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Abstract

This paper presents the effects of the temperature variation on the
fractional order system of first kind realized in the electrical domain. The
temperature variation, which is one of the parametric uncertainties which
encounters the system’s behaviour, alters the values of the resistive and
capacitive (RC) components used for the realization of this fractional sys-
tem. The experimental results show that the system behaviour remains
unchanged. Hence, the main objective of this work is to study analytically
if the recursive factors, used to calculate the resistances and capacitance on
one hand, and used to determine the poles and zeros on the other hand, are
still valid and thus, the recursion is conserved. The results found show that
the system is not affected by the temperature variation and the system is
still robust to such uncertainties.
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1. Introduction

The idea of the fractional calculus seems to be originated at the end
of the XVII century by letters exchanged between Leibniz and L’Hospital,
see e.g. in [6], [13]. Since then, many mathematicians and physicians work
on this new concept from a mathematical and applications points of view.
The most important classical contributions to this field as theory came from
Riemann and Liouville [15]. In opposite, the applications of this concept in
the physical domain were delayed almost by three centuries. For example,
one of the first such contributions was proposed by Oustaloup in 1975 when
he introduced the control of laser by a regulator of order 3/2, [16].

The fractional differentiation is used today as an useful tool in different
application areas, as the hydropneumatic suspension [2], [22], the diffusive
interface problems [24], the control of dynamic systems [4], [5], [18], [26], the
image processing techniques [7], the identification of biological phenomena
[8], [23], the electrical domain [9], [20], the electromagnetic field [19], the
viscoelastic interface, [25] and much more. A realization of fractional order
systems was proposed by Oustaloup [I7] in the late 90’s, using resistive and
capacitive components. Different arrangements of RC cells were introduced
and several methods to realize fractional order systems were proposed de-
pending on the RC network in use, see e.g. Levron et al. [I1]. However, the
synthesis method used to calculate the band-limited fractional integrator
is unique and independent of the realization process.

The procedure used in order to realize a fractional order system is di-
vided into five steps, see [1], [14]. First, the user defines the required spec-
ifications of the system, then he sets the four high level parameters (which
are sufficient to define the fractional order system). These parameters are
the low transitional frequency wy, the high transitional frequency wy, the
derivation order n, and the number N of cells to be used. The third step
requires calculating the two recursive parameters « and n. The fourth step
enables the computation of the NV poles and the N zeros of the system.
At the end, the last part defines the RC network in use and calculates the
values of the resistive and the capacitive components.

Thus, the first step is to build the fractional order system in the elec-
trical domain. Then, the next step relies on varying the temperature of
this test bench and measuring its output. The experimental results shown
are generalized theoretically in the last step. To do so, we will go from
the realization phase to reach the recursive parameters values in order to
find whether these values are maintained or they are influenced by the
components variations due to the temperature alteration.

This paper is organized as follow: in Section [2] a background study
of the fractional systems is displayed. In Section Bl the fractional order
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system of first kind in the electrical domain is realized. Section dl presents
the implementation results of the test bench when varying the temperature
and the variable resistance R,. Section [B] shows the relations derived from
the uncertainties caused by the temperature variation and the variable re-
sistance. At the end, the last section presents a conclusion and some future
work.

2. Background

This part presents a background study of fractional derivation systems
and the way to synthesize and realize the system. At the end of this section,
the values of the resistive and capacitive components that may be used in
the implementation of the test bench are introduced.

We consider the fundamental linear fractional differential equation of
the first kind as defined in [10]:

wy " ody y (1) + y(t) = u(l), (2.1)
where n € [1, 2], w, € R*T and the fractional differential operator

od7 y (t) is meant (as in [I2]), as the Riemann-Liouville fractional derivative
(see e.g. [21]):

a\" __
odr y () = (dt) ol; "y (t), with integer n so that n —1 <n <n,
(2.2)
and with the Riemann-Liouville integral of fractional order n > 0 defined
as t

1 _
I 9t) = o [y =)
0
The transfer function H (s) associated to the fractional differential equa-
tion (2.]) is given by
Y (s) 1
Do ()
and can be interpreted as the transfer function of a unity feedback closed
loop system with an open-loop transfer function (3(s) given by:

B(s) = (w“)n (2.4)

S

So, the fractional open-loop transfer function (relation (24])) becomes
a limited-bandwidth fractional open-loop transfer function L(s) given by:

1+ 5\"
L = & (J) , 25)

Wh

where m varies between 0 and 1.
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Open-loopeain
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%4,

Fig. 2.1: Open-loop Bode diagrams [17]

Hence, to determine the fractional asymptotic behavior within the fre-
quency range [wa, wpg| (Fig. 2.1), a practical rule leads to choose
= 1
wp = wa/10 @k g WB (2.6)
wp = 10 wp Wp wA

By taking wp and wy, geometrically distributed around wypnom,

\/Wb Wh = Wunom> (27)

and by taking into account the ratio a defined by relation (Z7)), wp and wy,
are given by:

{ \/w_b %@L:wunom = { Wo = Wunom/+/@ ) (2.8)
a = W Wh = Wynom \/(1
the fractional order system is well defined and calculated.

In order to synthesize and realize the fractional order integrator pre-
sented in equation (24)), the rational form of this integrator is used [17].
This form consists on having a band-limited integrator defined by a number
of poles and zeros as shown below:

N /14 8
Ints) = ] ( ) (29)

5 i=1 1+ ‘-jz
where N represents the number of RC cells, Dj allows to have a unit gain

for the central frequency w, and w; and w; represent the poles and the zeros
of the system:

o\ /N - m
an = (wb) , N = (0”7) y = (Om) ’
wll =VnXxXw, , wN= \/lnwh , Z? =a>1, (2.10)

i
! !

Wit1 1 Wit1 Wit1
o n > and o o an >
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Then, the poles and the zeros are calculated using the remaining re-
lations of (2.I0). Once determined, we can find that each pole is located
between two zeros and each zero is located between two poles. In other
words, there are not two or more consecutive poles or zeros.

The poles and the zeros being defined, the last step is to choose the
RC network in use and to calculate the values of the resistors and the
capacitors. Two different arrangements were studied in previous works [3];
however, for the electrical application, only the parallel arrangement of RC
cells in series is treated. The values of the resistors and the capacitors are
calculated using the decomposition in simple fraction method.

As an example, we will present in the last part of this section a numerical
illustration. The values found here will be used in the electrical test bench
that is discussed in the next section. To start, the user specifications are
as follow:

Wupem = 600 rad/s ; Mg =45 ; N =5
m = Mg/90° = m = 0.5

Wp = W /20 = wp = 30rad/s

wp = 20wy, = wp, = 12000 rad/s

(2.11)

So, the four high-level parameters used in the fractional integrator (rela-
tion (2.11])) are determined and the next step is to represent this fractional
integrator using the rational model. To do this, we have chosen to use 5
RC cells. Knowing that the integrator order is 0.5, the recursive factors «
and 7 are given by:

m

a= <wh>(N) — 1.820 (2.12)

Wy
and

n= (‘:Z) ¥ = 1.820. (2.13)

Hence the values of the five poles and the five zeros lead to the choice

of:
w) = 40.47 rad/s wy = 73.69 rad/s
wy = 134.66 rad/s wy = 246.86 rad/s
wq = 450.36 rad/s and wg = 823.00 rad/s . (2.14)
wy = 1500.02 rad/s wy = 2736.51 rad/s
ws = 4985.08 rad)/s ws = 9086.11 rad/s

The last step is to calculate the values of the resistances and the ca-
pacitors in order to realize this fractional controller. The values of these
components are as follow:
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([ Cp =7.453 x 1079F
Cy; = 85.26 x 107 9F
Cy = 30.40 x 107 9F
Cs3 =14.94 x 107°F ~
Cy =17.630 x 1079F
Cs = 3.474 x 1079F

Ri= 289.72 x 10% Q
Ro= 244.25 x 10° Q
Rs= 148.58 x 10° Q and
Ry= 87.365 x 10% Q
Rs= 57.730 x 10% Q

(2.15)

3. Electrical test bench

Fig. 3.1 represents the electrical circuit that handles the fractional
order integrator using the parallel arrangement of RC cells in series. This
circuit is divided into three parts:

- Differential amplifier with a unit gain;

- Fractional order integrator based on the parallel arrangement of RC
cells in series;

- First order integrator.

integrator

Fig. 3.1: Electrical circuit of the test bench

In more details, as both resistances R at the input of the operational
amplifier of the first stage are identical, the Laplace transform of the output
of this stage E(s) is equal to the difference between the input of the circuit
Y.(s) and the output of the feedback Yg(s), hence:

E(s) = Yu(s) - Ya(s). (3.1)
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For the second stage which constitutes the band-limited fractional order
integrator, the relation that links the output Yj(s) to the input E(s) is given
by:

Yo(s) = - 1) x B(s), (32)
R,
where Z¢(s) represents the input impedance of the parallel arrangement of
RC cells in series which has the following expression [9]:

Z5(s) = ! . (3.3)

N
C;
COS + Zl 1+RiSCZ‘S
1=
Note that this impedance is an approximation of the band-limited frac-
tional order integrator I (s) shown in relation (2.9).

The relation between the input Yj(s) and the output Yz(s) of the third
stage, which represent a first order integrator, can be represented as follows:

1
Yr(s) = " R:Cis
0 ~0

Finally, the open loop transfer function L(s) is as follows:

L(s) = Bo (H“fb) , (3.5)

52 1+4jh

Yo (s). (3.4)

where By is a constant defined by:
Dy

By = .
" " R,R:C}

(3.6)

Note that:

- the variable resistance R, is used to analyze the stability degree
robustness of the system when varying the unit gain frequency wy,;

- the variable resistance value is chosen with a particular attention
as the unit gain frequency in open loop w, must be always in the phase
constancy region and referring to the previously shown relations, By and
wy, depend on the value of R,;

- the resistance Rj and the capacitor Cj are chosen in such a way
that the inverse of the integration time constant 7; = Ry x Cf is equal to
the unit gain frequency in open loop w, for the nominal parametric state
of the fractional system, to know:

Wupors = 1/ (Rg Cp) - (3.7)

When implementing the fractional order system, some alterations of the
resistive and capacitive values (found in relation 2.15]) occur. The main rule
used in the implementation process is to used at maximum three resistances
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or three capacitors, placed in series or in parallel, to get the closest value
possible to the optimal one found by calculation. Thus, the real values of
the resistors and the capacitors are the following:

Ry= 300 kQ Co =8 nk
01 =85 nkF

Ro= 250 kQ o S

R3=150 kQ  and 2 (3.8)
Cs =15 nF

Ry= 90 kQ

Ro— 62 kQ Ca=TnF

5 Cs =3.3nF

Furthermore, the values of the remaining components of the test bench
are as follow:

Cy = 1uF

R, = 50 kQ

Dy = 67.08 x 10° (3.9)
R} = 1.67kQ

Fig. 3.2 represents a comparison between the response of the system
when using the ideal values of the resistances and the capacitors (in blue)
- relation (2.15)) - and the real values (in green) - relation (3.8) - used in
the implementation phase. In more details, Fig. 3.2(a) shows the system
response of the open loop in the Bode diagrams when using the ideal and
the real values of the resistances and the capacitors whereas Fig. 3.2(b)
presents the system’s step response when using these two sets of components
values. The results show that the behavior of the system is not affected
when using the ideal values of the resistances and the capacitors and their
approximations.

Wagrilude (dB)

Phase {deg)

i i i i
00 002 0.03 0.04 0.05
Time (sec) (b)

Fig. 3.2: Behavior of the fractional order system when using the ideal RC
values (relation [2.15)) and the implemented ones (relation B.8]). In more
details, (a) represents Bode diagrams in open loop and (b) shows the step
response of the system
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4. Temperature uncertainties measurements

In this part, the test bench results are presented. This electronic cir-
cuit has been implemented using the values of the electrical resistors and
capacitors shown in relation (B.8]).

The two main parameters have been modified during the tests: the
temperature and the variable resistance R,,. The first parameter is modified
in order to see whether the phase constancy remains constant even with
the temperature alteration whereas the second parameter is used to study
the robustness of the system.

Hence, this section is divided in two parts: in the first one, some nu-
merical simulations are shown especially in frequency domain whereas, in
the second part, the results obtained on the oscilloscope are presented.

4.1. Numerical simulation

The first simulation shows the robustness of the system when varying
the value of the variable resistance R,. The values of this resistance were
chosen in such a way that, even for the minimum and maximum values,
the new values of the unit gain frequency w, remain in the phase constancy
zone already defined to be between wy and wy. So, the two extreme values
of the variable resistance R,, notably 18k} and 140k(2, correspond to a
unit gain frequency of about 1200rad/sec and 300rad/sec, respectively.

Thus, Fig. 4.1 represents the behavior of the system for the three
different values of R,. In more details, Fig. 4.1(a) represents the Bode
diagrams of the band limited fractional order integrator, Fig. 4.1(b) shows
the behavior of the open loop system in the Bode diagrams, Fig. 4.1(c)
presents the Black-Nichols diagram in open loop and Fig. 4.1(d) correspond
to the closed loop step response. Note that, for all figures, the outputs in
solid blue represent the response of the system when using the nominal value
of the variable resistance (R, = 50k{2) whereas the dashed green outputs are
related to the minimal resistance value (R, = 18k{2) and the dashed-dotted
red lines represent the response of the system for the maximal resistance
value (R, = 140kQ2).

These results prove, once more, that the stability degree robustness is
an important property of the fractional order systems independently on the
domain of application.

The objective of the second simulation was to study the stability degree
robustness of the system when varying the resistance R, and the ambient
temperature. Hence, Fig. 4.2 and Fig. 4.3 show the time domain responses
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for the three different temperature values when applying a triangular im-
pulse (Fig. 4.2) and a period rectangle (Fig. 4.3). The temperature values
are chosen to be 0°C, 22°C' and 40°C. Note that the values of the resis-
tances and the capacitors used in these simulations are the ones found when
these components are subject to the predefined temperature values.

The results found show that stability degree of the fractional systems
of first kind is insensible to resistance and temperature variation.

Amplitude (dB)
Amplitude (dB)

Nominal variable resistance
Minimal variable resistance
— Maxj rari resi:

Phase (deg )

10* 10° 10*
Frequence (rad/s)

pds
Nominal variable resistance
Minimal variable resistance
— - = Maximal variable resistance

| [ —Nominal variable resistance
Minimal variable resistance

Ampltude

Open-Loop Gain (dB)
= =
N

-20

-30

40 I I L I 1
-250 -200 -150 -100 50 1] Time (sec)
Open-Loop Phase ideg) (©) (C)]

R S N SN U RN N
GCI 0005 001 0015 002 0025 003 0035 004 0045 005

Fig. 4.1: Study of the stability degree robustness with respect to the
variation of R,: (a) Bode diagrams of the band limited fractional order
integrator, (b) open loop system in the Bode diagrams,(c) Black-Nichols

diagram in open loop and (d) closed loop step response
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Fig. 4.2: Simulation results when applying a triangular impulse for the
three different temperature values and for: (a) Rv = 50 KQ (b) Rv = 140
K and (c) Rv = 18 KQ2

. — e =, T2t i A
A7, i
T=IC £ T f
= H | — 12 F; % 1 T=i02 12 |
[ A !

L L i i 5
%9 woas w07 00w 002 00F 003 003 062 0ME 605 Q0 Qo0s 001 0O%5 002 0025 003 0035 008 0085 008 90 gos 001 0016 002 0025 00 0035 000 0055 065
temas (ssc) @ 1emps (sec) ® Lermps (s o

Fig. 4.3: Simulation results when applying a periodic rectangular input
for the three different temperature values and for: (a) Rv = 50 KQ (b) Rv
= 140 KQ and (c¢) Rv = 18 KQ

4.2. Implementation results

In this second part, we present the implementation results of the test
bench subject to temperature variations. So, we introduce at the beginning
some photos of the test bench. Then, the outputs of the oscilloscope are
recovered.

Hence, Fig. 4.4 represents the implemented test bench with the mea-
surement instruments used to stimulate and to retrieve the output of this
system for different temperature values. Thus, Fig. 4.4(a) represents the
test bench placed in the ambient temperature, which varies between 19°C'
and 23°C, Fig. 4.4(b) represents the test bench placed in a temperature
of about 0°C' and, finally, Fig. 4.4(c) shows the electrical bench subject to
40°C'. To remember that, even during temperature variation, the variable
resistance R, is also altered in order to study the robustness of the system.
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@ | N8

Fig. 4.4: Implementation of the electrical test bench and measurement of
the output for different temperature values

Fig. 4.5 represents the output of the system for the three different
temperatures and for the three values of R,. In more details, Fig. 4.5(a)
shows the system response for the three temperatures when R, values is
equal to 18KS2, whereas Fig. 4.5(b) shows the system response for the
variable resistance nominal value (R, = 50K() and finally, Fig. 4.5(c)
shows the system output for the maximal value of the variable resistance
(R, = 140K(2). Note that, in the three subfigures, the output in blue
represents the system’s response when it is under 40°C', the one in green
shows the system behaviour when it is subject to 22°C' and, finally, the
output in brown shows the system response when it is maintained around

0°C.

s Al AV e
/ 1

L= 5 e ]

(a) (b)

Al

Time sensitivity: 10 ms/div ;

Vertical sensitivity for the |
input (in red): 2 V/div ; ‘
Vertical sensitivity for the
system response: 1 V/div ;

[ o e S

©

Fig. 4.5: Output of the test bench for different temperature values and
for different values of the variable resistance R,. In more details, the
system output for (a) R, = 18K, (b) R, = 50KQ and (¢) R, = 140K
are represented.
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The three sub-figures show clearly that the system in use is robust to-
ward temperature and variable resistance alterations. It is remarkable that
the temperature variation do not modify the output of the system. Also,
the variations in the variable resistance value modify only the response time
of the system without introducing significant changes in the first overshoot
value. These results lead to the fact that the CRONE system of first order
is robust and it is not affected by the uncertainties related to temperature
variation.

5. Theoretical analysis

In this part, we try to explain from a theoretical point of view the
results shown in the previous section. So, the uncertainties related to the
temperature variation are taken into consideration. Suppose that the real
values of the resistances and the capacitors are now R; and C;. The relations
between these values and the ones found in the synthesis process are as
follow:

{ Ri = Ri + AR = Ri(1+ ApR;) (5.1)
C;, = C; + AC; = Cl(l + AmCl) ’ '
where A, R; and A,C; represent the uncertainties using the additive method
and A, R; and A,,C; represent the uncertainties using the multiplicative
method.

When realizing this fractional order system, the system’s recursion was

present through the following relation:

R, _
R,

{ C’Jirl — ) (52)
Ciy1

where a and 7 are the two recursive factors.

Thus, the main objective of this part is to show if this recursion will still
be valid after introducing the uncertainties on the resistive and capacitive
values.

After introducing the uncertainties, relation (5.2]) becomes:

Ri _ R; 1+ AnR; _ 1+ AnR;
Riy1  Ripr \1+AmRipa = 1+ AmRiq1 (5 3)
G _ G ( 1+ AmC; ) — ( 1+ ApCi :
Civ1 Cit1 \ 1+ AnCipr - I+ AnCita

So, we will have two vectors « and 7, each one consisting of N values,
N being the number of cells constituting the fractional order system.

A Hypothesis HI is considered in this case:
If we assume that:
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- the multiplicative uncertainties related to manufacturing variations
are negligible toward the unit;

- all the RC network components are subjected to the same temperature
variation values;

- all resistances, on one hand, and all capacitors, on the other hand,
have the same sensitivity to temperature variation;

Then, the resulting uncertainties A,,, R and A,,C are the same for all
components R, on the one hand, and components C', on the other hand.
This means that they no longer dependent on the rang i of the cell.

In this case, relation (5.3]) can be rewritten as follows:

R _ R <1+ AmR
Rit1 Rt 1+ AnR
~éi _ G 1+ AnC (54)
C’,L-Jrl - Cq;+1 1+ AC

It can even be simpler as shown below:

Ri _ R _
~i~+1 T Riy1 n as AmR <<1 (5 5)
i+1 i+1

Hence, relation ([0.5]) shows that the recursion of the electrical compo-
nents is still present with the same factors o and 7.

Let us check if this recursion is also maintained in the frequency domain.
The three relations that represent the frequency parameters with respect
to the resistive and capacitive components are the following:

1
Dy =
C;
Z
r_ 1 . (5.6)
Wi = Rilci
Wi = R; Cipq

The introduction of the uncertainties to the resistive and capacitive
components leads to new relations of Dy, w; and w;. These relations are
presented below:

( D _ 1 _ 1 _ 1
0 — nw - N N - N
> (Ci + AuCy) S Ci+ Y Al N X 8aC;
i=0 i=0 i=0 > G 1+1—N
=0 X G
o = 1 1 = , (5.7)
i T R C; (1+4AmR;) (14+AnC)
o = 1 1
t Ri Cz‘+1 (1+AmR7;) (1+Am i+1)
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or, it can be written as follows:

N -1
D Z Aaci
Dy = Dy ADy with ADy= |1+ i:(j)v
> Ci
0 = w; ! = . (5.8)
w, = w; (1+AmR;) (14+A,C))
~ L
W; = Wwj (1+AmR;) (14+ARCit1)

. . . / . .
The ratio between the transient frequencies w, and w;, when taking into
consideration the uncertainties of the resistive and capacitive components,
is:

@, w, (H+AmR:) (1+AmCit1) = ¥ (14ALCi)
(5.9)
7 / )
Wit _ Wir1 (1+ARR;) (14+AmCitr) = (1+AA’"RZ)
@ wi (1+AnRi+1) 1+ARCit1) (+AmRit1)

Therefore, taking into account the conditions presented in the Hypoth-
esis H1, to remember,

ApRi=ApRit1 =...= ARy = ApR
ApCi = AnCip1 = ... = A Cn = A C
ApR; << 1 ; ARG << 1 , (5.10)
N N
AC << C;
i=0 i=0
relation (0.8]) can be rewritten as following:
Wi _ (1+AnC)
o - @ AmC
(1+&m@) (5.11)
i1 (1+AmR)
@ = " (Q+AmR)
Hence,
Jii/ = «
o . (5.12)
o =

Thus, taking into consideration the Hypothesis HI, the frequency re-
cursion is conserved even if the resistive and capacitive components’ values
are subject to temperature variation.

6. Conclusion

In this paper, we have presented the CRONE system of first kind ap-
plied to the electrical domain. The test bench used to implement the par-
allel arrangement of RC cells in series is also presented and analyzed. The
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synthesis and realization processes are also presented briefly as they were
treated in different previous works.

The results found show that the system output is not altered by the
temperature variation and the output is almost independent of the external
temperature for the values taken in consideration. This meets with the
theoretical results found where it had been shown that the temperature do
not affect the recursive parameters a and 7.

As a future work, other uncertainties related to the electrical domain
will be studied as the components tolerance and deformation. Also, this
work can be extended to other engineering domains as the hydropneumatic
suspension, the diffusive interfaces, etc.
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