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Abstract

We present a definition of the Riemann-Liouville fractional calculus for
arbitrary time scales through the use of time scales power functions, uni-
fying a number of theories including continuum, discrete and fractional
calculus. Basic properties of the theory are introduced including integra-
bility conditions and index laws. Special emphasis is given to extending
Taylor’s theorem to incorporate our theory.
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1. Introduction

Fractional calculus (FC), the theory of integrals and derivatives of non-
integer order, is a field of research with a history dating back to Abel,
Riemann and Liouville (see [3I] for a historical summary). Indeed, the
most famous and extensively studied formulation,

1 xr
I¢ = — )7L f(t) dt 1.1
BI@) = oy [ @m0 o (1)

is called the Riemann-Liouville fractional integral in their honour. The
corresponding fractional derivative is obtained by composition of fractional

(© 2012 Diogenes Co., Sofia
pp. 616-638, DOI: 10.2478 /s13540-012-0043-y



FRACTIONAL CALCULUS ON TIME SCALES... 617

integral by a integer order derivative. The definitions of fractional integrals
and derivatives are not unique, and there has been a large number of alter-
native approaches to FC, see for example [17], [27] and [32]. Each definition
has its own advantages for applications. For details, see [29], [31], [34], [37],
[39], [40] and [43].

In parallel to these developments, there have been also attempts to de-
fine analogues of FC opearors with respect to discrete calculus and quantum
calculus. In regards to the former, there are four major streams in the lit-
erature, as [19], [26], [30] and [22]. It is the last which is of relevance to
this paper, where the fractional summation of order o > 0 is defined as

t

b1 I'(t—k+ o)
S0 = py 2 gy (0 (12)

and fractional differences are obtained by composing (L.2]) with the back-
wards difference. Therefore the expression can be thought as an analogue
to (L.IJ).

The study of g-analogues of fractional calculus was initiated by [2] and
[1], both using the g-analogue of Cauchy’s formula obtained in [3] to ob-
tain an analogue to the Riemann-Liouville fractional calculus. As with the
continuum and discrete cases, alternative formulations exist, for example
[35]. For the presentation here, we shall consider the definition given in [I],
where I0f(z) := f(z) and for a > 0,

)= | e o), (1.3

As before, the g¢-fractional derivative is obtained by composition with an
integer g-derivative. For an introduction to quantum calculus, see [28].
This paper concerns an unification of the three cases through time scales
calculus. It does so by considering an axiomatic approach to the integral
kernels from (), (I2) and (L3]). This is similar to [5] attempting to
unify (LI) with (L.2]), but the axioms we posit are stronger and some of
the results are not in agreement. Independently, [I8] have managed to
unify (L2) with (3] via the (g, h)-time scale. A third approach, via the
Laplace transform, is considered in [9], which is useful when one has the
necessary techniques to invert the transform. The notation and concepts of
time scales calculus are described only briefly. Readers who are unfamiliar
with the theory are encouraged to consult the introductory text book [14].
The paper is structured as follows. In Section 2] we give a brief sum-
mary of the time scales calculus, with emphasis on the Lebesgue V-integral.
In Section [B] we present our axioms for a time scales analogue of the power
functions and illustrate how the previous example satisfy them. Then we
define the Riemann-Liouville fractional calculus using the power functions
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as integral kernels. Important properties such as integrability and an index
law are derived. In Section Ml we prove a very general fractional Taylor
type theorem.

2. Review of time scale calculus

A time scale T is a closed non-empty subset of R. Examples include
R, Z and the quantum time scale ¢% := {0,1,q,q7',¢>,...} for a fixed
q, 0 < ¢ < 1. We define the right and left jump operators as o(t) :=
inf{s € T|s > t} and p(t) := sup{s € T|s < t}. We define the right
and left graininess as u(t) := o(t) —t and v(t) := t — p(t), respectively.
By convention, inf{()} = sup{T} and sup{0} = inf{T} for these operators.
We say that a point is left-dense if p(t) = t and left-scattered if p(t) # t.
Similar are the definitions for right-dense and right-scattered. A point which
is both left and right scattered is discrete. If inf T = ag > —o0, we define
T, :=T\ ag, otherwise T, :=T.

The three cases illustrated in the introduction correspond to three dif-
ferent time scales: continuum calculus corresponds to taking R as one’s time
scale and discrete calculus corresponds to taking Z as one’s time scale. Sim-
ilarly, the quantum calculus corresponds to the quantum time scale. The
left jump operator is p(t) =t, p(t) =t — 1 and p(t) = gt respectively.

For a time scale T, and f : T — R, we define fP(t) = f(p(t)) and
fo(t) = f(o(t)). Further f called ld-continuous if it is continuous at every
left-dense point, and f(t+) exists for every right-dense t € T.

DEFINITION 2.1. A subset I C T is a time scale interval if it is of the
form I = (a,b]N'T for some a,b € T. For a time scale interval I, a function
f 1 — Ris said to be left dense absolutely continuous if for all € > 0 there
exists & > 0 such that > ;_; |f(bx) — f(ar)| < € whenever a disjoint finite
collection of sub-time scale intervals (ay,bg] VT C I, for 1 < k < n satisfies

ZZ:I |bk — ak\ < 0.

DEFINITION 2.2. For a function f : T — R and a point ¢t € T,
we define fV(t) to be the number such that for all ¢ > 0 there exists a
neighborhood U C T of ¢ which satisfies | f7(t) — f(7) — f¥Y(®)[r — p(t)]| <
elTr—p(t)| for all T € U.

If fV(t) is defined for all ¢ € Ty, then the function obtained is called
the nabla derivative of f and is defined on T,. The space of 1d-continuous
functions is denoted Ci4(T) and the set of 1d-absolutely continuous functions
AC4(T). For n > 1, the space of function with ld-continuous fV, fvz, A
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V" is denoted 15(T). The space of functions with ld-continuous f Voo,
f V' and ld-absolutely continuous fV" is denoted ACH(T).

2.1. Summary of the Lebesgue V-integral

Integration on time scales is traditionally interpreted as the inverse
of differentiation. A time scale analogue of the Riemann integration was
introduced in [23], and developed further in [24] and [I0]. This paper is
mainly concerned with unification of the continuum case with the discrete
and quantum cases. Just as the existing theory for the Riemann-Liouville
fractional calculus is through the Lebesgue integral, we shall use the theory
of the Lebesgue V-integral (for details, see [11], [12], [13], [I5] and [16]).

To review the Lebesgue theory of time scales, we fix an interval [a, b]
with b > a. Without loss of generality, we will assume a,b € T, and denote
T = TN a,b]. Let F» be the semi-ring of subsets of form (a/,b'] N'T for
d < b and o',V € T. We apply the convention (t,t] = 0. We define the set
function mg : Fo — [0,00] by (a/,0'] N T — & — a’. The measure obtained
by the Carathéodory extension, uv, is called the Lebesgue V-measure. The
o-algebra of all mj-measurable subsets of T is denoted by M(m3). The
Lebesgue V-integral is the integral of f : T — R obtained by this measure.

We write
/ f(r)Vr,

for E € M(m3) and a ¢ E. If E = (a/,b'] N'T, then we shall write

/a @)V,

instead. Given E, we denote I as the index set of the left-scattered points
of E (that is for ¢ € Ig, t; € E is left-scattered). This set is known to

be countable. We also define || f| = ff\f(v')\ V7, and L; as set of all

f:T — R with || f|| < co. The connection between the Lebesgue integral
on R and the Lebesgue V-integral is expressed in the following formula,
which will shall use later.

THEOREM 2.1. Let E C T be a V-measurable set such that a ¢ E.If
f:+ F — R is a V-measurable function, then

/f Vs_/f )ds+ ) f(t:) (2.1)

i€l

Finally, we shall give the fundamental theorem of calculus for the
Lebesgue V-integral.
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THEOREM 2.2. A function f : T — R is Id-absolutely continuous on
T if and only if
f is V-differentiable piv-a.e. on (a,b]NT and fV € Ly, and
for every t € ’f,

F(t) = fla) + / (7). (2.2)

3. Definitions and basic properties

As stated above, this paper is aimed at unifying the fractional calculus
from the Riemann-Liouville perspective, and extending Taylor’s theorem
to incorporate it. First, we will prove the Cauchy formula for multiple
integration. We begin by recalling the time scale monomials.

DEFINITION 3.1. Let T be a time scale. Define ho(t, s) = go(t,s) = 1
for all t,s € T. Then for k =1,2,... define

i (t,5) == / hi(r8) VGt ) = / a(p(r),5) V7. (3.1)

The monomials are related by the relation gy (t,s) = (—1)"hn(s,t) for
t € T.NT* and s € T*", proved in [6]. They are used in the Taylor theorem
for the nabla calculus.

THEOREM 3.1 ([6]). Let a € T,n—1, f a function which is n times
nabla differentiable on T,», and V" being Id-continuous over T. Then

n—1 T .
f@) = Y tue.) 7 @)+ [ o) (T OV 62)
0 (e}

k=

We are interested in generalizing the Riemann-Liouville fractional inte-
gral. Let us now prove a Cauchy formula for multiple integration.

THEOREM 3.2 (Cauchy Integral Formula). Let T be a time scale,
and let « € Ty, x € T satisfying a < x. Suppose ¢ : T — R is an
Id-continuous function. Then

/r Vi, " Vt2.../tnlgb(tn)th:/wiLn_l(ac,p(t)) o(t)Vt. (3.3)

«

P roof. The case n = 1 is trivial. Assume it is true for n, then for
n+1
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/ ", p(t)) () Vit = / (1) (). 2) (1) V.

We shall denote ¢~V (t) = f; #(T)VT with ¢(~1) (o) = 0. Because the inte-
grand is 1d-continuous the integration by parts formula [14, Theorem 8.47(v)]

is valid. We obtain
(Va6 00— [ 1 ) o v

Z/I(—l)”_lfln_l(p(t%m) ¢ (1) Vt:/ hni(, p(t) 9D (2) V.

«

t=x

t=a

Then by assumption the formula is true for n,

/az P (2, p(£)) 6D (£)VE = /

«

T

t1 tn—1
Vit | Vi / oV (t,) Vi,

T t1 th—1 tn
= / th th e / th gb(tn—i-l) thH,

« (0%
as required. O

An alternate proof of (83]) can be obtained with ([B.2]) under the stronger
conditions of o € T,n—1 by using ¢(t) = fV"(t) and manually calculating
¢~ (z). Later, we will remove the restriction of ld-continuity.

DEFINITION 3.2. For a time scale T, a collection of functions {hq(-, -) :
T? — R}, _1 are called time scale power functions, if they satisfy:

P1: For all o > —1, ﬁa(t, s) is a positive ld-continuous function in
both variables when ¢ > s and ha(t, s) = 0 whenever ¢ < s.

P2: Whenever a € Ng and ¢ > s, ﬁa(t, s) corresponds with the nabla

time scale monomials.
P3: For all a, 3 > —1 one has

~ ~

t
| halt o)) (. 5) U = B (t.5), (3.4
for t,s € T satisfying s < t.

Importantly, R, hZ and ¢Z all have functions which satisfy these axioms.

ExamMpPLE 3.1. Let T =R. Then for v > —1, the functions
A (t - 5)"
hy(t,s) =
V( 78) P(V + 1) ’
and iLl,(t, s) = 0 for t < s, satisfy the requirements. The first two properties
are trivial. As for (34), after a suitable change of variable we see that

for t > s, (3.5)
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/t (=7 (r=) Bt 1B41) e
s D@+ 1)T(B+1)  D(a+1)I(B+1) ’
and the result follows from the properties of the beta function.

EXAMPLE 3.2. Let h > 0 and let T = hZ. We shall use the definition
of the h-gamma function [20], where if t # 0, —h, —2h, .. .,

) n! k™ (nh)t/h=1 i1 ok
=1 = z . .
Tnlt) = By b+ (n— 1)) /0 vt dr. (3.6)

Then we define

. I'n(t—s+vh)

hy(t,s) =

A8 =, )Tt — )

when ¢ > s and h, (t,s) = 0 otherwise. By [20, Proposition 4], the h-gamma
function satisfies the identity T',(t) = h*/"~'T(t/h). Hence by choosing
t,5 € Z such that £ = th and § = sh, (.7 can be written as

- RV T(t -3 h

ot s) = TG —5+vh)

v+ 1)I'(t-3)

The proof of ([B4) is due to the identity

Ti-3+a+8+1) 'K (I—5-—1\T(a+i—5—kT(B+1+k)
Z_: < k >r(£—§)r(a+£—§)r(ﬂ+1)'
k=0

The result holds after the substitution & = 7 — § — 1. For details, see Ref
[22].

(3.7)

(3.8)

L(t -3 (a+B+2)

EXAMPLE 3.3. Fixa 0 < ¢ <1, and let T = ¢g%. Denote

o0

1—(s/t)q’
t—s), =t" ) > —1. 3.9
L PR (3.9
Denote the g-gamma function as I'y(v) [28, Section 21]. Then we let
. (t—s)y
hy(t,s) = 7 fort>s, 3.10
9= pwr1y e (3.10)

and ﬁy(t, s) =0 for t <s. We show (B.4]) in two cases. Suppose that s =0,
then after the substitution 7 = t6,

t(+— gr)2 8 potB+1 1
/ t=ar)y 7 G / (1—g0)2 09 vo.
0o Tgla+1) Te(B+1) Pola+1)Tq(B+1) Jo (3.11)
3.11
The result holds from the properties of the ¢-beta function. For details, see
Ref. [7].
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Suppose now s # 0, then there exists n such that s = t¢". By the
properties of the basic hypergeometric function, the left hand side of (3.4)
is equal to

1 - n

(a+1 1“564—1 Zq tg" g (ta" — tq");
_jarpn (1m0 (1= Q) (1—q")g 201(¢" ™, ¢* g7 15 q,q)
N Lla+1)T,(B+1)

+4+1
— potB+l (1- q)a+6+1 (1—¢q )a
(1 _ q)?-i-ﬁ-i-l ’

completing the proof. See Ref. [I] for details.

EXAMPLE 3.4. The (g, h)-time scale [18] allows one to generalize (B.7))
and (3.10). Choose a tg € (0,00), then for ¢ > 1 define

. h
T = {toq + [k ]qh\kez}u{l_q

and for ¢ = 1 define ']I‘El’h) = {to+kh|k €Z} U {—o0}. The left jump
operator satisfies p(t) = ¢~*t + [~k],h for k € N. Observe that when
q = 1 we have ’]I‘E?l = hZ + tg, that is the discrete set with step size h
and shifted by ty. Similarly, setting ¢ > 1 and h = 0 we can obtain the
quantum time scale, again translated by tg. For simplicity, we shall assume
to = 0. Let us now define the power function for this time scale. When
q = 1, we define the power function as in ([B.7]). When ¢ > 1, we define

t:=t+hg/(1 —q)and §:=s+ hg/(1 —q). Then

A £ A
ha(t,s) = - . 3.12
a( 73) Fq_l(a+1)gl—§t_1q_o‘_ﬂ ( )
We shall consider ([3.4]). The only case not covered in the previous work
is for ¢ > 1 and s > h/(1 — q). We see that there exists a positive integer
m such that s = p™(t). By [I8, Lemma 1] and the standard properties of
the g-binomial we have
barpin(t3) = (-1 eyt g (5 | 20 SO ]
q
Meanwhile the right hand side is equal to

m—1
Z g hkatB=0my, (ot B+l [ a ;‘ k } [ B+ mﬁ_ k-1 ] ‘
q q

The two equations are equal after applying the summation formula for the
g-binomial. For details see Ref. [I§].
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DEFINITION 3.3. Fora > 0, c € T and a function f: T — R we define
the fractional V-integral of order o as (,VYf)(t) = f(t) and

(Vi) / ho-1(t, p(1)) f(T) VT, (3.13)
fora>0and t € (¢,b]NT.

From the above work, we see that when T = R we obtain the Riemann-
Liouville fractional integral (1), when T = Z we have Gray-Zhang frac-

tional summation (L2), and when T = ¢% we obtain the Agarwal g-
fractional integral (L3]). Further Example encapsulates discrete time
scales with constant graininess, while Example [3.4] considers more general
constructs. However, finding power functions for other time scales is still a
matter of ongoing research.

LEMMA 3.1. Let a > —1, 3 >0, then th_ﬁlAza(t,c) = ﬁa+5(t,c).

P r oo f. An immediate consequence of (3.4]). We see that

t
Vi ha(t,c) = / hg—1(t, p(1)) ha (T, ¢) VT = ho5(t, ),

C
as required. O

THEOREM 3.3. Let a > 0, then for f € Ly, the fractional V-integral
exists almost everywhere.

~ Proof. We shall use a well known argument. By observing that
ha—1(t, p(7)) is zero over for a < t < p(7),

b b
[ haattptrnve= [ a6 p(r)) V1 = (b p()
a (T
Therefore
b b b
[ 97 [ Chacaltpo) 150 9t = [ haltptr) 110)] V.
which is bounded by ha (b, a) || f]|. So then the function

tr—>/ ha-1(t, p(7)) f(T) VT,

is V-integrable by the Fubini-Tonelli theorem. Hence (.V;“f)(t) exists
almost everywhere and is also V-integrable. O



FRACTIONAL CALCULUS ON TIME SCALES... 625

THEOREM 3.4. If f € Ly, then given o« > 1, (.V;*f)(¢t) is Id-
continuous over t € T.

Proof Let z,y € T such that a < z < y < b. Suppose that y is
left-dense. Then

VI = (Vi) < /x ha-1(y.p(1)) = ha—1(z, p(1))| |f(7)] VT

+ / Yot (9, p(7) ()] V. (3.14)

Observe that the second integral of [3I4)) is bounded above by || f|| ha(y, z),
which approaches 0 as z — y. As for the first integral, observe that
Froy 2(+, s) positive implies that Fror 1(+, 8) is non-decreasing, thus

ha1(9.p(7)) = haa (2, (7)) < 2ha-a(b.0).

S0 [fa-1 (3> (7)) — a1, p(r))| £ (7)] i dominated by 21 (b, a) | (7).
Applying the dominated convergence theorem, we see

s (. 7)) = hacs (20| 1£(7)] 97

lim
T—Y—

:/ i [hac1(9:p(7)) = haa (2, p(7)] 1£(7)] V7 =0.

So, (V& f)(x) is left-continuous at y.
Choose a < r <y < b. Suppose now z is right-dense. As before,
‘cvz‘f(yﬂ < |If1l ha(y,c), and by ld-continuity of h,

Vo) < Jim (1] haly,c) < oo,

hm
y—

as required. O

The fractional integrals satisfy an index law. To prove this, we shall
need a time scale analogue of Dirichlet’s theorem. A corollary of this will
be another proof of the Cauchy formula (B.3)).

LEMMA 3.2. Let ¢,d € T satisfy ¢ < d. Suppose that f : TxT—R
be a function such that

/Cd Vr / 1£(7,0)| VO < . (3.15)

Then the order of integration can be changed and

/cd r / " H(r0) VO = / “ 9o /,, Z;) F(r,0) V1. (3.16)
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P roof From Bohner and Guseinov [12], we see that the region in
([3.15) corresponds to the region E = {(t,s) € T?|c <t <d,c < s <t}. We
define the extension of f by F(7,0) = f(7,0) for (7,0) € E and F(1,0) =0
elsewhere. Then by ([B.15) and the Fubini-Tonelli theorem

d T
/ VT/ |f(1,0)] VGz/E|F(T,0)\ duy ® pv, (3.17)

where pv ® py is the product measure.

To prove (3.16]) we shall use (2.I]). In this section, 7 and 6 will be dummy
variables for time scale integrals and t and s for Lebesgue integration and
summations. We shall denote I, = I(, ,~r- The left hand side expands

[ af  pesds+ S ) / Fts,5) ds
(e,d]NT (e, g]NT : (et;]NT

J€lcq
/ S v flts)dt+ > wty) > visi) flt,si). (3.18)
Cdmrzel J€leq i€le;

By the observation that the set of left-scattered points of (¢,d] N'T has a
Lebesgue measure zero, the right hand side of (3:I6]) expands to

/Cd Y /pje) FrO)Vr =Y v(s)? fsi,si) + /cd Vo /ed £(r,0)Vr

i€l q
(3.19)
We apply (2.1I) to the double integral in (3.19), and after standard manipu-
lations, we see that (B.16]) is true if and only if the following four equations
are true:

/ dt/ f(t,s)ds —/ ds/ f(t,s)ds, (3.20)
(e, d]NT (e,t]N (¢, d]NT (s,d]NT

/(cd]ml‘lel si) f(t,s:)dt = Z V(Si)/ f(t,s;)dt, (3.21)

ZEIC a (si,d}m’ﬂ‘
Z I/(tj)/ f(tj,s) ds—/ Z f(t;,s)ds, (3.22)
J€lcq (et 0T Cme]EI
Doovlty) Y vls) fltgs) = D vlsi) Y wlty) f(ty,si)
jEIC’d iEIc,tj iEIC’d jeIsi’d
+ ) v(si)? flsisi). (3.23)
1€l q

As (3:20) is a standard Lebesgue integral, from the definition of F' we
see that
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/ dt/ f(t,s)ds :/ dt/ F(t,s)ds. (3.24)
(e, d]NT (e,t]NT (e,d) (eyt)

The result is obtained after applying the Dirichlet theorem for R. The
proof of (3.21]) and (B:22) are similar so we shall only prove the former. Let

Xi(t) be the characteristic function over (s;,b] N'T. Then,
Z/ D 1t s0)] dt = Z/ t) |f(t, s:)| dt. (3.25)
i€l 4 sl,b]rﬂl' i€l q

From (B.I7), we can deduce that (8:25]) is finite, thus we can interchange
the sum and integral. From the identity >, ; v(si) xi(t) = > icp , v(si),
we obtain (3.2I]). Finally, the proof of (.23 is clear from the observation

that
S vlt) Y vl S = XY wls) Sl v
J€l.q i€lc,t; JEICdZEI(Lt )
+ Z f(ts,s4),
]EIC d
and the proof is complete. O

COROLLARY 3.1 (Cauchy Formula, Lebesgue version). Let T be a
time scale, and o,z € T with o < x. Let ¢ € Ly. Then (3.3)) is valid.

Proof. It is easy to see that the left hand side of (B3] is well-
defined. Observe that ‘fs by (z, p(t)) &( Vt‘ < [Tz —p(0)] |o(t)] VE <

|b — al ||¢|| < oo. Indeed with induction on n,
[ it oot < [ [ st ) o7
a a p(t

<lo=al [ homi(ep0) 16(0)] V< o,

hence the right hand side is also well-defined. This also guarantees that we
can change the order of integration. As before (8.3 is trivial for n = 1.
Assume it is true for n, then

x t1 tn tlA
/ Vi [Vt [ btnin) Vnir = / vt / [(t1, plt)) B(t) Vit

[o(8)] Vi

/ o(t) Vt / o (b1, p(1)) Tty = / o, (1)) 8(2) V1,

as required. O
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THEOREM 3.5 (Index Law). Let «,3 > 0 and suppose that f € L.
Then for pvy-almost all t € T,

ViV = (VT ). (3.26)
P roof. By [BI0) we see

(e VD0 = [ hacrltpr) Ve [ " (r, p(8)) £(8) V6

= / f(6)Vve / o ha1(t, p(7)) ha_1(7, p(0)) VT,
c P

and the result follows. O

Fractional integrals compose with the classical V-derivatives.

THEOREM 3.6. Lett € ’f‘,{, and f : T — R be Id-absolutely continuous.
For a > 0 one has

(Vi D) = (V)@ + £(€) halt o). (3.27)

P r oo f Because f is ld-absolutely continuous, there exists fV € L,

—(a—i—l)fv(t)

and so the fractional integral exists for all £ € T,. We have -V

ViV V() = V() F ()] = Vi f(8) = F(€) halt, ©), as required.
O

DEFINITION 3.4. Let « > 0,n = |a]+1and f: T - R. Fore,t € Tyn
with ¢ < t, we define the Riemann-Liouville fractional V -derivative of order
a to be the expression

t v
(V) = (V" " f)(t) = [/ hn—a-1(t, p(7)) F(T)VT| |
C

(3.28)
if it exists.

DEFINITION 3.5. Let a > 0, m = [a] and ¢,t € Tyem with ¢ < ¢.

For f : T — R, we define the Caputo fractional V-derivative of order « is
defined as

EVERE) = (VY = / hn—ai(t, (7)) f¥" (r) VT,

(3.29)
if it exists.
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In this paper, the notation (V¢ f)(c) will denote the limit of (,V§ f)(t)
as t — c+. When c is right scattered, this limit is clearly zero. It is easy
to see that the Riemann-Liouville fractional V-derivative generalizes the

standard V-derivative. Indeed choosing a@ = k, then n = k£ + 1 and for
k+1

f € ACH(T), we have (V7 1)(0) = [JL () vr] = 17 )

THEOREM 3.7. Let a > 0, n = [a] and suppose that ﬁg(t,s) — 1 as
B — 0+ for all s,t € T. Let f € AC};t(T). Then

lim (EVEF)(E) = Y1), (3.30)

P roof Wehave fvn+1 ld-absolutely continuous over TN[a, t] for each
t € Tyn, thus the fractional integral of order n — « + 1 is defined. Then

by B27), V; ") = VT — 1Y) haaltie) =
CEVeF)(t) = V" (€) hn_qlt, c). Hence

CVEN () = 17 () hn_alt ) + / ot (7)) £ (1) V7.

Because p—_a_1(-, p(+)) is positive, hn_q(t, p(7)) is non-decreasing in ¢ and
non-increasing in 7. So

oot (1) 17 (7)) < hucalbia) 577 (1)

which is integrable due to ld-absolute continuity. The dominated conver-
gence theorem then allows limit passage

)

t t
im [ ot p(r) £V () W = / lim b (t,p(7)) V" (7) VT,

a—n

and the result holds. O

4. Taylor theorems

Extending Taylor’s theorem to fractional derivatives has a long history
dating back to

oo m-+r
Flo+h) = h

>t )P TNE)

established by Riemann (see [25] for a detailed investigation). For further
works, see [4], [8], [27], [33], [36], [38], [41] and [42]. This section is dedicated
to constructing a time scale analogue of the expression obtained in [21].
We shall start with a simple Taylor theorem for the Caputo fractional V-
derivative.
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THEOREM 4.1. Let o > 0 and set n = [«] and ¢ € Tpn. Suppose that

f: T — R is a function such that (V2 f)(z) exists and is integrable of

order ««. Then
n—1

FY(0) byl ¢) + Ag(x), (4.1)

OM

where the remainder term A #(z) has integral representation

Ap(z) = / o1 (2, p()) (CVEF)(7) V. (4.2)

P r oo f. By applying (8.16) and (8.4) to (4.2]) we obtain

/ et (., p()) (CVE F)(r) V7
- / REON / ot (6 p(7)) a1 (7, p(0)) V'

/ £ (6) b (£, p(6)) V. (4.3)
Applying ([B.2) to (IZ:{I) we obtain
n—1

/ 7O haa (b p(0) VO = £(1) = S T (O hilt0), (44)
as required. = O

ExAMPLE 4.1. Choosing T = Z, we obtain
t

CT(t—a+k) 1 T(t—7+a) _,
f= kzzo B —a) ¥ @O F 1) T:Zm it —r41)ey s ) (45)

the expression in [4].
It should be mentioned that the formula in [5] corresponding to (4.1])

contains a superfluous term. (4I)) can be generalized to integrating the
Caputo fractional V-derivative.

THEOREM 4.2. Let 0 < o < 3 and let n := [a], m := [3]. Suppose
that f € AC™(T). Then for n = m,

(EVef)(x) = By(x), (4.6)
and if m > n, S
EVen@) = 3 FY(Dhrin-alz,c) + By(z), (4.7)

k=0
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where

By(z) = (V. VIS (). (4.8)

P r o o f. We shall begin with (&6]). Applying (3.I6]) and (3.4) we ob-
tain

(V@ = [T O hrear (@, pO) VO, (49)
If m = n, then (4.9) is equal to ([@G]). Suppose that m > n, then by (3.4),

ot (,910)) = | ;) 1 (22 p(7)) Fom 1 (7,p(6)) V7. (4.10)
p

Thus ([4.9) is equal to
/ s (. pl(r)) VT Y O ITAR A AR

after applying (8.16]). Then by (3.2)), (4I1) is equal to

t m—n—1
/ hn—a—l(tap( [fV" Z hk ka ) Vr
m—n—1
=(EVENB — Y hirnalz,o) £V (0),
k=0
as required. O

THEOREM 4.3. Form € N, let 0 = po < p1 < p2 < ... < by, be an
increasing sequence and define vy, := [pugy1 — pg|. Let ¢ € ’]T Tum1- Define
the operator Do) f(z) = f(z) and D(“k+1)f(a:) = gvg’““_”’“D(“k)f(x).
Suppose that f : T — R has Id-continuous (D#m) f)(t) and for each 0 <

i <m-—1, D(“i)f has Id-continuous nabla derivatives up to order v; — 1.
Then

m—1v;—
5SS D0 (@ hpsalac) + O, (412
i=0 k=0
where the remainder term Cy(x) has integral representation
2) = [ hyrls o) (D) () V. (113)

P r o o f. We prove by induction on m. Suppose m = 1, then vy = [u1]
and (D) f)(x) = (V5 f)(2). By @I) we see Cp(z) = Ag(z) = f(x) —
v LYV ()b (, ).
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For the m + 1 case, we repeat the previous argument

Cp(x) = (Vg (v Hmsrmtim) Eghmar=tin Dlin) f) ()

vm—1
= Vil (DU f) (@) — 3 (DE) 1)) by (x, )
k=0
Um—1
= (Vi DU (@) = 37 (DW) 1)) by, iz, ).
k=0

Assuming the formula holds for m, expand .V, "™ D#m) f to obtain

m—1v;—1 Um—1 .
=2 > (DEINT hygr,e) = D (DE T by i)
i=0 k=0 k=0
m 1/2-—1
Z ( )hﬂi-i-k(m?c)?
i=0 k:O
as required. O
ExXaMPLE 4.2. Suppose we choose pg < ... < py, to satisfy 0 <

prs1 — pp < 1 for k=0,...,m —1. Then v, = 1, and ([AI2)) is equal to

m—1 z
= 3 (DM@ o) + [ a0 (D) 1)) O
IfT=R and = 0, then we obtain the expression from [21],

1

i) /Ox(:r — 7‘)“’”_1 D(“m)f(T) dr.

m— 1
— ZL"ui +
Z D + 1 N

1=

ExampPLE 4.3. For 0 < a < 1, choose pg = ka. Thus ppr1 — pup = «
and v, = 1. Denote

OV () = (Ve OVEf ()

Then (£I2) is equal to
m—1

f(x) =Y (CV () hialw,c) + /z huma—1 (@, p(r)) (£ V)™ (1) VT

=0
If T =R, then we obtain an equivalent formula to that in [33],

m=1 . ra\i c ZL‘—Cia x
fay =3 U L [aeore i@y ar
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To prove a Riemann-Liouville version of (4.12]), we need the following.

LEMMA 4.1. Letc € ’i‘,.v For 0 < B <1 we have

(cvx_ﬁ cvgf)(x) = f(.’B) - (cvm_(l_ﬁ)f)(c) 7113_1(.%, C)7 (414)
for py-almost all x € (¢,b] N'T.

Proof Welet(z)= CV;(I_ﬁ)f(ac). The V-integral is 1d-absolutely
continuous, so [ ¥V (t) Vt = ¢(x)—1(c). Then ¢V (z) = [CV;(I_ﬁ)f]V(:E) =
(V21)(@) and (@) — () = (V=77 (@) = (V277 f)(c), meanwhile

/ V() V= (V5 VI @) = (7,09 v, Vﬁf)(w)-

Thus, differentiating by order 1 — 8, and using CV —p Va f f we
have

VP NVE () = f(2) = VoD f(e) hgoi (x,0),

py-almost everywhere. O

THEOREM 4.4. Let c € ’]’\fﬁn—l. Let 0 = po < p1 < ... < un be
a real sequence satisfying 0 < pxiq1 — pp < 1 for k =0,...,n— 1. Let
ap = 1 — (g1 — px). Define the operator LW#) by LWo)f .= f and
L) f o= M7 L) ¢ Let f: T — R be a function such that for
each k, L) f exists and is integrable of order a,. Then

n—1
Fl@) = (V™ LW £)(e) hyy 1 (2, ¢) + Dy (), (4.15)
k=0
where the remainder term Dy (x) has integral representation
D)= [ sl plr) (L0 1)) V. (4.16)

P r o o f. The proof is analogous as before. Let n = 1. Then

Dy(x) = (V" Vi f)(@) = (@) = (V5" )(€) hyy -1 (2, 0),
as pop = 0. Assume the theorem is true for n. Then evaluating n + 1 we

have
Dy ()

(ot Vg msr i) hrmmin [(b0) £) ()
(V" LU f) () = (V5 LU £)(€) ysy -1 (2, 0)

f(l') - Z(cv;ak L(Mk)f)(c) ﬁuk+1—1($? 0)7
k=0
as required. O
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ExaMPLE 4.4. Let 0 < o < 1, and choose pg =0, pp = a+k—1
for k = 1,...,n. Thenao—1—(,u1—,u0)—1—0zandhm 1(x,c) =
ha—1(z,c). When k > 0, we have o = 0 and hﬂk+1—1( ¢) = hayp1(z,c).
Also L(“0 f=f, LW f = Vof and in general L(“k)f = (L-1) /)Y =
NVotk=lf Then [@I5) is expressed as

n—2
F@) = (Vo0 (0) haoi () + > (VT F)(€) hati(,¢) + R(x),

7=0

Ra) = [ hans(eplr) (T2 1)) V7

Moreover, when T = R, we obtain the Taylor theorem from [40],

I (e) (=0 Daﬂf (¢ — )t
o= I'(a) +Z a+] Ly TE@
R = (o oy [, @7 @

EXAMPLE 4.5. Let 0 < o < 1. As before we shall denote
(VS (@) = V5 - VEf(2).

Let p, = ka, then ap = 1 — . So LWk+1) f = VoLWk) f = ([ V)ktlf,
Then (£I5) is equal to

n—1

F@) =Y (V2 IO hrnyai (2,¢) + Ry (x),

k=0
Ry(@) = [ hnama(o.p(r)) (92" (7) V.

When R = T, we obtain an expression equivalent to that obtained in [41],

RSy e o - Gt
R(x) = F(ia) / (x — 7yt (D) (7) d.

5. Conclusions

In this paper we have considered an axiomatic definition of fractional
calculus on time scales. We defined a time scale analogue of power functions
using properties which are common to the power functions on the reals,
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the falling factorial on the integers and the g-power function from quantum
calculus. Using this as an integral kernel, we defined a time scale analogue
of fractional integration and studied its properties such as integrability and
constructed an index law. We have also defined fractional differentiation
and have proved a generalization of Taylor’s theorem using these operators.

However, even though we have shown that the power functions on the
reals, integers and the quantum time scales exist, we do not have a con-
struction which would be consistent over all time scales. Doing so would
solve the open problem of defining fractional calculus on general time scales.
This is left for further research.
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