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Abstract

In this paper we define and develop a theory of the Riemann-Liouville
fractional semigroups and show that they are equivalent to the fractional
resolvents of [K. Li, J. Peng, Applied Mathematics Letters, 25 (2012), 808
812].
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1. Introduction and Preliminaries

Due to the applications in physics, chemistry, materials and engineer-
ing, the fractional linear systems and the evolution differential equations
have attracted an increasing interest in the last few decades. The deriva-
tives and integrals of fractional order are more suitable for describing the
properties of various real materials and phenomena, and their theory has
gained recently a rapid development (see e.g. Anh and Leonenko [I], Ei-
delman and Kochubei [3], Hilfer [5], Kilbas et al. [7], Niu and Xie [9],
Podlubny [I1]).

Assume that X is a Banach space and A : D(A) C X — X is a closed
linear operator. Generally, for 0 < a < 1, there are two types of Cauchy
problems for fractional differential equations that are commonly considered.
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1) Abstract Cauchy problem with the Caputo fractional derivative:

{ CDgu(t) = Ault), t>0,

u(0) =z € X, (1.1)

where ¢ D¢ is the Caputo fractional differential operator defined for 0 <
a < 1 as follows:

“Dpult) = 11_ " /0 (t — o)/ (o) do.

2) Abstract Cauchy problem with the Riemann-Liouville fractional de-
rivative:

Diu(t) = Au(t),
= lim ’ (S B J)_a
(gl—a * ’LL)(O) =1 s—0t /0 F(l _ Oé)

where Dy is the Riemann-Liouville fractional differential operator defined
for 0 < a <1 by

u(o)do =z € X, (1.2)

1 d [t o
(- a) dt/o (t — o) “u(o)do.

Let us mention that for some applications, Hilfer [5] studied Riemann-
Liouville fractional differential equations of the following form

D f(r,t) = CaAf(r,t) (1.3)

with initial conditions given as fractional integrals gi_o(t) * f(r,t)|;—o+,
where f(r,t) is unknown field, C, is the constant of fractional diffusion.
The solution of (3] is obtained in terms of H-functions.

The practical problems usually require definitions of fractional deriva-
tives allowing the utilization of physically interpretable initial conditions.
So is the case of the Caputo fractional derivative when the initial con-
ditions are expressed in terms of integer order derivatives. However, the
Riemann-Liouville derivatives are also suitable for modeling some real phe-
nomena. For example, in the field of viscoelasticity, Heymans and Pod-
lubny [4] demonstrated that it is possible to attribute physical meaning to
the initial conditions expressed in terms of the Riemann-Liouville fractional
derivatives, and it is possible to obtain the initial values for such conditions
by appropriate measurements.

Dou(t) =

Recently, Li and Peng [8] defined the notion of fractional resolvents as
follows.

DEFINITION 1.1. ([8]) Let 0 < o < 1. A family {T'(¢)}+~0 of bounded
linear operators on Banach space X is called an a-order fractional resolvent,
if it satisfies the following assumptions:
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(P1) for any x € X, T(-)z € C((0,00),X), and
tli%1+F(a)t1_°‘T(t)m =z forall z € X; (1.4)

(P2) T'(s)T'(t) =T(t)T'(s) for all t,s > 0;

(P3) for all ¢,s > 0, there holds

ta—l N Sa—l

r() T 1)

where J{* f(t) denotes the Riemann-Liouville integral of order a:

aﬁﬂwzrayéﬁ—af”ﬂwﬁ

T(t)JOT(s) — JET(H)T(s) = JOT(t), (1.5)

REMARK 1.1. The reason why we do not consider the value of T'(-) at

0 is that the function t — %a( \ has a singularity at 0.

a)

REMARK 1.2. Denote [0,00) by RT. By (P1) of Definition 1.1, it
follows that T'(-)x € L} (RT, X), for any x € X. In fact, (L4) implies that
there exists a constant § > 0, such that

3 ta—l

< .
70l < oy el YO <t<s

@)
Thus, for any 79 > 0, we have,
70 3 [ et 3T
T(t)z||dt < dt||z|| = 0 if 70 <6
[ i@ < [T L dal= 5 Ol i <

and

0 ) 0
A\wwmmaémwmw+ﬁ T ()t

3 5ta—1 ‘ 0
< dt||x +/ T(t)x||dt
A A O

3 50& TO
< ) '
SoT(a+1) ]| +/5 |T(t)x||dt, if 79 > o

Therefore, T'(-)x € Llloc(R+, X). This property implies that the integrals in

(LH) and (2.2) make sense.

The linear operator A defined by

tl=T(t)e — Lz
D(A) = {z € X : lim 07 = v

exists
t—0+ t20¢ }
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and

traeT(t)e — Lz
Az = lim 0 [(e)

i 120 for x € D(A)

is the generator of the a-order fractional resolvent {T'(¢)};~0, D(A) is the
domain of A.
In [§], Li and Peng related the fractional resolvent to the Riemann-
Liouville fractional order abstract Cauchy problem (L.2]) with
lim T(a)t!u(t) = =, (1.6)
t—0t+
replacing the initial value condition by (g1 *u)(0) = z. By the dominated
convergence theorem, it is easy to obtain that (LG) implies

1
(g1-a xu)(0) = tl—i>I(I)1+ ra 1_ o) /0 (1 —0) %" Yto) " u(to)do = x.

Hence, by [8, Theorem 3.1 and Theorem 3.2], the following theorem holds.

THEOREM 1.1. Assume that A is the generator of the a-order frac-
tional resolvent {T'(t)}+~o on Banach space X. Then,

(I) for every x € D(A), T(t)x is a strong solution of (L2), that is,
T(:) € C((0,00), D(A)), t — J7T(t)x € C*((0,00), X) and (I2) holds;

(II) for every x € X, T(t)x is a mild solution of (LZ), that is, t —

tal

JPT(t)x € D(A) and T(t)x = (o) T T AJPT (t)x, t > 0.

In order to define Caputo type fractional semigroups and their relation
to the fractional resolvents from Definition 1.1, we mention the work of
Peng and Li, noting that in this case the Caputo fractional resolvents satisfy
the (Caputo)-fractional semigroup characterization:

veoTe) T T
/0 t—I—S—T) dr /0 (t—I—S—T)O‘dT /0 (t+s—7')ad
_a/ / e _Tiz)ﬁ dridry, s> 0. (1.7)

Peng and Li [10] proved that the a-order fractional semigroup is closely

related to the solution operator of the Caputo fractional abstract Cauchy

problem (L)) (for the definition of solution operator, we refer to [2]).
Moreover, the equality (L) is equivalent to the following equality

T()JOT(s) — JET()T(s) = JOT(t) — JOT(s), t,5 > 0.
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In the special case when T'(-) is exponentially bounded (hence it is
Laplace transformable), taking Laplace transform on both sides of (L3
with respect to s and t, we derive that

(A_O‘ — 1 )T(WTA) = =" AL\ = T(n)). (1.8)
By [10] , for the right side of (I]:ZI) there holds

/ / / / (t+s—r; — 7«2)1+a dridradsdt

- A M)(Xl—u YT ()T (N). (1.9)

The combination of (L.8]) and (L.9) implies that

et [ e Tra) e drodsdt
L) // o radndrads

T(p) -
=I(1-
(I—a) 7y u
On the other hand, we observe that, by similar proof of [6] (4.2)], there
holds
0 oo T
/ e_“t/ e_’\ST(t—I—s)dsdt (,u) (A )
0 0 A—p
Hence,

7’2)
I'(1-— = . 1.1
(1 —a)T(t+s) a/ / t+s—r1—r2)1+ drydrodsdt (1.10)

Therefore, it is reasonable to conjecture that (LI0) holds without the as-
sumption that {T'(t)}+>¢ is exponentially bounded. Conversely, we wonder
whether the equality (LI10) essentiality describes a fractional resolvent or
not. This is the task for the next section.

2. Riemann-Liouville Fractional Semigroups

In this section we develop the theory of the Riemann-Liouville fractional
semigroups. Moreover, the equivalence of the Riemann-Liouville fractional
semigroups and fractional resolvents is proved. Without lost of general-
ity, our discussion is restricted to the case 0 < o < 1. Our definition is
motivated by the conjecture in the previous section.

DEFINITION 2.1. We call a family {7T'(¢)}:~o of bounded linear oper-
ators to be a Riemann-Liouville a-order fractional semigroup on a Banach
space X, if the following conditions are satisfied:
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i) for any z € X, t — T'(t)x is continuous over (0,00) and

thm+F( )T (e = x; (2.1)
ii) for all ¢, s > 0, there holds
INl—a)T(t+s) = a/ / T(re) drydrs (2.2)
t+s—r1—r2)1+0‘ ’

where the integrals are in the sense of strong operator topology.

PROPOSITION 2.1. Let {T'(t)}+~0 be a Riemann-Liouville a-order frac-
tional semigroup, then it is commutative, i.e. T'(t)T(s) = T'(s)T(t) for all
t,s > 0.

P roof. The symmetry of the left side of (Z2]) with respect to t and
s implies that

7“2) T’Q)
drid drid
// t+8—7“1—7“21+°‘ e = // t—l—s—r1—r2)1+a rar;

for any t, s > 0. Then, the commutativity is proved by the same procedure
of [10} Proposition 1]. O

THEOREM 2.1. Assume that {T'(t)}+~o is an a-order fractional re-
solvent on Banach space X. Then, it satisfies the equality (2Z2) and is
therefore a Riemann-Liouville a-order fractional semigroup.

Proof. Denote by L(t,s) and R(t,s) the left and right sides of
equality (22]), respectively. Obviously, what we need is to prove that
L(t,s) = R(t,s) for all t,s > 0. For brevity, we introduce the following
notations. Let

H(t,s) =T(t)JST(s) = JFT()T(s),
Sa—l ta—l
JET(t) —
0o 1)
Moreover, for sufficiently large b > 0 denote by g,(¢) the truncation of T'(¢)
at b, and by Ry(t,s), Ly(t,s), Hy(t, s) and Kp(t, s) the quantities resulted by
replacing T'(t) with g, (¢) in R(t, s), L(t,s), H(t,s) and K (¢, s), respectively.

By [10, (2.5)], it follows that the Laplace transform of Ry(t,s) with
respect to t and s is given by
'l —«)
A—p

K(t,s) = JIT(s), t,s>0.

Ry, \) = (A% = 1) Go (1) Gp (A)- (2.3)
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The Laplace transform of f}b(t, s) with respect to s and ¢ can be obtained
in a routine matter:

A i — gp(\
Eafyn,3) = 11— )0~ 9, (2.4
—
We set
b(r1,72)
»(t, s —04/ / t+s—r1—r2)1+°‘dr1dr2
and

T17T2)
b(t,8) = dridrs.
2 a// t—l—s—rl—rg)l“‘ 1972

By (L5)), H(t,s) = K(t,s) for any ¢,s > 0. Thus, for all £, s > 0,

bhm Py(t,s) = bhm Ky(t,s). (2.5)
The Laplace transform of P,(t, s) is
Py A) = (0 = A~ Ra(i, ). (2.6)
Therefore,
a—1
b (r1) — 71;1(01) J%Qb(m)
b(t,A) = dridrad
a/ // t+s—r1—7“2)1+“ e
-1
b (r1) — rl(a) J%Qb(m)
= dridsd
a// / t+s—r1—r2)l+o‘ s

_a/O <F2( ))\ (N — A~ J2gb(r2)>ﬁ(t—r2,)\)dr2,

—a—1

where ﬁ(t, A) stands for the Laplace transform of the function (¢ + s)
of s. Thus, we can obtain

Qv(ps N) = aX ™ (Gp(N) — go(u)II

= oA u Y (gp(N) — gp(p / _“t/ 1+ad8dt

= aA" " (Gp(N) — gb(u)) ( (Xl— 1)

>\ 1t)
= (™" = A7) Lp(p, ). (2.7)
By virtue of Laplace transform, we obtain from (2.6]) and (27) that

Pb(tvs) = (Jsa - Jta)Rb(tvs) and Qb(tvs) = (Jsa - Jta)Lb(t7 8)7 Vt,S > 0.
(2.8)
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The combination of (2.5]) and (2.8) implies that
(J&—JM)L(t,s) = (J& — J)R(t,s), Vt,s>0. (2.9)
Therefore, R(t,s) = L(t,s), Vt,s > 0. This completes the proof. O
Below we prove that the converse of Theorem [2.1] also holds, that is, a
Riemann-Liouville fractional semigroup indicates a fractional resolvent. To

do this, we begin with the definition of the generator of a Riemann-Liouville
a-order fractional semigroup.

DEFINITION 2.2. Let {T'(¢)}+~0 be a Riemann-Liouville a-order frac-
tional semigroup on Banach space X. Denote by D(A) the set of all z € X
such that the limit

ta—l
lm (o + 1)t~ ( T(t)x —
i T+ 0o (T - o)
exists. Then, the operator A : D(A) — X defined by
) o ta—l
Az = tl—l>%l+ (a4 1)t} <T(t)a; ~ o) m)

is called the generator of {T(¢)}~0.

PROPOSITION 2.2. Let {T'(t)}+~0 be a Riemann-Liouville a-order frac-
tional semigroup on Banach space X with generator A. Then,

(a) For any x € X and t > 0, there holds J*T'(t)x € D(A) and
a—1
INC)

(b) T(t)D(A) C D(A) and T(t)Ax = AT (t)x, for all x € D(A).
(c) For all x € D(A), we have

ta—l

INC)
(d) A is equivalently defined by

Tz =, x+ AJT(t)z. (2.10)

T(t)x = x+ JPT(t)Ax.

=Tty — Lo
Az =T'(2a) lim T(e)
t—0t+ te
and D(A) is consisting just of those x € X such that the above limit exists.

(e) A is closed and densely defined.
(f) A admits at most one Riemann-Liouville a-order fractional semi-

group.
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Proof. (a) Let z € X and ¢ > 0 be fixed. Denote by g.(-) the
truncation of T'(-) at t, that is, gi(0) = T(0),0 < 0 < t and ¢g:(0) = 0
otherwise. Define the function Hy(r,s) for r,s > 0 by

a—1
Hy(r,s) = (gt(r) - I(a) I> JZgi(s)z. (2.11)
Obviously, for 0 < r <,
Ta—l
Hy(r,t) = <T(7“) - F(a)>Jf‘T(t)x. (2.12)

Taking Laplace transform with respect r and s successively for both sides

of [2.11]), we derive

(i, 2) = X233\ — X g\ (2.13)
The combination of (2.3]), (Z4) and (2.I3]) implies that

A~

Hy(p, N) =p~ “9e(1) gt (M) e — = NG (p)

AT A =) 5 ;
L — .
+ (1 - a) (Li(ps A) — Re(p, M)z

By virtue of the Laplace transform, it follows that

Sa—l
Hy(r,s) = <gt(s) — I'(a) I> Jrg(r)x
[(“D3=) 2 = (CDy=*)J2] - [Le(r, s) — Re(r, s)]a
+ .
'l -«

Here the Laplace transform formulas

DY) =N F(N) = ATTL0), 0< B <1, feC(0,00),X)

is used.
By the definition of g, it follows that L(r,s) = Ry(r,s) for all 0 <
s,r < t, we have that

Sa—l

Hy(r,s) = <T(S) - I'a)

I> JXT(r)z, YO0<rs<t.

In particular, we obtain

ta—l

Hy(r,t) = (T(t) " (o)

I> JIT(r)x, YO<r<t. (2.14)
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Combining (2.12)) and (2I4)), we derive that
a—1

Tlin& D(a+1)r g« <T(r) o) > JOT(t)x

) Cu ta—l
=I'(a+1) rl—l>noﬂ r <T(t) " o) I> JrT(r)z

:F(a—|—1)<T(t) e 1) lim o /0 " T(o)ado

F(Oi) r—0t

“T(a+1) (T(t) _ ;OE:) 1) Tim, /0 1 ‘;?;; [F(a)(ra)l_o‘T(ra)w] do.

By the dominated convergence theorem, it follows that

lim Dla+ Ly o) <T(r) _ ;:; > JOT(t)z
“T(a+1) <T(t) _ ?z:) 1> /0 K [F(a)(ra)l_o‘T(ra)x} do

—T(a+1) <T(t) - ?z:) I> /01 i(;) vdo

ta—l
=T(t)x — F(a)m’
This implies that J*T'(t)x € D(A) and
ta—l
AJXT =T — .
JT(t)z (t)x F(a)x

(b) and (c) are directly obtained by Proposition 2.1]and (a).
(d) Denote by D the set of those x € X such that the limit

1- 1
- t T () — (o) &
t—0+ te
exists. Let © € D(A). Then, by (b), we have that

=Tty — Lo«
I(20) lim o T(e)
t—

_I'(2a) lim 7L AT

t—0+ t20¢—1

: 1 ! o
=I'(2a) lim 1201 /0 (t —0)* 1T (0)Azdo

t—ot+ I'(a)

e I .
 I(a)? t1—1>I(])a+ o (1-0) I[F(O‘)(w)l T(to)Az|do.
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By the dominated convergence theorem, we obtain

t—0+ to
_TI'(2a) 100‘_1 91t [T (o) =0T (o) Az | do
_F(a)2/0 (1=0)*"" lim |T(a)(to) T (to) Az |d
_T(20) )
_F(Oé)Q B(a, Q)Al’ = Azx.

This implies that © € D and then D(A) C D. Now we prove the converse
inclusion. Let z € D. The existence of limit

=Tty — Lo
lim L)

t—0t te

implies that

ta—l
: —a 71—«
t£%1+ Mo+ 1)t J; <T(t)m - F(a)x>

1 to) T (to)r — Lo

= lim o+ 1)/ o211 —U)_O‘( ) (éo) T 4o

t—0+ I'(1 —a) Jy (to)«

—a 1

Tla+1) 1 o, o )TOT(to)r —
= a=l(] _ ) |

(1 - a) /0 o (1—0)™® lim, (to)e do

T =T (t)x — 106 x
= (a+1)B(2a,1—a) lim © L(e)

F(l— ) t—0t+ A

=Tty — L«
~T(2a) lim )™
t—0+ te

Here the dominated convergence theorem is used. Hence, x € D(A) and

tl—aT 1
Az =T(2a) lim 07 = ry® (2.15)
t—0t+ A
(e) The closedness and densely defined of A is followed directly from
the combination of (d) and [§].
(f) Assume that both {T'(¢) }+>0 and {S(t) }+>0 are Riemann-Liouville a-
order fractional semigroups generated by A. Then, by (c), for all z € D(A),
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we have
ta—l N
I'a) « T(t)x =(S(t) — JFAS(t)) « T(t)x
=S(t)«T(t)x — (JFAS(t)) * T(t)x
=S(t) * (T'(t)x — JPAT (t)x)
ta—l
:F(a) * S(t)x.
By the Titchmarsh theorem, for any ¢ > 0, T'(t) = S(¢) on D(A). The
result is obtained by the density of D(A). O

From the above theorem, we can derive that the inverse of Theorem
[2.1] also holds.

THEOREM 2.2. Assume that {T'(t)};~0 is a Riemann-Liouville a-order
fractional semigroup on Banach space X. Then, {T(t)}4~¢ is an a-order

fractional resolvent for system (L.Z).

Proof. Letxz e X. In (2I0), replacing z with J*T'(s)z, we derive

a—1
T()JT (s)x = ; () ST+ ATT@IET (). (210
By Proposition 2.3] and replacing = with J$7'(s)x in (2.I0]), it follows that
a—1
T()TT (s)x :; () TS+ ATIT() T (1)
ta—l a—1
= Lo T () <T(s) -1 (a)>Jt Tz  (2.17)

Hence, (7)) is obtained directly from (2I7). Hence, {T'(t)}:>0 is an a-
order fractional resolvent. Moreover, by Proposition [2.2] it follows that A
is just the generator of {T(¢)}+>0, which is deemed to be a resolvent family.
The proof is completed. g

The combination of Theorem [2.1] and Theorem implies the equiv-
alence of Riemann-Liouville fractional semigroups and fractional resolvent
families.

Acknowledgements

This work was supported by the Fundamental Research Funds for the
Central Universities (Grant No. 2012jdhz52), and NSF of China (Grant
No. 11131006 and 11271297).



A CHARACTERISTIC OF FRACTIONAL RESOLVENTS 789

References

[1] V.V. Anh, N.N. Leonenko, Spectral analysis of fractional kinetic equa-
tions with random data. J. Stat. Phys. 104 (2001), 1349-1387.

[2] C. Chen, M. Li, On fractional resolvent operator functions. Semigroup
Forum 80 (2010), 121-142.

[3] S.D. Eidelman, A.N. Kochubei, Cauchy problems for fractional diffu-
sion equations. J. Differ. Eq. 199 (2004), 211-255.

[4] N. Heymans, I. Podlubny, Physical interpretation of initial conditions
for fractional differential equations with Riemann-Liouville fractional
derivatives. Rheol Acta. 45 (2006), 765-771.

[5] R. Hilfer, Fractional diffusion based on Riemann-Liouville fractional
derivatives. J. Phys. Chem. B 104 (2000), 3914-3917.

[6] V. Keyantuo, C. Lizama, P.J. Miana, Algebra homomorphisms defined
via convoluted semigroups and cosine function. J. Funct. Anal. 257
(2009), 3454-3487.

[7] A.A. Kilbas, H.M. Srivastava, J.J. Trujillo, Theory and Applications
of Fractional Differential Equations. Ser. North-Holland Mathematics
Studies, 204, Elsevier Science B.V., Amsterdam (2006).

[8] K. Li, J. Peng, Fractional resolvents and fractional evolution equations.
Appl. Math. Lett. 25 (2012), 808-812.

[9] M. Niu, B. Xie, A fractional partial differential equations driven by
space-time white noise. Proc. Amer. Math. Soc. 138 (2010), 1479-1489.

[10] J. Peng, K. Li, A novel characteristic of solution operator for the frac-
tional abstract Cauchy problem. J. Math. Anal. Appl. 385 (2012), 786-
796.

[11] I. Podlubny, Fractional Differential Equations. Academic Press, New
York (1999).

[12] J. Priiss, FEwvolutionary Integral Equations and Applications.
Birkhéauser, Basel - Berlin (1993).

1 School of Mathematics and Statistics
Xi’an Jiaotong University
Xi’an 710049, CHINA Received: October 10, 2012

e-mail: zhdmei@mail.zjtu.edu.cn Revised: June 10, 2013
2 School of Mathematics and Statistics

Xi’an Jiaotong University
Xi’an 710049, CHINA

e-mail: jgpeng@mail.zjtu. edu.cn



790 7.D. Mei, J.G. Peng, Y. Zhang

3 Department of Basic Courses
Xi’an Technological University North Institute of Information Engineering
Xi’an 710025, CHINA

e-mail: uuus85@sina.com

Please cite to this paper as published in:

Fract. Calc. Appl. Anal., Vol. 16, No 4 (2013), pp. 777-790;
DOI: 10.2478/s13540-013-0048-1



	Abstract
	1. Introduction and Preliminaries
	2. Riemann-Liouville Fractional Semigroups
	Acknowledgements
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


