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Abstract

The purpose of the paper is to investigate the global existence of solu-
tions to initial value problems for nonlinear fractional differential equations
on the semi-axis. More precisely, it deals with the initial value problem

D8+$(t) = f(t7$(t))7 te (0,00),
(+)
limg o4 t17%2(t) = w0,
where 0 < o < 1, D, denotes the Riemann-Liouville fractional derivative
of order «, and f : (0,00) x R — R is a continuous function. Unlike all the
previous papers dealing with the problem of existence of solutions to (*),
this problem is solved here by constructing a special locally convex space
which is metrizable and complete. Then Schauder’s fixed point theorem
enables to provide sufficient conditions on f, ensuring that (*) possesses at
least one solution. The growth conditions imposed to f are weaker than
other similar conditions already used in the literature.
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1. Introduction

Let R := (0,00) denote the set of all positive real numbers, let a be a
real number such that 0 < a < 1, and let f : Rt x R — R be a continuous
function. The purpose of our paper is to provide sufficient conditions on
f ensuring the existence of solutions to the nonlinear fractional differential
equation

Dg x(t) = f(t,=(t), teRT, (1.1)
where Dg, is the Riemann-Liouville fractional derivative of order a. We
are looking for solutions to (L)) in the space C1_o(R"), consisting of all
functions z € C(R™) for which the limit lim; .o, t!~®x(t) exists in R. More
precisely, we submit every solution x of (II)) to an initial condition of the
form

lim 'z (t) = xo. 1.2
Jm 7% () = o (1.2)
We work under the following hypothesis on f:

(H) There exist 8 € R such that 0 < 8 < « as well as two functions
" p,q:RT —[0,00) such that p € Cg(R"), g € C1_o(RT), and

|f(t,z)] < p(t)|z| +q(t) forall (t,z) € RT x R. (1.3)

We notice that our hypothesis is weaker than that imposed by Kou,
Zhou and Yan [3 Eq. (3.5)]. They worked under the assumption that f
satisfies (IL3)), but required that p and ¢ are bounded. In what follows we
do not require the boundedness of neither p nor q.

On the other hand, Zhao and Ge [7] worked in their paper under the
assumption that f satisfies an inequality of the form

()] < plt)w < ! ) |

1+ tel
Although w can be an arbitrary continuous nondecreasing function, it is
assumed that p € L1([0,00)). In what follows we do not require neither the
integrability of p over [0, 00).
We notice also that Kou, Zhou and Yan [3] did not work on the whole
space C1_o(R™), but only on its subspace defined by

11—«
fim © 2 :o}.

FE = {IL’ S Cl_a(R+) AL

Endowed with an appropriate norm, F becomes a Banach space. A similar
remark is valid for the paper by Zhao and Ge [7], too. Unlike them, in our
paper we are working on the whole space C;_,(R"). We endow it with
the topology induced by a sufficient family of seminorms. With respect to
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this topology, C1_o(RT) becomes a Hausdorff locally convex space which
is metrizable and complete.

2. Preliminaries

For the reader’s convenience, in this section we briefly recall some basic
facts on Riemann-Liouville fractional integrals and Riemann-Liouville frac-
tional derivatives (see the monographs by Miller and Ross [4] or Podlubny
[6] for further details).

DEFINITION 2.1. The Riemann-Liouville fractional primitive of order
a of a function z : RT — R is defined by

1 /t 1
(t —s) x(s)ds,
L(a) Jo
provided the right side is pointwise defined on R™.
For instance, I, z(t) is defined for each ¢ € R* whenever x belongs to

C(RT)NLL (RT), where L (RT) is the space of all real-valued functions

loc loc
defined on R* which are Lebesgue integrable over every bounded subinter-

val of Rt.

I§, x(t) ==

DEFINITION 2.2. The Riemann-Liouville fractional derivative of order
a of a function z : RT — R is defined by
Dg. x(t) = ! d /t(t — ) “z(s)ds
TP — ) dt ’

provided the right side is pointwise defined on R*.

REMARK 2.1. ([2, p. 611]) One has
D§ Ig,x =z forall z € C(RT)N L (RT).

REMARK 2.2. ([2, Proposition 2.4]) If x € C(R") N L] (RT) is such
that D§,z € C(R") N L (R'), then there exists a constant ¢ € R for
which

I8, Dy x(t) = x(t) + ct* ! for all t € RT.

REMARK 2.3. If f: RT x R — R is a continuous function satisfying
the hypothesis [[H)| and = € C;_,(R™"), then the function
VteRY — f(t,z(t) €R (2.1)

belongs to C(RT)N LL (RT).

loc
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P r o o f. Indeed, clearly the function (2I]) belongs to C(RT). By (L.3)

we have
[f(t,z()] < p(t)|z(t)] +q(t) forall t € RT.
We have g € C1_o(R") C LL (RT). On the other hand, the function
VteRY — p@)|z(t) €R
lies in C_(a—p)(RT) C L (RT) because p € C3(RT) and z € C1_q(RT).

loc

Consequently, the function (1)) belongs to L (R™). O

LEMMA 2.1. If f : R™ xR — R is a continuous function satisfying the
hypothesis and x € C1_(R"), then

lim tl_o‘/o (t —5)* 71 f(s,2(s))ds = 0.

t—0+
Proof. Let
M, == sup s°p(s)s'*|z(s)|, Mp:= sup s'"“q(s),
s€(0,1] s€(0,1]

and let M := max{Mi, Ms}. For every t € (0,1] we have

tl—a

/ (t— ) f (s, 2(s))ds
0

<70 [0 0 (pa(o)] + a9 s
= tl-@ </Ot(t — s)o‘_lso‘_ﬁ_lsﬁp(s)sl_o‘|x(s)|ds
+ /Ot(t — s)a_lsa_lsl_o‘q(s)ds>

t t

< M« </ (t —s)* ts@ Pl +/ (t— s)a_lsa_lds>
0 0

= Mt~ (tzo‘_ﬁ_lB(a, a—0) +t**1B(a, a)>

= MB(o,a — ) t* P + MB(a, o) t°,
whence the conclusion comes. O
LEMMA 2.2. Let f:R"™ x R — R be a continuous function satisfying

the hypothesis [(H)] A function z € Ci_o(R") is a solution of the initial
value problem (LI)-(2)) if and only if it is a solution of the Volterra
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integral equation

1

t) = wot®
x(t) =z + T(a

| /0 (t— )" Lf(s,2(s))ds, teR*.  (22)

P r oo f. Suppose first that z € C;_,(R™") satisfies (ILI)-(L2). Then
we have z € C(R") N L{.(RT), hence D§,z € C(RT) N L (RT) due to
(LI) and Remark 2.3l By virtue of Remark we conclude that there
exists a constant ¢ € R such that

z(t) = ct* P+ I D a(t) = ct* L+ IS f(t,2(t)) forallt € RT. (2.3)

By Lemma 2.7 (L2), and (23] we deduce that ¢ = xp, hence x satisfies
2.2).

Conversely, suppose that © € Cj_,(R") satisfies [2.2). According
to Remark [2.3] the function ([2I)) belongs to C(RT) N LL _(RT). Since
D§, t*t =0, by 22) and Remark [2.1]it follows that

D§, x(t) = D§, Ig, f(t,z(t)) = f(t,z(t)) for all t € RY,

hence x satisfies (LI). On the other hand, by (2.2)) and Lemma [2.1] it
follows that x satisfies (I.2)), too. O

3. The locally convex space Cj_,(R")

On the linear space X := C]_,(R™") consider the family P := (p,)nen
of semi-norms p, : X — [0,00), defined by
pu(x) := sup t17%z(t)|, z€X.
te(0,n]
Let 7 denote the topology induced by P on X. Then (X, 7) is a Hausdorff
locally convex space. The family

B:={B,,|reR", neN}

consisting of balls
Br,n = {33 €X | pn(ZIT) < T}

is a neighbourhood-base at the origin of X with respect to 7. Moreover,
since { By /mn | m,n € N} is a countable neighbourhood-base at the origin
of X, the topology 7 is metrizable. It can be proved that the topology 7,
induced on X by the metric p, defined by

o0

1 pn(w - y)
= X
p(x,y) = 1 4pu(e—y) TYEX

n=1

coincides with 7.



600 T. Trif

THEOREM 3.1. A sequence (xy) of functions in X converges to 0 with
respect to 7 if and only if it satisfies the following conditions:

(i) (x) converges uniformly to 0 on every compact set C C R™;

(ii) <t1_°‘mk(t))k€N converges to 0 when t — 0+ and k — oo, uniformly
with respect to t, i.e., for every € > 0 there exists 6 > 0 and kg € N such
that

7%z (t)| < e for all k > ko and all t € (0,9). (3.1)

P r oo f. Necessity. Suppose that (zj) is a sequence of functions in
X, converging to 0 with respect to 7. In order to prove (i), let C' be a
nonempty compact subset of RT, and let a := min C, b := max C. Then
we have

0<a<b<oo and CCla,b].

Next let € > 0, let ¢/ := ca'~®, and let n be a natural number such that
n > b. Since B, is a neighbourhood of 0 with respect to 7', there exists
ko € N such that xj, € B, for all k > ky. Then for all £ > kg and all
t € C' we have

@' zp(t)] < 7 ar(t)] < palar) < €

whence
l2k()] < a*! = e

Therefore, () converges uniformly to 0 on C.

In order to prove (ii), let ¢ > 0. Since B, ; is a neighbourhood of 0 with
respect to 7, there exists kg € N such that pi(x) < e for all k& > k. Then
for all k > ko and all ¢ € (0,1) we have

tl_"‘|xk(t)\ <pi(xg) <e.

Sufficiency. Suppose now that (zj) is a sequence of functions in X
satisfying (i) and (ii). In order to prove that (zj) converges to 0, let V'
be an arbitrary neighbourhood of 0 with respect to 7. Choose € > 0 and
n € N such that B., C V. By (ii) it follows that there exists § > 0 and
ko € N such that (3.1]) holds.

If 6 > n, then we have p,(x)) < ¢, hence z}, € B, ,, CV for all k > k.

If § < n, then set C := [§,n] and &’ := g/n'~*. By (i) it follows that
there exists k; € N such that

|z (t)| <& forall k >k and all t € C.
From this inequality we deduce that

ozt <t <ent"®=¢ forallk >k andallt € C. (3.2)
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By (3.1) and (3.2) we conclude that p,(zy) < ¢, ie., 1 € B., C V for all
k > max{ko, k1}. Consequently, () converges to 0 with respect to 7. O

THEOREM 3.2. The metrizable locally convex space (X,7) is com-
plete.

P roof. Let (z;) be a Cauchy sequence in (X,7). We show first that
(xk(t)) is a Cauchy sequence of real numbers for every t € RT arbitrarily
chosen. Let t € R*, and let € > 0. Set ¢’ := et!~® and select a natural
number n such that n > ¢. Since B,/ ,, is a neighbourhood of 0 with respect
to 7, there exists kg € N such that z, — 2y € B, for all k,£ > kg. Then
for all k,¢ > ko we have

7 ary () — zo(t)] < pulax —z0) < €
whence |z (t) — xo(t)| < &//t17% = e. In conclusion, (zj(t)) is a Cauchy
sequence in R for every t € R*. Let z : Rt — R be the function defined by
x(t) = klim zp(t), teRT.

We claim that

(xr — =)ken converges uniformly to 0 on every compact set C' C RT.
(3.3)
Indeed, let C' be any nonempty compact subset of R™, and let a := min C,
b := max C. Then we have

0<a<b<oo and C Cla,b].

Next let € > 0, let ¢’ := ca'~®, and let n € N be such that n > b. Since
B,/ ,, is a neighbourhood of 0 with respect to 7, there exists kg € N such
that z, — x4 € B, for all k,£ > kg. Then for all k,¢ > kg and all t € C
we have

a' "y (t) = (b)) < 7w (t) = 2o(t)] < palag — ) <€
whence
lzp(t) — 20(t)| < €' Jat™ = e.
Letting £ — oo we conclude that
|z (t) —x(t)| <e for all k> ky and all t € C.
Therefore (B3] holds, as claimed. In particular, by (B.3]) it follows that
r e C(RT).
Next we claim that

{ for every € > 0 there exists kg € N such that

1=z, (t) — 2(t)| < e for all k > kg and all ¢ € (0,1). (3.4)
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Indeed, let € > 0. Since B is a neighbourhood of 0 with respect to 7,
there exists kg € N such that x; —xz, € B, for all k,¢ > k. Then we have
1w (t) —ae(t)| < e for all k,£ > ko and all t € (0, 1).

Letting ¢ — oo we conclude that
7%z, (t) — 2(t)| < e for all k> ko and all t € (0, 1),

hence (34]) holds.

Finally, we claim that z € C1_,(R"). In order to show that the limit
lim;_o4 17 %x(t) exists in R it suffices to show that for every e > 0 there
exist a > 0 and & > 0 such that the inequality

[t (t) — st % (s)| < e
holds for all ¢,s € (0,a) with |t — s| < d. So let € > 0 arbitrarily chosen.
By (3.4) it results that there exists ko € N such that
7z (1) — 2(2)] < ; for all K > ko and all ¢ € (0,1).

Select a natural number k such that k > kg. Since lim; oy '~ %z (t) exists
in R, there exist a > 0 and § > 0 such that

1= (1) — 5% (s)] < ; for all £, s € (0,a) with |t — s| < 6.
Without losing the generality we may assume that a < 1. Then for all
t,s € (0,1) with |t — s| < § we have

[tz (t) — 51 a(s)]

< Te(t) — 2p()| + | Yk (t) — s1 Yk (s)] + 5Tz (s) — z(s)]
<€ n 3 n € _ .
-3 3 3 7
Consequently, the limit lim; o, t17%2(t) exists in R and x € C1_,(R"), as
claimed.
By 3.3) and (3.4]), based on Theorem [3.1] it follows that (z; — z)
converges to 0, i.e., (zy) converges to x with respect to 7. O

THEOREM 3.3. Let Y be a subset of the metrizable locally convex
space (X, 7)) which satisfies the following conditions:

(i) Y is pointwise bounded on R;

(ii) Y is equicontinuous on R ;

(iii) Y is equiconvergent at 0+, i.e., for every € > 0 there exists § > 0 such
that for all y € Y and all t € (0,d) one has

Hy() - lim £y <e



EXISTENCE OF SOLUTIONS TO INITIAL VALUE ... 603
Then Y is relatively compact in (X, T).

Proof. Let Rf := [0,00). On the linear space X = C(RY) we
consider the compact convergence topology 7, induced by the family P :=
(Pn)nen of semi-norms py, : X — [0, 00), defined by

Pu(@) = max [F(t)l, F e X,

It is well-known that ()A(: , 7~') is a locally convex space which is metrizable
and complete.

Associate with every function z € Cj_,(R™) the function 7 : Rj — R,
defined by

t=x(t) if t e RY
Z(t) :==
lim t'7%2(t) ift=0.
t—0+
By (i), (ii), and (iii) it follows that Y := {§ | y € Y} is pointwise bounded
and equicontinuous on Rar . By Ascoli’s theorem it follows that Y is rela-
tively compact in (X, 7).

In order to prove that Y is relatively compact in (X, 7), let (yx) be any
sequence in Y, and let (i) be the corresponding sequence in Y. Since Y
is relatively compact, there exist y € X as well as a subsequence (yy,) of
(Yx) such that (yx;) converges to y with respect to 7. Then (Yk; — U)jen
converges uniformly to 0 on every compact set C' C ]R(J)r .Lety:RT - R
be the function defined by y(t) := y(t)/t'~* for all t € RT. Obviously, we
have y € C1_o(RT). By a reasoning similar to that already used in the
proof of claim (B3] one can easily deduce that

(yk]. =) jen converges uniformly to 0 on every compact set C' C R*.
(3.5)
Let € > 0 arbitrarily chosen. Since (gjkj — ¥)jen converges uniformly to 0
on [0, 1], there exists jp € N such that

Uk, (t) = G(t)| < e for all j > jo and all t € [0,1],
ie.,
tl_o‘\ykj (t) —y(t)| <e forall j > jyandallte(0,1), (3.6)

By (B.5) and (B.6), based on Theorem [B.1] it follows that (yr, — y)jen
converges to 0, i.e., (ykj )jen converges to y with respect to 7. Consequently,
Y is relatively compact in (X, 7). O
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4. Main result

THEOREM 4.1. If § is a real number such that 0 < § < «, and
p € C3(R") and ¢ € C1_o(R™) are nonnegative functions, then for every
yo € R the linear integral equation

v =t o L= ) Fa)ds ()

has a unique solution y € Cy_,(R™").

P r o o f. Obviously, it suffices to show that (4.I]) has a unique solution
in C1_4([0,h]) for each h > 0, where C1_4([0, h]) is the linear space con-
sisting of all functions y € C((0,h]) for which the limit limy_ o4 t'=%y()
exists in R. When endowed with the norm

Iylli-a = sup t'~y(t)],
te(0,h]
C1-4([0, h]) becomes a Banach space.

Let h > 0, and let T : C1_4([0,h]) — C1-4([0,h]) be the operator

defined by

O =0t + o [ =97 plts) + a)ds

for all y € C1_4([0,h]) and all ¢ € (0,h]. By Lemma [2.7]it follows that T
is well defined. We claim that for all y,z € C1_,([0,h]), all ¢ € (0,h], and
all n € N one has

P (T ()~ (T2 ()] < PRty — e (42)
where T" denotes the nth iterate of T',
“ -3))
= |lpllg = sup ’p(t) and .
Il te(0,h] () IE a+ka—ﬁD

We proceed by induction on n. Let y,z € C1_4([0,h]), and let t € (0, h].
In order to prove that (£2]) holds for n = 1, we notice that
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P (T) 0 - (0] < 19— 2(0)lds
~ I'(a) Jo
= B /t sﬁp(s)sl_oﬂy(s) — z(s)|s°‘_ﬁ_1(t — s)o‘_lds
L'(a) Jo
Ptl_a — 2 tsa—,B—l — 5 a—1 S
N B e E e
_ F(Oé - ﬁ) a—
_PF(2Oé—ﬁ)t IB”y_Zul—a-

Therefore (£.2)) holds indeed for n = 1. Assuming that ([€2]) holds for some
n € N, let us prove that it holds for n + 1, too. We have

(T y) () — (T72) (8)| = £ |T (T y) (t) — T(T"2) (¢)|
tl—a t o . .
< by €= 0 | (T9) () = (72) ()] ds

tl—a

= I(a) / $Bp(s)s=0 | (T (s) — (T72) ()| 2 P=1(t — 5)° Vs
tl a/ PR, s ||y—z||1_ SO 6_1(t_3)a_1d8

[(ar 4 (n+ 1)( )
_ Pn+1K 1t(n-i—l) Hy_ ZHl o
This shows that (42]) holds for n + 1. By (£2]) we deduce that
1Ty = T"2]ly_o < PP KRR Py — 2|10

for all n € N and all y, z € C1_,([0, h]).
Choose ng € N such that ng(a— ) > 2. Since T is increasing on [2, 00),
for every m > ng one has

— 8)) ﬁ))
K"_K"‘)klll a+’w— <K"°H k-+1 -B)’

Dy = 2lh-a

whence
Ky T((no + 1)(a — 3))

I'((n+1)(a - 9))
Therefore, for all n > ng and all y, z € C1_4([0, h]) one has
P K, T ((n + 1) (o — 3))
I'((n+1)(a = 5))

K, <

[Ty = T"z[; _, < Iy = 2l1i-a-
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Since
i P (0 + 10— )
n—00 L((n+1)(a = B))

it follows that for sufficiently large n the operator T" is a contraction. By
virtue of a well known generalization of Banach’s contraction principle (see,
for instance, Agarwal, Meehan and O’Regan [I], p. 9] or Ortega and Rhein-
boldt [5, 12.1.1, pp. 383-385]) T" has a unique fixed point in C1_4([0, A]).
In other words, (4.1]) has a unique solution in C7_4/([0, h]). O

=0,

We are now in the position to state and prove the main result of our
paper.

THEOREM 4.2. If f : RT x R — R is a continuous function satisfying
the hypothesis and the parameters oo and 8 are such that 2o — 3 > 1,
then for every zy € R the initial value problem (IL.1))—(L2]) has at least one
solution x € C1_o(R™T).

Proof. (a) According to Lemma [2.2] it suffices to show that the
Volterra integral equation (2.2]) has at least one solution in X := C]_,(R™).
Let T : X — X be the operator defined by

! t —5)27 L f(s,2(s))ds
F =7 ()

for all x € X and all t € RT. By Lemma [2.1] it follows that T is well
defined. We need to prove that T has at least one fixed point z € X.

Further, let yo := 1 + |zg|, and let y € X be the unique solution to
the linear integral equation (4£I]). Then we have y(¢) > 0 for all ¢ € RT.
Indeed, otherwise it would exist typ € RT such that y(to) = 0 and y(t) > 0
for all ¢ € (0,¢p). But then, according to (4.1]) we would have

(Tz)(t) == zot* ' +

0= ylto) = yotg ™" + | ;a) /0 "(to — )™ (p(s)y(s) + a(s))ds > 0,

which is a contradiction.
In the complete Hausdorff locally convex space (X,7 ), introduced in
Section [3] consider the set defined by

Z:={re X ||z(t) <yt forall t € RT}.

Since the convergence of a sequence in X with respect to 7 implies the
pointwise convergence of that sequence (see Theorem [3.7]), it is immediately
seen that Z is a nonempty closed convex subset of X.
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We claim that T'(Z) C Z. Indeed, for every z € Z and all t € RT one
has

a-l 1 t —8)* Y f(s, 2(s))|ds
(@] < ool [t selas (43
<t L =9 ] + )i
< L [ =0T () + als)as

= y(t),
whence Tz € Z.

(b) Next we claim that T is continuous on Z. To this end, let = be
any point in Z, and let V be an arbitrary neighbourhood of Tz in X with
respect to 7. Choose r > 0 and n € N such that Tz + B,,, C V. Set

l—«a

My := sup sﬁp(s) y(S), My := sup s~ Q(S)a
s€(0,1] 5€(0,1]

and M := max{M;, My}. Further, let z € Z and t € (0,1] be arbitrarily
chosen. Since

(s, 2(s))| < p(s)]z(s)] + als) < p(s)y(s) + q(s)

for all s € RT, a computation similar to that performed in the proof of
Lemma [2.7] shows that

Sl—oz

/0 (t—s)*"1f(s,2(s))|ds < M(B(a,a—ﬂ)tzo‘_ﬁ_l—i-B(a,a)th‘_l). (4.4)

Pick 6 € (0,1) such that

2Mnl—®

I'a) (B(a, o — B)oa—r-t 4 B(a,a)52a_1) < o (4.5)

After that, put A := max¢c[5,) y(t). Since f is uniformly continuous on the
compact set [§, n] x [—A, A], there exists p > 0 such that

() = F(s )] < "

for all s € [4,n] and all u,v € [-A, A] with |u —v| < p.

Set ¢ :=pd'~*and U := (a:+Bq,n) NZ. Clearly, U is a neighbourhood
of x in Z with respect to 7. It remains to prove that 7(U) C V in order to
establish the continuity of T" at x. Note first that for every z € U we have
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2z —x € By, hence s17%2(s) — z(s)| < ¢ for all s € (0,n]. Therefore, for
all s € [§,n] one has |z(s) — z(s)| < ¢/s'7® < q/6'~% = p, whence

ral’(a) '

|[f(s,2(s)) = fls,2(s)) <

(4.6)

Now let z € U and t € (0,n] be arbitrarily chosen. If ¢ € (0,4], then
due to ([4.4) we have

I o
(7)) = () O] < [ 0= 97 2(0) = f(s.(s) s

! t —8)Y L f (s, 2(5))|ds t — 8)Y L f (s, z(5))|ds
< ppy ([ =0 s stelas + [ 0= ) pGs,(s)as)
< I'(a) (B(o,a — ptra—r-1 4 B(a,a)tzo‘_l)

.o — 2a—F—1 . o 2a—1
< Py (Blora =977 4 Bla, )i,

whence
' |(T2) () — (Tz) ()] (4.7)

2Mnl—
[(a)

A

(B(a, o — ﬁ)ézo‘_ﬁ_l + B(a,a)52o‘_1) < 5

by virtue of (LXH). If ¢ € [d,n], then we have

[(T=) () = (Tx)(1)] (4.8)

1 ’ a—1 _
<ty o =97 s 25) = Sl
* gy [, €= 977 7 2(0) = F(sn(s)s

Note that
)
/0 (t — )2 (5. 2(5)) — F(s,2(s))|ds
0 o1 d—s e
< [6-9 ( ) (1£(s. 2(s))] + | (s, 2(s))]) ds

t—s
5

o
a—1 a—1
< [ Gt senids + [ (6= 55,5l
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whence
)
/0 (t— )% Y f (s, 2(5)) — f(5,2(s))lds (4.9)
<2M (B(a,a — B)5** 71 + B(a, )61,

by virtue of (@4]). On the other hand, due to (4.6]) we have

/5 (t =) f(s,2(5)) = f(s,2(s))|ds (4.10)
ral'(a -0 1« rI'(«

From (48), (£9) and (£I0) we get

= |(T2) () — (Tz) ()| < n' = |(T2)(t) — (Tz)(t)|

2Mn1_a )
< - a—[F—1 2a—1
S Ia) (B(a,ae — 3)6 + B(a,a)o ) +

T
2 )

whence
= |(T2)(t) = (Tz) ()| < r (4.11)
by virtue of ([£H). Now due to ([E7) and (£II) we may conclude that

pn(Tz —Tx) = teszép}tl_a |(T2)(t) — (Tz)(®)| <,

whence Tz — Tz € B, . Therefore Tz € Tx + B,.,, C V. Since z € U was
arbitrarily chosen, we deduce that T'(U) C V, hence T is continuous at z.

(c) Finally, we claim that the image T'(Z) is relatively compact in X.
To prove this, we show that 7'(Z) satisfies the conditions (i), (ii), and (iii)
in Theorem [3.3l From (4.3) it follows that T'(Z) is pointwise bounded on
RT. In order to establish the equicontinuity of T'(Z) on R*, let tg € R™ be
arbitrarily chosen. Select real numbers a and b such that 0 < a < tg < b
and set

My = sup sﬁp(s)sl_o‘y(s), My = sup SI_QQ(S)’

s€(0,b] s€(0,0]

and M := max{Mj, Ms}. Further, let z € Z and t € [a,b]. Since

£ (s,2(s))| < p(s)]2(s)] + a(s) < p(s)y(s) +a(s) forall s € RT,



610 T. Trif

for all t > ¢y one has

/t (t — )7 (s, 2(s))ds

t
<M [ (t—s)* (s> 4527 )ds

to

< / (t = 5)°" (p(s)y(s) + a(s))ds

< M(ao‘_ﬁ_1 + ao‘_l) /tt(t — 5)* 1ds,
whence O
/tt(t —5)* 7 (s, 2(s))ds
We haveoalso

/0 " (= 9™ = (o — ™) F(s, 2(s))ds

M(aa—ﬁ—l + aa—l)
[0

<

It —tol.  (4.12)

< [ (0= = (0= 9 (o) + (o))
0
< [T (b= )7 = (= ) (0 s s
0
< M(ao‘_ﬁ_1 +a* 1) /to ((to— )t = (t— )" 1) ds,
0

whence

/0 (= 97— (to — 5)*) F(s, 2(s))ds
M(aa—ﬁ—l + aa—l)
<

(4.13)

N (|t —to|* — [t~ — tg]).

Since
‘ (Tz) (t) — (Tz) (to)‘

1
< . ta—l _ ta—l
= |330| | 0 | + F(Oé)
+

to
(t— )2t — (tg — 5)*7 1) f(s,2(s))ds|,
A )
by taking into consideration ([4.12]) and (4.I3]) we deduce that

2]\4(@0‘_5_1 + ao‘_l)
Ia+1)

/t (t— )2 £ (5, 2(s))ds

1

|(T2)(t) — (T2)(to)| < |wol - [t =571 + |t — to|®

(4.14)
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for all z € Z and all ¢ € [tp,b]. A similar reasoning shows that (4.I4]) holds
also for all z € Z and all ¢t € [a,tp]. By (@I4) it follows that T'(Z) is
equicontinuous at %g.

It remains to establish the equiconvergence of T'(Z) at 0+. Note first
that for all z € Z one has

tl—i>%1+ t-e (Tz)(t) = a0

due to Lemma 2.1l Therefore, for each z € Z and each t € R™ one has

= (Tz) (t) — Jim th=(Tz) () (4.15)
< by =9 565,26
< ey =9 () + alo))ds
But Lemma [2.7] ensures also that
Jim 117 /0 (= 5% (pls)y(s) + a(s))ds — 0. (4.16)

By ([@I5]) and (@16 it follows immediately that T'(Z) satisfies the condition
(iii) in Theorem [3.3]

In conclusion, Z is a closed convex subset of the complete locally convex
space (X,7), while T': Z — Z is a continuous operator with the property
that T'(Z) is relatively compact in X. By virtue of Schauder’s fixed point
theorem (see, for instance, [I, Theorem 8.3]) T  has at least one fixed point
in Z. In other words, the initial value problem (LI))-(L2]) has at least one
solution = € Z. O

We conclude our paper with an example illustrating the applicability
of Theorem

ExAMPLE 4.1. Consider the initial value problem for the fractional
differential equation
2/3
DyPa(t) = (t11/4 - lnt> ()3 (1+2()*?) + Y, teRT,
limy o tY/32(t) = 1.
(4.17)
Here a = 2/3, while

1 1
f(t,x) = <t1/4 +lnt> z'/3 1n <1+x2/3> + /3
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Choosing p(t) = t11/4 +1Int and q(t) := 1/t'/3, we see that p € Cy4(RT),
q € Cy3(RY) and (L3) holds. Therefore, the hypothesis is satisfied
with 8 = 1/4. Since 2« — 8 — 1 > 0, Theorem guarantees that the
initial value problem (@IT) has at least one solution z € Cy/3(R™).

We point out that neither Theorem 3.1 in the paper by Kou, Zhou and
Yan [3], nor Theorem 4.1 in the paper by Zhao and Ge [7] can be applied

to (AI7).
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