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Abstract

In this paper, we consider the numerical solution of a time-fractional
heat equation, which is obtained from the standard diffusion equation by
replacing the first-order time derivative with the Caputo derivative of order
a, where 0 < @ < 1. The main purpose of this work is to extend the idea
on the Crank-Nicholson method to the time-fractional heat equations. By
the method of the Fourier analysis, we prove that the proposed method
is stable and the numerical solution converges to the exact one with the
order O(72~% 4 h?), conditionally. Numerical experiments are carried out
to support the theoretical claims.
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1. Introduction

In the last decades differential equations involving fractional derivatives
and integrals have been studied by many researchers. Due to their ability
to model more adequately some phenomena, fractional partial differential
equations (FPDEs) have been used in numerous areas such as viscoelasticity
[3, 5], finance [28, B0], hydrology and porous media [4, 9], engineering
[16], 26], control systems [1§], etc.
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Several different methods have been investigated for solving FPDEs.
The variational iteration method [23] 24], the Adomian decomposition
method [22] 25] 29], the Laplace transform and Fourier transform meth-
ods [2, 27] have been adopted to obtain analytical solutions for FPDEs.

On the other hand, numerical methods based on a finite difference ap-
proximation to fractional derivative, for solving FDPEs [, 111, 17, 20}, 21]
have been proposed. A practical numerical method for solving multi-
dimensional fractional partial differential equations, using a variation on the
classical alternating-directions implicit (ADI) Euler method is presented in
[19]. In [6,[7] implicit and explicit finite difference methods have been exam-
ined for numerical solution of fractional partial differential equations and a
Fourier analysis has been used to analyze the stability and convergence of
the methods.

There are two fundamental types of fractional order analogues of the
heat equations: time fractional heat equations and space fractional heat
equations. Some difference schemes for the space-fractional heat equations
are presented in [I], BT, B2]. It is easy to apply the Crank-Nicholson dif-
ference schemes for the space fractional heat equations. But, for the time
fractional heat equations, we need to do some manipulations. This can be

O*u(t O*ult
seen in [10] [14] 33, [34], the equation of the form u(t, z) = u(t, z) is
5 o1 o2 ote Ox?
t o t
firstly converted to the form ug)t’ z) = grl-a ?);2’ a;)> and then the
approximations are obtained. In [12] 13], the Crank-Nicholson method was
applied directly to obtain a numerical solution for the time fractional ad-

vection dispersion equations with Riemann-Liouville derivative.

In this work, we derive a numerical approximation based on the Crank-
Nicholson method for fractional derivatives. Then, we propose a method,
with the order of O(72~% + h?), for solving time-fractional heat equations
involving Caputo derivatives. We consider the following time fractional
heat equation:

a 2
0 u(t,fl’) _8u(t,$) +f(t,33)7 (0<;1;<1,O<t<1)7

otr 922
u(0,z) =r(z), 0<x <1, (1.1)
u(t,0) =0, u(t,1) =0, 0<t<1.
0“u(t, )

Here, the term denotes the a-order Caputo derivative ([5]), de-

fined by the formula (see e.g. [26], [15], etc.):

t

0%u(t,z) 1 uy (7, )

ot T(l-a) / (t— T)O‘dT’ where 0 <a <1, (1.2)
0
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and I'(.) is the Gamma function.

2. Discretization of the problem

In this section, we introduce the basic ideas for the numerical solution
of the time fractional heat equation (I.I]) by the Crank-Nicholson difference
scheme.

For some positive integers M and N, the grid sizes in space and time
for the finite difference algorithm are defined by h = 1/M and 7 = 1/N,
respectively. The grid points in the space interval [0, 1] are the numbers
xzj =jh, 5 =0,1,2,..., M, and the grid points in the time interval [0, 1] are
labeled ¢, = k7, k = 0,1,2,..., N. The values of the functions v and f at
the grid points are denoted ué“ = u(ty, ;) and ff = f(ty,x;), respectively.
Let u(t,x), u(t,z) and uy(t, z) are continuous on [0, 1].

As in the classical Crank-Nicholson difference scheme, a discrete ap-
0%u(t, x)
a

tained by the following quadrature formula:

proximation to the fractional derivative t (1, Tl x;) can be ob-

(63 tk 1/2
Oultyy1,25) o o
ote T -a) / (s, 25)(thyrja — 5)“ds
0

tk+1/2 uk+1 k 1 o
+ [] . T+ 0(1) <(k—|—2)7'—s> ds
ti
R B
F(l—a)e= T
M= m—1)r

+ (s - tm_%> utt(cm,xj)} ((k: + ;)T - s> s

k+1/2)T
. (//) 5 o] (@ Hros)
(1 — a) - T )T =8 s.
kT

Then,
aau(tk—i-; ) xj)
ot
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mT

(75 T (@b e

(m=1)7

1 k
- F(l—a)mZ::

1

k mT B
! 1
*Nl—wEQL/ @—%wﬁwm%mn0k+yf—ﬁ ds
m= (m—1)T

1 u;‘?-i-l _ ugf (k+1/2)7 , »
+F(1_04) [ T +0(7) / <(k+ 2)7'—8> ds
kT
' ! ! 3 m m—1 11—«
- F(l—a)Tal—aZ[uj_uj ][(k—m+3/2)

m=1

1 1 1 1
—(k = 1/2)'~ k+1 _ )k
( m + /) }—I—F(l—a)T‘ll—a(u] u])21_a

/ <S—tm_;)utt(0m71’j) ((k‘+ ;)7-_3> ds
(m—1)T
1 1 1

F(l — a) 1—q?2l—«

So, we obtain,

1 k
+ F(l—a)z

m=1

+ 0(7_2—04).

6Olu(tk+% , ac])
ot

1 1 1 k1 gy L

k
3 1
5 el l-o 11—«

X[ J[te=me ==y }}

+R1 +R2,
where
B X / (5 =ty ) wemsy) (G + Yoo s) as

L1 =)= " " 2
m= (m—1)71
and 1 1
Ry = 0(7_2—05)‘

P(Q _ a) 21—«
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Here,

mT

/)(s—%hguﬂ%%@)0k+;ﬁ—s>ﬂds

(m—-1)T

k
I'l—a) Z

m:l
mT

ia)nlzi:lutt(cm@j) / <S—tm_%) ((k:+ ;)T—S>_a ds

(m—1)T

k 11—«
(k—m+1) _ 3
1_amzzjluttcm,x] [ |- o k m—l—2
1 11—« 1 3 2—«
—<k—m+2> )—2_a<<k—m+2>
1 2—«
—<k—m+2> )7’2_0‘

1285, [ttt (€m, ;)] { k(2k + 1)1

= I'(l-a) 21— (] — q)
(k-1 2k =3) T 3l gl
21=2(1 — «)

(k41712 a
22-2(2 — @)

3 oax e (cm, )|

- 'l —«)

7_2—01

F(21— )TQ and w; = o ((j+1/2)'7* = (j —1/2)}7%),

finally we have obtained the following approximation:

Setting o =

0%u(ty 1, ;) k-1
8750‘2 = |wuf + Z (Wg—mt1 — Wg—mm) u™ (2.1)

m=1
(ub*! —ub)

Ao + O( )

—wpu’ + o
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On the other hand, we have

82“(% LTi) g uktl — 2k+1+uk+1 ub = 2uf 4k
+2 + j+1 J j—1 +O(h2).

0z2 2

j+1
2 h2
(2.2)

3. The Crank-Nicholson difference scheme

Using the equations (2.I) and (2.2]), we obtain the following difference
scheme which is accurate of order O(r2~“+h2) :

wyul + mzl (Wh—mt1 — Whm) U — wpud + o ol a
k+1 I<:+1 k1
_ Uj+1 2u +U + u?+1—2u +uj 1 :f(t 4 - x)
2h2 2h2 kT og9sti)s (3_1)

0<kE<N-1 1<j<M-1,
w=r(z;), 1<j<M-1,

k

ug =0, uk, =0, 0<k<N.

\
We can arrange the system above, so to obtain

(o)t (o ) (= ) ]
{( 2h2)uj+1+(—21—a+ )U + (—o2) §_1]

k-1
+[ 1 + Y (Whemt1 — wk_m)u?"”—wku?} (3:2)
=f

_l’_

m=1
(k+27x]) OSkSN_171SJSM7

O =r(x;), 1<j<M,
uf =0, uk, =0, 0<k<N.

4. Stability of the finite difference methods

We analyze the stability of the difference scheme by a Fourier analysis.
Let Uk be the approximate solution and define p = uj —Uk k=0,1,..., N,
j= 0, 1,...,M. Then, we obtain the following roundoﬁ error equation

(k) At (a2 + 1) 25+ (=) 2]

(o) P+ (52 — ) o+ (o) P
k—1
- |:w1pk + E (wk—m-i-l - wk—m) p" = wkp0:|

m=1

(o6 =l = 0.

(4.1)
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We now define the grid functions:
. h rT< T h
2

k() p;‘?,vvhen T, <
xTr) =
P 0, when Ogmggor L—}2’<x§L,

then p* () can be expanded in a Fourier series
s 127l
pk(l‘): de(l)e L 7k:1727"'7Na
l=—o0

_ 12wlx

L
where dj (1) = | [p¥(z)e” 2. Introducing the following norm
0

Vol , 1/2 L , 1/2
k|| _ k _ k
o, = (el ) = | ]et] e
Jj=1 0

L [es)

and applying the Parseval equality [ |pk (a:)|2d:17 = 3 |dr (D, we
0 =—00

obtain

| = 3 o
l=—00

Based on the above analysis we can suppose that the solution of (4.1))
has the following form p;? = de7"? where 3 = 2nl/L and L = 1. Substi-
tuting the above expression into (1), we obtain

(= o) A€M 4 (570 + 1) dir €9 + (= 5p2) dir 070

m=1

_ [wldkeijhﬁ + "il (W1 — Wh—m) dmeMP — wkdoez‘jhﬂ] _
After simplifications, we write
di41 (‘ 2}112 [eihﬁ + e‘ihﬁ] + 210_(1 + hl2>
(e

k—1
- [wldk + Z (wk—m-i-l - wk—m) Ay — wkd0] .

m=1
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Then, we obtain
1 o 1
di+1 (— 2 €O Bh + 91-a + h2> (4.2)
1 o 1
dj, <h2 cos Bh + gl-a h2>

k-1
- [wldk + > (Whomt1 — Whem) dm — wkd0] :

m=1

PROPOSITION 4.1. If 3 < 3% then |dy| < |do|, k = 1,2,..., N, where
dy. is the solution of (4.2).

P r o o f. We will use mathematical induction for the proof. We start
with k = 0, then

h—1
hlz cos Bh + 21(1a - hlz COS;‘iz + 21(104
|d1| 1 1 |d0| =11 h |d0|
—p2 08 Bh+ 7, + o _(Z)zsﬁ + 917a
—(1—cos Bh) o
+ 5=
h2 21—«
= 1—cos Sh o ‘do‘ < |d0|’
h2 + 21—«

therefore |dy| < |do] .
Now, assume that |d,| < |dg|, n = 1,2, ..., k. We need to prove this for
n =k + 1. Indeed,
k—1

k41| < (
1
+ 1—cos Bh o Z ‘wk—m - wk—m+1| + wy
n2 o T oo Lmm1

( cos Bh—1

h2 + 210—01 - wl
If cosph—1 4 g10a — w1 > 0, then

cos fh—1 o
h2 + gima — W1

1—cos Bh
h2 + 21‘111

) |do

w1
+ |do] -

1—cos Bh
h2

h2 + 210—-04
h—1 h—1
d COS£2 + 21Cia —wi +wp dol = 00552 + 21Cia d
‘ k"'l‘ - 1—cos Bh | 0| | 1—cospBh ‘ 0‘

ag ag
h2 + 21—« h2 + 21—«

N

< dol.
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If Cos}fzh_l + 517a — w1 <0, then

Wi = % = T Fwy
|dya] < ( s |do|

h2 + 210;11
o cos fh—1
_ 2w1 - 21—& - h2 ‘do‘ )
1_Ch0256h + 210;o¢
Here,
dg1] < |dol
2wy — 7,
= 1—cos Bh 4+ . <1
h2 21—a
o cosBh—1 _1—cosfh o
= 2’LU1 B 21— B h2 < h2 + 21—«
. 1 l—«a 1 l—«a 1
©w1§21_a<:> 1+2 — 1—2 §21_a
3
& < 3%
9=

O
THEOREM 4.1. The finite difference scheme (3.1)) is stable, if 5 < 3.

Proof Assume g < 3%, then using Proposition [4.1] and the Parseval
equality, we obtain

leM, < %l k=120,

which means the proposed difference scheme is conditionally stable. O

5. Convergence of the finite difference scheme

Let us denote the truncation error at (¢, 1, ;) by R;? . From the equa-
2

tions (2I)) and ([2.2]), we have
1 _ )
(Rﬂ <CO (P4 12, j=1,2, M — Lk =0,2,.,N — 1,
then we write

‘R?( <G (T RY), j=1,2,, M = 15k =0,2,.,N — 1,

1
where C1 = max {C’(Ig} .
1<j<M-1,1<k<N U D
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Let E? = u(z,tg) — ué“ denote the error at (ty,z;) and we write the

following error equation:
1\ k+1 1\ k+1 1\ k41
[(_2h2) it + (270 + p2) & + (= gp2) Ej—l]

t [(ata) i+ (% + b) b (= ph) by

k—1
+ |:w15k + E (wk—m—i-l - wk—m) Em — wk50:|
m=1

=R, 0<k<N-1,1<j<M.
The error equation is obtained by subtracting the equation (B.2]) from
the following equation
1 o 1 1
[(_2h2) u(tk'H’ xj+1) + (21—0‘ + h2) u(tk-l-l? ‘Tj) + (_ghz) U(tk-l,-l, xj—l)]

- [(=on2) wltis @i1) + (=5 %a + p2) ulth, 25) + (= gpa) wltn 2-1)]

k—1

+ |wiu(te, ©j) — > (Wk—mt1 — Wh—m)u(tm, ;) — wru(to, ;)
m=

=f(tn+5)+RF, 0<Kk<N-1,1<j<M.

Notice that the error equation satisfies the boundary conditions fs’g =

Eﬁ/j =0, k=1,2,...,N and the initial condition 5? =0,7=0,1,..., M.
We now analyze the convergence of the difference scheme by using the
Fourier analysis. Similarly to the stability analysis, we define the grid

functions

ek (z) = E?’ when 33]_;21 < <$j+g ,j=12...,. M -1
0, when 0<az<h or L-l<a<lL,
k .
R (z) = R, when T < 3:<xj+g ,j=12,...M—1
0, when Oﬁwﬁgor L—g<x§L.

Thus €* (z) and R (x) have Fourier series expressions

fz)= 3 &)/t | k=1,2,..,N,

l=—00
Ri(z)= 3 mu()e=/l | | =1,2,.,N,
l=—00
where
& () =} [e¥(x) e ®2/ldy  and (1) = ; [RF (z) e" 272/l
0 0
We now let

ek = [E'f,slg,...,sﬂ_l]T
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RF = [RE, RS, .., RE, 1"

, k=1,2,...,N,
and introduce the following norms:

1 1/2

M—1 /2 L
Hfsksz Zh‘eﬂQ = /‘Ek (m)‘Qda: k=12, ...
i=1 0

M-1 ) 1/2 L 1/2
el = (S

Using the Parseval equality:

0

L [e.e]

[l @f ar= 3 l6@f k=120
0 l=—o0

L

[l o= S I @F k= 1,20 N,
l=—00

0

we also have
(@)

Ha’““j: S G P k=1,2,. N,

l=—00
(p#Hz: fi e (D2 k=12, N
l=—o0

Based on the above analysis, we also can suppose that

z—:? = &P and Rf = nkeiﬁjh

= /‘Rk(:c)rdaj Jk=1,2,...

(5.1)

(5.2)

(5.3)

respectively, where § = 2wl/L and L = 1. Then, we have the error equa-

tion:

1 B+l U+1 B+l (1 ket
2h2 it ol—a ' p2 &j ( 2h2)€j—1
1 k g LY & 1\ &k

- <2h2> St <21_a - h2> e + (an2) €51

k—1
+ [ S (Wk—m — Wk—m1) el + wie? — wlsﬂ + Rf,
m=1

0<k<N-1,1<j<M,
=eN=0, 0<j<M

\
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Using the formulas in (5.3)), we obtain

1 iCi o 1 Iy
<— 2h2> Eppre’UTIRE (21—a + h2> Epy1ehP

1 i
+ <— 2h2> Ert1€ G=1)hb

1 o o 1 . 1 .
_ +1)h8 h8 ~1)hg
= gtV <2l—a - h2> G4 bV
k-1
D Wk — W y1) Eme?" — w1 eI

m=1

+ + 77k+1€ijhﬁ.

After simplifications, we write

1 ih g 1 1 —ih

<—2h2> o1 + <21_a + h2> el + (—2h2> Eppre” P
1 ih g 1 1 —ih
on2 ke o (21—a - h2> Skt gpathe ’

k—1

> (Wkom = Wmi1) Em — Wik

m=1

+ + N1

Then, we get the following equality:
g cos£2h—1 + 21{(1
k+1 = _

&k (5.4)

k—1
1
+ 1—cos Bh + o [Z (wk—m - wk—m—i—l) ém - wlék + Nk+1
21—«

h2 m=1

PROPOSITION 5.1. Assuming that & (k = 1,2,...,N) is the solution

of equation (5.4)), then there exists a positive constant Cy so that || <
CQ ‘771‘ y k= 1,2, ...,N.

P r o o f. Noticing that € = 0, we have & = 0.
By the convergence of the series in the right hand side of (B.2]), then
there is a positive constant C}, such that

and then, we have

<C k=1,2,... N, wh Cy = Cit.
|77k|— 2|771|7 y 4y .-y LV, WHETEe 2 12}?53\[{ k}

We prove the proposition by using mathematical induction.
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1

1—cos Bh o
2 21—a

Assume that [£,| < Ca2|m|, n=1,2,...,k. Now we need to show that
it is also true for n = k + 1. From (5.4)), we write

For k=0, & = m, and we can say |&1| < |m| < C2|ml.

cos fh—1

2 + Qltza —w 1
|€kv1] < e [
k—1
X (Z |(Wk—m — Wk—m-+1)| |£m|> Tl cospn | o |11l
m=1 h2 + 2l—a
I e 1
B 1_C}?2Sﬁh + 210;11 1_(;?25ﬁh + 210;11
= 1
Z (Wk—m — wk—m+1)) Ca Im| + 1—cos Bh o Ca Im|
m= h2 + 21—«
cos,@h 1 21Ua — wy — wy
1 cos,Bh o 1—cos Bh o
21—a h2 + 21—«
+1 cos,Bh o >02|771|
h2 + 21—a
h—1 o
cos fh — 1 Cosfﬁbz + 5700 —wip+1
If 12 + 5170 —w1 > 0, then [€41] < [ l—cosph , o Caml,
h2 21—«
cos Bh—1 o
L . + 9170 —wg +1
since it is always satisfied that  * 1 cos ﬁ2f2 . < 1 and we have
h2 + 21—«
cos Bh —1
|£k+1| < (4 |771| CIf B2 + 21‘1(1 —wy < 0, then
wy — Cosff_l — 00 twr —w +1
|£k+1| S l—COSIBh o 02 |”71| *
h2 + 21—«
cos Bh—1 o
— — e —wg+1 .
Here, we need to check that lhios s 2! < 1 and this
+ 21 e
inequality holds when g < 3%. This completes proof. O

THEOREM 5.1. The finite difference scheme (31)) is Lo-convergent,
and the convergence order is 0(7'2_0‘ + h2) , ifg < 3%
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P r o o f. Applying Proposition [5.1] and noticing (5.1) and (5.2), we
obtain

|5, = cellr ), < Cocn (74 02).

So, HEkH2 <C (7‘2_0‘ + h2) where C' = C5Cy. This completes the proof.

O
6. The solvability of the difference scheme
The difference scheme (B.2]) can be written in matrix form
(AU =BU°+ ", n=0,
n—1 .
AU = BU™ — wiU™ + Z (wn_j — wn_j+1) U’
j=1
+wnU0+30”, 1<n<N-1 (6.1)
UZ-OZT(ZL‘Z'), 1<i< M -1,
Uy =0, Uy =0, 0<n<N,
where Son = [908790?7¢37"'7¢M] 902 —7’( Z) - ( n+1/27xi) 1<n<N

1<i<M, and U™ = [U},U",UZ, ..., ”] Here A and B are 3-diagonal
matrices with the size (M — 1) x (M — 1) of the form:

_ 1 1 .
210—"1 + h?2 2h2
-1 4 -1
2h2 21 o h2 2h2
A= :
—1 1 —1
2h2 2120‘ + h2 2h2
—1
L 2h2 21 ot h2 .
B o 1 1 ]
11— 2 2
2 1 h o 2_h 1 1
2h2 21—« h?2 2h2
B = : 8 .
1 o _ 1 1
2h?2 21l-a h2 2h2
1 o _ 1
L 2h?2 21—« h2 |

THEOREM 6.1. The difference equation (6.1)) is uniquely solvable.

o
P r o o f. Because 9l-a > 0, the coefficient matrix of the difference
equation (6.1]) is a strictly diagonally dominant matrix. Therefore, A is a
nonsingular matrix; this proves Theorem O
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7. Numerical analysis

ExXAMPLE 7.1. Let h(t) = exp(t). Here, we present Table 1 for the
various values of 7 and « to show the order of the proposed difference
method using the max norm of the errors with the formula

O*h(tny1/2)
Brror(a,r) = max |0 0 Ht),
9*h(t,
where H (t,,1/2) is the approximation to ((%;1/ 2) obtained by (2.1]) at
t, = 1.
a=0.1 a=0.5 a=09

N  Error(a,7) Rate  Error(a,7) Rate  Error(a,7) Rate

4 0.0269867 - 0.0414008 - 0.0295844 -

8 0.0065363 4.1 0.0124283 3.3 0.0110504 2.7

16 0.0016336 4.0 0.0039162 3.2 0.0045109 2.4

32 0.0004149 3.9 0.0012748 3.1 0.0019471 2.3

TABLE 1. Error table for h(t) = exp(t)

EXAMPLE 7.2.

1/2 2 3-1/2
’ a;(/g’ L g(;’m)”( - x)r(64t— 1/2)
O<z<l 0<t<),

u(0,2) =(1—x)z, 0<x<1,
u(t,0) =0, w(t,1)=0, 0<t<1.

+2(2 + 1),

The exact solution of this problem is U(t,x) = (1 — x)z(t3 + 1). The
solution by the proposed scheme is given in Figure 1. The errors when
solving this problem are listed in Table 2 for various values of time and
space nodes. The errors in the table are calculated by the formula

k
max |u(tg, z,) —U’|.
0<n<M (ti, 2n) n
0<k<N
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Wy
I[;;I,I';;;II//// N\

\

;IIIIII;;;II/I/// A\

N

R
NKHiHRHwrnnHnw
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FIGURE 1. (a) The solutions by the proposed method when
N =32, M = 32. (b) The errors for some values of M and

N when ¢t = 1.

Space Nodes(M)
32
32
32
32
32
32

Time Nodes(N)
4
8
16
32
64
128

Error

0.0124648486
0.0032352895
0.0008536728
0.0002291988
0.0000628150
0.0000176561

TABLE 2. Error table for Example 2.

It can be concluded from the tables and the figures that when the step
size is reduced by a factor of 1/2, the error decreases by about (1/2)27.
The numerical results support the claim about the order of the convergence.

8. Conclusion

In this work, the Crank-Nicholson difference scheme is successfully ex-
tended to solve a time fractional heat equation with Caputo derivative.
A sufficient condition is presented to prove the proposed method is sta-
ble and the numerical solution converges to the exact one with the order
O(7%~® 4 h?). The numerical results are in good agreement with the the-

oretical results.
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