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Abstract

The authors study the singular boundary value problem with fractional
q-derivatives

—(Dgu)(t) = f(t,u), te(0,1),
(Diu)(0) =0, i=0,...,n -2, (Dgu)(1) =Y aj(Dqu)(t;) + A,
j=1

where ¢ € (0,1), m > 1 and n > 2 are integers, n — 1 <v <mn, A >0is a
parameter, f : (0,1] x (0,00) — [0, 00) is continuous, a; > 0 and ¢; € (0,1)
for i = 1,...,m, and Dy is the g-derivative of Riemann-Liouville type of
order v. Sufficient conditions are obtained for the existence of positive
solutions. Their analysis is mainly based on a nonlinear alternative of

Leray-Schauder.
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1. Introduction and preliminaries on fractional g-calculus

In the recent years, the subject of fractional calculus has gained con-
siderable popularity and importance mainly due to its demonstrated ap-
plications in numerous seemingly diverse and widespread fields of science
and engineering. The monographs [30], [31], [32], and [33] provide excellent
sources for the theory and applications of fractional calculus. Among all
the topics, the existence of positive solutions of boundary value problems
(BVPs) for fractional differential equations is currently undergoing active
investigation; see for example, [3], [4], [5], [6], [12], [16], [21], [22], [27], [28],
[29], [35], [36] and the references therein.

Many efforts have also been made to develop the theory of discrete
fractional calculus in various directions. For some recent works, we refer
the reader to [9], [10], [I1], [13], [14], [15], [23], [24], [25].

Early work on fractional g-calculus can be found in [I] and [7]. Recently,
there seems to be new interest in the study of this subject and many new
developments have been made in the theory of fractional g-calculus (see
e.g. ], [19], [20], [3]).

To the best of our knowledge, there are few results available in the
literature to study the important problem for existence of positive solutions
for BVPs with fractional g-derivatives; the only papers we know of are by
El-Shahed and Al-Askar [I7], El-Shahed and Hassan [I§], Ferreira [19],
[20], and Graef and Kong [26]. In this paper, we will study the existence of
positive solutions of a class of higher order singular BVPs with fractional
g-derivatives, expecting these results to find good potential for applications.

To make the paper self-contained, below we recall some known facts on
fractional g-calculus, that can be found, for example, in [I], [19], [20], [30],
[34].

For ¢ € (0,1), define

1—¢q°

lalg = aeR.

1—¢q’
The g-analog of the Pochhammer symbol (the ¢-shifted factorial) is defined
by

k—1 '

(@qo=1, (a0)x = [[(1—ad’), keNU{cc}.

i=0
The g-analogue of the power function (a — b)* with k € Ny := {0,1,2,...}
is

k—1 '
@-0)@ =1, (@-0®=]Ja—b¢"), keN, abeR.

i=0
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The following relation between them holds
(a—b)® =ak(b/a;q)k, a#0.
Their natural extensions to the reals are

(a§ Q)oo and (a . b)(»y) — (b/a§ Q)oo

, v7EeER
aq”;q)oo (¢7b/a; q)so

CL? q Y
Clearly,

(a=b)" =a¥(b/asq),, a#0,

and if b = 0, then a(?) = a?. We also use the notation 0 = 0 for v > 0.
The g-gamma function is defined by

Fq(x) = (Q; Q)m—l(l _Q)l_mv T ER\{07_17_27"'}'
Obviously, T'y(z + 1) = [z]T'¢(x).
The g-derivative of a function h is defined by

@) =" "I fors 20 and (D)0) = i (Dh) o)

and g¢-derivatives of higher order are given by
(Dh)(x) = h(z) and (Dgh)(x) = Dg(Di 'h)(x), k € N.

The g-integral of a function h defined on the interval [0,b] is given by
I)@) = [ hedys =21 - ) 3 hag'. @ € 0.,
0 i=0

If a € [0,0] and h is defined in the interval [0, b], then its integral from a to

b is defined by
b b a
/ h(s)dqs:/ h(s)dqs—/ h(s)dgs.
a 0 0

Similarly to derivatives, an operator I 5 is given by
(I0h)(z) = h(z) and (IFh)(z) = I,(I¥'h)(z), ke N.

The fundamental theorem of calculus applies to these operators D, and I,
ie.,

(Dglgh)(z) = h(z),
and if h is continuous at z = 0, then

(IgDgh)(z) = h(zx) = h(0).
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DEFINITION 1.1. Let v > 0 and h be a function defined on [0, 1]. The
fractional g-integral of Riemann-Liouville type is defined by (I h)(z) =
h(z) and

e = | "= g9) Dh(s)dgs, v>0, te0,1]

DEFINITION 1.2. The fractional g-derivative of Riemann-Liouville
type of order v > 0 is defined by (DJh)(z) = h(z) and

(Dyh)(x) = (Dé[é_”h)(a:), v >0,

where [ is the smallest integer greater than or equal to v.

The rest of the paper is organized as follows. In Section [2] we introduce
our problem and present our main results. The proofs of the main results
are given in Section [3l

2. Fractional boundary value problems

In this section, we are concerned with positive solutions of the higher
order singular BVP with fractional g-derivatives consisting of the equation

- (DZU)(t) = f(tvu)7 te (07 1)7 (21)
and the boundary condition (BC)

m
(Diu)(0) =0, i=0,...,n—2, (Dgu)(1) = a;j(Dau)(t;) + A, (22)
j=1
where ¢ € (0,1), m > 1 and n > 2 are integers, n —1 <v <mn, A >0is a
parameter, f : (0,1] x (0,00) — [0, 00) is continuous, a; > 0 and ¢; € (0, 1)
for j = 1,...,m. By a positive solution of BVP (2.1, ([2.2]), we mean a
function u € C[0,1] such that u(t) satisfies (2.I)) and (2.2]), and u(t) > 0 on
(0, 1].

When n = 3, a; = 0 for j = 1,...,m, and f(t,2) is nonsingular in
z, BVP 21), (22) has been studied by Ferreira [19]. The well known
Krasnosel’skii fixed point theorem was applied there to obtain an existence
criterion for positive solutions. Very recently, in [26], the present authors
studied the nonsingular version of BVP (2.1)), (2.2]) and obtained sufficient
conditions for the uniqueness, existence, and nonexistence of positive solu-
tions in terms of different values of .

In this paper, we establish a new general existence criterion for positive
solutions of BVP (21 and (2:2). One application of our theorem to a
special problem is also presented. Here, we allow the nonlinear term f (¢, z)
to be singular at x = 0. The proof will employ a nonlinear alternative
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of Leray-Schauder; see Lemma [3.3] in Section [Bl Our results extend and
complement recent results on this subject in the literature, especially those
n [19] and [26].

Recall that the characteristic function y on an interval I C R is given

by
1, tel,

Define a function G : [0,1] x [0,1] — R by

v—1
Gt s) = e ((1 — 5
(1—zj:1 a;ty ) Ty(v)
- Xaslts = P 0)) - =9 () (23)
Ly(v) 7
Note that, for the special case where a; = 0 for j = 1,...,m, G(t,s) can

be written as

(1—s) 21—t —5)»" D 0<s<t<I1,
G(t,s) =
To(v) | (1= s)=2p1, 0<t<s<l.

We now present the first existence result in this paper. We will need
the following hypotheses:
(H1) 0 < 30 aith 2 < 1
(H2) there exist contmuous nonnegative functions g(z)
such that g(z) > 0 is nonincreasing on (0, 00), h(z
creasing on (0, 00),

ftx) < o(t)(g(x) + h(z)) for (t,z) € (0,1] x (0, 00),

and
/qb ds<oo

(H3) there exists 6 > 0 such that
glzy) < dg(x)g(y) for all z, y € (0, 00);

(H4) for each r > 0, there exists a continuous nonnegative function v, (t)
such that

flt,x) > . (t) for (t,x) € (0,1] x (0,7]

, h(z), and ¢(1)
)/g(x) is nonde-

and

1
0< / G(1,qs)r(s)dgs < 0o;
0
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(H5) there exists R > 0 such that

R > d6g(R) < >/ G(1,q5)¢(s)g(s" )dys
with 0 given in (H3)

THEOREM 2.1. Assume that conditions (H1)—(H5) hold and let

Ar = <R 5g(R) ( >/ G(1,q5)p(s)g(s"~ 1)dqs>

Za]t“ 2| v -1, (2.4)

Then, for each A € [O,AR), BVP (21), [2.2) has at least one positive
solution u(t) satisfying maxc(o,1) u(t) < R.

To demonstrate the applicability of Theorem 2.7] we consider a special
case of BVP (21)), (Z2]), namely, the BVP consisting of the equation

— (Dyu)(t) = c(t)u™* + ud(t)uﬁ, te(0,1), (2.5)
and BC (2:2)), where a > 0 and 8 > 0 are constants, ¢ and d are continuous
functions on [0, 1] with ¢(t) > 0 and d(t) > 0 on [0,1], and © > 0 is a
parameter.

The following result is a direct consequence of Theorem 2.71

COROLLARY 2.1. Assume that (HI) holds and o < 1/(v — 1).

(i) If B < 1, then BVP (21), [2.2)) has at least one positive solution
for each \, pu € [0, 00).

(ii) If § > 1, then there exist A € (0,00) and p € (0,00) such that
BVP (23)), (22) has at least one positive solution for each A € [0,\) and
€0, p).

3. Proofs of the main results

Throughout this section, let C0, 1] be the Banach space of continuous
functions equipped with the norm [Ju|[ = max,¢(o 1) [u(t)].

Lemma [B.T] below gives some properties of G(t,s) and was proved in
[26, Lemma 2.1].

LEMMA 3.1. Assume (H1) holds. The function G(t, s) defined by (2.3))
has the following properties:
(a) G(t,qs) >0 fort,s e [0,1];
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(b) Glt.gs) < G(L gs) for t,s € [0, 1];
(c) G(t,qs) >t""1G(1,qs) fort,s € [0,1].

The following lemma follows directly from [26, Lemma 2.2] and shows
that G(t,s) can be used to obtain the equivalent integral forms for some
given BVPs.

LEMMA 3.2. Assume that (H1) holds and w € C[0,1]. Then, u(t) is a
solution of the BVP consisting of the equation
—(Dgu)(t) = w(t), te(0,1),
and BC (22) if and only if

1 v—1
u(t) = /0 G(t, qs)w(s)dys + ( At

1=t v =],

We also need the following version of the well known nonlinear alterna-
tive of Leray—Schauder. We refer the reader to [2, Theorem 1.2.3] for this
result.

LEMMA 3.3. Let K be a convex subset of a normed linear space X,
and let €} be an bounded open subset with p € 2. Then every compact
map N : Q — K has at least one of the following two properties:

(i) N has at least one fixed point in €;

(ii) there is u € 02 and p € (0,1) such that u = (1 — p)p + pNu.

Now, we are in a position to prove our results.

P roof. (Proof of Theorem [2.11) Let A € [0,AR) be fixed. By (H5)
and (2.4)), there exists ky € N such that

1 h(R) ! v—1
R > ko +dg(R) <1 + g(R)> /0 G(1,q5)9(s)g(s"™ " )dys
A

+ . L : (3.1)
(1-Zaty ) v - 1),
Let N* = {ko,ko + 1,...}. For any fixed k € N* consider the integral
equation
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1 1 )\,U,ty_l
u(t) =  +p | Gt gs)fr(s,u(s))dgs +
k /0 C (Tt ) -1,
= (), (3.2
where p € (0,1), fx(t,2) = f(t,max{z,1/k}) for (t,z) € (0,1) x R, and
)\tu—l

1
Tru(t) = G(t,gs S, uls dqs '
wu(t) /o (t, qs) fr(s,u(s))dgs + (1 - z;;lajt}"Q) v — 1],

We now prove two claims.

Claim 1. For any u € (0, 1), any possible solution u(t) of (B.2]) satisfies
u(1) = [[u]| and u(t) >t u|| forte[0,1].

In fact, from parts (a) and (b) of Lemma [3.1] we have

Ap

1= Sty v =1,
)\,U,ty_l

1= S sty v = 1,

1
u(l) = ;—l—,u/o G(l,qs)fk(s,u(s))dqs+(

1 1
> /O G(t, 43) fr(s,u(s))dgs + (

= wu(t)>0 on [0,1],
so u(1) = ||u||. By parts (a) and (c) of Lemma [B.T], it follows that

1
wt) =t [ G s )y

)\,U,ty_l

! (1 - Z;n:I ajtﬁ_z) v —1],

v

1
o (; +u/0 G(1,q5) fuls, u(s))dgs

A
+ m " -2 )
(-2 ety ) v - 1),
= " lu(1) = lul].
Thus, Claim 1 holds.

Claim 2. For any pu € (0,1), any possible solution of (3.2]) satisfies
|ul] # R.
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Suppose the claim is not true and assume that u(t) is a solution of (3.2))
for some p € (0,1) with ||u|| = R. By B.2), u(t) > 1/k on [0,1]. Then,
fe(t,u(t)) = f(t,u(t)) and [B.2) can be written as
)\,ut”_l

1 1
u(t) = +u/0 G(t,qs)f(s,u(s))dgs + (1 s t”‘2)[ 1,

From (H2), (H3), and Claim 1, we see that

1
Ro= lull=u() = 5 [ GlLas)fsu)dys
+ Au
(1 S ety ) v = 1
h(u(s))
< /)qus ((»<1+QW$)>dﬁ
+

I
T =
7N
SN—" ~— o
N—— |
c\
2.
Q
—~~
=
<y
®
N
AR
=
=8

(1 -y, a»tH) -1,

;+MR< §>/01w (5" V)dys

_l’_

IA

(1= ety 2) v —1l,
This contradicts ([B.I]), so Claim 2 holds.
Note that 1/k < 1/ky < R and (3.2) can be rewritten as
1
ut) = (1= p), + pNyu(t),

where Nju(t) = Tru(t) +1/k. Then, Lemma [3.3limplies that N(t) has at
least one fixed point uy in Q@ = {u € C[0,1] : |Ju|| < R}. Thus,
)\tl/—].

1 1
up(t) = k +/0 G(t’qs)fk(s’uk(S))dqs ’ (1 - E;ﬂ:l ajt§_2) [v — 1](1 ‘
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Then, ug(t) > 1/k on [0,1], and so
I At
=, ) G
0

=507 st ) v = 1,

Note that |Jug|| < R. Then, in view of (H4), there exists a continuous
nonnegative function 1 g(t) such that

f(t,ur(t)) > ¥r(t) on (0,1).

Let | = fol G(1,¢s)¢YRr(s)dys. Clearly, I > 0 by (H4). From parts (a) and
(c) of Lemma B.d]and (33), we obtain

. (3.3)

1
u(t) > t”_l/o G(1,¢8)YRr(s)dys = 1t""' on [0,1]. (3.4)

It is clear that the sequence {uy }ren+ is uniformly bounded. In the follow-
ing, we show that it is also equicontinuous on [0, 1]. For any ¢,s € [0, 1],
since G(t,s) and t¥~! are uniformly continuous in ¢, we see that for any
€ > 0, there exists n > 0 such that for any ¢,ts € [0, 1] with [t; — t2] < 7,
we have

€
t — t 1
‘G( 17q5) G( Q,QS)‘ < 24’ 6[07 ]7
and
v—1 v—1 ¢ (1 N qun_l a'tz')_2) [V B 1]q
|t1 - t2 | < A 9
where )
(R
A — 1/ 1
it (14 m>/¢ 4ae
Thus, when [t; — t2| < n, from (H ), (H3), B3), and [B.4)), it follows that

lug(t1) — up(te)] < /0 |G(t1,q5) — G(t2,qs)|f(s,ur(s))dys
Aglty™t =157

(1- ety ?) v =1,
< 2;/14)(8) (ur(s )(1—1—25;:3;)%34-;
1
ot (14 i) [, o0 0

€ (R) =
2A5(z< R>/¢ 1ds+2

IN

IN
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Thus, {ug }ren+ is equicontinuous.

Now, by the Arzela-Ascoli theorem, {uj}ren+ has a subsequence, also
denoted by {ug}ren+, that converges uniformly to a function v € C[0,1].
Note that wuy(t) satisfies (8.3]) and ([B.4]). Then, letting k& — oo, we see that

)\tu—l

(3.5)
1= S aty ) v =1,

1
u(t) = / Gt g5) (5, u(s))dgs +
: (
and
u(t) > 1" >0 on (0,1].
Then, by Lemma [3.2] u(t) is a positive solution of BVP (2.1]), (2.2]). Since
llur|| < R and u = limg_, o ug, we have ||u|| < R. By an argument similar

to the one used to show Claim 2, we have ||u|| < R. This completes the
proof of the theorem. O

P roof. (Proof of Corollary [2.31) We will apply Theorem 2.1 To
this end, let f(t,2) = c(t)x~ + pd(t)z?, g(x) = 2%, h(zr) = pz”, and
o(t) = max{c(t), d(t)}. Then, (H2), (H3) with 6 = 1, and (H4) with
P (t) = r~%c(t) hold. Let

1
B:/ G(l,qs)qb(s)s_a(”_l)dqs.
0

In view of the condition that 0 < o < 1/(v — 1), we have 0 < B < o0,
Clearly, (H5) is equivalent to

u < C(R) for some R > 0,

where
xa—i—l - B
C(z) = Byots 0 T 0.
Then, we have that (H5) holds if
0<p<p:=supC(x). (3.6)
x>0

We now discuss two cases.

Case 1. < 1. For this case, C(x) is strictly increasing and p = oc.
Thus, for any p € [0,00), by ([3.6]), there exists Ry > 0 such that (H5) holds
for all R > R;. Note that, for Ag defined by (2.4]), we have limp_,oo Ag =
00. The conclusion in part (i) then follows from Theorem [2.7]

Case 2. 8 > 1. For this case, 0 < pu < oo. Thus, for any p € [0, u),
from (B.0)), there exists Ry € (0,00) such that (H5) holds with R = R».
Let A = Ag,. Then, it is easy to check that 0 < A < co. The conclusion in
part (ii) then also follows from Theorem [2.3]1 This completes the proof of
the corollary. O
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