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Abstract

In this paper, we study the existence of mild solutions for a class of
semilinear fractional differential equations with nonlocal conditions in Ba-
nach spaces. The results are obtained by using convex-power condensing
operator and fixed point theory. An example is presented to illustrate the
main result.
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1. Introduction

In this paper, we are concerned with the following semilinear fractional
differential equation with nonlocal conditions

CDgu(t) = Au(t) + f(t,u(t), t € (0,5,
u(0) = g(u),

where 0 < a < 1, CD,?‘ is the a-order Caputo derivative operator, A is

the infinitesimal generator of a strongly continuous semigroup of bounded

linear operators (Cp-semigroup){7'(t)}+>0, f, g are given functions to be
specified later.
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In the last decades, fractional calculus and fractional differential equa-
tions have attracted much attention, we refer to [I}, 2] 9] [15], 20} 2], 24] 25],
and references therein. It is found that many phenomena can be mod-
eled with the help of fractional derivatives or integrals, such as fractional
Brownian motion [5], anomalous diffusion [23] [30], etc.

Semilinear differential equations with nonlocal conditions was initiated
by Byszewski [12]. The nonlocal condition shows better effects in some ap-
plications than the classical initial condition, see, for example, Deng [14].
Nonlocal semilinear differential equations has been studied extensively. Lin
and Liu [26] studied semilinear integro-differential equations under Lips-
chitz type conditions. Fan [17] obtained the existence of impulsive semilin-
ear differential equations with nonlocal conditions. Benchohra and Ntouyas
[10] discussed second-order differential equations with nonlocal conditions
under compactness conditions. Liu and Chang [27] studied the existence
of a class of partial differential equations with nonlocal conditions under
compactness conditions.

The measure of noncompactness has been used to study differential
equations in Banach spaces. Garcia-Falset [18] studied the existence and
asymptotic bahavior of solutions for Cauchy problems with nonlocal initial
datum generated by accretive operators in Banach spaces. Xue [34] studied
the existence of integral solutions for nonlinear differential equations with
nonlocal initial conditions under non-compactness conditions. Cui and Yan
[13] discussed the existence of mild solutions for a class of fractional neu-
tral stochastic integro-differential equations with infinite delay in Hilbert
spaces. Zhu et al. [36] used a fixed point theorem to prove the existence
results of mild solutions of first order semilinear differential equations with
Hausdorff measure of non-compactness. It should be pointed that in these
papers the authors used the Sadovskii fixed point theorem which is con-
cerned with condensing operators. Sun and Zhang [33] introduced a new
operator, namely, convex-power condensing operator, which is a general-
ization of condensing operators. They proved a fixed point theorem of
convex-power condensing operator, which generalizes the Schauder fixed
point theorem and Sadovskii fixed point theorem. More recently, Zhu and
Li [35] combined fixed point theorems with convex-power condensing op-
erators to obtain the existence results for first order semilinear differential
systems with nonlocal initial conditions in Banach spaces.

The purpose of this paper is to use convex-power condensing operator
and fixed point theorem to establish the existence results for the nonlocal
semilinear fractional differential equation (LI]) when the coefficient opera-
tor A generates a Cy-semigroup which is continuous in the uniform operator
topology for ¢ > 0.



EXISTENCE RESULTS FOR SEMILINEAR FRACTIONAL ... 593

The rest of this paper is organized as follows: In Section [2, we give the
basic definitions and notations. In Section [3] we investigate the existence
of mild solutions of problem (LI). Finally, in Section M we present an
example to illustrate the main theorem.

2. Preliminaries

Let (X, ]| - ||) be a real Banach space and let B(X) be the space of all
bounded linear operators on X. By C([0,b]; X), we denote the space of
X-valued continuous functions u : [0,b] — X with the norm ||ul[¢ (0,5, x) =
supg<i<p |[u(t)]]. By L1([0,b]; X), we denote the space of X-valued Bochner

integrable functions u : [0, b] — X with the norm ||lu|| 1, (j0,5);x) fo |lu(t)]|dt.
Let N, R, C be the set of natural numbers, real numbers, complex numbers,
respectively. Let Ry = [0,00). For every U C X, by co U we denote the
convex closure of U. If A is a linear operator in X, then p(A) means the
resolvent set of A and R(\, A) = (M — A)~! denotes the resolvent operator
of A, where [ is the identity operator on X. By * we denote the convolution
of functions

(fxg)(t /f g(t —7)dr, t > 0.

For B8 >0, let
-1
, t>0,
gs(t) = § T'(B) (2.1)
0, t <0,

where T'(:) is the Gamma function. Let go(t) = d(¢), the delta distri-
bution. The set of operators {g,}t>0 is a semigroup, ie. g, * gg =
Gatp forall a, 8> 0.

DEFINITION 2.1. The Riemann-Liouville fractional integral of order
a>0of u:[0,b] — X is defined by

Jfu(t) = (ga * u)(t). (2.2)

DEFINITION 2.2. The Riemann-Liouville fractional derivative of order
€ (0,1) of w:[0,b] — X is defined by

Dou(t) = :;Jtl_o‘u(t). (2.3)

DEFINITION 2.3. The Caputo fractional derivative of order o € (0, 1)
of u : [0,b] — X is defined by

CDpu(t) = DY (u(t) - u(0)). (2.4)
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The Laplace transform formula for the Riemann-Liouville fractional inte-
gral is given by

LUFu(t)} = |, 60, (25)

where 4(A) is the Laplace transform of u given by
a(\) = / e~ Mu(t)dt, R\ > w, (2.6)
0

where w is some real number, SR\ stands for the real part of the complex
number \.

The Laplace transform formula for the Caputo fractional derivative is de-
fined by

LICDu(t)} = A%0(\) — X*~u(0). (2.7)

DEFINITION 2.4. The Mittag-Leffler function (see [16], Vol.3, Ch. 18)
is defined by
o0 zn
Eap(z) = @, . zeC. 2.
8(2) 0F(an+ﬂ) a,3>0, z€ (2.8)

When 8 =1, set Ey(2) = Eq1(2).

DEFINITION 2.5. ([32]). The Mainardi function is defined by

My(z) = nz::() n!F(—(a_nZ—)knl o)’ 0<a<l, zeC. (2.9)
The Laplace transform of the Mainardi’s function M, (r) is (see [28],(F.24)):
/OOO e MMy (r)dr = Eq(—)). (2.10)

By ([238]) and (210, it is clear that
/000 My(r)dr=1, 0 <a<1. (2.11)
On the other hand, M,(z) satisfies the following equality (see [28], P.249)
/000 roil My (1/r%)e ™ dr = e™°, (2.12)

and the equality (see [28], (F.33))

o0 T'(5+1)
M, = ~1 1. 2.1
/0 % My (r)dr F(a5+1)’5> ,0<a< (2.13)
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DEFINITION 2.6. ([3]). Let X be a Banach space and Qx be the
bounded subsets of X. The Kuratowski measure of noncompactness is the
map [ : Qx — [0,00) defined by (here B € Qx)

B(B):inf{e>0: B:UBi anddiam(Bi)szorizl,...,n},
i=1

(2.14)
here diamB; = sup{|z — y| : x,y € B;}.
Let us recall the basic properties of Kuratowski measure of noncom-
pactness.

LEMMA 2.1. [19] Let S and T be bounded sets of X and a be a real
number. Then the noncompactness measure has the following properties:

(1) B(S) = 0 if and only if S is a relatively compact set.
(2) S C T implies that B(S) < B(T).

(3) B(S) = B(S).

(1) B(SUT) = max{5(S), H(T)}.

(5) B(aS) = |alB(S).

(6) B(S+T) < B(S) + B(T).

(7) B(coS) = B(S), where coS is the convex closure of S.

(8) |B(S) — B(T)| < 2di(S,T), where dn(S,T) denotes the Hausdorff
distance between the sets S and T, that is,
dh(Sv T) = max{sup d($7 T)7 sSup d(l‘, S)}a

€ €T
where d(-,-) denotes the distance ;c"rom an element of X to a set of X.

LeMmma 2.2. (M) If B € C([0,b]; X) is bounded, then 3(B(t)) < B(B)
for all t € [0,b], where B(t) = {z(t);z € B} C X. Furthermore if
B is equicontinuous on [0,b], then B(B(t)) is continuous on [0,b], and

B(B) = sup{B(B(t));t € [0,b]}.

Lemma 2.3. ([33]) Let T c C([0,b]; X) be equicontinuous, uy €
C([0,b]; X), then co{T,up} C C([0,b]; X) is equicontinuous.

DEFINITION 2.7. ([7]). A locally compact space is called countable at
infinity (also sometimes o-compact) when it can be covered by a sequence
of compact subsets.

LEmMA 2.4. ([22], Corollary 3.1.(b)) Let X be a Banach space and let
T be a locally compact Hausdorff space which is countable at infinity. Here
B denotes the Kuratowskii measure of noncompactness, i denotes a regular
Borel measure on T, H = {f1, f2,....} denotes a countable set of strongly
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p-measurable functions fn, : T — X (n > 1). Set h(t) := sup,>1 |[fa(t)]
(teT),S={[fadu}>y. If T is metrizable and H satisfies the “uniform-
ly integrability” condition [ hdp < oo, then we have

B(S) <2 / B(H(t))du(t), teT. (2.15)

LEMMA 2.5. ([I1]) Let X be a Banach space and let B C X be bounded.
0B denotes the Kuratowskii measure of moncompactness. Then for every
e > 0, there is a sequence {x,}7>; C B such that

B(B) < 26({zninly) +¢. (2.16)

Let X be a real Banach space and let D C X is a closed convex set. A :
D — D, xg € D. For every S C D, set

ALz0)(6) = A(S), AM™)(8) = A(co{ APT120)(8), 20}), n=2,3,....
(2.17)

DEFINITION 2.8. ([33]) Let X be a real Banach space. D C X is a
closed convex set. A: D — D. If A is continuous and bounded, and there
exist g € D and positive integer ng such that for every non-relatively
compact and bounded set S C D, we have

BAM™)(5)) < B(S), (2.18)
then A is called a convex-power condensing operator.

LeMMA 2.6. ([33]) Let X be a real Banach space and let D C X be a
closed convex set. If A : D — D is a convex-power condensing operator,
then A has at least one fized point in D.

DEFINITION 2.9. ([31]) An n-tuple of nonnegative integers v = (71,72,
..,7Yn) is called a multi-index and we define

n
Iyl = Z%’
i=1
and
oV =al'x)a)r for x= (21,22,...,2p).
Denoting Dy = 0/0x, and D = (D1, Ds,...,D,), we have

6'71 6'72 8’Yn
DY=D"D)>?. . ..D" = .
12 " 0x]? Oz’ oxm
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3. Main results

In this section, we consider the existence results of the nonlocal prob-
lem (LI)) by virtue of convex-power condensing operator and fixed point
theorem. We first consider the following fractional differential equation

{ “Dffu(t) = Au(t) + (), t € (0,8,

u(0) =z € X, (3.1)

where 0 < a < 1, CDf‘ is the a-order Caputo derivative operator, A :
D(A) € X — X is the infinitesimal generator of a strongly continuous
semigroup T'(t)(t > 0), X is a Banach space with the norm || - ||, ¢ €
L*([0,b]; X).

Since the coefficient operator A is the infinitesimal generator of a Cpy-
semigroup 7'(t), there exists constants N > 1, w > 0, such that ||T(¢)| <
Ne“t, t > 0. From the subordination principle (see Theorem 3.1 in [8]),
it follows that A generates an exponentially bounded solution operator
To(t)(0 < a < 1) (see [8], Definition 2.3), satisfying T, (0) = I (the identity
operator on X),

ITa(2)]| < Nev'' ™, t >0, (3.2)
and

T, (t) = /OOO 1My (st™*)T'(s)ds = /OOO My (r)T(t%r)dr, t >0, (3.3)

where M, (r) is the Mainardi function.

Since [T, (t)] < Nie¥'/*t, from the formulas (2.5) and (2.6) in [§], it
follows that

A% x> w2} € p(A), (3.4)
and -
AR, A)g = / NI, N> W/ e X, (35)
0
By 3(\) = [T e Mp(t)dt, resp. U(A) = [ e Mu(t)dt, we denote the

Laplace transforms of the functions ¢ E Ll([O bl; X) and u € C([0,0]; X),
respectively. Taking the Laplace transform to both sides of ©Dfu(t) =
Au(t) + ¢(t) and using the initial condition u(0) = =, we obtain

a(\) = X LR(AY, Az + RN, A)B(N). (3.6)
Since A is the infinitesimal generator of Cp-semigroup 7'(t),
RO\, A)z = / e MT(H)zdt, A > w, @ € X. (3.7)
0

Hence, by [B8.7) and (212),
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R(A%, A)p(N) (3.8)
= / h e MM (BN )dt
0

e M </ h arM(r)(t — )1 T((t — s)%)go(s)drds) dt. (3.9)
0o JO
By 3.5), (3.6), (3:8), we obtain
a0 = / T e (1)t

+ /0 h e_(;‘t ( /0 t /0 h arMa(r)(t—s)a_lT((t—s)ar)go(s)drds> dt. (3.10)

From the uniqueness theorem of the Laplace transform, it follows that

u(t) = Ta(t)z + /0 /000 ar My (r)(t — s)* 1T ((t — s)*r)p(s)drds. (3.11)

Set

Sa(t)z = / arMy,(r)T(t%r)xdr, t >0, z € X. (3.12)
0
By (B.11), (3.12), t
u(t) = To(t)z + /0 (t — $)° 18, (1 — 8)p(s)ds. (3.13)

Motivated by [B.13]), we give the following definition of the mild solu-
tion of nonlocal problem (L.T]).

DEFINITION 3.1. A function u € C([0,b]; X) is called a mild solution
of the equation (LT if

u(t) = To(t)g(u) + /0 (t — s)* 1S, (t — 5) f(s,u(s))ds. (3.14)

To prove the main results, we assume the following conditions:
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(Hy) The Cy semigroup 7'(t) generated by A is continuous in the uni-
form operator topology for ¢t > 0, and there exists M > 1 such that

sup ||[T'(t)]] < M. (3.15)
>0

(H2) f :0,b] x X — X satisfies the Carathéodory condition, i.e. f(-,x)
is measurable for all x € X, and f(t,-) is continuous for a.e. t € [0,].

(H3) There exist a constant p € (0, @) and a function a € Le ([0,0]; Ry)
and a real number ¢ > 0 such that
1f(Eu)ll < a(®)llull +¢, t €[0,0], ueX, (3.16)

and

1
sup Jia(t) < (3.17)

te[0,b] M
(H4) There exists a function L € Le ([0,b]; Ry ) such that

B(f(t, B(t)) < L(t)B(B(t)) (3.18)
for a.e. t € [0,b] and every bounded B C C(][0,b]; X).
(Hs) g : C([0,b]; X) — X is continuous and compact.

THEOREM 3.1. Assume that the conditions (Hy), (H2), (Hs), (Hs) and
(Hs) are satisfied. Then the nonlocal problem (I.1) has at least one mild
solution on [0,b].

P r o o f. Define the mapping F': C([0,b]; X) — C([0,b]; X) by

(Fu)(t) = To(t)g(u) + /0 (t —8)* 1S (t — 8) f(s,u(s))ds. (3.19)

From (B3), 21I) and (BI5), it follows that
IT. ()| < M, t>0. (3.20)
From (BI2]) and (213]), it follows that

\WJﬂHgmM/ﬂrMQUMr aM M
0

< = t>0. 21
“T(l+a) T(v)’ =0 (3:21)
Let {u,}52; C C([0,b]; X) be a sequence in C([0,b]; X) with lim, o upy =
w in C([0,b]; X). By (819), (3:20) and ([B.2I)), we have

[Fup — Full < [[To()]lg(un) — g(u)|
+ / (t = )" HISa(t = $) I f(s,un(s) = f(s,uls))llds  (3.22)
0

aM t—so‘_l S, un(8) — f(s,u(s S
)/Oa YO (5 un(s) — £(5,u(s)) | ds.

gﬂmmmg—dwﬂ+ru+a



600 Li Kexue, Peng Jigen, Gao Jinghuai

Then by the continuity of g, the continuity of f with respect to the
second argument and dominated convergence theorem, lim,,_. o, Fu, = Fu,
that is, F is continuous on C(]0, b]; X).

It is clear that the fixed point of F' is the mild solution of (LI]). Let
r > (Mlg(uw)| + F%ﬁfz))(l — M supycpg ) Ja(t))l. Set B, = {x € X :
llz|]| <7}, W, ={ue C(0,b]; X) : u(t) € By, t € [0,b]}. We will prove that
FW, ¢ W,. For any u € W,., by (H;), (3.16) and (317,

FWON < ITao@l +1 [ 0= 91" St = 5) . u(s)s
< Milgw)] + Fﬁ) /0 (1 — ) fa(s) ] + clds
< Mlg(w)|| +rM tzl[i)pb] Jla(t) + (c)f?(]c\j) <,

then FW, C W,.. Next, we show that FW, is equicontinuous on [0, b]. For
u€e Wy, 0<t; <ty <b, by (BI9), we have

[(Fu)(t2) — (Fu) ()|
= [[Ta(t2)g(u) + /0 2(152 —5)*7Sa(t2 — ) f (s, u(s))ds
— To(t1)g(u) + /0 (11— 57 Sty — 5)f (s, uls))ds|
< [(Ta(t2) — Ta(tr))g(u)|
+l / (t2 = )77 (Saltz — ) — Salts — )£ (s, u(s))ds]

y /0 ((ta = )71 = (t1 — 5)* 1) (Salts — 5)f(s,u(s))ds]

to
1l [ (ta—s)* " Salta — 5)f (s, u(s)ds||
t1
=11+ Iy + I3 + 1y,

where
I = ||[(Ta(t2) — Ta(t))g(u),
I = /0 1(ltz — 5)* 1 (Salta — ) = Salts — 5)) f (s, u(s))ds|],
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Js:=\\Jﬁ]<<t2-s)a—l-—<t1-s>a-4><sa<t1-—s)f(s,u<s>>dsu

I, = (ty — ) 1Sa(ta — 5) f (s, u(s)ds].

t1

By 3),(21II) and dominated convergence theorem, it is easy to show that
T, (t) is strongly continuous for ¢ > 0. Since T, (t)g(u) is continuous in ¢
on [0,b], then T, (t)g(u) is uniformly continuous in ¢ on [0, b], hence

Il — 0 as t2 — tl. (3.23)
From (Hp), (B12), 213) and dominated convergence theorem, it follows

that S, () is continuous in the uniform operator topology for ¢t > 0. This
together with (Hs) imply that

Ig — 0 as t2 — tl. (3.24)
By (3.2I) and (3.16]), we obtain

Iy < /0 1((?52 = 8)* 7 = (t1 = 9)* )| Salts — ) f (s, u(s)||ds

M . N
= (o) /0 (a(s)|[ul| +c)((ta — 8)* = (t1 — 5)* 1)ds. (3.25)

From (B.25]), we have

13 — 0 as t2 — tl. (3.26)
By B:2I)), we see that

I < / (b — 5)2 VS (ts — 5)f (s, u(s)||ds

t1

M (' o
< Fwy @)t =92

Mlull 0 ey Melta =12
= M) J, a(s)(ta —s)* "ds + I'a) )

For 0 < p < a < 1, by the Holder inequality,

/t2 (ty — s)* La(s)ds

t1

< </:2(t2 —8)i ds)l_p- </: a(s)ids>p

< (ts —11)*P < /t f a(s)ids>p. (3.28)

(3.27)



602 Li Kexue, Peng Jigen, Gao Jinghuai

From (3.27)) and (3:28)), we have
I4 — 0 as tg — tl. (329)
By 3:23), 3:24), (326) and ([3:29), FW, is equicontinuous on [0, b].

Let Q = coF'W,. It is clear that F' maps @ into itself and @ is equicon-
tinuous on [0,b]. In the following, we prove that F': Q@ — @ is a convex-
power condensing operator. It is easy to see that F' is continuous. Taking
ug € @, we will show that there exists a positive integer ng such that for
any non-relatively compact set B C Q, (F(™")(B)) < 3(B). For every
B C @Q, it is easy to show that F (”’“0)(3) C W, is equicontinuous. Then,
BFM1)(B)) = maxyei ) B((F™)(B))(t)), n € N.

By (Hy), Lemma 2.1, Lemma 2.5, Lemma 2.4, Lemma 2.2 and (B3.21]),
we have for every non-relatively compact set B C ) and € > 0, there exists
a sequence {u,}5° ; C B, such that

BUES)(B))(1)) = BF(B))(1))

t —g)e 1 —s)f(s s))ds
< B(Tu()9(B)) + B ( [ €= 95t - 91566, B )
=0 ( [ =9 ule = 1106, B )
<28 (/O (1 — $)* LS, (t — 5) [ (s, {un};o:l)ds> te

<4 /O (t— ) B(Salt — 3)f (s, {un}3y))ds + €

4M ! a— 00
< /0 (t = 97 B (5, {un}2))ds + €

AM [t o o
< F(a)/o(t_s) "L(s)B({un}pey)ds + €
AMB(B) [ 1L
< I'a) /O(t )* T L(s)ds + €. (3.30)

From (H4), L € L;([O, b); R4 ), where 0 < p < a < 1. Then for every n > 0
there exists a function y € C([0,b]; Ry) such that,

</Ot |L(s) — y(S)\;ds>p <n, telo,b].

Therefore, by the Holder inequality,
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/ (t = 521 L(s) — y(s)|ds
0

§</t(t—s?$ds>lp </ |L(s) pds>

<P </ |L(s) Pds> < b Pp (3.31)

Since y € C([0,b];R;), there exists a constant M; such that |y(t)| < M.
This together with (3.30) and (B3.31]) yield

BFO) (B)) (1)) < 4]?{25;9)(/0 (t - 5)* 1L (s) — y(s)|ds

AMB(B)

+/0 (t— s)a_1|y(s)|ds) +e< I(a) (b Pp + Myt

N Y+e. (3.32)

Since € > 0 is arbitrary, then it follows from ([3.32]) that

AMB(B) oy ¢ Mt

(1,u0)
SR ) ) < !

)

(AMbOPy AMMyt - hte
( Pla) T I‘(a+1)> B(B) = <d+F(a+1)

where d = 4Mb*Pn((T'(a)) L, h = 4M M.

> B(B),  (3.33)

From one hand, we have
BIEFE"N(B))(t)) = BF((co{ F) B, ug}) (1))

< BU(Ta(t)g(co{ F0)(B))(s), uo(s)})

+ 0 </Ot(t —5)*7Sa(t — 5)f (s, co{((F“’“O’(B))(S)),UO(S)})d8>

_ ' _g)e! —38)f(s.co (L,uo0) S)), ug(s sl. (3.
—5(/0 (t — 518 (t — 5) (s, col (F0) (B))(s)). o >}>d> (3.34)

On the other hand, by Lemma 2.5 and Lemma 2.4 and (3:21]), there is
a sequence {v,}52, C co{(F1:"0) B, uy} such that
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5 ( [ =9 = ) col (7 B) ), uo<s>}>ds)
<29 ( [t sate - s {vn}zil»ds) te
<4 /O (t— ) B(Salt — $) (s {n}2))ds + €

< ppy o = B (s + ¢

< py o = LB s -2

= Ia) /0 (t — 5)° L L(s) B{co{ (FL4) (B))(s)), uo(s) }ds + e
4M

= Ia)

By (333), 334)), (335), (331), it follows that

/0 (t — $)* L L(s)B((FH0) (B))(s))ds + e. (3.35)

B @)0) < B0 [ 97 18) B (B) )
+ 1%(1\0{) /Ot@ =)y ()| BUFE)(B))(s))ds + e

“ﬁff ) /Ot“ — )" L(s) = y(s)|(d + F(zsj s

B [ atsia+ 1 s e

AMB(B) hte 0T (a) — valds
<M @+ 1 ) [ =) —yola
AMM,B(B) [* et hs® .
o) /O(t P s
<da+ M w1 A)
h2ﬂ(B) ! — g a—lsa s
oo /O (t — 5)* Lsds. (3.36)

It is easy to see that
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t 1 1
/ (t —5)* ts%s = / (t —tr)* Y(tr)tdr = t2°‘/ (1 — 1) trodr.
0 0 0

(3.37)
By the Beta function,
1
B(z,y) = / Y1 - 1) dr, x>0, y >0, (3.38)
0
and
[(x)I(y)
B = 3.39
@0 = s (339)
we have
t MNa)'(a+1)
_ a1l — +2a 1) = 201' 4
/O(t st = P Blasa+ 1) = o e (3.40)
This, together with (B.36]) yield
ht® dht®
(2,u0) < B B
BUPEmB)®) <did+ T )8B)+ L AB)
h2t2a
B . 41
T Pea+ 1) B FE (3.41)
Since € > 0 is arbitrary, then it follows from (B.41]) that
2dht® (ht®)?
(27u0) < 2 B .
B EN0) < (4 o0+ e ) ) o)
Proceeding by induction, we obtain
Cldn—lhta C2dn—2(hta)2
(n,ug) < (" n n
B BE) < @+ 10 N+ a1
(ht®)"
+ -t P(na + 1) )B3(B). (3.42)
Then,
B((F™)(B)) = sup B((F"")(B))(t))
te[0,b]
Cldn—lhba C2dn—2(hba)2 (hba)n
< mn n n . N'
@ sy T ra+) T ra )PP nE
(3.43)
By Proposition 1.1 in [6], we have
T(1+2)% > 612 @+1)@+2), 2> 1. (3.44)

Since 0 < a < 1, then there exists k1 € N, such that ki > 1 and 0 <
(k1 — o < 1. By (B344), for n > kq,
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(na+ 1)

eTLOé

I'(1+na) > (3.45)

Since d = 4Mb*Pn((T(a)) ! and n > 0 is arbitrary, there exists a positive
number m such that 0 < m+d < 1. And there exists ks € N, such that for
n = k27

hb%e®

. 4
0<(na—|—1)0‘<m (3.46)
Set
Cldn—lhba C2dn—2(hba)2 (hba)n
Sn=d' Ia+1) * I'2a+1) * +I‘(na—|—1) (347)
Let k = max{ky, k2 }, then for n > k,
§ gy ChdhE O (k) Ckdn = (hp)k
" I(a+1) I'(2a +1) I'(ka+1)
Ck-i—ldn—k—l(hba)k—i-l Ck+2dn—k—2(hba)k+2
+ n n
T((k+1)a +1) T((k + 2)a +1)
Cn—ld hbe n—1 hb "
+-4+ (h6%) (h6%) (3.48)

I'((n—1)a+1) T(na+1)
Since d can be sufficiently small, it is easy to prove lim,, .o, CLd" ¢ =0, i =
1,2,--- , k. Thus,
Cran=thbe  C2d"—2(hb™)? Ckdn=F (np)k
INa+1) I'2a+1) I(ka+1)

as mn — 0OQ.

On the other hand, by (3.45) and (3.46]), we have

d" + —~0  (3.49)

Cﬁ—i_ldn_k_l(hba)k"'l Cﬁ+2dn_k_2(hba)k+2 Cg_ld(hba)n_l
T((k+1)a+1) T((k+2)a+1) T D((n=Da+1)
(hb®)™
I(na+1)
< Ok-l—ldn—k—lmk’-‘rl + Ok+2dn—k—2mk+2 4t v Lamn—1 +mn
< (m+d)" -0 (3.50)

as n — oo. By (349) and (850), we have lim,_.o, S, = 0. This together
with (B.43]) imply that there exists a sufficiently large positive integer ng
such that

Cl dno—lhba C2 dn0—2(hba)2 (hba)no
o 1o 1o e 1. (3.51
<d T T+ r2a+1) T Tnga+ 1)> <1 (351)
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This shows that F': Q — @ is a convex-power condensing operator. From
Lemma 2.6, it follows that F' has at least one fixed point. This fixed point
is the desired mild solution of nonlocal problem (1.

4. Example

As an application, we consider the following nonlinear system of the
form
1
“Du(t,z) = —A(z, D)u(t,z) + w(t,u(t,z)), t € (0,8], z € Q,
DVu(t,z) =0, t € [0,b],x € O for |y| < m,

b
u(0, x) :// h(t,z,y,u(t,y)dtdy, = € Q,
QJO

where (2 is a bounded domain in R™ with smooth boundary 02, A(z, D) =
> n<om ay(2)D7 is strongly elliptic in Q.

Let X = L*(Q). We define A : D(A) C X — X by Au = A(z, D)u for
every u € D(A), where

(4.1)

D(A) = H>™(Q) 0 HI(SQ).

From Theorem 7.2.7 in [31], it follows that the operator —A is the infini-
tesimal generator of an analytic and contraction semigroup of operators on
X = L?(Q). Hence this semigroup is continuous in the uniform operator
topology for ¢ > 0.

We define f : [0,b] x X — X and g : C([0,b]; X) — X by

flt,u)(x) = w(t,u(t,x)) = £73 arctan u(t), x € Q.

//ht:py, (t,y)dtdy, x € Q.

It is easy to see that f : (0,8 x X — X satisfies the Carathéodory condition
and for u,v € X,

)
1f(t,u) = f(t, o) <73 ]lu— vl
We assume that:

(i) h: [0,8] x 2 x 2 x R — R satisfies the Carathéodory condition.

(i) [a(t, 2, y,7)=h(t, z,y,7)| < ¢k(t, z, 2, y) for (¢, z,y), (,,y) € [0,8]x
Q x Q and |r| <k, where ¢, € L'(]0,8] x Q x Q x Q,R,) satisfies

8
lim// or(t,x, z,y)dtdy = 0

uniformly for x € Q.
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(iii) |h(t, z,y,7)| < an?Q) +1(t, x,y), where m(Q2) denotes the Lebesgue

measure of Q in R"?, r € R and f08 Joxa & (t, z,y)drdydt < co.

It is clear that f satisfies the hypotheses (Hz) and it is easy to show
that f satisfies the hypotheses (Hs). According to the arguments in [29], it
is easy to see that g satisfies the hypothesis (Hy). Noting that ([4.1]) can be
rewritten as problem (LI]). By Theorem 3.1, we conclude that the problem
(@) has at least one mild solution u € C([0, 8]; L%(9)).
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