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Abstract

In this work we obtain a Lyapunov-type inequality for a fractional dif-
ferential equation subject to Dirichlet-type boundary conditions. Moreover,
we apply this inequality to deduce a criteria for the nonexistence of real
zeros of a certain Mittag—Leffler function.
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1. Introduction

In the late XIX century the Russian mathematician, A. M. Lyapunov,
proved the following result:

THEOREM 1.1. (cf. [4]) If the boundary value problem
Y0 +aOy(t) =0, a<t<b (11)
y(a) = 0=y(b),

has a nontrivial solution, where ¢ is a real and continuous function, then

b
/ lg(s)|ds > b f o (1.2)
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The inequality (L.2]) proved to be very useful in various problems re-
lated with differential equations and, since then, many improvements and
generalizations of Theorem [I.1] have appeared in the literature (see [2 §]
and the references therein). To the best of the author’s knowledge, none
of the mentioned generalizations accomplished to obtain a result in which
a fractional derivative is used instead of the (classical) ordinary derivative
in equation (LIJ). This is one of the issues we are going to address in this
work.

The fractional calculus is nowadays an important branch of mathemat-
ics, with a positive impact on several applied sciences (the reader is invited
to consult, for example, the monograph [3]). Let us introduce the concept
of fractional integral and derivative of order v > 0.

DEFINITION 1.1. Let « > 0 and f be a real function defined on
[a,b]. The Riemann-Liouville fractional integral of order « is defined by

(I9f)(x) = f(x) and

WIof)t) =

¢

I'a) /a (t—s)*1f(s)ds, a>0, tc]la,b].
DEFINITION 1.2. The Riemann—Liouville fractional derivative of order

a > 0 is defined by (,D°f)(t) = f(t) and (,Df)(t) = (D™ I f)(t) for

a > 0, where m is the smallest integer greater or equal than a.

These differential operators of arbitrary order are nonlocal and this
feature has been used to model several real world phenomena, typically
by substituting an ordinary derivative by a fractional one in a differential
equation (see e.g. [7]).

In this work we will consider the following fractional differential equa-
tion

(DY) () +q()y(t) =0, a <t <b, (1.3)
together with the boundary conditions
y(a) =0, y(b) =0, (1.4)

where 1 < a < 2 and ¢ : [a,b] — R is a continuous function, and try to
obtain an inequality similar to (L2)). To do that, we write our BVP as an
equivalent integral equation and then, by making use of some properties of
its Green function, we are able to obtain such an inequality. After that, we
show how this inequality can be used to prove that a Mittag—Lefller-type
function has no real zeros on a determined interval.
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2. Main result and an application

The Green function for BVP (L3)—(L4) was deduced in [I] for a = 0
and b = 1. Following the same steps as in that work we can easily prove
the following result:

LEMMA 2.1. vy is a solution of the boundary value problem (L3])—(L4)
if, and only if, y satisfies the integral equation

b

y(t) = [ Gt s)q(s)y(s)ds,
where
1 EZ:Z;Z: (b—s)¥ 1t —(t—s)*"l, a<s<t<b,
G(t,s) = I(a) (t — a)a—l ol
(b—a)a—l(b_s) , a<t<s<b

Next, we state three properties of the function G, that will be needed
in the sequel. Some were proved in [1] for a = 0 and b = 1. Nevertheless,
since there are some tricky issues within the proof for a # 0 and b # 1, we
present a proof here for {a < b} € R.

LEMMA 2.2. The Green function G defined above satisfies the follow-
ing conditions:

(1) G(t,s) >0 for alla <t,s <b.
(2) maxXte(a,b] G(ta S) = G(87 3)7 s € [a’a b]

(3) G(s,s) has a unique maximum, given by

a+b a+b 1 b—a\* !
sﬁii}G(s’s)‘G< 2 7 2 >‘r<a>< 1 ) |

P r o o f. We start by defining two functions

(t _ a)a—l

0(t:5) = () ot (0= §)* = (t—9s)"" a<s<t<b

and
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It is clear that go(t,s) > 0. Now, regarding the function g;, we have that
1

gl(t, 8) = EZ : Z;Z:l (b — 3)0‘_1 _ (t _ s)a—l
o (t - a)a—l a—
(b— a9 1

)
Observe now that

(s—a)(b—a) >8<:>a(t—a)+(8—a)(b—a)

> s

a
+ t—a

<alt—b)+sb—t)>0
& s 2> a,

t—a

and therefore gy (t,s) > 0, which concludes the proof of 1. To prove 2. we
only need to differentiate g; with respect to ¢ for every fixed s and then
perform an analysis like we did for g; in 1. (we leave the details to the
reader). We then conclude that g; is a decreasing function. Obviously, g2
is an increasing function of ¢.

(s—a)>~

Finally, let f(s) = G(s,s) = (b—a)a—i(b —5)*71, s € [a,b]. Then, for
s € (a,b) we have

[(s —a)(b— )]
1

o) =ta=nt T (2skast)

which implies that f’(s) =0 only at s = a;b and f'(s) > 0 for s < ** and
f'(s) <0 for s > a;b. The proof is complete. 0

It follows our main result, i.e. the Lyapunov inequality for the fractional
case.

THEOREM 2.1. If the following fractional boundary value problem
(FBVP)

(aD%y)(t) + q(t)y(t) = O,
yla) =0 =y(b),

has a nontrivial solution, where q is a real and continuous function, then

/ab|q(s)|ds > I(a) (beL)a_l. 2.1)

a<t<hb,
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Proof. Let B = Cla,b] be the Banach space endowed with norm

[yl = supyepa,p [y(t)]-
It follows from Lemma [2.7] that a solution to the FBVP satisfies the
integral equation

b
y(t) = / G(t, s)a(s)y(s)ds.
Hence,
b
lyll < max / Gt 8)a(s)|ds ],
t€la,b] J,
or, equivalently,

b
| < max / Gt $)q(s)|ds.
te[a7b] a

Appealing now to the properties of the Green function G provided in

Lemma [2.2] we get
1 (b—a\*"' b
1
<o (37 s

from which the inequality (2.1]) follows. O

REMARK 2.1. Note that if we let & = 2 in (2.I]), one obtains Lya-
punov’s classical inequality (L2]).

We will end this work presenting an application of Theorem 2.9l More
specifically, we will show how inequality (2.I) can be used to determine
intervals for the real zeros of the Mittag—Leffler function:

0 k
z
E.(z) = ,;:0 I'(ka + a)’ z € C, R(a) > 0.

Let now ¢ = 0 and b = 1 for simplicity and consider the following
fractional Sturm-Liouville eigenvalue problem (SLEP):

(oD%y)(t) + Ay(t) =0, 0<t<1, (2.2)
y(0) =0 =y(1).

In contrast with the classical case (when a = 2) there is not a solid (spec-
tral) theory for this problem when o < 2 (we refer the reader to the works
[0l 6], where some results about the existence of eigenvalues to fractional
Sturm-Liouville problems are presented, although not necessarily for the
differential equation ([2.2I)).
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Now, by [3, Corollary 5.1] we know that the eigenvalues A € R of the
SLEP are the solutions of

E,(—)) =0, (2.3)
and the corresponding eigenfunctions are given by
y(t) =t 1B, (=X\t%), t € [0,1].

To be more precise, we should mention that [3] Corollary 5.1] provides only
the explicit formula for the solution of the differential equation (2.2)). It
is nevertheless true that y(t) = t“ 1 E,(—\t®) is nontrivial since it is not
differentiable at ¢ = 0.

By Theorem [2.1] if A € R is an eigenvalue of the SLEP, i.e. )\ is a zero
of equation ([2.3)), then |\| > I'(a)4*~1. We have just proved the following

THEOREM 2.2. Let 1 < a < 2. Then, the Mittag—Leffler function
E4(z) has no real zeros for |z| < T'(a)4% 1.
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