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Abstract

This paper is devoted to study the existence of solutions of a Cauchy
type problem for a nonlinear fractional differential equation, via the tech-
niques of measure of noncompactness. The investigation is based on a new
fixed point result which is a generalization of the well known Darbo’s fixed
point theorem. The main result is less restrictive than those given in the
literature. Some illustrative examples are given.
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1. Introduction

The object of this paper is to discuss the existence of solutions to the
Cauchy problem for the fractional differential equation

¢ Du(t) = f(t,u(t)), tel=10,T],
{U(O) (0 = Jeutt). te1=p01] W

where the symbol D7 :=¢D{  denotes the Caputo fractional derivative of
order ¢ € (0,1) with the lower limit zero, F is a Banach space equipped
with the norm || - || and f : I x E — FE satisfies some certain conditions,
specified later. The problem of existence and/or uniqueness of solutions of

(© 2013 Diogenes Co., Sofia
pp. 962-977 , DOI: 10.2478 /s13540-013-0059-y



APPLICATION OF MEASURE OF NONCOMPACTNESS ... 963

Eq. (1) has been studied by several authors in recent times, mostly under
the usual conditions that f(¢,u) is continuous and Lipschitz with respect to
u, or dominated by an affine function with respect to u. Our contribution
in this paper is to obtain an existence result for Eq. (LLI)) in an abstract
Banach space setting, under more general and less restrictive conditions
than those given in the literature, i.e., f(t,u) satisfies a Carathéodory type
condition and dominated by a control function which is radial with respect
to u.

The motivation for studying fractional differential equations comes from
the fact that the theory of fractional differential equations has essentially
been attracted by the enormous numbers of interesting and novel applica-
tions arising in physics, chemistry, biology, engineering, finance and other
areas which have been developed in the last few decades. To focus on some
applications, we refer the reader to the more recent results, e.g., works of
Kilbas et al. [27], Podlubny [33] and Caponetto et al. [14] (control the-
ory), Metzler et al. [32] (relaxation in filled polymer networks), Podlubny
et al. [34] (heat propagation), Shaw et al. [35] (modeling of viscoelastic
materials), Chern [18] (modeling of the behaviour of viscoelastic and vis-
coplastic materials under external influences), Bai and Feng [8] and Cuesta
and Finat Codes [19] (image processing) and Gaul et al. [26] (description
of mechanical systems subject to damping). Also, it is worth pointing out
that a completely different and very novel applicable field is the area of
mathematical psychology where fractional-order systems may be used to
model the behaviour of human beings ([6], [I5], [36]), more precisely, using
fractional operators, a model of memory-dependent phenomena is prepared
which is based on human reaction and the external influences depending
on the backgrounds that has been made in the past. To see more about
applications, we also refer the reader to ([17], [21]-[25]).

Existence of solutions for fractional differential equations has been in-
vestigated by many authors in various types. Recently, the first and third
authors and Jalilian [2] proved the solvability of a large class of nonlin-
ear fractional integro-differential equations by establishing some fractional
integral inequalities and using the nonlinear alternative of Leray-Schauder
type. Benchohra et al. [12] investigated a class of boundary value problems
for fractional differential equations involving nonlinear integral conditions
using the technique associated with measures of weak noncompactness. Li
et al. [30] studied on the existence of mild solutions for fractional semilinear
differential equations with nonlocal conditions. Wang et al. [38] applied a
new variant fixed point theorem to investigate some fractional differential
equations in Banach spaces. Ahmad and Nieto [3] focused on a new class of
anti-periodic boundary value problems of fractional differential equations
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with nonlinear term depending on lower order fractional derivative and ob-
tained some existence and uniqueness results using some of the well known
fixed point theorems. Very recently, Liang et al. [31] studied the solvabil-
ity for a coupled system of nonlinear fractional differential equations in a
Banach space using the measures of noncompactness and the well-known
fixed point theorem of Monch type (see also [4], [5], [9], [11], [16], [27]-]29],
137)).

In the present paper, we investigate the existence of solutions for the
Cauchy problem (LL1]) using a generalization of Darbo’s fixed point theorem
obtained by the first author et al. [I] via the Hausdorff measure of non-
compactness. We support the obtained result by an example to illustrate
the result.

The rest of the paper is organized as follows. In the next section, we
give some preliminaries about fractional calculus and the Hausdorff mea-
sure of noncompactness. In Section [B] the existence result and illustrative
examples are given.

2. Preliminaries

Suppose that (E,| - ||) is a Banach space and RT and R, are (0,00)
and [0,00), respectively. Denote by C(I, E) the space of all continuous
functions on I = [0,7] with values in E equipped with the norm |||h]|| =
sup,c; [|h(s)||. Also suppose that L!(I, E) is the space of Bochner integrable
functions h : I — E with the norm ||k 117 5) = fOT lu(s)]|ds.

Let us to recall some essential definitions and auxiliary facts in frac-
tional calculus which will be needed (c.f. [27]).

DEFINITION 2.1. The fractional order integral of the function y €
L([a, ], R) of order ¢ € RT is defined by

10 = 1y [ 0= o)

where I'(-) is the Gamma function.

DEFINITION 2.2. For a function y given on the interval [a, b], the ¢-th
Riemann-Liouville fractional order derivative of y is defined by

DL = g i | =9 s

where ¢ € (0,1).
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DEFINITION 2.3. For a function y given on the interval [a,b], the
Caputo fractional derivative of y of order ¢ € (0,1) is defined by

“Dgyy(t) = Dgy (y(t) — y(a))
which is also expressed by

DY y(t) = F(ll— ) / (t— )9/ (s)ds for y € CY([a,b]).

REMARK 2.1. Note that for an abstract function y which takes values
in E, the integrals which appear in the previous definitions are taken in
Bochner’s sense.

We recall the Hausdorff measure of noncompactness vg defined on a
bounded subset M of Banach space F is given by

vE(M) = inf{e > 0 : there exists a finite e-net for M in E'}. (2.1)

By a finite e-net for M in F we mean, as usual, a set {e1,es,....,e,} C E
such that (J; B¢(E};e;) as finite union of open balls covering M.

To apply the Hausdorff measure of noncompactness vg in order to ob-
tain our result, we recall below some of the basic properties of the Hausdorff
measure of noncompactness v as a lemma which has been presented by
Banas and Goebel [10].

LeEmMA 2.1 ([I0]). Let E be a real Banach space and Q,91,Q2 C E
be bounded. Then the following properties are satisfied:

e (regularity) vg(£2) = 0 if and only if Q is precompact;

e (invariance under closure and convex hull) vg(2) =vg(Q) =~vg(conv?);

e (monotonicity) 21 C Qo implies yg(Q21) < vE(Q2);

o (semi-additivity) vp (1 U Q2) = max{ve(Q1),76(22)};

e (semi-homogeneity) yp(rQ?) = |r|ye(Q?) for any r € R;

e (algebraic semi-additivity) vg(21 + Q2) < ve(1) + ve(Q2);

e if the mapping T : D(T) C E — F is Lipschitz continuous with
constant k, then vp(TB) < kvyg(B) for any bounded subset B C D(T),
where F' is a Banach space;

o If {B,}>°, is a decreasing sequence of bounded closed nonempty
subsets of E and lim,_.. Yg(B,) = 0, then (., By, is nonempty and
compact in F.

The mapping T : C C E — FE is said to be a yg-contraction, if there
exists a positive constant k£ < 1 such that

Ye(T(W)) < kyp(W) (2.2)
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for any bounded closed subset W C C.

THEOREM 2.1. (Darbo-Sadovskii) Let C' be a nonempty, bounded,
closed, and convex subset of a Banach space E and let the continuous
mapping T : C — C be a yg-contraction. Then T has at least one fixed
point in C.

From the point of view of historical remarks, we note that G. Darbo
[20] initially introduced condition (2.2) for any arbitrary measure of non-
compactness p and presented a similar result if the continuous mapping T’
is being a p-contraction. Very recently, the first author et al. [I] extended
the Darbo’s fixed point theorem using control functions and presented the
following result.

THEOREM 2.2 ([I]). Let C be a nonempty, bounded, closed, and
convex subset of a Banach space ¥ and let T : C — C be a continuous
function satisfying

p(T(W)) < d(p(W)) (2.3)

for each W C C', where p is an arbitrary measure of noncompactness and
¢ :[0,00) — [0,00) is a monotone increasing (not necessarily continuous)
function with lim,,_,o ¢"(t) =0 for all t € [0,00). Then T has at least one
fixed point in C.

From now on, without loss of generality and only for convenience, we
denote the class of all the functions ¢ which enjoy in conditions of Theorem
by ®, and the Hausdorff measure of noncompactness of F and C(I, E)

by .
3. Cauchy problem in fractional differential equations

We are now in a position to apply Theorem as a generalized form of
Darbo’s fixed point theorem to investigate the existence of solutions to the
Cauchy problem (L.I)) in a Banach space E using the Hausdorff measure of
noncompactness v which was defined in the previous section. To prove the
main result, we need the following assumptions:

(C1): f satisfies Carathéodory type conditions; i.e., f(.,z) is measur-
able for each fixed = and f(¢,.) is continuous for a.e. ¢t € I.

1
(C2): There exists a function g € Lu (I,R,), ¢1 € [0,q) and a non-
decreasing continuous function €2 : Ry — R, such that

1f (8 2l < g®)Q(llzl),



APPLICATION OF MEASURE OF NONCOMPACTNESS ... 967

for all x € E, and a.e. t € I.
(C3): There exists a function L € L*(I,R,) and ¢ € ® such that for
any bounded subset B C FE,

Y(f(t, B)) < L(t)p(v(B)), (3.1)
for a.e. t € 1.
(C4): There exists at least one solution p(t) € C(I,R;) to the in-
equality
9) t
(lpllo) </ (t — s)q_lg(s)d5> <p(t), fortel, (3.2)
L'(q) 0
where || - ||o is the supremum norm in C(I,R}).

The main tools used in our investigation rely on the following lemmas.

LeEmMA 3.1 ([38]). A function v € C(I,E) is a solution of the frac-
tional integral equation
I ]
(t = )11 £ (5, u(s))ds.
I'(q) /o

if and only if u is a solution of Eq. (L)

u(t) =

Lemma 3.2 ([10]). IfW C C(I,E) is bounded and equicontinuous,
then the set v(W(t)) is continuous on I and

) = sup (). / W(s)is) < / A (W (5))ds.

LEMMA 3.3 ([13]). If {u,}°%, C LY(I, E) satisfies ||u,(t)|| < x(t) a
on I for alln > 1 with some k € L'(I,R.), then the function y({u, (t)}5° )
belongs to L*(I,R,) and

(! [ iasnz NE 2 [ 2 (Gun(s) > 1))

PROPOSITION 3.1. Suppose that p(t) is a function which satisfies (C4)
and put

W, = {u e O(LLE) : |Ju®)] < p(t), te 1} C C(I,E).

Then C), = convFW), is equicontinuous, where conv means the closure of
the convex hull in C(I, E) and F is a operator from C(I, E) into itself given

by
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1 [t _1
o /O (1 — $)7~Lf(s,u(s))ds, tel. (3.3)

Moreover, the operator F is continuous on C(I,E) and also is bounded
from W), into itself.

(Fu)(t) =

P r o o f. We recall that both of the concepts boundedness and equicon-
tinuity have hereditary property related to the closure of the convex hull
in C(I, E), that is, boundedness and equicontinuity of conviV C C(I, E)
are inherited by boundedness and equicontinuity of W C C(I, E). So, it
suffices to prove that FW, C C(I, E) is equicontinuous. To prove this, let
u€ Wy and 0 <ty <ty <T; then we have

[(Fu)(t2) — (Fu)(t)]]

1

_ " — ) (s, u(s))ds — ! —5)7 L f(s,u(s))ds
= ) /0 (ts — )71 £ (5, u(s))d /0 (b1 — )7 £ (s, u(s))ds]
1

= " — S -1 s,u(s))ds — " — S -1 s,u(s))ds
S ACER G Rl | =5 s sy
n / (2 — 5) (s, u(s))ds]

t1

L b —5)T — (ty —5)97! s,u(s))||ds
< ([ =2 (= ISt
SACE s>q-1||f<s,u<s>>||ds)

t1

</0t1((t1 —8) T — (ty — 5)77Y) |g(s)|ds
* /t2 (2 = S)q_l\g(s)\ds>.

131
Next, applying the Holder inequality we derive

Qlplo)llell, 1
I'(q)

) <[/0t1((t1 )1 = (= )T o dS] -

to q—1 1-q1
+ [/ (ta —s)t-a ds] >
t1

[(Fu)(tz) = (Fu)(t)l =0 as t1 — to.

Q(llpllo)
I'(q)

[(Fu)(t2) — (Fu)(tr)] < (LR+)

SO
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This completes the proof of the first part. Turning to the second as-
sertion, the continuity of 7 : C(I,E) — C(I,E), we first note that F
is obviously well-defined since f satisfies both conditions (C1) and (C2).
Next, let {u,} be a sequence of functions in C(I, E) which converges to
u € C(I, E). We have to show that |||Fu, —Ful||| — 0asn — oco. Using the
Carathéodory continuity of f we easily have || f(s, un(s)) — f(s,u(s))|| — 0
as n — oo. Next, applying condition (C2) we conclude the inequality

1f (s, un(s)) = (s, u(s))l| < 28(s) (Q(HU(S)H) + Q(Hun(S)I!))-

We notice that since the function s — g(s)Q(||u(s)]|) is Lebesgue integrable
over [0,t], the function s — (¢t — s)971g(s)Q(]|u(s)||) is also. This fact
together with the Lebesgue dominated convergence theorem implies that

1 t B
[(Fun) () = (Fu)@)| < () (/0 (t—8)" | f (s, un(s)) = f(s,u(s))||ds) — 0

as n — oo forallt € I. This shows that Fu, = Fu and so |||Fu,—Ful|| —
0 on I as n — oo. Finally, we prove that F is bounded on W),. To prove
this, let uw € W), and t € I; then using (C4) we get

! t — )97 £(s,u(s))||ds
IEOON < ) ([ =9t s

plo) (1
< le) ( [ 1g<s>ds)3p<t>,

and the conclusion follows. O
The essential ingredient in the proof of the main result is the following

lemma presented by Bothe [13].

LeMMA 3.4 ([13]). If W is bounded, then for each ¢ > 0, there exists
a sequence {uy 22, C W, such that

TW) < 29v({untpZy) +e
Now, we have the possibility to formulate our existence result.

THEOREM 3.1. Assume that conditions (C'1)—(C4) are satisfied. Then
the Cauchy problem (I1l) has at least one solution u € C(I, E).

P r oo f. Consider the operator F : C(I,E) — C(I, E) as defined in
B3). Using Lemma[3.7] it is clear that the fixed point of operator F is the
solution of Eq. (IL1)). Suppose W), and C), are as defined in Proposition B.11
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Obviously, W, C C(I, E) is bounded, closed and convex. Since FW, C W),
we easily obtain the following

Cp = convFW, C convW, =W, — FC, CFW,CC(,

which shows that F : C), — C), is well-defined and continuous. On the other
hand, for any C' C Cp, using Lemma [3.4] and the fact that C' is bounded
we infer for given € > 0, there exists a sequence {uy}2°; C C so that

Eem) =({ g, [ -9 s utsnds we c})

(q

<or({ ) [ -9 stz | ) e

Next, Lemma [3.2] and Lemma [B.3] together with condition (C3) imply that
4 [t _
V((FO))) < I'(g) /0 (t = )7 9 ({f(s,un(s)) : n € N})ds + €

4o(y({un}pZy)) ! —$) 1 L(s)ds + ¢
- o /O(t )41 L(s)ds + e.

To simplify the notation we let

(3.4)

Clearly, 0 < L < oco. Linking inequality (3.4) and the recent notation to-
gether with the fact that ¢(v({un}22)) < @(7(C)) we derive the following

ALTe1
FC)) < C)) +e.
Y((FC)) I'(g) P(v(C))
Now, considering ¢ — 0 we obtain
ALTT!
FO)) < C)).

Y((FC)) < I'(g) P(v(C))

By taking ¥(s) = 4EFT(;)_ 1(;5(8) we easily conclude that ¢ € ®. Now, the

operator F is a continuous mapping from the bounded, closed and convex
set C) into itself and inequality (2.3 holds. So all conditions of Theorem
are satisfied and hence F has a fixed point such v € C, C C(I, E) and
this completes the proof. O

REMARK 3.1. Keep in mind that if L= 0, that is, L = 0 a.e., then
FC is precompact so F : C — (' is compact and conclusion of the theorem
immediately follows by Schauder’s fixed point theorem.
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REMARK 3.2. Note that if we impose the condition 4?{;; b < 1, then

using the fact that ¢(s) < s for all s > 0 and ¢ € ®, one can easily obtain
the result applying Darbo’s fixed point theorem. This condition need not
be added to the assumptions in Theorem [2.2], and so it can be considered
as a redundant condition.

Now, we give some examples illustrating our obtained result.

ExampLE 3.1. Consider the following fractional differential equation

{ cDIu(t) = f(t,u(t)), teI=[0,T], 0<T < (¥)s, 55)

u(0) =0,
where M = minge (1) I'(g +1) = 0.8856 and f : I X cg — ¢ is given by

o0

1 t
5 . 1 {ln(|ack| +1)+ kz} fort € I, x = {xp}x € co, (3.6)

f(t,l‘):

and ¢ represents the space of all sequences converging to zero, which is a
Banach space with respect to the norm ||z|. = supy |xx|. We prove the
existence of a solution u € C(I,¢q) for Eq. (B35). To do this, we have
to show that conditions (C1)—(C4) are satisfied. Note that we can easily
deduce the function f satisfies the Carathéodory type conditions, so (C1)
holds. To justify condition (C2), let t € I and x = {zx}r € ¢p. Then we
have

1 t
[f(t, 2)lloo = P I(n(lzx] +1) + 5 klloo
2
< sup |rg| +t
g L OOl +)
1
= oy 1 (7o 1)

2

< g(t) Q(|7]l),
where Q : Ry — Ry and g : I — Ry are given by Q(¢) = t + T and
gt) = (2 + ;)_1. This shows that (C2) holds. To prove (B.1), we recall

that the Hausdorff measure of noncompactness v in the space ¢y can be
computed by means of the formula

v(B) = lim sup ||(I = Pp)x||oo,
n— xcB

where B is a bounded subset in ¢y and P, is the projection onto the linear
span of the first n vectors in the standard basis (c.f. [7]).
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Next, let u = {ug}r € B C cg and t € I. Fix n € N; then we have
In(Jug| + 1) < In(|[(1 — Py)(ug)klloo + 1) for all k> n,

which by taking the supremum implies that

sup (7P (An(f]| + 1)) oo < sup I (7P )il + 1)
= Infsup (1P, (ux)ello +1).

Letting n — oo we deduce that
lim sup [|(1—Pp,)(In(fur| 4+ 1))klloc < lim In(sup [[(I—Fp) () klleo+1)
n—oo UEB n—oo UEB

= In( Jmn (sup (7~ Po) ) o) 1),

—
n OOu

which yields

1
WEB) =, L1 sup [|(I = Pp)(In(fug| + 1) + ;2)k||oo

o "0 ueB

1 )
241 nh_{goilelg (I — Pp)(In(ug| + 1))&lloo

2 + % n—o yeB
= L(t)o(v(B)),
where L € LY(I,R;) and ¢ € ® are defined by L(t) = (t* + ) and

¢(t) = In(t+1). Hence condition (C3) is satisfied. Now, it remains to show
that there is a solution p(t) € C(I,Ry) to the equation

Qlpllo) ( [* (¢ — 5)a-1
I'(q) (/0 241 d8> <p(t) fortel.

To do this, let the function p(t) be the constant function p(¢t) = A where
A > 279 Y T(q + 1) — 279)~L. This function is a solution for the recent
equation because

([ )< o)
< 2A+T)Te

- T(¢+1) —

REMARK 3.3. Notice that in the previous example, the Darbo’s fixed
point theorem can not be applied for some orders g € (0,1). More precisely,
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by taking the bounded set B = {(e,(;))k;i € N} C ¢y where

G | 1, k=i,
T 0, otherwise,
since
sup (1= P)(In(le® + 1)+ il =ln2+
en ARG g2kl = (n+1)%
we have
1 . (i) t
WEB) =, : Jim_sup [|(1 = Fo)(n(leg [ + 1) + o )illoo
2In2 2In2

> .
202417 212 +1
This shows that v(f(t, B)) is strictly greater than

¥(B) = lim sup |[(I — Po)(ul)p]leo = 1,

n—00 jeN

where 0.9908 = (21n Ag)(ln(mng_l))_l < ¢ < 1. This proves the claim.

REMARK 3.4. Note that in Example B.1] if we take the mapping f
defined by f(0,2) = {0}, for x € ¢y and by (B.6) otherwise, then f is
discontinuous at ¢t = 0 but we easily obtain the same result in a similar
way. Indeed, as the measure of noncompactness of a finite set is zero, then
~v(f(0,B)) = v({{0}%}) = 0 which shows that condition (C3) holds. The
rest of the proof is similar.

REMARK 3.5. We recall that the Hausdorff measure of noncompact-
ness of the unit ball in finite dimensional space F = R" is zero. Comparing
this fact to our assumptions implies that condition (C3) is redundant in
this case, and we can immediately obtain the following result in the vector
case.

COROLLARY 3.1. Suppose that conditions (C1), (C2) and (C4) are
satisfied. Then the following system of nonlinear fractional differential
equations has at least one solution u € C(I,R")

{ ¢Diu(t) = f(t,u(t)), tel=1[0,T],
u(0) =0,

where 0 € R™, 0 < g < 1 and u is a real-valued vector function.
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ExampLE 3.2. Consider the following system of fractional differential
equation

¢Diu(t) = f(t,u(t)), tel=]0,1],
{ a(0) (:)(070,(0), (1)) [0,1] (3.7)

where u = (u,ug,uz) € C(I,R3) and f: I x R® — R3 is given by

Fltw) = (tsin(z +y + 2),tcos(z +y +2),3), te0,,],
T (3 2sin(z + y 4 2),2cos(z +y + 2)), t € (5,1],

for all w = (z,y,2) € R3.

Clearly, for every fixed w € R3, f(t,w) is discontinuous at t = % but
satisfies Carathéodory type conditions and ||f(t,w)| < Vt2+9 for t € I
and w € R3. Next, take g(t) = vVt2+9 and Q(s) =1 fort € I and s € R
in condition (C2). Also, the function p(t) € C(I,R;) defined as

1 t

p(t) = </ (t—s)q_l\/s2—|—9ds> for t eI,
I'(g) \ Jo

is a solution of inequality (B.2]), so conditions (C1), (C2) and (C4) are

satisfied. By Corollary 3.1 system (3.7) has a solution in C'(I,R3).
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