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Abstract

In this work we consider the unique positive solution for the following
fractional boundary value problem

D8+u(t) = _f(tvu(t))v te [07 1]7
uw(0) =4/ (0) = /(1) = 0.
Here o € (2,3] is a real number, Df,_ is the standard Riemann-Liouville
fractional derivative of order a.. By using the method of upper and lower
solutions and monotone iterative technique, we also obtain that there exists
a sequence of iterations uniformly converges to the unique solution.
MSC 2010: Primary 26A33: Secondary 34A08, 34B15, 34B18
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1. Introduction

In this paper we investigate the unique positive solution for the frac-
tional boundary value problem with Riemann-liouville derivative

Dg u(t) = —f(t,u(t)), tel0,1],
{u<0> —(0) = (1) = 0 (1)
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where o € (2, 3] is a real number, D, is the standard Riemann-Liouville
fractional derivative of order o, and f : [0,1] x RT — R is continuous.

Fractional calculus and fractional differential equations have been of
great interest recently. Because of fractional order derivative memory prop-
erties, we can apply it more efficiently in physical memory and genetic
properties, and it can better simulate natural physical process and power
system process. Thus fractional calculus is used wider and wider in con-
trol theory, biological engineering, electrochemical processes, semiconduc-
tor physics, mechanical engineering, condensed matter physics, see the rele-
vant books [89TTT3l14]. Recently, there are many papers dealing with the
existence of solutions (or positive solutions) of nonlinear initial or boundary
value problems for fractional differential equations by virtue of techniques
of nonlinear analysis (fixed-point theorems, Leray-Schauder theory, lower
and upper solution method, etc.), for example, see [I},12,5] 6,10} 15,16 17]
and the references therein.

In [2], M. El-Shahed concerned with the existence and nonexistence of
positive solutions for the nonlinear fractional boundary value problem (LI])
replaced f(t,u(t)) by Aa(t)f(u(t)). The main tool in [2] is Krasnoselskii’s
fixed point theorem on cone.

In [I,I5L[I6], the authors adopted the monotone iterative method to
study the existence and uniqueness of solutions for some initial and bound-
ary value problems of fractional differential equations involving Riemann-
Liouville sequential fractional derivative.

In [I7], by the lower and upper solution method and a fixed point
theorem, Zhao et al. established some existence criteria for singular and
nonsingular fractional differential equation boundary value problem (L).
We note that their method involving the subsolution and supersolution is
identical with Liang and Zhang’s in [10].

Motivated by the works mentioned above, in this paper, we consider
the existence and uniqueness of positive solutions for (II). Moreover, we
can prove that the unique positive solution can be uniformly approximated
by an iterative sequence beginning with any function « which is continuous,
nonnegative and not identically vanishing on [0, 1].

2. Preliminary results

For the convenience of the reader, we only give the definition of the
Riemann-Liouville fractional derivative. The other materials about frac-
tional calculus can be found in the books [89]TTL[T3]T4].

DEFINITION 2.1. The Riemann-Liouville fractional derivative of order
a > 0 of a function f € AC™ is given by
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2510 = 1, oy (i) [} = prvents

where n = [a] + 1, [a] denotes the integer part of number «, provided that
the right side is pointwise defined on (0, +00).

LEMMA 2.1.  (see [2]) Let D§, and f be as in (LI). Then (LI is
equivalent to the integral equation

1
_ /O G(t.5)f(s,u(s))ds, for t € [0,1], (2.1)
where
a—1 —s a—2 —s a—1 s
669 = 1 {iﬁ—i T iaE e

LeMMA 2.2. (see [2]) The function G(t,s) € C([0,1] x [0,1],[0, +00))
satisfies the following inequalities

7 1s(1 - 5)272 < T(a)G(t,s) < s(1—s)*2, Vt,se[0,1]. (2.3)

LEMMA 2.3. Let

= /01 G(t,s)ds = ]_“(104) (Otéa__ll - t:) , Vte|0,1].

Then for any continuous function w on [0,1] with w(t) > 0 and w(t) # 0,
Vt € [0, 1], there exist two positive numbers a,, < by, such that

ayywo(t / G(t,s)w(s)ds < bywy(t), Vte[0,1]. (2.4)

P r o o f. For the reason that w is a continuous and nonnegative func-
tion on [0, 1], we can set by, := maxc[o ] w(t) > 0, it is clear that the right
inequality of (2.4]) holds true.

In order to the left inequality of (24]), we need to consider the limit

e s)ds

t_’0+ fo
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1,0 o o
e ot = s Ru(s)ds — [t — )7 Tuw(s)ds
t—07F (Oé — 1)_11':0‘—1 — a1
= lim Jo (1= 5)*~*w(s)ds BT Jo(t = s)2 tw(s)ds (2.5)
t—0+ (a — 1)—1 — a1t t—0+ (a _ 1)—1ta—1 — ol

1
—(a—1) /O (1= 5)°2w(s)ds > 0,

In what follows, we will show (2.5 is true. Indeed, we have by —b,, <
w(t) < by, ¥Vt € [0,1],

—bpaTle [yt = 5)* u(s)ds bua 1t
(a_l)—lta—l _ a—lta — (a_l)—lta—l _ a—lta — (a_l)—lta—l _ a—lta'
Consequently,
—bya bya 1t
lim = lim =0

=0t (a—1)"1—a 1t oot (a—1)"t—alt
implies that
] fot(t — 5)* lw(s)ds
lim
t—0+ (o — 1)~Ita—l — =l
As a result of this, (23] holds, as claimed. By (2X), we can choose

1
Jo ﬁ(gfzw)(ds)ds, then a,, > 0 and the left inequality of (2.4)) is
Jo ,$)as

satisfied. This completes the proof. O

=0.
ay = infie (1)

REMARK 2.1. In [10], the authors assume that their nonlinearity is a
positive function on [0, 1]. By this, the relevant inequalities with (2.4]) can
be obtained easily. For example, in Lemma 2.4 of [10], the authors can only
take the minimum value m := min ,ye(0,1]x[0,17] f (£, u(t)) > 0, then the
left inequality (2.4]) can be proved immediately. However, our nonlinearity
is a nonnegative function on [0, 1], which the minimum value may be 0.
So the method in [I0] is invalided. In our paper, we utilize the method of
the limit at 0 to prove our inequalities ([2.4]), of course, we also weaken the
condition on f in [I0].

Let
E :=C[0,1], ||u]| := tm[gul(] lu(t)|, P :={ue E:u(t)>0,t €[0,1]}.
€10,

Then (E, || -||) becomes a real Banach space and P is a cone on E. Now,
note that u solves (ILI)) if and only if u is a fixed point of the operator
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(Au)(t / G(t,s)f(s,u(s))ds, for u € E. (2.6)

Clearly, the continuity of f and G implies A : E — E is a completely
continuous operator.

LeMMmA 2.4. (Krein-Rutman, see [12]) Let P be a reproducing cone
in a real Banach space E and let L : E — E be a compact linear operator
with L(P) C P. r(L) is the spectral radius of L. If r(L) > 0, then there
exists p € P\{0} such that Ly = r(L)p.

Let
/ G(t,s)u(s)ds, for u € E. (2.7)

Then L : E — FE is a completely continuous linear operator, satisfying
L(P) C P. That is, L is a positive, completely continuous, linear opera-
tor. In the following, we shall utilize Gelfand’s theorem to prove that the
spectral radius r(L) > 0.

LeEmMmA 2.5. r(L) > 0.

P r oo f. Clearly, for the Green function G, it is easy to obtain the
following inequality

G(t,s) > t*71G(r,s), for all t,s,7 € [0, 1]. (2.8)
By direct computation, we have from the left inequality of (2.3])
! B(2,a—1
HLH— max / G(t,s)ds > max to‘_l/ s(1—5)2"2ds= 2 ),
t€[0,1] ( ) te[0,1] 0 I'(«)

an

12| = max / / G(t, 5)G(s, T)dsdr

te[01]
> 1o 1 1_ a 2 P 1 1 — a—2d d
- F2 te[Ol] / / ) =7 e
~ B(a+1,a-1)B(2,a - 1
- F2(a)

Consequently, for n € N, we have
B" Ya+1,a—-1)B(2,a—1)
I'"(a) '
Here B(-,-) denotes the Beta function. Therefore, by Gelfand’s theorem,
we have

1L =
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) Bla+1,a—1)
— m v n > .
This completes the proof. O

By Lemmas [2.4] and [2.5] we can get that there exists ¢ € P\{0} such
that Lo = r(L)y, i.e.,

1
/O G(t, 5)p(s)ds = r(L)g(t). (2.9)
Let
1
(L*u)(s) :== / G(t,s)u(t)dt, for u € E. (2.10)
0

Then we see r(L*) = r(L) > 0 and there exists ¢» € P*\{0} such that
L*p = r(L), ie.,

1
/0 G(t,s)Y(t)dt = r(L)Y(s). (2.11)
Note that we can normalize 1 such that
1
/ P(t)dt = 1. (2.12)
0

Let w := [} t*~Lop(t)dt > 0 and Py := {u € P [lu®)p(t)dt > wHuH}.
Then we have easily the following lemma.

LEMMA 2.6. L(P)C P.

P roof By ([Z8), for u € P, we obtain

/ (Lo (Ol = / 1 ( / o, s)u(s)ds> Bl)dt

1 1
> /0 1oLy ()t /O G(r, s)u(s)ds = w(Lu)(r), ¥r € [0,1].

Therefore, fol(Lu)(t)zp(t)dt > wl||Lu||, as claimed. This completes the
proof. O

We denote B, := {u € E : |Ju|| < p} for p > 0 in the sequel.

LEMMA 2.7. (see [7]) Let E be a real Banach space and P a cone
of E. If A: (Br\B;) N P — P is a completely continuous operator with
0 < r < R. If either (1) Av £ v for each P N dB, and Av # v for each
PNABg or (2) Av # v for each PN 8B, and Av & v for each P N dBg.
Then A has at least one fixed point on (Br\B;) N P.
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LEMMA 2.8. (see [3]) Let E be a partial order Banach space, and
xo,y0 € E with xg < yo, D = [x0,y0]. Suppose that A : D — E satisfies
the following conditions:

(i) A is an increasing operator;

(ii) o < Axg, yo > Ayo, i.e., xy and yg is a subsolution and a superso-
lution of A;

(iii) A is a completely continuous operator.

Then A has the smallest fixed point x* and the largest fixed point y* in
[0, yol, respectively. Moreover, x* = lim,,_,o, A"z and y* = lim,, oo A™yo.

3. Main Results

Let A1 := (r(L))~!. Now, we list our hypotheses on f.

(H1) liminf,_,q+ f(zu) > A1 uniformly with respect to t € [0, 1].

(H2) limsup,_ ..’ (Z’u) < A1 uniformly with respect to ¢ € [0, 1].

(H3) f(t, u) > Af(t,u) for each X\ € (0,1), u € RT and ¢ € [0, 1].

(H4) f(t,u) is increasing in u, that is, the inequality f(¢,u1) < f(t, u2)
holds for all ui,us € R satisfying 11 < us.

THEOREM 3.1. If (H1) and (H2) are satisfied, then (1)) has at least
one positive solution.

P roof. By (H1), there are r > 0 and £; > 0 such that
flt,u) > (A1 +e1)u, for all w € [0,7] and t € [0, 1]. (3.1)
This leads to 1
(Au)(t) > (M + 51)/ G(t,s)u(s)ds (3.2)
0

for all w € B, N P. Let A = {u € B, NP :u > Au}. We claim that
A1 = {0}. Indeed, if the claim is false, then there exists u; € 9B, N P such

that u; > Awu;. Combining with (3.2]), we obtain
1

u(t) > (A + 61)/ G(t, s)ui(s)ds.

0
Multiply by #(t) on both sides of the above and integrate over [0,1] and
use (2.I1) and ([2.12)) to obtain

1

1
/ uy ()Y (t)dt > (A —1—51))\1_1/ uy () (t)dt
0 0

and thus, .

u(t)y(t)dt =0,
0
whence u;(t) = 0, contradicting u; € 9B, N P. Consequently,
u # Au,Yu € 0B, N P. (3.3)
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In addition, by (H2), there exist e € (0, A1) and b > 0 such that
ft,u) < (A —ex)u+b, for all u € RY and ¢ € [0, 1]. (3.4)

Let A5 := {u € P: u < Au}. We shall prove that .#5 is bounded in P.
Indeed, if u € .45, then we have

u(t) /Gts s,u(s ds</Gts (A1 —e2)u(s) + b)ds

= (A1 = &2)(Lu)(t) + bwo(t),
(3.5)
where wy € P\ {0} being defined by Lemma [2.3] Notice r((\ —e3)L) < 1.
This implies the inverse operator of I — (A — €3)L exists and equals

(I— ()\1 —EQ)L)_l =1+ ()\1 —EQ)L—I— ()\1 —62)2L2 +...+ ()\1 —EQ)HLn +...,
from which we obtain (I — (A\; — e2)L)"*(P) C P. Applying this to (.3
gives

u < (I — (M —e2)L) tug
for all u € .#5. This proves the boundedness of .#5, as required. Choosing
R > sup{|jul| : v € A5} and R > p, we have

u & Au, Yu € OBRr N P. (3.6)
Now Lemma [Z.Tlimplies that A has at least one fixed point on (Br\ B,)NP.

Therefore (L)) has at least one positive solution, which completes the proof.
O

THEOREM 3.2. If (H1)-(H3) hold, then (LI]) has exactly one positive
solution.

P roof. We first prove that (LI]) has at most one positive solution.
Indeed, if u; and wug are two positive solutions of (II), then

1
~ [ Gt s.uits)s.
0
Lemma [2.3] implies there are positive numbers b; > a; (i = 1,2) such that

a1w0 < U1 § b1w0 and as2wgo S u9g § bglU().
Therefore ug > ¢ b, 2uy. Let
o :=sup{p > 0:ug > puy}.
Thus o > 0 and us > pouy. We claim pg > 1. Suppose the contrary.
Then pp < 1 and

1
0> / G(t, 5)f (s, prous (s))ds.
0
We denote
g(t) == f(t, pour(t)) — po f(t,ur(t)).
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Therefore, (H3) gives g(t) € P\{0}. By Lemma [2.3] there are positive
numbers b3 > ag such that

1
azwy < / G(t,s)g(s)ds < bswy.
0

Consequently, )

)= /0 G(t, $)g(s)ds + poun (1) >

contradicting the definition of pg. As a result, we find pg > 1, and thus
ug > wy. Similarly uy > ug. Therefore uy = uy. Thus the problem (L))
has at most one positive solution. Combining this and Theorem B3l the

problem (1) has exactly one positive solution. This completes the proof.
Od

uy(t) + pous (t),

THEOREM 3.3. Let (H1) and (H2) hold. The following two conclusions
are satisfied:

(i) Take sufficiently small 6 > 0 such that 0||¢| < r, where ¢ and r are
determined by ([2.9) and (3.1l), respectively. Then we have Adp > dp, i.e.,
d¢p is a subsolution of A.

(ii) Choose sufficiently large M > 0 such that M > (e3a,,)~'b, where
€9, b, a,, are defined by [B.4)) and ([2.4]), respectively. Then we have AMy <
My, ie., My is a supersolution of A.

P roof From (3.1, we have
f(t,0p) > (M1 +¢€1)dgp, for all d¢ € [0,7] and ¢ € [0,1]. (3.7)
Therefore, by (2.9) and [B.7), we see

1
(A5)(t) > (1 +¢) /0 G(t, 5)0p(s)ds

Hence, dp is a subsolution of A.
On the other hand, from (29), (3:4]) and ([24]) (choosing w(t) = p(t) €
P\{0}), we get

1
(AMy)(t) < /0 G(t, 5)((\ — £2)Mip(s) + b)ds

_)\1—1—6

\, 0e(t) = dp(t).  (38)
1

B )\1 — &9
= N
- A1 — €2
Y

)\1—52
= Mo(t t) < Mo(t).
A 90()+A1aw90()_ o(t)

Therefore, M is a supersolution of A. This completes the proof. O

Mep(t) + b/ol G(t,s)ds

1
Mep(t) + al;/o G(t,s)p(s)ds
b
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THEOREM 3.4. Let (H1)-(H4) hold and u* be the unique positive
solution of (LIl). Then for all uy € [dp, My| with f(t,uo(t)) # 0, the
sequence

1
un(t):/o Gt 5)[(5,1n 1 (s))ds, n=1,2,...,

uniformly converges to u*.

P roof. (H4) implies that A is an increasing operator. It follows from
Lemma [2.8] and Theorem that A has the smallest fixed point s, and
the largest fixed point u** in [0y, M|, respectively. By this, we first show
u* € [0p, Mp]. Indeed, for all n € N, we have

0p < A"p < A"Mp < M. (3.9)
Let n — oo in [B3), we see dp < Uy < u* < u™ < M. For all do < ug <
M and n € N4, we have

Ao < A"ug = up, < A"Mo. (3.10)
By Lemma [2.8] and (II]) has only a positive solution, lim,, ., A"dp =

lim,, oo A" Mp = u*, and thus lim,,_, u, — u*. This completes the proof.
Od

REMARK 3.1. (1) In Example 4.1 of [10], Liang and Zhang impose
their nonlinearity f(t,u) =t+u*,t € [0,1], p € (0,1). Clearly, (H1)-(H4)
hold true, i.e., our results can also apply to the example.

(2) In [4], Guo considered the existence and uniqueness of positive so-
lutions for boundary value problems of polynomial type

d? =
dtg +3 ety =0, 0<t<1, (3.11)
=1

subject to the following two_boundary conditions respectively

w(0) =u(l) =0 or wu(0)=1'(1)=0,
where ¢; € C[0, 1] are nonnegative functions and there exists ig € {1,2,...,n}
such that ¢;, > 0 for all ¢ € [0,1], a; € (0,1).

In our paper, we can weaken the condition about ¢; and only need
¢; € C[0,1] are nonnegative functions with ¢; # 0, for all ¢ = 1,2,...,n
and ¢ € [0,1]. The polynomial > 7" ; ¢;(¢)u® must satisfy the conditions
(H1)-(H4).
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