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Abstract

We study the fractional integral (fI) and fractional derivative (fD), at-
tained by the analytic continuation (AC) of Liouville’s fI (LfI) and Riemann-
Liouville fI (RLfI). On the AC of RLfI, we give a detailed summary of Lavoie
et al’s review. The ACs of RLfI are expressed by means of contour integrals.
Two of them use the Cauchy contour, and one is using the Pochhammer
contour. In this case, the latter is AC of all the others for the functions
treated. For the AC of LfI, one can find studies in Campos’ papers and in
Nishimoto’s books, where the AC is using only the Cauchy contour. Here
we present also an AC using a modified Pochhammer’s contour. In this
case, we see that any of these two ACs is not the AC of the other for all the
functions treated. This fact leads to difficulties, if a careful study taking
care of the domains of existence of each AC is not adopted. By taking
account of this fact, we resolve the difficulties which occur in Nishimoto’s
formalism.
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1. Introduction

The notions and tools of fractional derivative (fD) and fractional dif-
ferential equation (fDE) have been discussed since long time ago; see e.g.
[4, 9, 13, 14]. When we have an initial value problem for a fDE where
the initial values at a finite point are given, usually the Riemann-Liouville
fD (RLfD) is used. When the solution decays to zero at ∞ or −∞, the
Liouville fD (LfD) is used. These fD are defined in terms of the respective
fractional integrals (fI), which are the RLfI and LfI. In the present paper,
we survey some studies on the analytic continuations (AC) of RLfI and LfI.

For AC of RLfI, we have a review by Lavoie et al. [6]. There, the AC
are expressed by contour integrals. Two of them, which we call CfD and
C′fI, use generalized Cauchy contours. The other, which we call PfD, uses
the Pochhammer contour which appears in the AC of the beta function.
We recall it in Section 2. It is important to note, for a function of variable
z in the form za or zγ ·∑∞

k=0 akz
k, that CfD and C′fI are AC of RLfI, and

PfD is an AC of CfD as well as of C′fI.
For the AC of LfI, we have the papers [2, 3], where Campos studied

the AC using the Cauchy contour, which he called Hankel’s contour. We
call this AC of LfI as HfD. In a series of books [11, 12], Nishimoto gave
a survey of his work on fractional calculus, where he started with HfD
using the Cauchy contour and then defined his fractional differentiation
and integral, which he called the differintegration (fDI). His fDI is defined
as the AC of HfD.

In these works on the AC of LfI, there appears HfD using the Cauchy
contour, but no comments are given on the one related with the Pochham-
mer contour. In Section 3, we discuss the LfI, HfD and also the AC using
a modified Pochhammer contour, which we call mPfD. Taking account of
these, we clarify what happens with the AC of the LfI.

For the power function of the form za, HfD is an AC of LfI, and mPfD
is an AC of HfD. When the function is the exponential function in the form
e−az, HfD is an AC of LfI, but mPfD is not an AC of HfD.

We note that the situation is simple for the AC of RLfI, since for all
the functions treated, PfD is the AC of all the other AC of RLfI and may
be called RLfD. The situation is not simple for the AC of LfI, since for all
the functions treated, any of mPfD and HfD is not the AC of the other.

In Sections 4∼6, we give additional studies on the AC of LfI. In Sec-
tion 4, we discuss the index law of the AC of LfI and of RLfD. We have to
pay special attention to the condition for which the index law of the mPfD
is valid. Then a comment is given on the use of the index law in solving a
simple fDE. As to RLfD, we call attention to the relation with distribution
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theory. In Section 5, remarks are given of the fD of the cosine and sine
functions. In Section 6, remarks are given on the definition of mPfD.

We use the notations Z, R and C to denote the sets of all integers, of
all real numbers and of all complex numbers, respectively. We also use

Z>0 := {n ∈ Z| n > 0}, Z≤0 := Z\Z>0, Z≥0 := {n ∈ Z| n ≥ 0},
Z<0 := Z\Z≥0, R>0 := {x ∈ R| x > 0},
−C := {z ∈ C| Re z < 0}, +C := {z ∈ C| Re z > 0}.

Here Z\Z>0 denotes the set {n ∈ Z|n /∈ Z>0}. Let X be a path on the
complex plane. We use notations f ∈ L1(X) and f ∈ L1

loc(X) to denote
that a function f is integrable and locally integrable, respectively, on X.
The notation f (n)(z) is used to represent dn

dzn f(z) for n ∈ Z≥0, as usual.

2. Riemann-Liouville fI and its Analytic Continuations

Let c, z ∈ C, and let P (c, z) be the path from c to z, as shown in
Fig. 1(a). For f(z) ∈ L1(P (c, z)), the RLfI is defined in [5, 6] by

RLD
−λ
c f(z) =

1
Γ(λ)

∫ z

c
(z − ζ)λ−1f(ζ)dζ. (2.1)

When f(z) is analytic on a neighborhood of P (c, z), the RLD
ν
c f(z)

defined by (2.1) for λ = −ν is analytic as a function of ν in the domain −C;
see e.g. [19, Section 5.31]. In [5, 6], three analytic continuations expressed
by contour integrals are considered. In Introduction, they are called resp.
CfD, C′fI and PfD.

The first one, CfD, is the fD given by

CD
ν
c f(z) =

Γ(ν + 1)
2πi

∫
C(c,z+)

(ζ − z)−ν−1f(ζ)dζ, (2.2)

for ν ∈ C\Z<0, where the contour C(c, z+) is shown in Fig. 1(b), which
starts from c, encircles the point z counterclockwise, and then goes back to
c, without crossing the path P (c, z). When −n ∈ Z<0, we put CD−n

c f(z) =
limν→−n CDν

c f(z), which is confirmed to be equal to RLD
−n
c f(z).

By this definition, we confirm that CDν
c f(z) is an analytic continuation

of RLD
ν
c f(z) as a function of ν, so that for every ν for which the latter

exists, the former also exists and they are equal with each other.
Let f1(z) be analytic on a neighborhood of P (0, z), and let γ ∈ R. If

f(z) = zγf1(z) and γ /∈ Z, the second one C′fI is defined by

TD
ν
0f(z) = e−iπγ

1
2iΓ(−ν) sin(πγ)

∫
C(z,0+)

(ζ − z)−ν−1f(ζ)dζ, (2.3)



LIOUVILLE AND RIEMANN-LIOUVILLE . . . 633

for ν ∈ −C, and the third one PfD by

PD
ν
0f(z) = e−iπγ

Γ(ν + 1)
4π sin(πγ)

∫
CP (z)

(ζ − z)−ν−1f(ζ)dζ, (2.4)

for ν ∈ C\Z<0. Here the contour CP (z) is z times of the contour CP (1)
which is shown in Fig. 2. When −n ∈ Z<0, we put PD−n

0 f(z) =
limν→−n PDν

0f(z) = TD
−n
0 f(z).

Figure 1. (a) Path of integration P (c, z) in (2.1), (b)
Cauchy contour C(c, z+) in (2.2), and (c) C(z, 0+) in (2.3).

Figure 2. The Pochhammer contour CP (1) of integration.
The four horizontal pathes are labeled by a, b, c and d from
the top to the bottom.

When f(z) = znf1(z) for n ∈ Z≥0, we adopt

TD
ν
0f(z) = lim

γ→n
TD

ν
0 [zγ−nf(z)] = RLD

ν
0f(z),

PD
ν
0f(z) = lim

γ→n
PD

ν
0 [zγ−nf(z)] = CD

ν
0f(z).

We now confirm that TDν
0f(z) and PD

ν
0f(z) are analytic continuations

of RLDν
0f(z) and CD

ν
0f(z), respectively, as functions of γ. We confirm also

that PD
ν
0f(z) is an analytic continuation of TDν

0f(z) as a function of ν.
Table 1 illustrates these relations.

Here we use symbols ∗Dν
c f(z) with different subscript ∗ which is either

RL, C, T or P . Usually such a discrimination is not adopted. They are
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γ + 1 ∈ +C γ ∈ C\Z<0

ν ∈ −C RLD
ν
0f(z) TD

ν
0f(z)

ν ∈ C CD
ν
0f(z) PD

ν
0f(z)

Table 1. The domains of ν and of γ in which RLD
ν
0f(z)

for f(z) = zγf1(z) and its analytic continuations exist.

simply denoted by RLD
ν
c f(z) and called RLfD as a whole, even though

when Re ν < 0, it is equal to RLfI or to fI given by TD
ν
c f(z).

In the discussion of RLfD, the basic function is usually the power func-
tion. When f(z) = za for a ∈ C, we have

RLD
ν
0z
a =

Γ(a+ 1)
Γ(a− ν + 1)

za−ν , (Re ν < 0, Re a > −1). (2.5)

This result is obtained with the aid of Euler’s integral of the first kind for
the beta function:

B(λ, κ) =
Γ(λ)Γ(κ)
Γ(λ+ κ)

=
∫ 1

0
tλ−1(1 − t)κ−1dt, (λ, κ ∈ +C). (2.6)

By putting γ = a and f1(z) = 1 in Table 1, we see the domains of ν
and of a, where RD

ν
0z
a and its analytic continuations exist.

In [19, Section 12.43], Pochhammer’s formula for B(α, β) is given.
When we put λ = α and κ = β, the formula is

B(λ, κ) = − e−iπλ−iπκ

4 sin(πλ) sin(πκ)

∫
Cp(1)

tλ−1(1 − t)κ−1dt. (2.7)

The contour Cp(1) is shown in Fig. 2, which consists of four pathes labeled
by a, b, c and d. We may write this contour as C(P, 1+, 0+, 1−, 0−) in a
similar way to C(c, z+), that is shown in Fig. 1(b) for the Cauchy contour.
By this formula, B(λ, κ) is defined for λ, κ ∈ C\Z≤0 as an analytic function
of λ as well as of κ [19, Section 12.43], where B(λ, κ) for λ, κ ∈ Z>0 is
assumed to be defined by analytic continuation. By using this formula,
PD

ν
0z
a is shown to be the analytic continuation of RLDν

0z
a in the domains

shown in Table 1 for γ = a. In fact, the argument deriving (2.7) from (2.6)
is used to derive the analytic continuation given by (2.4).
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The RLfD of
∑∞

n=0 anz
n and zγ · ∑∞

n=0 anz
n are calculated by means

of term-by-term integration; see e.g. [6]. For instance,

CD
ν
0e
z =

∞∑
n=0

1
n!

· CDν
0z
n =

∞∑
n=0

1
Γ(n− ν + 1)

zn−ν

=
z−ν

Γ(1 − ν)
· 1F1(1; 1 − ν; z), ν ∈ C\Z>0. (2.8)

Here 1F1(α;β; z) is a hypergeometric function.

3. Liouville’s fI and its Analytic Continuations

3.1. Liouville’s fI

Liouville [7, 8] started his study on fractional differentiation with the
following formula for μ ∈ R and m,x ∈ R:

dμ

dxμ
emx = mμemx. (3.1)

He presented its integral form for λ ∈ +C, by∫ λ

f(x)dxλ =
1

(−1)λΓ(λ)

∫ ∞

0
f(x+ α)αλ−1dα. (3.2)

Later, he presented also the following formula [8]:∫ λ

f(x)dxλ =
1

Γ(λ)

∫ ∞

0
f(x− α)αλ−1dα. (3.3)

Formula (3.1) for μ ∈ −C follows from (3.2) or (3.3) for λ = −μ, according
to as m < 0 or m > 0, with the aid of Euler’s integral of the second kind:

Γ(z) =
∫ ∞

0
tz−1e−tdt, z ∈ +C. (3.4)

In the review of Liouville’s works [8, Chapter VIII], it is mentioned that
(3.2) is equal to∫ λ

f(x)dxλ =
1

(−1)λΓ(λ)

∫ ∞

x
(ζ − x)λ−1f(ζ)dζ, (3.5)

which is equal to RLD
−λ
c f(x) given by (2.1) if c = ∞.

For z ∈ C and φ ∈ R, let Pφ(z) be the path from z to z + ∞ · eiφ, as
shown in Fig. 3. For f(z) ∈ L1(Pφ(z)), we define LD

−λ
φ f(z) by

LD
−λ
φ f(z) = ei(φ+π)λ 1

Γ(λ)

∫ ∞

0
tλ−1f(z + teiφ)dt (3.6)

= ei(φ+π)λ 1
Γ(λ)

∫ ∞

0
tλ−1f(z − tei(φ+π))dt. (3.7)
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We call this Liouville’s φ-dependent fI.

Figure 3. Pφ(z).
LfI given by (3.2) and (3.3) are now expressed resp. by LD

−λ
0 f(x) and

LD
−λ
−πf(x), for x ∈ R.
In [16, Section 22.1], Samko et al. define LfI: (Iλ+,φf)(z) by

(Iλ+,φf)(z) = RLD
−λ
c f(z) for c = z + ∞ · eiφ

and mention that it is equal to LD
−λ
φ f(z) given by (3.6). There (Iν−,φf)(z)

is defined by (Iν−,φf)(z) = eiνπIν+,φf . In some articles [9, Chapter VII], the
right-hand side of (3.5) multiplied by (−1)λ, that is equal to (Iν−,φf)(z), is
called Weyl’s fI, see [16, p. xxxii].

The right-hand sides of (3.6) and (3.7) are Mellin transforms as func-
tions of λ, and hence they have two abscissas of convergence, [20, Chapter
VI, Section 9]. The abscissas are 0 and the other, which we express by
−s1[f ] > 0. Here s1[f ] is defined as follows.

Definition 3.1. Let φ, s ∈ R, f(z) ∈ L1
loc(Pφ(z)), and let s1 ∈ R or

s1 = −∞ be the greatest lower bound of s for which Is :=
∫ ∞
1 t−s−1|f(z +

teiφ)|dt converges. We then denote this s1 by s1[f ] or s1[f(z)].

When Is converges, there exists a series {tl}l∈Z>0 of tl ∈ R such that
t−sl |f(z + tle

iφ)| → 0 and tl → ∞ as l → ∞. We express this fact simply
by t−sl |f(z + tle

iφ)| → 0 as tl → ∞. As a consequence, if s1[f ] < 0,
|f(z + tle

iφ)| → 0 as tl → ∞.

Definition 3.2. Let φ ∈ R, f(z) ∈ L1
loc(Pφ(z)), and s1[f ] < 0. Then

for λ ∈ C satisfying 0 < Re λ < −s1[f ], we define Liouville’s φ-dependent
fI: LD−λ

φ f(z) by (3.6) or (3.7).

Lemma 3.1. LD
−λ
φ f(z) exists only when |f(z+ tle

iφ)| → 0 as tl → ∞.

Lemma 3.2. LD
ν
φf(z) is an analytic function of ν in the domain s1[f ] <

Re ν < 0.
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Let f(z) = e−az for a ∈ C satisfying Re (aeiφ) > 0. Then s1[f ] = −∞
and we obtain

LD
ν
φe

−az = e−iπνaνe−az, Re ν < 0, (3.8)

by using the formula (3.4).
Let f(z) = za for a ∈ C. Then we have s1[f ] = Re a and

LD
ν
φz
a = e−iπν

Γ(ν − a)
Γ(−a) za−ν , if Re a < Re ν < 0. (3.9)

To obtain this, we use the following formula for the beta function B(λ, κ):

B(λ, κ) =
Γ(λ)Γ(κ)
Γ(λ+ κ)

=
∫ ∞

0
xλ−1(1 + x)−λ−κdx, (λ, κ ∈ +C). (3.10)

This formula is obtained from (2.6), by the change of variable x = t
1−t .

In Sections 3.2 and 3.3, we define HD
ν
φf(z) and MD

ν
φf(z), which are

analytic continuations of LDν
φf(z), called HfD and mPfD in Section 1, and

study their basic properties.

3.2. Contour integral with Hankel’s contour

The gamma-function Γ(z) defined by (3.4) exists in the domain z ∈ +C.
We know Hankel’s formula which defines Γ(z) in the whole complex plane,
[19, Section 12.22]. We write the formula as

Γ(z) = eiπz
1

2i sinπz

∫
CH

ζz−1e−ζdζ, z ∈ C. (3.11)

Here CH is the limit of X,Y → ∞ of the contour CH∗ shown in Fig. 4.

Figure 4. The contour of integration CH∗ , from X, to δ,
to δ∗ = δe2iπ , and then to Y ∗ = Y e2iπ, where δ,X, Y ∈ R>0

satisfy δ < X, Y .

By applying the method of Hankel to the integral given in (3.6), we
define HD

ν
φf(z) as follows.
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Definition 3.3. Let f(ζ) be analytic on a neighborhood of Pφ(z).
Then for ν ∈ C\Z<0 satisfying Re ν > s1[f ], we define the φ-dependent fD,
HD

ν
φf(z), by:

HD
ν
φf(z) = e−iφν

Γ(ν + 1)
2πi

∫
CH

η−ν−1f(z + ηeiφ)dη, (3.12)

which can be expressed also as (3.13) given below. When −n > s1[f ] for
n ∈ Z>0, we put HD−n

φ f(z) = limν→−n[HDν
φf(z)].

The proofs of the theorems given in Sections 3.2 and 3.3 are presented
in Appendix A.

Theorem 3.1. If HD
ν
φf(z) for Re ν < 0 exists, then LD

ν
φf(z) also

exists and HD
ν
φf(z) = LD

ν
φf(z) for Re ν < 0.

Lemma 3.3. HD
ν
φf(z) is an analytic function of ν in the domain

Re ν > s1[f ].

This follows from the fact that the integral in (3.12) is an analytic
function of ν when it converges [19, Sections 5.31 and 5.32]. We also use
Theorem 3.1 and Lemma 3.2.

Usually HD
ν
φf(z) is defined as a generalization of the Cauchy integral

formula of differentiation [11, 12, 2, 3], by

HD
ν
φf(z) =

Γ(ν + 1)
2πi

∫ (z+)

z+∞·eiφ

f(ζ)
(ζ − z)ν+1

dζ. (3.13)

Campos [2] called the contour in this expression the Hankel contour, where
he defined HD

ν
φf(z) only for ν /∈ Z<0.

Theorem 3.2. If HD
n
φf(z) for n ∈ Z≥0 exists, HD

n
φf(z) = f (n)(z).

3.3. Contour integral with a modified Pochhammer’s contour

In Section 2, we use Pochhammer’s formula (2.7) which gives the beta
function B(λ, κ) in the whole complex plane as a function of λ as well as of
κ. That formula is obtained as the analytic continuation of Euler’s integral
of the first kind (2.6). We now give a modified Pochhammer’s formula
which corresponds to (3.10).

Formula (3.10) is obtained from (2.6) by the change of variable x = t
1−t .

We now give a formula from (2.7) by the same change of variable η = t
1−t .
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As a result, we obtain the modified Pochhammer’s formula for B(λ, κ):

B(λ, κ) = −e−iπλ−iπκ 1
4 sin(πλ) sin(πκ)

∫
C̃
ηλ−1(1 + η)−λ−κdη, (3.14)

which applies for all λ, κ ∈ C\Z≤0. Here C̃ is the closed contour shown in
Fig. 5.

Figure 5. The contour of integration C̃, from δ, to X, to
X− = Xe−2iπ, δ−1 = δ1e

−2iπ, δ1, Y , Y + = Y e2iπ, δ+ =
δe2iπ, and then back to δ. The four horizontal pathes are
called a, b, c and d from the top to the bottom.

In this place, we give a definition of MDν
φf(z) in a restricted condition.

Condition A. f(z) is expressed as f(z) = zγf1(z), where γ ∈ R and
f1(z) is an entire function.

In Section 6, we introduce more general conditions, which are Condi-
tions B and C.

Definition 3.4. Let Condition A or Condition B (see Section 6) be
satisfied for γ ∈ R. If γ /∈ Z, ν ∈ C\Z<0 and ν−γ /∈ Z, we define MD

ν
φf(z)
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of order ν by

MD
ν
φf(z)=e−iφν−iπν+iπγ

Γ(ν+1)
4π sin(π(γ−ν))

∫
C̃
η−ν−1f(z + ηeiφ)dη, (3.15)

where max(δ, δ1) < |z| < min(X,Y ) and (arg z + φ − π) 	≡ 0 (mod 2π)
are assumed for the contour C̃. If γ /∈ Z, the value of MD

ν
φf(z) at ν ∈

C satisfying ν ∈ Z<0 or ν − γ ∈ Z should be determined by analytic
continuation. If γ = n ∈ Z, it is defined by

MD
ν
φf(z) = lim

γ′→n
MD

ν
φ[z

γ′−nf(z)]. (3.16)

Lemma 3.4. MD
ν
φf(z) is analytic as a function of ν ∈ C, as far as

ν /∈ Z<0 and γ − ν /∈ Z.

This follows from the fact that the integral in (3.15) is analytic as a
function of ν, as is confirmed by [19, Section 5.21].

In discussing the relation between MD
ν
φf(z) and HD

ν
φf(z), s2[f ] defined

below plays an important role.

Definition 3.5. We denote by s2[f ], the least of s2 ∈ R such that
sup−π<θ≤π t

−s
l |f(z + tle

iθ)| → 0 as tl → ∞ for all s ∈ R satisfying s > s2.

Theorem 3.3. Let s2[f ] <∞ and let MD
ν
φf(z) exist. Then HD

ν
φf(z)

also exists, and MD
ν
φf(z) = HD

ν
φf(z), for ν ∈ C satisfying Re ν > s1[f ].

Theorem 3.4. Let f(z) be an entire function. Then, (i) MDν
φf(z) = 0

for ν ∈ C\Z. (ii) If s2[f ] <∞, HD
ν
φf(z) = 0 for Re ν > s1[f ].

Theorem 3.5. If MD
n
φf(z) exists for n ∈ Z≥0, MD

n
φf(z) = f (n)(z).

3.4. Comparison of Liouville’s fI and its analytic continuations

In Table 2, we summarize the domains of ν in which LD
ν
φf(z) and its

analytic continuations exist and are analytic as a function of ν. The rows
for LDν

φf(z) and HD
ν
φf(z) are due to Lemmas 3.2 and 3.3, respectively. The

row for MD
ν
φf(z) for s2[f ] <∞ is due to Lemma 3.4 and Theorem 3.3.

Let f(z) = e−az for a ∈ C satisfying Re (aeiφ) > 0. Then s1[f ] = −∞
and s2[f ] = ∞. By using (3.8), Table 2 and Theorem 3.4, we obtain the
column for e−az in Table 3.
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s2[f ] <∞ s2[f ] = ∞
LD

ν
φf(z) s1[f ] < Re ν < 0 s1[f ] < Re ν < 0

HD
ν
φf(z) Re ν > s1[f ] Re ν > s1[f ]

MD
ν
φf(z) ν ∈ C, ν /∈ {n ∈ Z<0|n ≤ s1[f ]}, −−−−−

ν /∈ {ν ′ ∈ C|Re ν ′ ≤ s1[f ], b− ν ′ ∈ Z}
Table 2. Domains of ν in which LD

ν
φf(z), HDν

φf(z) and
MD

ν
φf(z) exist and are analytic.

f(z) = e−az f(z) = za

s1[f ] = −∞, s2[f ] = ∞ s1[f ] = s2[f ] = Re a
Domain of ν Domain of a Domain of ν Domain of a

LD
ν
φf(z) −C aeiφ ∈ +C Re a < Re ν < 0 −C

HD
ν
φf(z) C aeiφ ∈ +C Re ν > Re a C

MD
ν
φf(z) MD

ν
φe

−az = 0 C, a− ν /∈ Z≥0 C

Table 3. Domains of ν and a in which LD
ν
φf(z), HDν

φf(z)
and MD

ν
φf(z) exist and are analytic as functions of ν, for

f(z) = e−az , za.

Let f(z) = za for a ∈ C. Then s2[f ] = s1[f ] = Re a, and in place of
(3.9), in the case of a /∈ Z≥0, we obtain

MD
ν
φz
a = e−iπν

Γ(ν − a)
Γ(−a) za−ν , (ν ∈ C, a ∈ C\Z≥0), (3.17)

HD
ν
φz
a = e−iπν

Γ(ν − a)
Γ(−a) za−ν , (Re ν > Re a, a ∈ C\Z≥0). (3.18)

Formula (3.17) is obtained with the aid of (3.14), and (3.18) follows from
it by Theorem 3.3. We note that MDν

φz
a is uniquely determined by (3.17)

for all ν ∈ C if a /∈ Z≥0.
In the case of a = n ∈ Z≥0, by using (3.17) in (3.16), we obtain

MD
ν
φz
n = 0, ν ∈ C\Z, (3.19)

MD
m
φ z

n= lim
a′→n

MD
m
φ z

a′ =
{ n!

(n−m)!z
n−m, (m ∈ Z, m ≤ n),

0, (m ∈ Z, m > n).
(3.20)

Then in particular, MD0
φz

n = zn.
In Appendix B, a remark is given on nonstandard analysis related with

this calculation.
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By (3.19), (3.20) and Theorem 3.3, we have

HD
ν
φz

n = 0, (n ∈ Z≥0, Re ν > n). (3.21)

Formulas (3.19) and (3.21) are in accordance with Theorem 3.4.

Remark 3.1. When n ∈ Z≥0 and m ∈ Z, in place of (3.20), we
could adopt M̄D

m
φ z

n := limν→mMD
ν
φz
n. Then by (3.19), we would get

M̄D
m
φ z

n = 0 and hence M̄D
0
φz
n = 0.

The column for za in Table 3 is obtained by using (3.9), (3.18), (3.21),
(3.17), (3.19) and (3.20).

Remark 3.2. By definition of ez, we have e−az =
∑∞

k=0
1
k!(−az)k. By

(3.8) and Table 3, HDν
φe

−az = (−a)νe−az for Re (aeiφ) > 0. On the other
hand, by (3.21), we would have

∑∞
k=0[

1
k! · HDν

φ(−az)k] = 0 if there existed
a ν ∈ C satisfying Re ν > k for all k ∈ Z≥0, but there exists no such a ν. If
we ignored the condition Re ν > n in (3.21), there would occur a conflict.

Let f(z) = e−az . Then s1[f ] = −∞ and s2[f ] = ∞. By Theorem 3.4,
we have MD

ν
φe

−az =
∑∞

k=0[
1
k! · MDν

φ(−az)k] = 0 for ν ∈ C\Z. When
ν = m ∈ Z≥0, we have MD

m
φ e

−az = (−a)me−az =
∑∞

k=0[
1
k! · MDm

φ (−az)k],
by using Theorem 3.5 and (3.20). Theorem 3.3 states that MD

ν
φe

−az and
HD

ν
φe

−az are not related analytically.
We find discussions on the consistency of analytic continuations of Li-

ouville’s fI of exponential function in [3, p. 360].

3.5. Remarks on Nishimoto’s fDI

In a series of books [11, 12], Nishimoto gave a survey of his work on
fractional calculus, where he defined the fractional differintegration (fDI),
respresenting the fractional differentiation and integration as a whole, with
the aid of a generalization of the Cauchy integral formula of differentiation,
by (3.13), which is equivalent to (3.12),

He denote Nishimoto’s fDI by (f)ν , which he defined as follows.

(i) When HD
ν
φf(z) exists for φ = 0 or φ = −π, (f)ν is equal to it.

(ii) When s1[f ] 	= −∞ and the analytic continuation of HDν
φf(z) as a

function of ν for φ = 0 or φ = −π exists, (f)ν for ν ∈ C\Z is equal
to the analytic continuation.

(iii) When m ∈ Z>0, (f)−m = limν→−m(f)ν .
(iv) When m ∈ Z≥0, (f)m = f (m)(z).
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As a consequence, we have (e−az)ν = HD
ν
φe

−az by (3.8) and Table 3,
for Re (aeiφ) > 0, and (za)ν = MD

ν
φz
a given by (3.17) and (zn)ν = 0 for

n ∈ Z≥0 and for ν ∈ C excluding ν = m satisfying m ≤ n. Because of
this choice, a consistency is lost as seen from Remark 3.2. Nishimoto’s
fractional calculus is very interesting in taking advantage of the analyticity
and the index law, but there exist some inconsistencies to be clarified.

By (3.17) and (3.18), Nishimoto’s fDI of f(z) = za is given by (za)ν =
MD

ν
φz
a = HD

ν
φz
a for Re (ν − a) > 0, and its analytic continuation to

Re (ν − a) ≤ 0. We see that (za)ν = MD
ν
φz

a for all ν, a ∈ C, including
ν = m ∈ Z and a = n ∈ Z≥0.

Formula (3.19) shows that, if n ∈ Z≥0, MDν
φz
n = 0 for ν ∈ C satisfying

n−ν /∈ Z≥0. The singularities are isolated ones at ν = n, n−1, · · · . If we
remove them, regarding them as removable singularities, we would obtain
MD

ν
φz
n = 0 for all ν ∈ C. In the above definition, (iii) states that Nishimoto

makes this choice at ν = −m for m ∈ Z>0, but he states that (z2)−1 =
limν→−1(z2)ν = 1

3z
3 in [12, p.47]. The result is consistent with (3.20), but

the last equality does not hold.

4. Index Law of fD and HD
ν
φg(t) = z−b

In this section, we use Dnf(z) to represent f (n)(z) for n ∈ Z≥0. When
n = 0 or = 1, we put D0f(z) = f(z) and D1f(z) = Df(z) = f ′(z).

4.1. Index law of LD
−λ
φ f(z)

Theorem 4.1. Let λ, κ ∈ +C, and let LD
−λ−κ
φ f(z) exist. Then the

index law LD
−λ
φ [LD−κ

φ f(z)] = LD
−λ−κ
φ f(z) holds.

A customary proof is given at the end of Appendix A.

Lemma 4.1. If LD
−κ
φ f(z) exists, LD

−κ
φ f(z + tle

iφ) → 0 as tl → ∞.

This follows from Lemma 3.1 and Theorem 4.1.

Lemma 4.2. If n ∈ Z>0 satisfies −n > s1[f ], Dn[LD−n
φ f(z)] = f(z).

P r o o f. When n = 1, this is confirmed by taking differentiation of

LD
−1
φ f(z) = − ∫ z+∞·eiφ

z f(ζ)dζ, which is given by (3.6) for λ = 1, taking
account of Assumption A. The same equation for n > 1 is then confirmed
with the aid of Theorem 4.1. �
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4.2. Index law of HD
ν
φf(z)

We now adopt the following assumption.

Assumption B. Let f (n)(ζ) for n ∈ Z>0 exist on Pφ(z). Then s1[f (n)] ≤
s1[f ] − n.

This implies that t−sl |f (n)(z+ tle
iφ)| → 0 as tl → ∞ when s > s1[f ]−n.

Lemma 4.3. Let n ∈ Z>0, and let HD
ν
φf(z) exist. Then HD

ν
φf(z) =

HD
ν−n
φ f (n)(z).

P r o o f. We apply the partial integration to (3.12), and then we note
that we can choose the boundary values of the integration to be 0 by As-
sumption B. �

Theorem 4.2. Let m ∈ Z>0 satisfy m > s1[f ], and ν ∈ C satisfy
s1[f ] < Re ν < m. Then

HD
ν
φf(z) = LD

ν−m
φ f (m)(z). (4.1)

This is due to Lemma 4.3 and Theorem 3.1.

Lemma 4.4. Let n ∈ Z≥0, and let φ ∈ R, z ∈ C satisfy |φ− arg z| < π.
Then s1[zn log z] = n, and

HD
ν
φ(z

n log z) = n! e−iπ(ν−n−1)Γ(ν − n)z−ν+n, Re ν > n. (4.2)

P r o o f. When Re ν > n, by using Theorem 4.2, we obtain
HD

ν
φ(z

n log z) = LD
ν−n−1
φ [Dn+1(zn log z)] = LD

ν−n−1
φ (n!z−1). By using

(3.9) in the last member, we confirm (4.2). �

Lemma 4.5. If HD
ν
φf exists, then HD

ν
φf(z + tle

iφ) → 0 as tl → ∞.

This follows from Theorem 4.2 and Lemma 4.1.

Theorem 4.3. Let φ ∈ R and μ, ν ∈ C. If Re ν > s1[f ] and Re (μ+
ν) > s1[f ], then the index law

HD
μ
φ [HDν

φf(z)] = HD
μ+ν
φ f(z) (4.3)
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holds. In particular, either if s1[f ] < 0 and Re ν ≤ 0, or if Re ν > 0 and
s1[f ] < −Re ν,

HD
ν
φ[HD

−ν
φ f(z)] = f(z). (4.4)

P r o o f. By using Theorems 4.2 and 4.1 and Lemma 4.2, we obtain

HD
μ
φ[HD

ν
φf(z)] = LD

μ−m
φ Dm[LDν−n−m

φ Dn+mf(z)]

= LD
μ+ν−n−m
φ [Dn+mf(z)] = HD

μ+ν
φ f(z),

for m = max{�Re μ
+ 1, 0} and n = max{�Re ν
+ 1, 0}. (4.4) is obtained
from the index law (4.3) by using Theorem 3.2. Here �x
 for x ∈ R denotes
the greatest integer not greater than x. �

In [2], we find a proof of the index law (4.3) for μ, ν ∈ +C, where
Campos stated that the case when ν ∈ Z<0 is excluded in (4.3).

Theorem 4.4. Either if s1[f ] < 0 and Re ν ≤ 0, or if Re ν > 0 and
s1[f ] < −Re ν, then a particular solution of HD

ν
φg(z) = f(z) is given by

g(z) = HD
−ν
φ f(z).

We confirm this by using (4.4).

Definition 4.1. If s1[f ] ≤ −1, Liouville’s fD for Re ν ≥ 0 is usually
defined by

LD
ν
φf(z) = Dm[LDν−m

φ f(z)], (4.5)

if the righthand side exists, where m = �ν
 + 1.

Lemma 4.6. If s1[f ] ≤ −1 and HD
ν
φf(z) exists, then LD

ν
φf(z) defined

by Definition 4.1 also exists, and LD
ν
φf(z) = HD

ν
φf(z) for Re ν > s1[f ].

This is confirmed by using Theorem 4.3, 3.2 and 3.1.

4.3. Index law of MD
ν
φf(z)

Lemma 4.7. Let f(z) satisfy Condition A or B for γ /∈ Z, and let
g(z) = MD

ν
φf(z). Then g(z) satisfies the same condition with γ replaced

by γ − ν.

P r o o f. If f(ze2iπ) = e2iπγf(z), we confirm g(ze2iπ) = e2iπ(γ−ν)g(z)
by using (3.15). �
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Theorem 4.5. Let Condition A or Condition B (see Section 6) be
satisfied for γ /∈ Z, let s2[f ] <∞, and μ, ν ∈ C. If ν− γ /∈ Z, μ+ ν− γ /∈ Z

and μ, ν, μ+ ν /∈ Z<0, then the index law

MD
μ
φ [MDν

φf(z)] = MD
μ+ν
φ f(z) (4.6)

holds. In particular, if ν − γ /∈ Z and ν /∈ Z,

MD
−ν
φ [MDν

φf(z)] = f(z), (4.7)

MD
−ν
φ [HDν

φf(z)] = f(z), if Re ν > s1[f ]. (4.8)

P r o o f. The index law is due to Lemmas 4.7, 3.4, Theorems 3.3 and
4.3. (4.7) is due to Theorem 3.5. (4.8) is due to Theorem 3.3. �

Theorem 4.6. Let f(z) satisfy Condition A or Condition B (see
Section 6), and let s1[f ] < 0. Then a particular solution of HD

ν
φg(z) = f(z)

is given by g(z) = MD
−ν
φ f(z), if s2[g] <∞.

P r o o f. The condition s1[f ] < 0 is required by Lemma 4.5. We re-
place f and γ by g and γ + ν, respectively, in (4.8). �

4.4. Solution of HD
ν
φg(t) = z−b

We study the problem of solving the linear equation:

HD
ν
φg(z) = z−b, (4.9)

for b ∈ C. When a solution exists, the solution g(z) is given by a particular
solution satisfying this equation, added by a complementary solution h(z),
which satisfies the homogeneous equation HD

ν
φh(z) = 0.

If Re ν > 0, by (3.21), a polynomial of degree m = �Re ν� − 1, h(z) =
pm(z), satisfies HD

ν
φh(z) = 0. Here �x� for x ∈ R denotes the least integer

not less than x.

Theorem 4.7. A solution of (4.9) exists if and only if Re b > 0. A
particular solution g0(z) of (4.9) is then given by

g0(z) = eiπν Γ(b−ν)
Γ(b) zν−b, if ν − b /∈ Z≥0, (4.10)

g0(z) = eiπ(b−1) 1
n! Γ(b)z

n log z, if ν − b = n ∈ Z≥0. (4.11)

These are confirmed by using (3.18) and Lemma 4.4, respectively.
We now give a derivation of (4.10) and (4.11) with the aid of Theo-

rems 4.4 and 4.6.
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P r o o f. The condition Re b > 0 is required by Lemma 4.5. By Theo-
rems 4.6 and (3.17), a particular solution of (4.9) is given by

g(z) = MD
−ν
φ z−b = eiπν

Γ(b− ν)
Γ(b)

z−b+ν , if ν − b /∈ Z≥0. (4.12)

When Re (ν − b) < 0, (4.10) is obtained by using g(z) = HD
−ν
φ z−b, which

is due to Theorem 4.4 and (3.18). In deriving (4.11), we put ν− b = n+ ε.
Then (4.12) gives g(z) = C(ε)zn+ε, where C(ε) = eiπν Γ(−n−ε)

Γ(b) . When ε ∼ 0,
we note that HDν

φz
n = 0 by (3.21), since Re ν = Re b+n+ Re ε > n. Now

as a particular solution of (4.9), we may adopt g(z) = C(ε)zn+ε − C(ε)zn,
so that we have

g(z) = eiπν
Γ(−n− ε)

Γ(b)
(zn+ε − zn)

= −eiπ(b+ε) Γ(1 + ε)Γ(1 − ε)
Γ(b)Γ(n + 1 + ε)

[zn log z +O(ε)].

In the limit of ε→ 0, we obtain (4.11). �

4.5. Index law of RLD
ν
0f(x) and distribution theory

We denote the Heaviside step function by H(x). When f(x) is defined
for x ∈ R>0, we assume that

f(x)H(x) =
{

0, x ∈ R≤0,
f(x), x ∈ R>0.

(4.13)

For a function f(x) satisfying f(x)H(x) ∈ L1
loc(R), RLfI: RLD−λ

0 f(x)
for λ ∈ C+ is defined by (2.1) and the fD of order ν ∈ C satisfying Re ν ≥ 0
is ordinarily defined by RLD

ν
0f(x) = Dm[RLDν−m

0 f(x)], where m = �ν
+1.
We now adopt this definition.

Lemma 4.8. If CD
ν
0f(x) defined by (2.2) exists, then RLD

ν
0f(x) also

exists, and RLD
ν
0f(x) = CD

ν
0f(x).

P r o o f. This is confirmed by using CD
ν
0f(x) = D[CDν−1

0 f(x)] which
follows from (2.2). �

For RLfD, the index law does not always hold. In [5], the example given
is f(x) = 1, when RLD

−1
0 [RLD1

01] = 0 	= RLD
1
0 [RLD

−1
0 1] = 1, and use of

generalized function or distribution is mentioned.
In [10], we define the distributions in the space D′

R which is dual to
the space DR of infinitely differentiable functions in R, having a support
bounded on the right. Then distributions in D′

R are regular distributions
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which belong to L1
loc(R) and have a support bounded on the left, and their

derivatives. We denote the fD of a distribution h(x) by D̃νh(x).
Let f(x)H(x) ∈ L1

loc(R), and let s0 be the greatest of s ∈ R such that
RLD

ν
0f(x) is absolutely continuous on R for all ν satisfying Re ν < s − 1.

Then we denote this s0 by s0[f ]. Then

D̃ν [f(x)H(x)] = [RLDν
0f(x)]H(x), Re ν < s0[f ]. (4.14)

If f(x) = 1, s0[f ] = 1 and we have D̃−1[D̃1H(x)] = D̃−1δ(x) = H(x).
In the distribution theory, we have the index law D̃μ[D̃νh(x)] = D̃μ+νh(x).
Hence if we use D̃ν [f(x)H(x)] in place of RLDν

0f(x), the problem of viola-
tion of the index law does not occur.

5. fD of Cosine and Sine Functions

In this section, we consider LDν
φf(z) for φ = 0 and φ = −π. For φ = 0,

we give WD
ν
0f(z), and then LD

ν
0f(z) is obtained by

LD
ν
0f(z) = e−iπν ·WDν

0f(z). (5.1)

The equation given below for LDν
φf(z) and WD

ν
0f(z) are valid for ν ∈ −C.

The corresponding equations where subscript H appears in place of L are
valid for all ν ∈ C.

When a ∈ +C and x ∈ R, we have WD
ν
0e

−ax = aνe−ax and LD
ν−πeax =

aνeax, by (3.8). Here we do not consider the fD of the sum eax + e−ax.
Let b, c, r, ψ ∈ R>0, x ∈ R, and let b± ic = re±iψ. Then we have

WD
ν
0e

−(b±ic)x = rνe−bx∓i(cx−νψ), LD
ν
−πe

(b±ic)x = rνebx±i(cx+νψ),

WD
ν
0 (e−bx cos cx) = rνe−bx cos(cx− νψ),

LD
ν
−π(e

bx cos cx) = rνebx cos(cx+ νψ). (5.2)

LD
ν
φe

∓az are given for Re (±aeiφ) > 0. The case where ±aeiφ is pure
imaginary, is excluded from our study, because of Assumption B. In that
case, we can consider the limit of Re (±aeiφ) → 0+. By taking the limit of
b→ 0 in (5.2), we obtain

WD
ν
0 cos cx = cν cos(cx− π

2
ν), LD

ν
−π cos cx = cν cos(cx+

π

2
ν), (5.3)

and these equations with cos replaced by sin.
The above derivation of the two expressions in (5.3) follows Liouville’s

argument for ν ∈ −C, given in Lützen’s review [8, p.327].
In the original paper by Weyl [18, 17], the fD is given by W νf(x) =

WD
ν
0f(x), and it is applied to a periodic function of period 1 of the form

f(x) =
∑∞

n=−∞ cne
2πinx, and its fD is given byW νf(t) =

∑∞
n=−∞(2πin)νcn

× e2πint, when c0 = 0 and
∑∞

n=−∞ |nνcn|2 converges. We can confirm this
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in a similar way as above. In [1, p. 426], a proof of the above formula is
given for the case when W νf(t) is defined by W νf(t) = LD

ν−πf(t).
6. Remarks on the Definition of MD

ν
φf(z)

In Section 3.3, MDν
φf(z) is defined for f(z) satisfying Condition A or

B. Here we give the latter condition and also another condition.
We now assume that f1(z) is analytic on a neighborhood of Pφ(z), and

is a one-valued analytic function on a neighborhood of infinity, except a
possible isolated singularity at infinity.

We choose C̃ shown in Fig. 5 such that f1(z) is analytic in the regions
given by min(X,Y ) ≤ |z| < ∞ and 0 < |z| ≤ max(δ, δ1), and also in a
region enclosing the pathes a, b, c and d.

Condition B. f(z) is expressed as f(z) = zγf1(z) where γ ∈ R, so
that f(ze2iπ) = e2iπγf(z).

Condition C. There exists an m ∈ Z>0 for which f (m)(z) satisfies
Condition B.

Definition 6.1. Let MD
ν
φf(z) defined by Definition 3.4 with Condi-

tion B be denoted by M̃D
ν
φf(z). Then when Condition C is satisfied, we

put MDν
φf(z) = M̃D

ν−m
φ f (m)(z).

The following lemma and two theorems follow from Lemma 3.4, Theo-
rems 3.3 and 3.5, respectively.

Lemma 6.1. MD
ν
φf(z) defined by Definition 6.1 is analytic as a func-

tion of ν ∈ C, if ν −m /∈ Z<0 and γ − ν /∈ Z.

Theorem 6.1. For MD
ν
φf(z) defined by Definition 6.1, Theorem 3.3

holds valid.
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Theorem 6.2. Let MD
ν
φf(z) defined by Definition 6.1 exist for n ∈ Z

satisfying n ≥ m. Then MD
n
φf(z) = f (n)(z).

Lemma 6.2. Let n ∈ Z≥0, and let φ ∈ R and z ∈ C satisfy |φ−arg z| <
π. Then s2[zn log z] = n, and for ν ∈ (C\Z) ∪ {m ∈ Z|m > n},

MD
ν
φ(z

n log z) = n! e−iπ(ν−n−1)Γ(ν − n)z−ν+n. (6.1)

This follows from Theorems 4.2, Lemma 4.4 and Theorem 6.1.

Appendix A: Proofs of Theorems 3.1 ∼ 3.4 and 4.1

Let δ, r, R ∈ R>0 satisfy δ ≤ r ≤ R, and

Iδ,R=
∫ R

δ
ηλ−1f(z + ηeiφ)dη, Jr=

∫ 2π

0
(reiθ)λf(z + reiθeiφ)idθ. (A.1)

We use IH∗ to denote the integral which is obtained from the one in (3.12)
for ν = −λ, by replacing CH by CH∗ shown in Fig. 3. Then

IH∗ = −Iδ,X + Jδ + e2πiλIδ,Y . (A.2)

Let IL be the integral in (3.6), and IH and Ĩ be those in (3.12) and (3.15),
respectively, for ν = −λ. Hence

IL = lim
δ→0

lim
X→∞

Iδ,X , IH = lim
X→∞

lim
Y→∞

IH∗ . (A.3)

P r o o f o f Theorem 3.1. When IL exists, by taking the limits of
δ → 0, X,Y → ∞ in (A.2), we obtain

IH = −IL + e2iπλIL = eiπλ · 2i · sin(πλ) · IL. (A.4)

We then use sin(πλ) = π
Γ(λ)Γ(1−λ) . Note that this relation between IL and

IH is the same as the relation (3.11) between the integrals in (3.4) and
(3.11) for λ = z. �

P r o o f o f Theorem 3.2. Now ν = −λ = n ∈ Z≥0. When IH exists,
by taking the limits of X,Y → ∞ in (A.2), we obtain

IH = Jδ, Jδ =
2πi
n!
eiφnf (n)(z), (A.5)

We use these in (3.12). �

The contour C̃ shown in Fig. 5 consists of {a,∞+, b, 0+, c,∞−, d, 0−},
in this order. We divide the contour into two parts

C̃(1) := {∞−, d, 0−, a}, C̃(2) := {∞+, b, 0+, c}. (A.6)

Their contributions are

Ĩ(1) := e−2πiγJY − IH∗ , Ĩ(2) := e−2πiλ−2πiγ(−JX + IH∗). (A.7)
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P r o o f o f Theorem 3.3. From (A.7), we have

Ĩ = −(1 − e−2πiλ−2πiγ)IH∗ − e−2πiλ−2πiγJX + e−2πiγJY . (A.8)

When s2[f ] <∞ and IH exists, in the limit of X,Y → ∞, we have

Ĩ = −(1 − e−2πiλ−2πiγ)IH = −2ie−iπλ−iπγ sin(π(λ+ γ))IH . (A.9)

We then use sin(πλ) = π
Γ(λ)Γ(1−λ) . When IL exists, we have a relation

between IL and Ĩ by using (A.4) in the righthand side of (A.9). Note that
this relation between IL and Ĩ is the same as the relation between the
integrals in (3.10) and (3.14) if γ = −λ− κ. �

Lemma A.1. Let f(z) be an entire function. Then

(i) Ĩ = Ĩ(1) = Ĩ(2) = 0, and (ii) if s2[f ] <∞ and Re ν > s2[f ], IH = 0.

P r o o f. In (A.6), the contour is divided into two. In the domain
enclosed by either of them, the integrand of the integral Ĩ is analytic.
Hence we have (i). By (A.7), Ĩ(1) = JY − IH∗ = 0. We conclude (ii) from
this. �

P r o o f o f Theorem 3.4. In this case, we use (3.16) for n = 0.
We then note that zγf(z) converges uniformly to f(z) on C̃ as γ → 0, and
that, when γ = 0, Ĩ = 0, as shown in (i) of Lemma A.1. (ii) follows from
(i) and Theorem 3.3 or from (ii) of Lemma A.1 and Lemma 3.3. �

P r o o f o f Theorem 3.5. Now ν = −λ = n ∈ Z≥0. We first assume
that Condition A or B is satisfied and γ /∈ Z. Then by putting X = Y in
(A.8) and (A.2), we obtain IH∗ = Jδ and

Ĩ = −(1 − e−2πiγ)Jδ . (A.10)

Using this with Jδ given in (A.5), in (3.15), we finish the proof. When
r = m ∈ Z, we use (3.16) with n replaced by m. �

P r o o f o f Theorem 4.1. Using (3.6), we write LD
−λ
φ [LD−κ

φ f(z)] as

ei(φ+π)λ 1
Γ(λ)

∫ ∞

0
tλ−1

[
ei(φ+π)κ 1

Γ(κ)

∫ ∞

t
(x− t)κ−1f(z + xeiφ)dx

]
dt.

We confirm that this is equal to LD
−λ−κ
φ f(z), by exchanging the order of

integrations and using
∫ x
0 t

λ−1(x− t)κ−1dt = xλ+κ−1B(λ, κ). �
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Appendix B: Application of Nonstandard Analysis

Formula (3.17) shows that MD
ν
φz
a is an analytic function of ν ∈ C if

a /∈ Z≥0, with poles at ν satisfying a− ν ∈ Z≥0, and the equation in (3.17)
is valid for a /∈ Z≥0. Regarding n ∈ Z≥0 as n + ε with ε satisfying ε � 0,
we obtain (3.16) in Definition 3.4. This results in (3.20).

In nonstandard analysis [15], we consider the set of real numbers,
which we denote by R

n∗, in addition to R. In the set R
n∗, there ex-

ists the infinitesimal neighborhood of a ∈ R, which we denote by R
n∗
a.

If x ∈ R
n∗
a, 0 < |x − a| < δ for all δ ∈ R>0. We also consider the

corresponding sets of complex numbers, C
n∗ = {x + iy|x, y ∈ R

n∗} and
C
n∗
a = {a + x + iy|x, y ∈ R

n∗

0} for a ∈ C. The fact that a1 ∈ R

n∗
a or
a1 ∈ C

n∗
a, is denoted by a1 � a, a1 − a � 0, and a = St[a1]. We assume
that, if either a ∈ R

n∗ or a ∈ C
n∗ and a 	= 0, then 1/a ∈ R

n∗ or 1/a ∈ C
n∗,

accordingly. When a � 0, we say that a is infinitesimal and 1/a is unlimited
(or, “illimited” as the notion used by Robert [15]).

We propose to adopt (3.16) in Definition 3.4. In the language of non-
standard analysis, it is stated as follows. We assume that (3.17) is used for
a ∈ C

n∗\Z, and adopt the following definition.

Definition B.1. For n ∈ Z≥0 and ν ∈ C, we define MD
ν
φz

n by
MD

ν
φz
n = St[MDν

φz
a], if a � n.
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Mécanique, et sur un genre de calcul pour résoudre ces questions. J. de
L’Ecole Polyt. 13 (1832), 1–69.



LIOUVILLE AND RIEMANN-LIOUVILLE . . . 653

[8] J. Lützen, Joseph Liouville 1809–1882: Master of Pure and Applied
Mathematics. Springer-Verlag, New York (1990).

[9] K.S. Miller and B. Ross, An Introduction to the Fractional Calculus
and Fractional Differential Equations. John Wiley, New York (1993).

[10] T. Morita and K. Sato, Solution of fractional differential equation in
terms of distribution theory, Interdiscipl. Inform. Sc. 12 (2006), 71–83.

[11] K. Nishimoto, Fractional Calculus, I. Descartes Press, Koriyama
(1989).

[12] K. Nishimoto, An Essence of Nishimoto’s Fractional Calculus.
Descartes Press, Koriyama (1991).

[13] M.D. Ortigueira, Fractional Calculus for Scientists and Engineers.
Springer, Dordrecht, Heidelberg etc. (2011); DOI: 10.1007/978-94-007-
0747-7.

[14] I. Podlubny, Fractional Differential Equations. Academic Press, San
Diego (1999).

[15] A.M. Robert, Nonstandard Analysis. Dover, Mineola (2003).
[16] S. G. Samko, A. A. Kilbas and O. I. Marichev, Fractional Integrals and

Derivatives, Theory and Applications. Gordon and Breach Sc. Publ.,
Amsterdam (1993).

[17] K. Sato, Fractional calculus (Definitions and developments) − Connec-
tion with fractals (in Japanese). In: The 11th Symposium on History
of Mathematics, Reports of Institute of Mathematics and Computer
Sciences, Tsuda College 22 (2001), 22–51.

[18] H. Weyl, In: Hermann Weyl Gesammelte Abhandlung, Band I.
Springer-Verlag, Berlin (1968), 663–669.

[19] E.T. Whittaker and G.N. Watson, A Course of Modern Analysis. Cam-
bridge Univ. Press, Cambridge (1935).

[20] D.V. Widder, The Laplace Transform. Princeton Univ. Press, Prince-
ton (1941).

1 3-4-34, Nakayama-Yoshinari, Aoba-ku
Sendai 989-3203, JAPAN Received: October 4, 2012
e-mail: senmm@jcom.home.ne.jp Revised: April 30, 2013
2 College of Engineering, Nihon University
Koriyama 963-8642, JAPAN
e-mail: kensatokurume@ybb.ne.jp

Please cite to this paper as published in:
Fract. Calc. Appl. Anal., Vol. 16, No 3 (2013), pp. 630–653;
DOI:10.2478/s13540-013-0040-9


	Abstract
	1. Introduction
	2. Riemann-Liouville fI and its Analytic Continuations 
	3. Liouville's fI and its Analytic Continuations
	3.1. Liouville's fI
	3.2. Contour integral with Hankel's contour
	3.3. Contour integral with a modified Pochhammer's contour
	3.4. Comparison of Liouville's fI and its analytic continuations
	3.5. Remarks on Nishimoto's fDI

	4. Index Law of fD and HD g(t)= z-b
	4.1. Index law of LD- f(z)
	4.2. Index law of HD f(z)
	4.3. Index law of MD f(z)
	4.4. Solution of HD g(t)= z-b
	4.5. Index law of RLD0 f(x) and distribution theory

	5. fD of Cosine and Sine Functions
	6. Remarks on the Definition of MD f(z)
	Appendix A: Proofs of Theorems 3.1  3.4 and 4.1
	Appendix B: Application of Nonstandard Analysis
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


