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Abstract

The purpose of this paper is to obtain solutions for both linear and
nonlinear initial value problems (IVPs) for fractional transport equations
and fractional diffusion-wave equations using the iterative method.
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1. Introduction

Many phenomena in the physical, chemical and biological sciences as
well as in technologies are governed by differential equations. In recent
years, fractional differential equations have attracted researchers’ interest
due to their applications in the field of visco-elasticity, feed back amplifiers,
electrical circuits, electroanalytical chemistry, fractional multipoles, etc.
(see [10], [23], [31]). Consider the general fractional partial differential
equation

n n n
Dfu(z,t) = Z angJJ'.u(a:, t)+z bijju(:E, t)—i—Z ¢;DPu(z,t)+A(u(z, b))
j=1 j=1 j=1
m—-—1<a<m,3<6;<41<3<2,0<y <1, meN,
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where 0 <t < T,z = (x1,22,...xy) € R",a;,bj, c; are nonnegative real con-
stants and A(u(z,t)) is linear or nonlinear in u(z,t) and uy(z,t). Note that
Di'u(z,t) is the pt'-order Caputo partial fractional derivative of function
u(z,t) with respect to “t”. These equations appear in many interesting
physical processes such as transportation, diffusion of heat, propagation of
waves, deflection and vibration of plates and membranes. We study the
following fractional transport equation

n
Dfu(w,t) =Y e;Diu(z,t) + Alu(z, 1), 0<a <1, 0<v <1, (11)
j=1
the fractional diffusion-wave equation of fourth order

n n
Diu(r,t) =Y a;Dgu(e, t) + Y b;Du(z,t) + A(u(z, 1))  (1.2)
j=1 j=1
and fractional diffusion-wave equation of second order

Dfu(x,t) = zn:bngjfu(x,t) + A(u(z,t)). (1.3)
j=1

Note that for wave propagation in beams and modeling formation of grooves
on a flat surface because of grain require fourth-order space derivative terms
in their formulations [29], [35]. Both second and fourth order diffusion-wave
equations appear in diffusion of heat, deflection and vibration of plates and
membranes and propagation of waves. Also such equations appear in re-
laxation phenomena in complex viscoelastic material [15], propagation of
mechanical waves in viscoelastic media [24], [25], [26], non-Markovian dif-
fusion process with memory [27], electromagnetic acoustic and mechanical
responses [28]. Roman and Alemany [33] investigated a continuous time
random walks on fractals by studying diffusion-wave equations. Transport
phenomena is governed by fractional transport equations.

These types of equations are solved by various methods such as Ado-
main decomposition method [I], [2], [11],[13],[22], homotopy perturbation
method [18], [19], [20], [30], variational iteration method [I7], [21], an itera-
tive method [4], [6], [8], [9], [12], finite element method [14], finite difference
method [16], finite sine transform method [3], method of images and Fourier
transform [27], as well as Green’s function method [34].

We need to recall the definition of the Caputo partial fractional deriv-
ative that uses the Riemann-Liouville fractional integral.

DEFINITION 1.1. The (left sided) Riemann-Liouville fractional integral
of order p (p > 0) of a function u(x,t) € Cy, o > —1 is denoted by I}'u(z, t)
and defined as (see e.g. [23], [31])
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= 1 t — )z, T)dT
I;‘u(m,t)—r(lu)/o(t W u(z, T)dr, t> 0.

DEFINITION 1.2. The (left sided) Caputo partial fractional derivative
of a function u(z,t) € C", w.r.t. ”¢", denoted by D}'u(z,t), is defined as
(see [23], [31])

om _
T
I S nu(z,t), m—1<p<m, meN,

where If'u(z,t) is Riemann-Liouville fractional integral of order p, p > 0.

Note that
m—1
ok tk
I Dffu(x, t) atz ka', m—1<pu<m,méeN,
k=0
and
t D(p+v+1)

Now we discuss the iterative method developed by Daftardar-Gejji and
Jafari in [8]. It is also called new iterative method. Consider the functional
equation

U(:L‘,t) :f(:L‘,t)—FL(’LL(l‘,t)) +N(u($7t))¢ (14)
where f(z,t) is a known function. Note that L and N are linear and

nonlinear operators from a Banach space B — B, respectively. Suppose a
solution u(z,t) of the equation (4] has the series form

u(w,t) =Y wi(x,t) =ug +uy +ug + ... (1.5)

The above series solution converges absolutely and uniformly to a unique
solution of equation (L4) (for details, see Daftardar-Gejji and Jafari [§]).
Since L is linear,

(Zul (x,t > L(ug(z,t)) + L(ui(z,t)) + L(uz(z, 1)) + ... (1.6)

Decompose nonlinear operator N as in [§]:

o) o] 7 i—1
N<Zui):N(uo)+Z N> u | =N (D ]y (7
i=0 i=1 j=0 §=0

From equations (L5]) - (L7), the equation (4] is equivalent to
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[e'e) o] [e'e) 7 i—1
Zui:f(x,t)+ZL(ui)+N(uo)+Z N Zuj — N Zuj ,
i=0 =0 i=1 §=0 5=0

ug + uy + ... = f+ L(uo) + L(u1) + L(uz) + ... + N(up)+
[N(UO + ul) — N(UO)] + [N(UO +ui + UQ) — N(UQ + ul)]+
[N (ug +uy +ug +ug) — N(ug +ug +uz)] + ...
We define the iterations
up = f
= L(uo) + N(uo)
= L(u1) + [N (uo + u1) — N(uo)]
L(ug) + [N(up + u1 + u2) — N(up + u1)]
Umt1 = L(um) + N(ug + ... + um) — N(ug + ... + tpp—1), m=0,1,2, ...
The rest of the paper is organized as follows: Iterative solution of IVP
for general fractional partial differential equation is obtained using the iter-
ative method in Section 2l Some illustrative examples for fractional trans-
port equations, fractional diffusion equations of second and fourth order

and fractional wave equations of second and fourth order are discussed in
the last Section

uz =

2. Fractional initial value problems

Consider the general fractional partial differential equations

t) = Z angjj'.u(m, t)—i-z bngju(x, t)+z ¢;DPu(z,t)+A(u(z,t));
j=1 j=1

j=1
(2.1)

m—-—1<a<m,3<0;<4,1<p;<2,0<y <1, meN
with the initial conditions
k

L w(@,0) =h(x), 0<k<m-—1, m=12. (2.2)
Applying I}* to (2] on both sides,

18Dz, t) = I Za]Dz] x,t) | + I ZbD

+ I chDzju(a:,t) —i—Ito‘(A(u(m,t)))
j=1
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and using initial conditions (22]), we get

m—1

tk n ' n '
u(z,t) = hi(x) ! + I E aij;;u(a;, t) | + 17 E bijju(m, t)
! et

k=0 j=1

+ I chD;;u(x,t) +Ito‘<A(u(a:,t))>. (2.3)
j=1

Equation (2.3)) has the form of equation (I4]) with

m—1 tk
flat)y =) hi)
k=0 ’

n n
Lu(@,t)) = I¢ | Y a;DRu(z,t) | + 15 | S b;Diu(z, 1)
j=1 j=1

n
+ I chD;Zu(a:,t) :
j=1

N(ute,0) = 17 (Atute.1),
and can be solved by the iterative method.

3. Illustrative examples

In this section, we discuss some illustrative examples for time fractional
transport equation, time fractional diffusion equations of second and fourth
order, time fractional wave equations of second and fourth order.

I. Time fractional transport equation:

ExAMPLE 3.1. Consider time fractional transport equation
Diu(z,t) + Vu(z,t) =0, t >0, x = (z1,x2,...,T5) € R" (3.1)
with the initial condition

0o (3250). 5

k=1
The initial value problem (B.I)-(3.2) is a special case of IVP (2.I))-(2.2)). It
is equivalent to the integral equation

u(z,t) = p(@1H@attan) _ Ie <Dw1 + Dyy 4 ... + Dxn>U(:L“,t)-
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Applying the iterative method, we get

(e}
z1+z2+...+Tn) —nt

— el@tzat. tan)
’ Ma+1)’

ug w1 = L(ug) = €
(—nt®)?

) = @12t +n)
I'2a+1)

ug = L(ug and so on.

In general, we have

(z14+z2+...+xn) (_nta) 1=0,1,2,...
T(ia+1)’ T

The solution of initial value problem B.I))-(B.2)) is

U; = €

(1) :Zi:;ui(:r, 1) = exp <k§: ack) 2 r((;;li)n ~exp <k§n::1 ack) B (—nt®).

ExaMpPLE 3.2. Consider nonlinear, nonhomogeneous time fractional
transport equation

D&u(z,t) + (ug(z,t))? =2, t >0,z €R (3.3)
with the initial condition
u(z,0) == (3.4)

The initial value problem (B.3))-(3.4) is a special case of IVP 21))-([2.2). It
is equivalent to the integral equation

u(z,t) =z + I}(2) + I ( — (Dyu(z, t))2> .

Applying the iterative method, we get
el
Ma+1)’
ug = L(uy) + N(up + u1) — N(ug) =0, uz =0,...
The solution of the initial value problem (B.3)-(B4]) is
o0

tO{
u(x,t) = ;ZLi(m’t) =x+ Pla+1)°

up =z, uy = L(ug) + N(ug) =

II. Second order time fractional diffusion equation:

ExaMpPLE 3.3. Consider the time fractional diffusion equation
Dftu(x,t) = D3 u(z,t) + D3, u(z,t) — u(z,t), (3.5)

0<a<l,B=21t>0, z=(z,22) € R?,
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with the initial condition
u(x,0) = sin 1 sin g + cos 1 cos Ta. (3.6)

The Cauchy problem (B.5)-(3.6) is a special case of IVP ([ZI)-(22). It is
equivalent to the integral equation

u(x,t) = sinxq sin g + cos x1 cos ro + Ita(Dil + D%z — Du(z,t).

Applying the iterative method, we get

) . . . —3t*
up=sin 1 sin xg + cos x1 cos T2, w1 = (Sin 1 sin zy + coS 1 COS T3) F(at1)’
o
a2
ug = (8in &1 sin z9 + cos x1 cos 3) (—3t%) and so on
I'(2a+1) ’

In general, we have

(—3t>)"
Fia+1)’
The solution of Cauchy problem (B3.35))-(3.6]) is

u; = (sinxj sinxg + cos 1 cos x2) 1=0,1,2, ...

o0
u(x,t) = Zui(az,t) = (sinzy sin xg + cos x cos x2) Fq (—3t%).
i=0

ExaMPLE 3.4. Consider the nonlinear time fractional diffusion equa-
tion
D&u(z,t) — D2u(z,t) = u*(x,t) — (u2(x, 1)), (3.7)
0<a<l1l,p8=2,t>0,z€R,
with the initial condition
u(z,0) = e”. (3.8)

The Cauchy problem (B.7)-([B8]) is a special case of IVP 2I)-([2.2). It is
equivalent to the integral equation

u(z,t) = e + I (D?Eu(a:, t)> + I <u2(:17, t) — (u(z, t))> .

Applying the iterative method, we get

to t2a
ug = €*, u; = eIF(a—i— 1)’ Uy = e”"jr(%é+ 1 and so on.
In general, we have
tia
u; = e* Tlia+ 1)’ 1=0,1,2,...

The solution of the Cauchy problem (B.7))-(B.8) is
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III’II[
i
iy
A,
7]

Figure 1: Graphical representation of the solution
of Example 3.2 and Example 3.4, respectively.

ExaMpPLE 3.5. Consider the following time fractional nonlinear Schro-
dinger equation

Do) + -0 4 uu— 0 (3.9)
u(z = .
e’ ’ 2 Qa2 ’
for 0 < a<1,t>0, with the initial condition

u(z,0) = . (3.10)

The initial value problem (B3.9)-(3I0) is solved by the Adomain decompo-
sition method by Rida et al. in [32] which is a special case of the IVP
2I)-22). It is equivalent to the integral equation

i « (e’ 162u
u(w,t) = e — If <|u\2u> — I (283}2)

Applying the iterative method, we get

ix i iT e -1 ix (ta)2
prm— prm— prm— d .
W= M=o 1) 7T 4% Par1) MM
In general, we have
1 . ’tOé n
L L

2 D(na+1)
The solution of initial value problem (B.9)-(B.10) is

w(z, ) = ni:;)un(x, 0 =" E, <“;a> (3.11)
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REMARK 3.1. Observe that the solution of the initial value problem
(3:9)-(B.10]) obtained by the Adomain decomposition method [32] is exactly
the same as the solution (3.11)) obtained above.

ITI. Fourth order time fractional diffusion equation:

ExAMPLE 3.6. Consider the fourth order time fractional parabolic
equation
Du(z,t)=Diu(z,t) + D u(z,t) +u(z,t), 0 < a < 1,z € Rt >0, (3.12)
with the initial condition
u(z,0) = coshz. (3.13)
The Cauchy problem (B.12)-(3.13]) is a special case of the IVP (2.1])-(2.2]).
It is equivalent to integral equation
u(z,t) = coshzx + I} (Df;u(ac,t) + D2u(z,t) + u(z, 1)) .
Applying the iterative method, we get

3t (3t*)?

ug = coshx, u; =coshz , Uy =coshz and so on.

INa+1) I'2a+1)
In general, we have .
h (3¢ ;=0,1,2
u; = cosh x 1=
(2 P(ia + 1)’ Y ) Y

The solution of the IVP (312)-3I3)) is

u(z,t) = ZU@ = cosh:nz F((z'a _3 3 = coshz E,(3t%).
=0 i=0

ExAMPLE 3.7. Consider the fourth order time fractional KdV equa-
tion. It is nonlinear equation of parabolic type
Du(z,t)+Diu(z,t)—u(z, t)D2u(x, t) fuug (x,t)=0, z € Rt > 0, (3.14)
with the initial condition
u(z,0) = e”. (3.15)

The Cauchy problem ([B.I4)-(@BI5) is a special case of the IVP ([21)-([2.2).
It is equivalent to integral equation

u(z,t) = e® + I;“( — Diu(z, t)> + I (u(:p, t)D2u(z,t) — u(z, t)uy(z, t)> .

Applying the iterative method, we get
to t2a

( )

ug = €%, u; = —e M(a+1)’ Ug =€
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In general, we have

(=t
;= e” =0,1,2,..
Uj € F(ZO(—F].)’ ? Pt b

The solution of the Cauchy problem (B.14])-(B.I5) is

_OO . _xoo (_ta)z _ e
u(m,t)—;uz(x,t)—e Z;F(ia—i—l) =e" Eqo(—t%).

1=
IV. Second order time fractional wave equation:

ExaMpPLE 3.8. Consider the 2-space dimension time fractional wave
equation
D{u(z,t) = D2 u(z,t) + D2 u(z,t) — 2u(w,t), (3.16)

l<a<?2 =2 1t>0, z=(z1,122) € R?,
with the initial conditions
u(z,0) = sin 1 sin xg + cos 1 cos g, (3.17)
ut(x,0) = 0. (3.18)
The initial value problem (B.16])-(B.I8]) is a special case of the IVP ([Z1])-
[22)). It is equivalent to the integral equation
u(x,t) = sinxq sin z9 4 cos x1 cos o + If‘chlu(a:, t) + If‘D?mu — 2I7u(x, t).

Applying the iterative method, we get

ug = sin zp sin xg + cos x1 cos r2, u; = (sinzg sin xg + cos 1 cos xz)F(_cy4—T—a1)
, , (—4t)?
ug = (sin 1 sin x9 + cos 1 cos x2)F(2a+1) and so on.
In general, we have ‘
(—42%)*

u; = (sinxq sin zg 4 cos x1 cos T2) 1=0,1,2,...

(i + 1)’
The solution of the initial value problem (B.16)-(B18]) is

o0
u(x,t) = Zui(az,t) = (sinzy sin xg + cos 1 cos x2) Eq(—4t%).
i=0

ExamMpPLE 3.9. Consider the 2-space dimension nonlinear time frac-
tional wave equation

D&u(z,t) — u(x, t)Au(z,t) + 2(u(z,t))? — 4u(z,t) = 0, (3.19)
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for 1<a<2 B=21t>0 z=(r1,79) € R?>, with the initial
conditions

u(z,0) = ™12, (3.20)
ug(x,0) = 0. (3.21)

The initial value problem B.28)-(B.30) is a special case of the IVP (ZI])-
[2.2). It is equivalent to the integral equation

u(z,t) = 112 4 1@ <4u> + I <uD§1u +uD2 u— 2u2> :

Applying the iterative method, we get

4t (4t)2
— pT1+T2 — pT1tT2 — pT1tx2 d .
Uy = e , Ul =€ I‘(a+1)’u2 e (20 +1) and so on
In general, we have '
. = T1+T2 (4ta)Z ) — 0 ]. 2
u; =e i+ 1)’ i 1,2,

The solution of the initial value problem (B.28])-([3.30) is

(4t
— . _ T x R/ x (0%
u(z,t) = ;Ouz(w,t) =T g (i 1) = et B (4t9).

1.7046

1.7044

A5
90000049
0‘:‘:‘:‘:’:‘:‘:’:‘:‘0

1.7042
1.704
1.7038

1.7036
3

-2 -2

Figure 2: Graphical representation of solution
of Example 3.7 and Example 3.9, respectively.

V. Fourth order time fractional wave equation:

ExAMPLE 3.10. Consider the fourth order time fractional hyperbolic
equation

Dfu(z,t) = 3D3u(z,t) + 3D2u(z,t) + 3u(z, t),z € R, t >0,  (3.22)

with the initial conditions
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u(z,0) = sinh z, (3.23)
ut(x,0) = 0. (3.24)

The initial value problem ([B.22))-(3.:24) is a special case of the IVP (21I)-
22). It is equivalent to the integral equation

u(z,t) = sinhx + 317" (Dju(x, t) + D2u(z,t) + u(z,1)) .
Applying the iterative method, we get

_ _ ot , (9t)?
ug = sinhx, uq = Slnh:l?r(a L1y’ Uy = Smth‘(Za 1) and so on.
In general, we have ,
u; = sinhx (9e2)° 1=0,1,2,...
Clia+ 1)’ T

The solution of the IVP (3:22)-(3.24]) is

[e.e] ) o0 9t0‘ i ) N
u(z,t) = Zuz = sinhx Z F((z'a ﬁ 3 = sinhx E,(9t%).
i=0 i=0

ExAMPLE 3.11. Consider the fourth order time fractional nonlinear
hyperbolic equation

D&u(x,t) = 4D*u(z,t) — u(z,t)Dyu(z,t) — (Dyu(z,t)?, z € R, t > 0,

(3.25)

with the initial conditions
u(z,0) =e %, (3.26)
ut(x,0) = 0. (3.27)

The initial value problem (B.25)-([3.27) is a special case of the IVP (21I)-
22). It is equivalent to the integral equation

u(z,t) = e + 41 (Dju(a,t)) + I (—u(x,t) Dyu(w,t) — (Dyu(z, t))?) .
Applying the iterative method, we get

_ e T4t . (4t%)?
€T x
= = = d .
up=¢e ", up F(a+1)’u2 e 20+ 1) and so on
In general, we have
G
i =e 7 =0,1,2,...
(2 P(ia + 1)’ ? Y ) Y
The solution of IVP (B.22)-([3.24)) is
[e.e] [ee] y

(ta + 1)

u(z,t) = Zul =e” Z r (42)° =e * Eq(4t).
i=0
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4143
4142

a4

Figure 3: Graphical representation of solution
of Example 3.10 and Example 3.11, respectively.

ExAMPLE 3.12. Consider the 2-dimension fourth-order fractional
wave equation

Dfu(x,t) = —2 <D§1u(:1:, t) + Dilu(ac, t)), (3.28)

for a € (1,2), t >0, = = (z1,22) € R?, with the initial conditions
u(x,0) = cos x1 cos xa, (3.29)
ug(x,0) = 0. (3.30)

The initial value problem (B.28)-(B.30) is a special case of the IVP (2.1])-
[2.2). It is equivalent to the integral equation

u(z, t) = cos @y cos s — 217 <D;‘;1u + Diw) :

Applying the iterative method, we get

4 ta (_4#1)2
UQ=COS L1 COS T, U] =—4C0OSX] COST , U2 =COS X1 COS T )
0 ! 2 ! 2F(a+1) 2 ! 2].“(Za—l—l)
and so on. In general, we have
(—dz2)” 0,1,2

Uy, = COS T COS T , n=0,1,2, ...

" ! 2 I'(na+1)
The solution of initial value problem (B.28)-(B.30) is
u(zx,t)= Un (T, t)=cos x1 cosx =cos 1 cos To B, (—4t%).

(2,t) 7;) n(,1) 1 2;F(m+1) 1 cos zg Eio (—4t%)

REMARK 3.2. It is interesting to note that, solution of initial value
problem (B:28))-(330]) obtained above is same as that of solution obtained
by Jafari et al., using the Adomain decomposition method in [22].
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MATLAB has been used for graphical computations of the solutions in
the present paper.
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