <y < Lb = 0foralli=1,...,q Ay = 1= afl >0,

—1—mef1 > 0.
(H2) The functlons f,9:10,1] x [0,00) x [0,00) — [0, 00) are continuous.

For ¢ € (0,1/2), we introduce the following extreme limits:

f§ = limsup max f(t,u,v), g6 = lim sup max g(t,u,v)’
utv—0+ t€[0,1] U+ v utv—0+ t€01] U+
f&= liminf min it v)’ gb = liminf min 9t u, v)’
utv—0t t€fe,l—c] U+ v utv—0t t€lc,1—c] U+ VU
15 = lim sup max f(t,u,v)’ g5, = limsup max 9(t,u,v)
utv—oo t€[0,1] U+ V utv—oo t€[0,1] U+ v
fi = liminf min f(t,u,v)j gio = liminf min g(t,u,v)'

utv—00tclc,l—c] U+ U

By using the Green functions G; and G from Section [2] (Lemma [2Z.5]),
our problem (S) — (BC) can be written equivalently as the following non-
linear system of integral equations

utv—00tclc,l—c] U+ U

—)\/ Gi(t,s)f(s,u(s),v(s))ds, 0 <t <1,

/ths (s,u(s),v(s))ds, 0<t<1.

We consider the Banach space X = C([0,T]) with supremum norm || ||,
and the Banach space Y = X x X with the norm ||(u,v)|y = |Ju| + ||v|-
We define the cone P C Y by:

P={(u,v) €Y; u(t) >0, v(t) >0, Vt €[0,1], and

inf  (u(t) +v(t)) = 7/[(u,v)lly },
telc,1—C]
where v = min{v1,v2} and ~1, 72 are defined in Section
For A, i > 0, we introduce the operators 77, 75 : Y — X and Q : Y —

Y defined by
Ti(u,v)(t) = )\/ Gi(t,s)f(s,u(s),v(s))ds, 0 <t <1,
/ths (s,u(s),v(s))ds, 0<t<1,

and Q(u,v) = (T1(u,v), To(u,v)), (u,v) € Y. The solutions of our problem
(S) — (BC) are the fixed points of the operator Q.



994 J. Henderson, R. Luca

LeEmMA 3.1. If (H1) — (H2) hold and ¢ € (0,1/2), then Q : P — P is
a completely continuous operator.

Proof. Let (u,v) € P be an arbitrary element. Because 71 (u,v)
and Th(u,v) satisfy the problem (2I)-(2.2) for y(t) = Af(¢, u(t), (t)) te
[0,1], and the problem Z6)-(Z71) for h(t) = pg(t,u(t),v(t)), t € [0,1],
respectively, then by Lemma [2.9] we obtain

it Ty, 0)(6) 2 70 max Ti,0)(¢) = T )]

telc,1—c

inf }Tg(u,v)(t) > v t}g[aoxl] To(u,v)(t') = v || Ta(u,v)]|.

€le,1—c

Hence, we conclude

inf [T1(u,v)(t) + To(u,v)(t)] > inf Ti(u,v)(t)+ inf Toh(u,v)(t)
tele,1—¢] telc,1—C] tele,1—¢]

= Yl T (u, )| + Y2l Ta(w, v)[| 2 Y[(T1(u, v), To(u, v))ly = YQ(u, v)ly-

By Lemmal[2.7land (H1)—(H2), we obtain 71 (u, v)(t) > 0, Tx(u,v)(t) >
0 for all ¢ € [0,1], and so, we deduce that Q(u,v) € P. Hence, we get
Q(P) C P. By using standard arguments, we can easily show that 7}
and Ty are completely continuous, and then @) is a completely continuous
operator.

1—c
We denote by A = / s)ds, B = / Ji(s)ds, C = /

and D = / Jo(s) ds, where J; and Jo are defined in Section [2] (Lemma
0
First, for f3, 95, fi, 95 € (0,00) and numbers aq, ag > 0, ap, az >0

such that ay+a9 = 1 and a1 +as = 1, we define the numbers L1, Lo, L3, Lg,
L, L, by
2y M4

o o e %) o
Ll - . ) 2 = ) L3 - . ) L4 = )
Y fLA foB ¥Y295.C 9D
= o1
2B Y gD’

THEOREM 3.1.  Assume that (H1) and (H2) hold, ¢ € (0,1/2),
a1, ag > 0, aq, ag > 0 such that o +as =1, ag + ag = 1.

1) If 5, g5, fi, g% € (0,00), L1 < Ly and Ly < Ly, then for each \ €
(L1, Lo) and p € (L3, Ly) there exists a positive solution (u(t),v(t)), t €
[0,1] for (S) — (BC).

2) If f§ =0, g5, fi, g € (0,00) and Ly < L}, then for each \ €
(L1,00) and p € (Ls, L)) there exists a positive solution (u(t),v(t)), t €
[0,1] for (S) — (BC).
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3) If g§ =0, f§, fi, g'c € (0,00) and Ly < L), then for each \ €
(L1,L%) and p € (L3, 00) there exists a positive solution (u(t),v(t)), t €
[0,1] for (S) — (BC).

4) If f§ = g5 =0, fi, g' € (0,00), then for each A € (L1,00) and p €
(L3, 00) there exists a positive solution (u(t),v(t)), t € [0,1] for (S)—(BC).

5)If{f6q7 95 [ € ( ) goo_oo} Or{fO?QO?.goo (0,00), fo = oo}
or {f§, g5 € (0,00), fi = gi, = oo}, then for each A € (0,L2) and p €
(0, L) there exists a positive solution (u(t),v(t)), t € [0,1] for (S)— (BC).

6) If{fg =0, 987 féo € (0700)7 gloo = OO} or {fg =0, féo = 00, 987 % €
(0,00)} or {f§ =0, g5 € (0,00), fi = gt = oo} then for each X € (0,00)
and p € (0,L)) there exists a positive solution (u(t),v(t)), t € [0,1] for
(S) - (BC).

- D) IE{SG, f5 € (0,00), 9% = 0, ghe = 00} or {£5, g5 € (0,00), g5 = 0
fio=oo}or {f§ € (0, oo) g5 =0, fi = gi, = oo} then for each X € (0, L))
and p € (0,00) there exists a positive solution (u(t),v(t)), t € [0,1] for
(S) - (BC). |

8 IF{f§ = g5 =0, fi € (0,00), g& = oo} or {f§ = g§ = 0, f& = o0,
gt € (0,00)} or {f§ = g5 =0, fio = g, = 0o} then for each )\ € (0, oo)
and p € (0,00) there exists a positive solution (u(t),v(t)), t € [0,1] for
(S) ~ (BC).

P r o o f. We consider the above cone P C Y and the operators T3, T
and (). Because the proofs of the above cases are similar, in what follows
we will prove one of them, namely the first case in 6). So, we suppose
f5=0, g5 fi € (0,00) and g, = oco. Let A € (0,00) and p € (0, L)),
that is p € (0, g(s)lD). We choose o) > 0, of < min{\yy;fi A, 1} and

L e (nggD,1). Let o =1—a) and &) = 1 — a4, and let € > 0 be a
positive number such that € < f% and
R W P S WL
M(fe —€)A 72C eB (95 +e)D

By using (H2) and the definitions of f; and g§j, we deduce that there
exists Ry > 0 such that for all ¢ € [0,1], u, v € Ry, with 0 < u+ v < Ry,
we have f(t,u,v) < e(u+v) and g(t,u,v) < (g5 + €)(u + v). We define
the set Q1 = {(u,v) €Y, |[(u,v)]ly < Ri}. Now let (u,v) € PN ISy, that
is (u,v) € P with [|(u,v)|ly = R1 or equivalently ||u|| + ||v|]| = R;. Then

u(t) + v(t) < Ry for all ¢t € [0,1], and by Lemma [2.8] we obtain

(u,v) <)\/ Ji(s ds<>\/ Ji(s +v(s))ds

< / J(s)(lull + 1o]) ds = AeBl|(w, v)lly < & l(w,0)lly, ¥ € [0,1].
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Therefore, ||T1(u,v)|| < &) [|(u,v)|ly. In a similar manner, we conclude

1
To(u.0)(0) < [ Ta(9)g(s.u(s).(5) s
1 1
< M/O J2(s) (g6 + &) (u(s) +v(s)) ds < p(gg + 6)/0 Jo(s)([[ull + [|v]]) ds
= p(gy + €)D||(u,v)|ly < d|(u,v)|ly, Vit e [0,1].
Therefore, ||Ta(u,v)|| < &b (u,v)||y-
Then, for (u,v) € P N0y, we deduce

1Q(u, v)lly = 1T1 (u, v)[| + [|T2(w, )| < (@7 + @) (w, v)]ly = [[(u, v)lly-

By the definitions of f’, and g, there exists Ry > 0 such that f(t,u,v)
> (fi—e)(u+v) and g(t,u,v) > L(u+v) for all u, v > 0 with u+v > Ry
and t € [¢,1 — ¢]. We consider Ry = max{2R;, Ra/v}, and we define Qg =
{(u,v) €Y, ||(u,v)|ly < R2}. Then for (u,v) € P with ||(u,v)|]y = Rz, we
obtain

w) +ot) = inf (u(®) +o() 25w o)lly =2 > Ry,

for all t € [¢,1 — c].
Then, by Lemma [2.8], we conclude

1
Ty 0)(e) > M [ () (s u(e).o(s) ds
1—c 1—c
o [ ) (s, uls) vs)ds = A [ () (F — ) (uls) + v(s))ds

c c
1—c

> M (fhe - 5)/ J1 ()71l (u, )y ds = o || (u, v) Iy

So, |11 (u, v)|| = T (u,v)(c) = a|[(u, v)]ly-

In a similar manner, we deduce

1
Ty(u,v)(c) > o /O Jo(5)g(s, u(s), v(s)) ds
1—c

1—c
> e [ o9l ul) o) ds 2z [ o) (uls) + o() ds

[

1—c
> / o)1l (s 0)lly ds > o, )1y
So, | Ta(u, )| > Ta(u, v)(c) = ab(wv)]ly-
Hence, for (u,v) € P N 09, we obtain
1QCw )y = T (s 0)l] + [T, 0)| = (e + @), 0)lly = (s 0)]ly-

By using Lemma [B.1] and Theorem 2.1]i), we conclude that @ has a fixed
point (u,v) € PN (22 \ Q1) such that Ry < ||u| + ||v]] < Ra. O
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REMARK 3.1. We mention that in Theorem [3.T] we have the possibility
to choose a; = 0 or ag = 0. Therefore, each of the first four cases contains
three subcases. For example, in the first case f3, g;, € (0,00), we
have the following situations:

a) if ag, a € (0,1), oy + a9 = 1 and Ly < Lo, Ly < Ly, then X €
(L1, L2) and p € (Ls, La);

b) if a; = 1 ay =0 and L} < Lo, then A € (L}, L) and p € (0, Ly),
where L} = C A

“/1f A
c) if oy = O ag = 1 and Lj < Ly, then X € (0,Lg) and p € (L%, L),
where L =

i 7
o0 oo

WQQOOC

In what follows, for fi, gi, f5, g5, € (0,00) and numbers oy, ag > 0,
a1, az > 0 such that a; +as =1 and a; + ag = 1, we define the numbers
Ll, LQ, L3, L4, L/2 and Li; by

o1 ~ aq i a9 i Qo
2 = ) 3 = ; ’ 4 = ’
Wlfo 1f£oB 17294C 95D

L, = , L = .
> fiB 95.D

L=

THEOREM 3.2.  Assume that (H1) and (H2) hold, ¢ € (0,1/2),
a, ag > 0, oq, ozg > 0 such thata1+a2—1 oq—l—ozg =1.

1) If £, g8, 15, 95 € (0,00), Ly < Ly and Ly < Ly, then for each A €
(L1, Ls) and p € (L3, Ly) there exists a positive solution (u(t),v(t)), t €
[0,1] for (S) — (BC).

2) If fi gh, 5 € (0,00), g5 = 0 and Ly < L, then for each \ €
(Ll,Lz) and p € (L3, 00) there exists a positive solution (u(t),v(t)), t €
[0,1] for (S) — (BC).

3) If £, g, g5, € (0,00), f5 = 0 and Ly < Eﬁl, then for each \ €
(Ly,00) and p € (L3, L) there exists a positive solution (u(t),v(t)), t €
[0,1] for (S) — (BC).

4) If fi, gi € (0,00), f3 = g5, =0, then for each \ € (L1, 00
(L3, 00) there exists a positive solution (u(t),v(t)), telo,1 fo ) ) (BC).

5)4 If{fé = 00, gév 500 Joo € (0,00)} or {fé’ 01 Jao € )
or {f§ = g5 = o0, f3, 95 € (0,00)}, then for each \ €
(0, Ly) there exists a positive solution (u(t),v(t)), t € [0,1] for (S)—(BC).

6) I 1§ = o0, gh £ € (0,00), g5 = O} or {f§, f2 € (0,50), gj = o,
g5 =0} or {ft =gl = o0, [3, € (0,00), g5, = 0}, then for each X € (0, L},)
and p € (0,00) there exists a positive solution (u(t),v(t)), t € [0,1] for
(5) = (BO).

,\/—\._.
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7) IE{f§ = 00, g6, 9% € (0,00), f% = 0} or {f§, g5 € (0,00), gj = o0,
f5% =0} or {f§ = g5 =00, f5 =0, g5 € (0,00)}, then for each A € (0,00)
and p € (0,L}) there exists a positive solution (u(t),v(t)), t € [0,1] for
(5) = (BC). , , ,

8) If {f5 = o0, gy € (0,00), f5 = 9% = 0} or {f§ € (0,00), g5 = oo,
15 =95 =0} or {f} = g{, = o0, f3 = g5, = 0}, then for each A € (0,00)
and p € (0,00) there exists a positive solution (u(t),v(t)), t € [0,1] for
(5) = (BC).

P r o o f. We consider the above cone P C Y and the operators 17, Tb
and (). Because the proofs of the above cases are similar, in what follows
we will prove one of them, namely the case 2). So, we suppose fé, gé, 3 €
(0,00), g5, = 0 and Ly < Lb. Let A € (Ly,L}) and p € (L3, 00); that is,

A€ (w?}éA’ fgiB) and p € (W‘:;éc,oo). We choose &) € (A\f5,B,1). Let

&b =1— &) and let € > 0 be a positive number such that ¢ < min{f¢, g}
and

~/ ~/
(0] e} o 0]
! 2 1 2 >

) < . <

m(fe—e)A ™ . ey —e)C M (15 +e)B T Moep

By using (H2) and the definitions of f} and g, we deduce that there
exists R3 > 0 such that f(t,u,v) > (fi—¢)(u+v), g(t,u,v) > (g —¢)(u+v)
for all u, v > 0 with 0 < u+v < Rg and t € [¢,1 — ¢]. We denote by
Q3 = {(u,v) €Y, ||(u,v)|ly < Rs}. Let (u,v) € P with ||(u,v)|y = Rs,
that is ||ul| + ||[v]] = Rs. Because u(t) + v(t) < |lul]| + ||v| = R3 for all
t € [0,1], then by using Lemma [2.8] we obtain

1—c
T (u,v)(c) > )\’yl/ J1(s)f(s,u(s),v(s))ds
1—c ¢
> [ R - () +o(s) ds
¢ 1—c
> M (f§ — 6)/ Ji(s)([[ull + vl ds = axl|(u, v)[ly -

Therefore, |11 (u,v)|| > T1(u,v)(c) > aq]|(u,v)|ly. In a similar manner, we
conclude

1—c
TWM@ZM/ Jo(5)g(s, u(s), v(s)) ds
- c

(9}
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So, |Ta(u, v)[| = Ta(u, v)(c) = az|(u, v)]y-

Thus, for an arbitrary element (u,v) € PNoQs, we deduce ||Q(u,v)|y >
(a1 + a2)|[(u, v)[ly = [[(u, v) ]Iy,

Now, we define the functions f*, ¢* : [0,1] x Ry — Ry, f*(t,z) =

t *(t = t t 1 R;+. Th
OSIQILl—i))(S:Ef( ,’U,,’U), g ( 7:1:) OSIQILl—i))(Szg( ,'LL,'U), € [07 ]7 T € Ry en

[t u,v) < f*(t,z), g(t,u,v) < g*(t,x) for all t € [0,1], w > 0, v > 0
and u + v < z. The functions f*(¢,-), g*(¢,-) are nondecreasing for every
t € [0,1], and they satisfy the conditions

*(t,x *(t,x
lim sup max ft) < f3, lim max g'(t:)
T—00 tE[O,l] X r—>00te[0,1} X

=0.

Therefore, for ¢ > 0, there exists R4 > 0 such that for all z > R4 and
t € [0, 1], we have

*(t, . *(¢,
T x)ghmsupmaxf( x)—l—sgf(fo—l—s,
T T—00 tE[O,l] xr
*(t *(t
g (t,7) < lim max g°(t,x) +e=c¢,
x z—00t€(0,1] x

and so f*(t,z) < (f3 +¢)x and g*(t,z) < ex.

We consider Ry = max{2R3, R4} and we denote by Q4 = {(u,v) €
Y, |[(u,v)|ly < R4}. Let (u,v) € PN0SQy. By the definitions of f* and g*,
we conclude that for all ¢ € [0, 1]

Fut),v@) < f5(E ([(u0)lly), g(tult),v(t)) < g (¢ [[(u, v)lly)-
Then for all ¢ € [0, 1], we obtain

1 1
Ty (u, 0)(t) < A /0 J1(s) ] (5, u(s), v(s)) ds < A /O Tu(8) (s, 1w, ) 1) ds

1
<A+ E)/O Ji(s)l[(w,v)lly ds < &4 | (w, 0) Iy,

and so, [Ty (u, v)[| < a3 (u, v)[ly-

In a similar manner, we deduce
1 1
Ty(u,v)(t) < p / To(8)9(s,u(s), v(s)) ds < / To(3)g" (s, | (s 0) ) ds
0 0
1

< ME/O J2(s)[[(u, v)|ly ds < @ (u, v)ly,

and so, [|Ta(u, v)[| < @gll(u, v)|ly

Therefore, for (u,v) € P N 08y, it follows that ||Q(u,v)|ly < (&) +
ay)||(u,v)|ly = [|(u,v)|ly. By using Lemma [3.1] and Theorem [2.1] ii), we
conclude that @ has a fixed point (u,v) € PN (Qy \ Q3) such that Ry <
[[(w, v)[ly < Ra. o
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4. Systems of Hammerstein integral equations

We consider the following system of nonlinear Hammerstein integral
equations

~ 1 ~
. ut) =3 [ Kl Fsul). o) ds 0 <<
1
v(t) = ﬁ/o Ko (t,s)g(s,u(s),v(s))ds, 0 <t <1,

under the assumptions:

(H1) The functions Ki, K : [0,1] x [0,1] — R are continuous and there
exist continuous functions Iy, I3 : [0,1] — R and ¢ € (0,1/2) such that

a) 0 < K;(t,s) < Ii(s), Vt, s€[0,1], i =1,2;

b) there exist §; > 0, i = 1,2 such that

te?liln ]Ki(t, s) > 6;1;(s), Vs€[0,1], i=1,2;

c) there exist t1, t2 € [¢,1 — ¢] such that I1(t1) # 0, Iz(t2) # 0.

(H2) The functions f,§ : [0,1] x [0,00) x [0,00) — [0, 00) are continuous.

For ¢ € (0,1/2), we introduce the following extreme limits:

rY t ~, . g tu )
$ = limsup max flt o) o = lim sup max g(t,u,v)
0 p > 90 p
utv—0+ tEOL] U+ v utv—0+ €01 U+ v
~. t, u,v ; .. . g t) u,v
fi = liminf min ut ), gp = liminf min 9 ),
utv—0t t€e,1—c] u + v utv—0t t€fc,l1—c] U+ VU
e tu u,v ~ . q t, u,v
53, = limsup max ut ), o = limsup max 9 )
u+v—00 tE[O,l} NU + v u+v—00 tE[O,l} u—+v
~ t,u,v - g(t,u,v
! = liminf min fltw, ), g’ = liminf min g(t,u, )
o [o.¢]

utv—ootele,l—c] U+ VU utv—ootele,l—c] U+ U

In this section, we shall give sufficient conditions on X, 1, fand g such

that positive solutions of (S) exist. By a positive solution of system (.5)

we mean a pair of functions (u,v) € C([0,1]) x C([0,1]) satisfying (S) with
u(t) >0, v(t) >0 for all t € [0,1] and sup wu(t) + sup v(t) > 0.
t€0,1] t€[0,1]

" 1—c " 1 " 1—c
We denote by A = / Ii(s)ds, B = / Ii(s)ds, C = / Ir(s)ds
c 0 c

1 —~ ~ ~ ~ ~
and D = / I5(s)ds. By (H1), we have A, B, C, D > 0.
0 ~ ~. .

First, for f5, g5, fi: G5 € (0,00) and numbers aq, ag > 0, aq, @z > 0
such that a1 +ao = 1 and aq +as = 1, we define the numbers My, My, Ms,
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My, M}, M by

) M2: ?1~7 M3: %2 ~ M4:~a2~7
55, fi A jiB 5027, C #D
1 1
= =
foB 9D

g
M; =

where 6 = min{d;, d2}.

THEOREM 4.1. Assume that (H1) and (H2) hold, o1, oy > 0, ay, G >
0 such that a1 + ag =1, a1 + ag = 1.

1) If f5, 35 fi, 3 € (0,00), My < My and Ms < My, then for
each \ € (My, M) and p € (Ms, My) there exists a positive solution
(u(t),v(t)), te0,1] for (S).

2) If f§ = 0, 35, i, Gi € (0,00) and Ms < M}, then for each \ €
(M, 00) and f1 € (Ms, M}) there exists a positive solution (u(t),v(t)), t €
[0,1] for (S).

3) If g5 = 0, fo, 1, g € (0,00) and My < MY}, then for each X €
(M, M3) and 1 € (Ms,00) there exists a positive solution (u(t),v(t)), t €
[0,1] for (S)

4) If fo = g5 =0, fgo, g., € (0,00), then for each X e (M, 00) and
f1 € (M3, 00) there exists a positive solution (u(t),v(t)), t € [0,1] for (S).

5)If{f0’907 fZ ( 00), 5@0:00} Or{fOS’ ﬁg,ﬁéoeio,oo), féozoo}
or {f3,35 € (0,00), fi = gi, = oo}, then for each X € (0,Ms) and
1t € (0, My) there exists a positive solution (u(t),v(t)), t € [0,1] for (S).

6) IE{J5 = 0, G, Jho € (0,00), o = 00} or {J5 = 0, Jiu = 00, 56 G €
(0,00)} or {f§ =0, g5 € (0,00), fi = §i = oo} then for each X € (0, 00)
and 1 € (0,M}) there exists a positive solution (u(t),v(t)), t € [0,1] for
(S). o
DI, fi €(0,00), G5 = 0, gh = o0} or {f§, Gh, € (0,00), g3 =0,
fio=oo}or{f§ € (0,00), 35 =0, fi = g., = oo} then for each X € (0, M3)
and 1 € (0,00) there exists a positive solution (u(t),v(t)), ¢ € [0,1] for (S).

8)If{f0:90_0 fio € (0, OO) goo_oo} or{fozgo—O i, = oo,

€ (0,00)} or {fo =g;=0, fi =G = oo} then for each \ € (0,00)
and i € (0,00) there exists a positive solution (u(t),v(t)), t € [0,1] for

(5).

5, g5 € (0,00) and numbers ay, ag > 0,
a1, ag > 0 such that o + as = 1 and a7 + as = 1, we define the numbers

In what follows, for ]?6, 56, f3
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Ml, MQ, Mg, M4, Mé and lel by

M= "L M= M= af, ~, My= ~a2~7
601 foA [5B 00295C 93D
7! 1 17/
My= - -, My=_ ~.
f&B 9o D

THEOREM 4.2. Assume that (I;fl) and (I;TJZ) hold, a1, ag > 0, aq, g >
0 such thata1+a2 =1, a1+a2—1

1) If fo, g, 12, 35, € (0,00), M, < M, and Ms < My, then for
each \ € (Ml,Mg) and p € (M37M4) there exists a positive solution
(u(t),v(t)), t€0,1] for (S).

2) If Ji, G, f5 € (0,00), g5, = 0 and M, < M}, then for cach X €
(Ml, M2) and [i € (Mg, ) there exists a positive solution (u(t),v(t)), t €
[0,1] for (S)

3) If fO, s, gOo ( 00), foo = 0 and Mg < M;, then for each \ €
(Ml, o0) and 1 € (Mg, M4) there exists a positive solution (u(t),v(t)), t €
[0,1] for (S).

4) If fé, g € (0,00), fi =g =0, then for each X € (]\71,00) and
fi € (Ms, 00) there exists a positive solution (u(t),v(t)), t € [0,1] for (S).

521f{f6 = 00, g(z]ngov oo € (0,00)} or {f(l]’ [ 95 E~(0’OO)’ :g:(il: oo}
or {fy = g4 = oo, f5,q5% € (0,00)}, then for each A\ € (0,Mz) and
e (0, ]\74) there exists a positive solution (u(t),v(t))i t € [0,1] for (S5).

6) It {f§ = o0, Gl 2 € (0,00), G = 0} or {3, o € (0,00), b = o0

ﬁgo—O}or{fO—gO—oo £ € (0,00), G5, = 0}, thenforeachAE(OMQ
and 1 € (0, 00) there exists a positive solution (u(t), v(t)), t € [0,1] for (S)
D IF{fi =0, 0> 9% € (0,00), 3 =0} or {3, 35 € (0,00), g =
f5 =0} or {fo =gy = foo =0, g5, € (0,00)}, then for each \e (0,00)
and 11 € (0,M}) there eXists a positive solution (u(t),v(t)), t € [0,1] for
(&) | _ 5 _

8 I {fi = o0, G € (0,00), T = G = 0} or {J} € (0,00), G = oc,
5 =95 =0} or {f§ =g = o0, fi = g5 =0}, thenforeach)\e (0, 00)
and p € (0,00) there exists a positive solution (u(t),v(t)), t € [0,1] for

(S)-

The proofs of Theorems [4.1] and are similar to those of Theorems
B.1] and B.2] respectively. For other papers in which there are studied
Hammerstein integrals systems, we refer the reader to [17], [21], [26].
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5. Examples

Let « =3/2, (n=2),6=T7/3, (m=3),p=3,q=2,& = 1/4,
62 = 1/27 63 = 3/47 a) = 1/27 az = 1/37 asz = 1/47 m = 1/37 2 = 2/37
by =1, by =1/2.

We consider the system of fractional differential equations

{ DYPu(t) + Af(t,u(t), v(t)) =0, t € (
Dy2o(t) + pg(t, u(t), v(t)) =0, t € (0,1),

=
—_

(So)

with the multi-point boundary conditions

{umﬁw,wn=?db+?db+hd®,

BC,
(BCo) 0(0) = v'(0) =0, v(1) = v (}) + 4o (3).

3
Then we obtain Ay = 1-> " ;6" = (18—4v/2—3v/3)/(24) =~ 0.2978 > 0,
=1

2
Ay = 1—2 bmiﬁ_l = (3v/3—1—+/2)/(3V/3) ~ 0.4777 > 0. We also deduce
i=1

2 [ 2(1 -2 —(t—s)2 0<s<t<1,
gl(tvs) = \/7'(' { t1/2(1 _ 8)1/2, 0<t<s< 1,
1 B =) —(t—s)¥3, 0<s<t <1,
92(6:8) = (7 3) { 31— )43, 0<t<s<1,
1
O(s) = s, 0afs) = 4—6s+4s% —s
and Jy, we obtain:

Jl (8)

5 for all s € [0,1]. For the functions J;

( \/27r81/2(1 o 8)1/2 + A11\/7r B ((1 B 8)1/2 —(1- 48)1/2)
+ Y2 (1 =) = (1-29)2) 4 L (V3(1 —5)V/2 = (3~ 43)1/2)] :
0<s< }1,
2P =2 L =) 2 2 (1 - 8)2—(1 - 26)12)
= —i—}l (\/3(1—8)1/2—(3%48)1/2)], }1§8<;,
\/27r81/2(1 _ 8)1/2 + All\/w %(1 _ 8)1/2 + \é2(1 _ 8)1/2
+1 (V31— 82— (3—4s)1/?)], L <s< 3,
\/27r51/2(1 —s)1/2 + A11\/7r é(l — )12 + \éz 1—s)l/2
AL N ET St
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and
Ja(s)
( 1 (1—s)"3s L[ 1 4/3 4/3
1-—- —(1-3
P/3) ) (4 — 65 + 452 — $3)1/3 - Ay (33 (( s) ( s) )
1 3 4/3 4/3 ] 1
- —(2- <
+o s (2¢2(1 s)43 — (2 — 3s) ) L 0<s< ),
1 (1—5)"3s i 1 1 (1— 3)4/3
B I'(7/3) (4 — 65+ 452 — 83)1/3 AQ _3\3/3
N 1 3 4/3 4/3) ] 1 2
- —(2— <
+ 693 (2¢2(1 )3 _ (2 — 35) ) L las<?)
LT/3) ) (4 — 65 + 452 — s3)1/3 393
\/2 ( 8)4/3 , g <s< 1.
"33
For ¢ = }1, we deduce v, = %, v =y = 4%/4. After some computa-
3/4 1
tions, we conclude A = Ji(s)ds ~ 0.87174239, B = / Ji(s)ds ~
1/4

3/4

1.35119248, C'= / Ja(s) ds ~ 0.19552670, D= / Ja(s) ds =~ 0.27533468.

ExXAMPLE 5.1. We consider the functions
V1 —t[pi1(u+v)+ 1](u+v)(q + sinv)

flt,u,v) = ’
u+v+1

g(t,u,v) = \/1—t[p2(u—|—v)+1](u+v)(q2+Cosu)’
u+v+1

for t € [0,1], w, v > 0, where p1, po > 0 and ¢, g2 > 1.

We have f§ = qi, g5 = 2 + 1, fi = pilqr —1)/2, g, = pa(q2 — 1)/V/4.
For a1, ag > 0 with a1 + as = 1, we consider a1 = a7 and as = ao. Then,
we obtain

16\3/4041 aq 64 (&%)
L= , Lo = , L3 = , Ly = .
pi(qr —1)A uB p2(q2 — 1)C (g2 +1)D
The conditions L < L9 and L3 < L4 become
pila=1) 16V/4B  pa(ga — 1) . 64D
qQ A7 g+l c
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For example, if ? 1(211_1) > 40 and P 2;31_11) > 91, then the above conditions
are satisfied. Therefore, by Theorem [B.1] 1), for each A € (L1, Ls) and
w € (Ls, Lyg), there exists a positive solution (u(t),v(t)), t € [0,1] for the

problem (Sp) — (BC)).

EXAMPLE 5.2. We consider the functions

aot(u + v)?(q + sinv)
t = t
f(7u7,U) u+’[}—|—1 bl g(7u7v)
for t € [0,1], uw, v > 0, where ag, bg > 0, q1, g2 > 1.

We have f§ = g5 = 0, fi = aolq1 — 1)/4, g5 = bo(g2 — 1)/(16).
32 ¥don Lo —
ao(q—1)A» =3 =

205(6[1\2/_1?’)0[& Then, by Theorem [3.314), we deduce that for each A € (L, 00)

and p € (L3, 00), there exists a positive solution (u(t),v(t)), t € [0,1] for
the problem (Sp) — (BCy).

bt (u+v)?* (g2 + cosu)
B ut+ov+1

9

Then, for a1, as > 0 with a; + as = 1, we conclude L1 =

ExXAMPLE 5.3. We consider the functions

ftu,v) = [p1(w? +0%) + 1w+ ),

g(t,u,v) = [p2(u® +v*) + ga(u + ),

1+1¢
for t € [0,1], u, v > 0, where p1, p2, g1, g2 > 0.

We have f§ = q1/2, g5 = q2/2, fi = gt = oo. Then, for a1, @z > 0
with a1 + a9 = 1, we obtain Ly = 2%, Ly = 32‘%. Then, by Theorem
[B.315), we deduce that for each A € (0, L) and p € (0, Lyg), there exists a
positive solution (u(t),v(t)), t € [0,1] for the problem (Sy) — (BCp).

ExaMPLE 5.4. We consider the functions
ft,u,v)=p1t*(w?+v?), glt,u,v)=pa(1—t)’(e"t"=1), t €[0,1], u, v >0,
where a, b, p1, p2 > 0.

We have f§ =0, g§ = p2, fi = g\, = 00, L} = png’ Then, by Theorem
[3.116), we conclude that for each A € (0,00) and u € (0, L)), there exists a
positive solution (u(t),v(t)), t € [0, 1] for the problem (Sp) — (BCp).

ExaMPLE 5.5. We consider the functions

ft,u,v) = alu+v)P, g(t,u,v) =b(u+v)P?, t€[0,1], u, v >0,
where a, b > 0 and p1, p2 > 1.
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We have f§ = g5 = 0, fi, = g', = co. Then, by Theorem B.118), for
each A € (0,00) and p € (0,00), there exists a positive solution (u(t),v(t)),
t € [0, 1] for the problem (Sp) — (BCp).

EXAMPLE 5.6. We consider the functions
[t u,v) =alu+v)", g(t,u,v) =bu+v)?, tel0,1], u,v>0,

where a, b > 0 and ¢1, g2 € (0,1).

We have f} = g4 = oo, f5 = g5, = 0. Then, by Theorem 8), for
each A € (0,00) and p € (0,00), there exists a positive solution (u(t),v(t)),
t € [0,1] for the problem (Sy) — (BCh).
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