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Abstract

We propose a non-polynomial collocation method for solving fractional
differential equations. The construction of such a scheme is based on the
classical equivalence between certain fractional differential equations and
corresponding Volterra integral equations. Usually, we cannot expect the
solution of a fractional differential equation to be smooth and this poses a
challenge to the convergence analysis of numerical schemes. In this paper,
the approach we present takes into account the potential non-regularity of
the solution, and so we are able to obtain a result on optimal order of con-
vergence without the need to impose inconvenient smoothness conditions
on the solution. An error analysis is provided for the linear case and several
examples are presented and discussed.
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1. Introduction

There has been considerable recent attention from the scientific com-
munity devoted to the analysis and numerical approximation of fractional
differential equations. This follows mainly from the advantages of using
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derivatives of non integer order in the modeling of various phenomena in
physics, chemistry, the life sciences, engineering and finance. Because the
fractional differential operator is non-local, and derivatives of non-integer
order depend on the entire past history of a function from the base time, it
has become evident that models for certain processes and materials (espe-
cially those possessing memory properties) could be improved if the order
of the differential equations used in the models was not limited to integer
values. As Miller and Ross point out in their book, [I7], there is hardly
a field of science or engineering that cannot benefit from this insight. For
those who are interested in applications of Fractional Calculus, we also refer
to the books [5], [15], [19] and [20].

The theory and numerical analysis of fractional differential equations
has also been widely developed in the last decades, see for example [4], [6],
[7, [8], [10], [12], [14], [16], [I8] and the references therein.

In this paper we consider fractional initial value problems (FIVPs for
short) of the form:

Dyt) = f(tyt), t=0, (1.1)
y(0) = wo, (1.2)
where we assume 0 < o < 1 and the fractional derivative is defined in the

Caputo sense, that is, D¢, denotes the Caputo differential operator of order
a ¢ N, defined by ([3]):

Dioy(t) := D%(y — Tly)) (1),
where T'[y] is the Taylor polynomial of degree |«] for y, centered at 0,
and D¢ is the Riemann-Liouville derivative of order a [20]. The latter
is defined by D := Dleljlal=e with JP being the Riemann-Liouville
integral operator,

1 t — )87 1y(s)ds
rw)/o“ Y1y (s)d

and DIl is the classical integer order derivative, where [a] is the smallest
integer greater than or equal to . Analogously, |a] denotes the biggest
integer smaller than «.

Our approach is to construct a simple collocation method to approx-
imate the solution of (LIJ)-(L.2]) with an optimal convergence order. The
paper is organized in the following way: in Section [2] we recall some useful
results on fractional differential equations. In Section [Bl we provide a de-
scription of the numerical scheme. In Section [4] we provide an error analysis
for our method in the linear case. In Section [B] we illustrate the perfor-
mance of the proposed method by considering some examples. We will also
show that this method can be used on a wide range of fractional differential

JPy(t) =
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equations, including those of order o > 1, multi-term fractional differential
equations and terminal (or boundary) value problems. Finally, we conclude
with some details of our plans for future work.

2. Existence, uniqueness and smoothness of the solution

Before we proceed to the description of our numerical approach, we
recall some known results on the existence, uniqueness and smoothness of
solutions of fractional differential equations.

The first result provides an equivalence between FIVPs of the form
(CI)-(T2) and Volterra integral equations (see, for example [5]):

LEMMA 2.1. If the function f is continuous, the initial value problem
(LI)-(12) is equivalent to the following Volterra integral equation of the
second kind:

I R e (VO (2.1)

This result is useful not only for the construction of numerical methods,
but also to obtain results on the existence and uniqueness of the solution.
That was, in fact, the approach used in [§], where the authors proved the
following two theorems establishing sufficient conditions for the existence
and uniqueness of solutions to FIVPs.

THEOREM 2.1. Assume that D = [0, x] X [yo—n, yo-+n] with some x > 0
and some 1 > 0, and let the function f : D — R be continuous. Define

1
x* = min {X, (nﬂﬁlﬂ)) “ } Then, there exists a function y : [0, x*] — R

solving (L1)-(L2).

THEOREM 2.2. Assume that D = [0,x] X [yo — 1, Y0 + 1] with some
x > 0 and some n > 0. Furthermore, let the function f : D — R be
bounded on D and fulfill a Lipschitz condition with respect to the second
variable

[f(t,y) — f(t,2)| < Ly — 2|

for some constant L > 0 independent of t, y and z. Then, there exists at
most one function y : [0, x*] — R solving (L1)-(L2).

One of the features of fractional differential equations is that we cannot
expect a solution to be smooth even if the right-hand side function f is
smooth, a property that poses a challenge for the construction of numerical
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methods with a reasonable order of convergence. From [5] we have the
following result concerning the smoothness of the solution of a fractional
differential equation:

LEMMA 2.2.  Assume that the solution of (L1)-(L2) exists and is
unique on [0,T)], for a certain T > 0. If a = é’, where p > 1 and q > 2
are two relatively prime integers and if the right-hand side function f can
be written in the form f(t,y(t)) = f(tl/q,y(t)), where f is analytic in a
neighborhood of (0,yg), then the unique solution of the problem (I.1)-(12)

o

can be represented in terms of powers of t1/9: y(t) = Z a;it'’t € [0,7),
i=0
where the a; are constants.

This means that assuming that the solution of (LI)-(L.2]) exists and
is unique, then we can always write it as a sum y = y; + y2 where, for
a fixed integer m, y; € C™([0,7]) and ys is the nonsmooth part. Taking
into account the above result, we will then follow the approach used in [,

also used in [2], to approximate the solution of (2.I]) and, consequently, the
solution of the initial value problem (III)-(T2l).

3. Numerical approach

Let us consider the finite dimensional space V¢, with dimension ¢ =

#V. of nonpolynomial functions defined by "
Vo = span {t”ja 1,7 € Ng, i +ja < m} . (3.1)
In order to simplify the above notation we introduce the index set
Waom={i+jai,jeNy, i+ja<m}={v:k=1,..,¢}
Using this notation we can write V3 as
Vo =span {t"*, k=1,...,0(}. (3.2)

Denoting by P,, the space of polynomials of degree < m — 1, clearly
Pm C V.. Moreover, note that the space V% contains nonpolynomial func-
tions of the form ¢"*, for some k € {1,...,¢}. Therefore, if we approximate
the solution of problem ([LI])-(L.2]) with a function spanned by the elements
in this space, this may reflect the potential nonregularity of the solution of
limiNiw

In order to do that, let us consider a partition of the interval [0, 7], the
interval where the solution is sought,

Ap={t;=ih, i=0,1,..,N}, (3.3)
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into N subintervals of equal size h = T/N, og = [0,t1] and 0; = (t;, ti41], i =

1,2,...,N — 1. At each one of these subintervals we define ¢ collocation

points t;x = t; +cph, k=1,2,...,¢, where ¢; € [0,1], and the set
Viem = {v: vl EVO‘, i=0,1,...,N—1}.

We will then seek a function u € Viem such that

1 Lik 3
wta) = wot g | =" s
i=0,1,..N—1, k=12 .0 (3.4)

It will be convenient to introduce the following projection operator
Py, : C([0,T]) — Vi, defined by (see [2]):

(Prg) ( Z Lik(s s € 0j,
where the Lagrange functions Lik € Vo are defined by
l

$)= But?, i=0,1,...,N-1 k=11 (3.5)

p=1
and the coefficients [B;k]pzl,m,g may be determined by solving the (¢ x /)

linear system of equations Li(tij) = 0k, k.7 =1,...,¢.
Therefore, by definition, the operator P} is such that Py(g)(tix) =

9(tir)-
As an approximation of f(s,u(s)), on each of the subintervals o;, i =
0,1,...,N — 1, we consider

F(s,u(s)) = (Puf)(s ZLM (tin, u(tir)). (3.6)

For s € [t;,tik], 1=0,1,...N —1, k= 1,...,6, we use
¢

fls,u(s)) = Pa(f)(s) = D Li (5)F (b + heyer, ulti + heser)), (37)
where wa  =0,1,.,.N -1, k=1,...,¢, v =1,....¢ are the Lagrange
functions associated with the points t; + heycy, defined similarly to (B.5]).

Substituting (3.6]) and 3.7 in (3.4]), we obtain the following approxima-
tion of w(t;x):

)4

iltis) = ZZZ / " = s ds B (b (L))

JO'ylpl

ZZ/ tir — 8 a 1 srds(3" f(tz + hckcw,ﬂ(ti + hckcw))

’y—lp 1
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i—1 ¢ ¢
= Yo+ > > > wiPB,ftiy, dlt; + hey))

j—O'y—l p=1
¢
+ Z Zw (ti + hegey, u(ts + hegey)),
v=1p=1
1=0,1,....N—1, k=1,....,¢, (3.8)
where
J.p 1 i+ a—1_v, . .
wllf = I(a) /tj (tiw —s)* "s"rds, j <1,
@D 1 bk a—1_v .
Wy, = I'(a) /tl (tip — )" "sds, i=0,1,.... N -1, k=1,..,¢L.

If the right-hand side function f is linear, then we have to solve N — 1
linear systems of ¢ equations; if not, in order to solve each system, we ap-
ply Newton’s method using, for example, as an initial approximation the /-
dimensional vector [yo, Yo, - - - ,yO]T fori =0and [y;—1 ¢, Yie1 05+, Yi1 g]T
fori=1,...,N —1, where y;;, = u(t;1). After solving (3.8) an approxima-
tion to the solution of (LI)-(L2]) will be given by:

s) ~ Zyjk:ij(S), s€aoj, j=0,1,.,N -1

REMARK 3.1. Since the potential nonsmooth behavior of the solu-
tion is present only at the origin (see Lemma [2.2]), we could have used
a nonpolynomial approximation only on the first subinterval [0,¢1] (or on
the first subintervals, depending on the stepsize h), and on the remaining
subintervals a classical polynomial approximation could have been consid-
ered. This would obviously result in a lower computational cost since the
set of spanning polynomial functions would have lower dimension than the
one considered. But this investigation is beyond the scope of this paper.

4. Error Analysis

We consider next the error analysis of our collocation method in the
linear case, that is, the case where the right-hand side function f can be
written in the form

f(ty(t) = By(t) + g(t), (4.1)

for a certain continuous function g and § € R.
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If this is the case, it will not be necessary to approximate f(s,u) by an
element of the space V¢ and equations (2.1) and (3:4) become

5 /t _1 1 /t .

y(t) = yo + t— )" y(s)ds + t—5)"" "g(s)ds, (4.2
0=+ oy [ =0 s L [ eas @2
(1) O = e tuds + L = 92 (o)
u(t; = yo+ / ti — )Y u(s)ds + / tir —$)* g(s)ds

’ T K@) Jo "
1 Lik 1 J
= + tir —8) "g(s)ds
Yo () /0 (tik )*g(s)
i1 g .
6] /tj+1 . /'tzk o
+ tir — 8)Y u(s)ds + tir — 8) u(s)ds
I'(a) ; \ ( ) uls) : ( ) uls)
(4.3)
Since u € V$ equation (4.3]) can be rewritten as
1 Lik
u(t; = + / tix — s)* tg(s)ds
(tik) Wt g | (tie —8)* "g(s)
i—1 /£ l ' ' l l 4 4
B D\ Do wit, | ulti) + 30 | Yo wil By | ultin).
J=0~y=1 \p=1 =1 \p=1
i=0,1,.,N—1, k=1,2,.... L. (4.4)

In order to obtain a global convergence result, we analyze the error,
e(t) = y(t) —u(t),
at the collocation points t = t;, « = 0,...,N — 1, k = 1,...,¢. For
convenience, we also define the vectors:
e = [e(tn)...e(ti)]”
= le(tiw)ljy. ¢» 1=0,1,..,N—1.

For the error analysis we will need the following two auxiliary lemmas
from [2] and [11], respectively:

LEMMA 4.1. Let L;; be the Lagrange functions defined by (3.3). There
exists a positive constant ¢ such that

ILill,, <c, k=1,...,L (4.5)
Furthermore, for f = f1 + fo, where f; € C™([0,T]) and fo € V.S, we have
1f = Pufll, < e | A7 (4.6)

o
for some positive constant c.
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The following auxiliary result is a singular discrete Gronwall inequality,
proved in [11]:

LEMMA 4.2. Let x;, 0 < i < N, be a sequence of non-negative real
numbers satisfying

i—1

xigwi—l—Mhl—ﬁZ(‘%‘)ﬁ, 0<i<N, (4.7)
— (i —j
Jj=0

where 0 < 8 < 1, M > 0 is bounded independently of h, and v;, 0 < i < N,
is a monotonic increasing sequence of non-negative real numbers. Then

i < i By (Mr(1 - ﬁ)(z‘h)l—ﬂ) , 0<i<N,

00
.’Ek

where E,(x)= T(ak+1)

=0

denotes the Mittag-Leffler function of order a.
In what follows, our concern will be to obtain an upper bound for ||e;|~,
i=0,1,...,N. From [@2]) and ([@4]), we have:

CNES / (u(s) —uls)) ;. , / (y(s) = u(s) ,

=y (i — s)' o (e —s)

1
S

(4.8)
and then

Jj+1

i—1 t
el < 7 N A

tik
=l [ G s)a—lds) . (4.9)

(3

Next, we obtain an upper bound for ||y —ul|, , i =0,1,..,N — 1.

LEMMA 4.3. Let y be the unique solution of equation (I1)-(L.2), with
the forcing function f defined by (4.1), and let u € V5 be the approximate
solution of y obtained by the nonpolynomial collocation method (44). Then

ly — ulls, < C1A™ + Coll€illoo, =0,1,...,N —1, (4.10)

where C7 and Cy are positive constants that do not depend on N.

P r o o f. First, note that
ly —ully, < lly = Puyll,, + |1Pay —ull,,, i=0,1,..N -1 (4.11)
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From Lemma 2.2] we assume that for a fixed m € N, the solution of
(LID-([T2) can be written as y = y1 +yo where y; € C™([0,T]) and y, € V,%.
Therefore taking Lemma [4.1] into account, we conclude that

Iy = Payll,, < e ||ui™

<™, i=0,1,..,.N—1, (4.12)

(o4

where C is a positive constant given by C; = ¢ m[ax] Hygm)(s)H
s€(0,T

On the other hand, v € V,% which implies u = Ppu and then

l
1Py —ully, = [1Puy = w)lly, = D Laj(s) (y (tig) — u (tiy)
Jj=1 o
V4
<  max || L tii) — u(t;;
< | gmax | J||j§:;|y< j) = u(tiy)]
l
< e le(ti)l < Calleillso, (4.13)

Jj=1

with ¢ defined on Lemma .11, (£3]).
Hence, the result (@I0) follows immediately from (@II)), (AI2]) and

EI3). 0

Using the result (£I0) from Lemma on (ZL3), we obtain

tik
le (ti)] < W') <clhm/0 (tix —$)* tds

N
il ti+1
b Yl [ a5t ds
=0 b
Lik
+02||ei||oo / (tik — S)Q_l ds) . (4.14)
t;

It is straightforward to prove that

tit1 1 L
/ (ta — )2 Vds < Dhe(i — )°,
t;

j<i, i=01,..,N—1, k=1,..¢, (4.15)

for some positive constant D.
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Therefore, computing the integrals and using the estimate (4.I3]) in
(414) it follows that

i—1
|ﬁ| tak; . Na—1 Cg
e(ta)] < Oy R 4 b 3 (i = ) e oo + Co F B e

ING) s
« el C
< m a Jlloo 270,
< C4h™ + Csh ]z:% (2 _j)l—a + o h ||ez||007
BlCiT™ ,_ CslBl _ CaD B

where G =" b)) " T 1) T T(a)

Under the condition (1 — C; h* ) > 0, which certainly holds for suffi-

ciently small h > 0, we conclude that

Cr o llejlo
. < Ch™ he J
||e2||00 — 6 + F(a) z:: (Z o j)l_a’
for some positive constants Cg, C7 that do not depend on N.
The weakly singular discrete Gronwall inequality (£7), with = 1—a,
leads to the following result

l€illoc < C6h™ Eo (C7(ih)*), i=0,1,...,N.

Thus, from the above inequality we conclude that, for sufficiently small
h > 0, there exists a positive constant C' that does not depend on N such
that

leilloe < CR™, i=0,1,...,N. (4.16)

We are now able to draw the following conclusion about the optimal
order of convergence of the nonpolynomial collocation method applied to
fractional initial value problems with f given by (@.1]).

THEOREM 4.1. Let y be the solution of problem (I1)-(L2), with f
given by (4.1)), and u the approximate solution obtained with the nonpoly-
nomial collocation method defined on a uniform mesh of stepsize h. Then,
for sufficiently small h, there exists a positive constant C' independent of h
and of the choice of the collocation parameters, such that

ly —ul < CR™. (4.17)

P r oo f The result ([II7) follows from Lemma [4.3] and (£.I6]). 0
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5. Numerical results

In this section we illustrate the theoretical results and the performance
of the proposed collocation method using some examples. Throughout this
section we will use the following notation:

en = max [y(t) —yn(t)l, N =1/h, (5.1)

=1,...,

€h = fnax max ly(tix) —yn(tjx)|, N =1/h, (5.2)

= log <5h}/l2> /log(2), (5.3)
g = log (h’;) /10g(2), (5.4)

where yy denotes an approximation of the solution gy, obtained by the
nonpolynomial collocation method.

As a first example, we consider the following simple linear problem:

ExXaAMPLE 1.
Diy(t) =
y(0) =

1
HY(t), >0, (5:5)
1

)

whose analytical solution is y(t) = E /(0. 5vV't) = Z 0.5" (k Ly
2

In Table [[] we list the maximum of the errors at the mesh points (gy,)
and the experimental rate of convergence p, and in Table 2l we present the
maximum of the errors at the collocation points (€,) and the respective
experimental rate of convergence, q.

The numerical results for the initial value problem (5.5]) were obtained

by application of the method proposed in Section [B] on the spaces Vll/ 2

(#‘/11/2 =2), V21/2 (#V;/2 =4) and 1/31/2 (#‘/31/2 = 6), where the following
collocation parameters

Cc1 = 0.25, Cy = 0.75,

c1 = 0.15, ¢ =0.25, c3 = 0.5, ¢4 =0.75,

Cc1 = 0.05, Cy = 0.15, Cc3 = 0.25, Cy = 0.5, Cy = 0.75, Ce = 0.9,
were considered. In Figure [l we present the graphs of the absolute error,
considering a mesh with stepsize h = 1/160.

In this example, none of the collocation points is coincident with a mesh
point. In this case, and in most of the numerical experiments that we have
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Collocation in V3*y  Collocation in V¥,  Collocation in Vs

h Eh p Eh p Eh P
0.2 5.004 - 1073 — 2.437-107° — 1.754 - 1078 -
0.1 2.210- 1073 1.18 5.261-1076 2.21 1.846-107°%  3.25

0.05 1.015-1073 1.12 1.189 - 1076 2.15 2.051-1071°  3.17
0.025 4.791-10"4 1.08 2.770 - 1077 2.10 2.362- 1071 3.12
0.0125  2.301-10"*% 1.06 6.594 - 1078 2.07 2.788-10712  3.08

0.00625 1.119-10"% 1.04 1.593-1078 2.05 3.462- 10713 3.06

TABLE 1. Error norms and rates for collocation in V;? ~at

b
the mesh points, m = 1, 2, 3, applied to Example 1 (FIVP

G.3))-

Collocation in V;*;  Collocation in V;*;  Collocation in V"5

h €h q €n q €h q
0.2 6.267 - 10~4 — 1.764 - 107° - 3.860 - 1077 -
0.1 1.933.107% 1.70 2.673-1077 272 2.903-107'°% 3.73

0.05 6.218 - 107° 1.64 4.245-1078 2.65 2.203-107  3.66
0.025 2.059 - 107° 1.59 6.961 - 1077 2.61 1.873-107'2  3.61
0.0125  6.952-10~¢ 1.57 1.167 - 107° 2.58 1.565-107'3 358
0.00625  2.380- 1076 1.55 1.989-107%° 2555 1.354-10"'*  3.53
TABLE 2. Error norms and rates for collocation in V}* — at

9

the collocation points, m = 1, 2, 3, applied to Example 1

(FIVP (53)).

carried out, the errors at the collocation points appear to converge to zero
with a higher order than the errors at the mesh points. Therefore in the
next example we explore what happens if some of the collocation points
coincide with the mesh points.

As a second example we consider the following linear problem:

EXAMPLE 2.
2 1
D% y(t) = 2o 42—t —yt), t>0
*Oy( ) F(B—a) F(Z—a) + y( )7 > )
y(0) = 0, (5.6)

whose analytical solution is y(t) = t> — t. Note that in this example D%y
is not a smooth function.

The numerical results presented in Tables 3] and M illustrate the per-
formance of the proposed method when applied to the problem (5.6]), with
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FIGURE 1. Example 1 (FIVP (5.5])) - Absolute error for the
collocation method in the spaces V/160 withm =1, 2, 3.
Left top: m = 1, Right top: m = 2 and Bottom: m = 3.

a=1/4, a =1/3 and o = 1/2, in the case m = 1. The collocation param-
eters that we have used are the Radau II points, for the several values of
a:

1
c1 = 3, co =1, fora=1/2;

10 ( m) 110 (4 + ¢6) , e3=1, fora=1/3;

c1 = 0.088588, co = 0.409467, c3 = 0.787659, c4 =1, for a=1/4.

C1

a=1/4 a=1/3 a=1/2
h €n p €R p €n p
0.1 4.130-107% — 5.739 - 1074 — 1.211-1073 -

0.05 1.094-107% 1.92 1.530-10"* 1.91 3.236-10"* 1.90
0.025 2.877-107° 1.93 4.034-107° 1.92 8.501-10"° 1.93
0.0125  7.520-10"% 1.94 1.054-107° 1.94 2.203-107° 1.95

0.00625 1.954-10"% 1.94 2.732-107% 1.95 5.655-10"°% 1.96
TABLE 3. Error norms and rates for collocation in V}*,, at

the collocation points, applied to Example 2 (FIVP (IBZiI))

The next example is a nonlinear one.
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a=1/4 a=1/3 a=1/2
h Eh p Eh p Eh p
0.1 2.507 -107° - 7.891-107% — 1.998 - 104 -

0.05 7.107-107° 1.82 2.182-10"% 1.84 4.033-107° 2.26
0.025 1.987-107% 1.84 5.959-107° 1.87 7.972-107% 2.31
0.0125  5.479-10"7 1.86 1.607-10"% 1.89 1.558-107° 2.34
0.00625 1.493-10"7 1.88 4.282-1077 1.91 3.035-10"7 2.36

TABLE 4. Error norms and rates for collocation in V7, at
the mesh points, applied to Example 2 (FIVP (5.6)).

EXAMPLE 3.
40320 I'G+2) , o (3. 3
t >0,
y(0) = 0. (5.7)

The analytical solution is y(t) = t& — 3t4+®/2 4 St

a=1/3 a=1/2 a=2/3
h €h ERh €n Eh €h Eh
0.2 3.099-10"%  1.833.107° 1.876-10"* 4.345-10"%* 4.628-10"°  1.267-10"%
0.1 1.909-107° 1.202-107% 1.170-107° 4.143-107° 2.364-10"°% 5.622.107°

0.05 1.143-107%  7.753.107% 6.682-1077 3.232.107°% 1.189-10"7  2.093-10"7
0.025  6.717-1077 4.897-107° 3.602-10"% 2.286-10"7 5.937-10"° 7.176-107°
0.0125 3.889-107° 3.020-107'° 1.915.-107° 1.536-10"% 2.955-10"'° 2.360-1071°

0.2

0.1 4.02 3.93 4.00 3.39 4.29 4.49
0.05 4.06 3.95 4.13 3.68 4.32 4.75
0.025 4.09 3.98 4.21 3.82 4.33 4.87
0.0125 4.11 4.02 4.23 3.90 4.33 4.93

TABLE 5. Error norms and rates for collocation in Vhofz, at
the collocation points and mesh points, applied to Example

3 (FIVP (5.7)).

Next we remark that the proposed collocation method can also be used
on multi-term initial value problems or on initial value problems with order
greater than one. In each of these cases, we just have to transform our orig-
inal equation into an equivalent system of fractional differential equations
with order smaller than one (see [9] for details). Let us the consider the
following example.
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a=1/3 a=1/2 a=2/3
h €h €p €p Eh €h Eh
0.2 1950 - 10~° 7.099 - 10~7 2.486 - 10~° 7.476 - 1076 3.538 - 107 1.038 - 106
0.1 1.370 - 106 6.328 - 1078 1.394 - 106 3.291 1077 2.070 - 1077 6.847 - 1078
0.05 8.269 - 1078 4.623 - 1079 7.570 - 1078 1.823-10"8 1.048 - 10~ 8 3.762 - 1079
1.961 - 1010

0.025 4.857-1072  3.151-107'°%  4.056-107° 9.949.10"'° 5.225.10 10
0.0125  2.810-10"% 2.040-10"' 2.157.1071° 5.362.10711 2598-10"'1 9.973.10712

0.2
0.1 3.83 3.49 4.16 4.51 4.10 3.92
0.05 4.05 3.77 4.20 4.17 4.30 4.19
0.025 4.09 3.88 4.22 4.20 4.33 4.26
0.0125 4.11 3.95 4.23 4.21 4.33 4.30
TABLE 6. Error norms and rates for collocation in V}%;, at
the collocation points and mesh points, applied to Example
3 (FIVP ([&1)).
EXAMPLE 4.

3.2t%5
D?y(t) + D%y (¢ t) = #+6t t>0
y(t) + y(t) +y(t) + +P(0.5)’ ,

y(0)=0,4'(0) = 0,

whose analytical solution is known and given by y(t) = 3.

First, we convert this problem into the equivalent linear system of equa-

tions
D>y, (t) = ya(t)
D%Pys(t) = ys(t)
D*Pys3(t) = ya(t) : (5.8)
DOSyy(t) = —yu(t) — ya(t) + 13 + 6t + 3.21%°
4 Y1 Y2 F(0.5)

together with the conditions
y1(0) =0, 32(0) =0, wy3(0) =0, wy4(0)=0, (5.9)

then rewrite this system of fractional equations as a system of integral equa-
tions and apply the proposed method to the system of integral equations.
The numerical results that we have obtained are shown on Table [7
Finally, we remark that this collocation method can also be combined
with a shooting algorithm in order to approximate the solution of terminal

(or boundary) value problems of the form
Dy(t) = f(ty(), >0,
y(@) = Ya,
with a > 0.
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Collocation in V3% Collocation in V3%,
h €h q Eh p €h q Eh p
0.2 5.623 - 1072 —  6.090-1072 —  3.280-107° - 1.259-107% —
0.1 1.548 - 1072 1.86 1.675-1072 1.86 4.041-10"% 3.02 1.575-107° 3.0

0.05 4.173-107%  1.89 4.502-107% 1.90 5.030-10"7 3.01 1.969-10"°% 3.0
0.025 1.112-107% 1.91 1.196-10"2 1.91 6.279-10"% 3.00 2.461-10"7 3.0
0.0125 2.940-107* 1.92 3.152-10"% 1.92 7.845-10"° 3.00 3.077-10"% 3.0
TABLE 7. Error norms and rates for collocation in V}* ., for
k)
m =1, 2, at the collocation points and mesh points, applied
to the system of fractional differential equations (5.8])-(%.9).

As has been done in [I4], first we consider the initial value problem

Dgyy(t) = f(t,y(t)), t>0
y(0) = o,

for a certain value of yg. Next we determine its numerical solution using
the collocation method. Then we use an iterative scheme (the bisection
method, for example) to find the appropriate yo, for which the solution of
the initial value problem passes through the point (a,yg).

6. Conclusions and future work

In this paper we have described a nonpolynomial collocation method
to approximate the solution of fractional differential equations. The con-
struction of the method was based on the equivalence between fractional
initial value problems and Volterra integral equations. We have provided
an error analysis of the method in the linear case, and we have presented
some numerical results that are in agreement with the theoretically ob-
tained estimates. For future work, we intend to propose a nonpolynomial
collocation method for terminal boundary problems, avoiding the combina-
tion of this nonpolynomial method with a shooting algorithm. We expect
in this work to use the equivalence between terminal value problems and
Fredholm integral equations (see [14]).
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