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Abstract

In this paper, we study the existence of mild solutions for a class of
semilinear fractional differential equations with nonlocal conditions in Ba-
nach spaces. The results are obtained by using convex-power condensing
operator and fixed point theory. An example is presented to illustrate the
main result.
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1. Introduction

In this paper, we are concerned with the following semilinear fractional
differential equation with nonlocal conditions{

CDα
t u(t) = Au(t) + f(t, u(t)), t ∈ (0, b],

u(0) = g(u),
(1.1)

where 0 < α < 1, CDα
t is the α-order Caputo derivative operator, A is

the infinitesimal generator of a strongly continuous semigroup of bounded
linear operators (C0-semigroup){T (t)}t≥0, f , g are given functions to be
specified later.
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In the last decades, fractional calculus and fractional differential equa-
tions have attracted much attention, we refer to [1, 2, 9, 15, 20, 21, 24, 25],
and references therein. It is found that many phenomena can be mod-
eled with the help of fractional derivatives or integrals, such as fractional
Brownian motion [5], anomalous diffusion [23, 30], etc.

Semilinear differential equations with nonlocal conditions was initiated
by Byszewski [12]. The nonlocal condition shows better effects in some ap-
plications than the classical initial condition, see, for example, Deng [14].
Nonlocal semilinear differential equations has been studied extensively. Lin
and Liu [26] studied semilinear integro-differential equations under Lips-
chitz type conditions. Fan [17] obtained the existence of impulsive semilin-
ear differential equations with nonlocal conditions. Benchohra and Ntouyas
[10] discussed second-order differential equations with nonlocal conditions
under compactness conditions. Liu and Chang [27] studied the existence
of a class of partial differential equations with nonlocal conditions under
compactness conditions.

The measure of noncompactness has been used to study differential
equations in Banach spaces. Garcia-Falset [18] studied the existence and
asymptotic bahavior of solutions for Cauchy problems with nonlocal initial
datum generated by accretive operators in Banach spaces. Xue [34] studied
the existence of integral solutions for nonlinear differential equations with
nonlocal initial conditions under non-compactness conditions. Cui and Yan
[13] discussed the existence of mild solutions for a class of fractional neu-
tral stochastic integro-differential equations with infinite delay in Hilbert
spaces. Zhu et al. [36] used a fixed point theorem to prove the existence
results of mild solutions of first order semilinear differential equations with
Hausdorff measure of non-compactness. It should be pointed that in these
papers the authors used the Sadovskii fixed point theorem which is con-
cerned with condensing operators. Sun and Zhang [33] introduced a new
operator, namely, convex-power condensing operator, which is a general-
ization of condensing operators. They proved a fixed point theorem of
convex-power condensing operator, which generalizes the Schauder fixed
point theorem and Sadovskii fixed point theorem. More recently, Zhu and
Li [35] combined fixed point theorems with convex-power condensing op-
erators to obtain the existence results for first order semilinear differential
systems with nonlocal initial conditions in Banach spaces.

The purpose of this paper is to use convex-power condensing operator
and fixed point theorem to establish the existence results for the nonlocal
semilinear fractional differential equation (1.1) when the coefficient opera-
tor A generates a C0-semigroup which is continuous in the uniform operator
topology for t > 0.
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The rest of this paper is organized as follows: In Section 2, we give the
basic definitions and notations. In Section 3, we investigate the existence
of mild solutions of problem (1.1). Finally, in Section 4, we present an
example to illustrate the main theorem.

2. Preliminaries

Let (X, ‖ · ‖) be a real Banach space and let B(X) be the space of all
bounded linear operators on X. By C([0, b];X), we denote the space of
X-valued continuous functions u : [0, b] → X with the norm ‖u‖C([0,b];X) =
sup0≤t≤b ‖u(t)‖. By L1([0, b];X), we denote the space of X-valued Bochner
integrable functions u : [0, b] → X with the norm ‖u‖L1([0,b];X) =

∫ b
0 ‖u(t)‖dt.

Let N, R, C be the set of natural numbers, real numbers, complex numbers,
respectively. Let R+ = [0,∞). For every U ⊂ X, by co U we denote the
convex closure of U . If A is a linear operator in X, then ρ(A) means the
resolvent set of A and R(λ,A) = (λI−A)−1 denotes the resolvent operator
of A, where I is the identity operator on X. By ∗ we denote the convolution
of functions

(f ∗ g)(t) =
∫ t

0
f(τ)g(t− τ)dτ, t ≥ 0.

For β ≥ 0, let

gβ(t) =

⎧⎨⎩
tβ−1

Γ(β)
, t > 0,

0, t ≤ 0,
(2.1)

where Γ(·) is the Gamma function. Let g0(t) = δ(t), the delta distri-
bution. The set of operators {gα}t≥0 is a semigroup, i.e. gα ∗ gβ =
gα+β for all α, β ≥ 0.

Definition 2.1. The Riemann-Liouville fractional integral of order
α > 0 of u : [0, b] → X is defined by

Jα
t u(t) = (gα ∗ u)(t). (2.2)

Definition 2.2. The Riemann-Liouville fractional derivative of order
α ∈ (0, 1) of u : [0, b] → X is defined by

Dα
t u(t) =

d

dt
J1−α

t u(t). (2.3)

Definition 2.3. The Caputo fractional derivative of order α ∈ (0, 1)
of u : [0, b] → X is defined by

CDα
t u(t) = Dα

t (u(t) − u(0)). (2.4)
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The Laplace transform formula for the Riemann-Liouville fractional inte-
gral is given by

L{Jα
t u(t)} =

1
λα
û(λ), (2.5)

where û(λ) is the Laplace transform of u given by

û(λ) =
∫ ∞

0
e−λtu(t)dt, Rλ > ω, (2.6)

where ω is some real number, Rλ stands for the real part of the complex
number λ.
The Laplace transform formula for the Caputo fractional derivative is de-
fined by

L{CDα
t u(t)} = λαû(λ) − λα−1u(0). (2.7)

Definition 2.4. The Mittag-Leffler function (see [16], Vol.3, Ch. 18)
is defined by

Eα,β(z) =
∞∑

n=0

zn

Γ(αn + β)
, α, β > 0, z ∈ C. (2.8)

When β = 1, set Eα(z) = Eα,1(z).

Definition 2.5. ([32]). The Mainardi function is defined by

Mα(z) =
∞∑

n=0

(−z)n
n!Γ(−αn+ 1 − α)

, 0 < α < 1, z ∈ C. (2.9)

The Laplace transform of the Mainardi’s functionMα(r) is (see [28],(F.24)):∫ ∞

0
e−rλMα(r)dr = Eα(−λ). (2.10)

By (2.8) and (2.10), it is clear that∫ ∞

0
Mα(r)dr = 1, 0 < α < 1. (2.11)

On the other hand, Mα(z) satisfies the following equality (see [28], P.249)∫ ∞

0

α

rα+1
Mα(1/rα)e−λrdr = e−λα

. (2.12)

and the equality (see [28], (F.33))∫ ∞

0
rδMα(r)dr =

Γ(δ + 1)
Γ(αδ + 1)

, δ > −1, 0 < α < 1. (2.13)
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Definition 2.6. ([3]). Let X be a Banach space and ΩX be the
bounded subsets of X. The Kuratowski measure of noncompactness is the
map β : ΩX → [0,∞) defined by (here B ∈ ΩX)

β(B) = inf

{
ε > 0 : B =

n⋃
i=1

Bi and diam(Bi) ≤ ε for i = 1, . . . , n

}
,

(2.14)
here diamBi = sup{|x− y| : x, y ∈ Bi}.

Let us recall the basic properties of Kuratowski measure of noncom-
pactness.

Lemma 2.1. [19] Let S and T be bounded sets of X and a be a real
number. Then the noncompactness measure has the following properties:

(1) β(S) = 0 if and only if S is a relatively compact set.
(2) S ⊂ T implies that β(S) ≤ β(T ).
(3) β(S) = β(S).
(4) β(S

⋃
T ) = max{β(S), β(T )}.

(5) β(aS) = |a|β(S).
(6) β(S + T ) ≤ β(S) + β(T ).
(7) β(coS) = β(S), where coS is the convex closure of S.
(8) |β(S) − β(T )| ≤ 2dh(S, T ), where dh(S, T ) denotes the Hausdorff

distance between the sets S and T , that is,
dh(S, T ) = max{sup

x∈S
d(x, T ), sup

x∈T
d(x, S)},

where d(·, ·) denotes the distance from an element of X to a set of X.

Lemma 2.2. ([4]) If B ⊂ C([0, b];X) is bounded, then β(B(t)) ≤ β(B)
for all t ∈ [0, b], where B(t) = {x(t);x ∈ B} ⊂ X. Furthermore if
B is equicontinuous on [0, b], then β(B(t)) is continuous on [0, b], and
β(B) = sup{β(B(t)); t ∈ [0, b]}.

Lemma 2.3. ([33]) Let T ⊂ C([0, b]; X) be equicontinuous, u0 ∈
C([0, b];X), then co{T, u0} ⊂ C([0, b];X) is equicontinuous.

Definition 2.7. ([7]). A locally compact space is called countable at
infinity (also sometimes σ-compact) when it can be covered by a sequence
of compact subsets.

Lemma 2.4. ([22], Corollary 3.1.(b)) Let X be a Banach space and let
T be a locally compact Hausdorff space which is countable at infinity. Here
β denotes the Kuratowskii measure of noncompactness, μ denotes a regular
Borel measure on T , H = {f1, f2, . . . .} denotes a countable set of strongly
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μ-measurable functions fn : T → X (n ≥ 1). Set h(t) := supn≥1 ‖fn(t)‖
(t ∈ T ), S = {∫ fndμ}∞n=1. If T is metrizable and H satisfies the “uniform-
ly integrability” condition

∫
hdμ <∞, then we have

β(S) ≤ 2
∫
β(H(t))dμ(t), t ∈ T. (2.15)

Lemma 2.5. ([11]) Let X be a Banach space and let B ⊂ X be bounded.
β denotes the Kuratowskii measure of noncompactness. Then for every
ε > 0, there is a sequence {xn}∞n=1 ⊂ B such that

β(B) ≤ 2β({xn}∞n=1) + ε. (2.16)

Let X be a real Banach space and let D ⊂ X is a closed convex set. A :
D → D, x0 ∈ D. For every S ⊂ D, set

A(1,x0)(S) = A(S), A(n,x0)(S) = A(co{A(n−1,x0)(S), x0}), n = 2, 3, . . . .
(2.17)

Definition 2.8. ([33]) Let X be a real Banach space. D ⊂ X is a
closed convex set. A : D → D. If A is continuous and bounded, and there
exist x0 ∈ D and positive integer n0 such that for every non-relatively
compact and bounded set S ⊂ D, we have

β(A(n0,x0)(S)) < β(S), (2.18)

then A is called a convex-power condensing operator.

Lemma 2.6. ([33]) Let X be a real Banach space and let D ⊂ X be a
closed convex set. If A : D → D is a convex-power condensing operator,
then A has at least one fixed point in D.

Definition 2.9. ([31]) An n-tuple of nonnegative integers γ = (γ1, γ2,
. . . , γn) is called a multi-index and we define

|γ| =
n∑

i=1

γi

and

xγ = xγ1
1 x

γ2
2 · · · xγn

n for x = (x1, x2, . . . , xn).

Denoting Dk = ∂/∂xk and D = (D1,D2, . . . ,Dn), we have

Dγ = Dγ1
1 D

γ2
2 . . . Dγn

n =
∂γ1

∂xγ2
1

∂γ2

∂xγ2
2

. . .
∂γn

∂xγn
n
.
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3. Main results

In this section, we consider the existence results of the nonlocal prob-
lem (1.1) by virtue of convex-power condensing operator and fixed point
theorem. We first consider the following fractional differential equation{

CDα
t u(t) = Au(t) + ϕ(t), t ∈ (0, b],

u(0) = x ∈ X,
(3.1)

where 0 < α < 1, CDα
t is the α-order Caputo derivative operator, A :

D(A) ⊂ X → X is the infinitesimal generator of a strongly continuous
semigroup T (t)(t ≥ 0), X is a Banach space with the norm ‖ · ‖, ϕ ∈
L1([0, b];X).

Since the coefficient operator A is the infinitesimal generator of a C0-
semigroup T (t), there exists constants N ≥ 1, ω ≥ 0, such that ‖T (t)‖ ≤
Neωt, t ≥ 0. From the subordination principle (see Theorem 3.1 in [8]),
it follows that A generates an exponentially bounded solution operator
Tα(t)(0 < α < 1) (see [8], Definition 2.3), satisfying Tα(0) = I (the identity
operator on X),

‖Tα(t)‖ ≤ Neω
1/αt, t ≥ 0, (3.2)

and

Tα(t) =
∫ ∞

0
t−αMα(st−α)T (s)ds =

∫ ∞

0
Mα(r)T (tαr)dr, t > 0, (3.3)

where Mα(r) is the Mainardi function.

Since ‖Tα(t)‖ ≤ N1e
ω1/αt, from the formulas (2.5) and (2.6) in [8], it

follows that

{λα : λ > ω1/α} ⊂ ρ(A), (3.4)
and

λα−1R(λα, A)x =
∫ ∞

0
e−λtTα(t)dt, λ > ω1/α, x ∈ X. (3.5)

By ϕ̂(λ) =
∫ ∞
0 e−λtϕ(t)dt, resp. û(λ) =

∫ ∞
0 e−λtu(t)dt, we denote the

Laplace transforms of the functions ϕ ∈ L1([0, b];X) and u ∈ C([0, b];X),
respectively. Taking the Laplace transform to both sides of CDα

t u(t) =
Au(t) + ϕ(t) and using the initial condition u(0) = x, we obtain

û(λ) = λα−1R(λα, A)x+R(λα, A)ϕ̂(λ). (3.6)

Since A is the infinitesimal generator of C0-semigroup T (t),

R(λ,A)x =
∫ ∞

0
e−λtT (t)xdt, λ > ω, x ∈ X. (3.7)

Hence, by (3.7) and (2.12),
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R(λα, A)ϕ̂(λ) (3.8)

=
∫ ∞

0
e−λαtT (t)ϕ̂(λ)dt

=
∫ ∞

0

∫ ∞

0
αtα−1e−(λt)α

T (tα)ϕ(s)e−sλdsdt

=
∫ ∞

0

∫ ∞

0

∫ ∞

0
αtα−1 α

rα+1
Mα(1/rα)e−λtrT (tα)ϕ(s)e−sλdrdsdt

=
∫ ∞

0

∫ ∞

0

∫ ∞

0

α2

r2α+1
tα−1Mα(1/rα)e−λtϕ(s)e−sλdrdsdt

=
∫ ∞

0

∫ ∞

0

∫ ∞

0
αrtα−1Mα(r)T (tαr)ϕ(s)e−λ(t+s)drdsdt

=
∫ ∞

0
e−λt

(∫ t

0

∫ ∞

0
αrMα(r)(t− s)α−1T ((t− s)αr)ϕ(s)drds

)
dt. (3.9)

By (3.5), (3.6), (3.8), we obtain

û(λ) =
∫ ∞

0
e−λtTα(t)dt

+
∫ ∞

0
e−λt

(∫ t

0

∫ ∞

0
αrMα(r)(t−s)α−1T ((t−s)αr)ϕ(s)drds

)
dt. (3.10)

From the uniqueness theorem of the Laplace transform, it follows that

u(t) = Tα(t)x+
∫ t

0

∫ ∞

0
αrMα(r)(t− s)α−1T ((t− s)αr)ϕ(s)drds. (3.11)

Set

Sα(t)x =
∫ ∞

0
αrMα(r)T (tαr)xdr, t ≥ 0, x ∈ X. (3.12)

By (3.11), (3.12),

u(t) = Tα(t)x+
∫ t

0
(t− s)α−1Sα(t− s)ϕ(s)ds. (3.13)

Motivated by (3.13), we give the following definition of the mild solu-
tion of nonlocal problem (1.1).

Definition 3.1. A function u ∈ C([0, b];X) is called a mild solution
of the equation (1.1) if

u(t) = Tα(t)g(u) +
∫ t

0
(t− s)α−1Sα(t− s)f(s, u(s))ds. (3.14)

To prove the main results, we assume the following conditions:
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(H1) The C0 semigroup T (t) generated by A is continuous in the uni-
form operator topology for t > 0, and there exists M ≥ 1 such that

sup
t≥0

‖T (t)‖ ≤M. (3.15)

(H2) f : [0, b]×X → X satisfies the Carathéodory condition, i.e. f(·, x)
is measurable for all x ∈ X, and f(t, ·) is continuous for a.e. t ∈ [0, b].

(H3) There exist a constant p ∈ (0, α) and a function a ∈ L 1
p ([0, b]; R+)

and a real number c > 0 such that

‖f(t, u)‖ ≤ a(t)‖u‖ + c, t ∈ [0, b], u ∈ X, (3.16)
and

sup
t∈[0,b]

Jα
t a(t) <

1
M
. (3.17)

(H4) There exists a function L ∈ L
1
p ([0, b]; R+) such that

β(f(t, B(t)) ≤ L(t)β(B(t)) (3.18)

for a.e. t ∈ [0, b] and every bounded B ⊂ C([0, b];X).
(H5) g : C([0, b];X) → X is continuous and compact.

Theorem 3.1. Assume that the conditions (H1), (H2), (H3), (H4) and
(H5) are satisfied. Then the nonlocal problem (1.1) has at least one mild
solution on [0, b].

P r o o f. Define the mapping F : C([0, b];X) → C([0, b];X) by

(Fu)(t) = Tα(t)g(u) +
∫ t

0
(t− s)α−1Sα(t− s)f(s, u(s))ds. (3.19)

From (3.3), (2.11) and (3.15), it follows that

‖Tα(t)‖ ≤M, t ≥ 0. (3.20)

From (3.12) and (2.13), it follows that

‖Sα(t)‖ ≤ αM

∫ ∞

0
rMα(r)dr ≤ αM

Γ(1 + α)
=

M

Γ(α)
, t ≥ 0. (3.21)

Let {un}∞n=1 ⊂ C([0, b];X) be a sequence in C([0, b];X) with limn→∞ un =
u in C([0, b];X). By (3.19), (3.20) and (3.21), we have

‖Fun − Fu‖ ≤ ‖Tα(t)‖g(un) − g(u)‖

+
∫ t

0
(t− s)α−1‖Sα(t− s)‖f(s, un(s) − f(s, u(s))‖ds (3.22)

≤M‖g(un) − g(u)‖ +
αM

Γ(1 + α)

∫ t

0
(t− s)α−1‖f(s, un(s) − f(s, u(s))‖ds.
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Then by the continuity of g, the continuity of f with respect to the
second argument and dominated convergence theorem, limn→∞ Fun = Fu,
that is, F is continuous on C([0, b];X).

It is clear that the fixed point of F is the mild solution of (1.1). Let
r > (M‖g(u)‖ + Mcbα

Γ(1+α) )(1 −M supt∈[0,b] J
α
t a(t))−1. Set Br = {x ∈ X :

‖x‖ ≤ r}, Wr = {u ∈ C([0, b];X) : u(t) ∈ Br, t ∈ [0, b]}. We will prove that
FWr ⊂Wr. For any u ∈Wr, by (H1), (3.16) and (3.17),

‖(Fu)(t)‖ ≤ ‖Tα(t)g(u)‖ + ‖
∫ t

0
(t− s)α−1Sα(t− s)f(s, u(s))ds‖

≤M‖g(u)‖ +
M

Γ(α)

∫ t

0
(t− s)α−1[a(s)‖u‖ + c]ds

≤M‖g(u)‖ + rM sup
t∈[0,b]

Jα
t a(t) +

cbαM

αΓ(α)
≤ r,

then FWr ⊂Wr. Next, we show that FWr is equicontinuous on [0, b]. For
u ∈Wr, 0 ≤ t1 ≤ t2 ≤ b, by (3.19), we have

‖(Fu)(t2) − (Fu)(t1)‖

= ‖Tα(t2)g(u) +
∫ t2

0
(t2 − s)α−1Sα(t2 − s)f(s, u(s))ds

− Tα(t1)g(u) +
∫ t1

0
(t1 − s)α−1Sα(t1 − s)f(s, u(s))ds‖

≤ ‖(Tα(t2) − Tα(t1))g(u)‖

+ ‖
∫ t1

0
(t2 − s)α−1(Sα(t2 − s) − Sα(t1 − s))f(s, u(s))ds‖

+ ‖
∫ t1

0
((t2 − s)α−1 − (t1 − s)α−1)(Sα(t1 − s)f(s, u(s))ds‖

+ ‖
∫ t2

t1

(t2 − s)α−1Sα(t2 − s)f(s, u(s)ds‖
= I1 + I2 + I3 + I4,

where

I1 = ‖(Tα(t2) − Tα(t1))g(u)‖,

I2 = ‖
∫ t1

0
(t2 − s)α−1(Sα(t2 − s) − Sα(t1 − s))f(s, u(s))ds‖,
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I3 = ‖
∫ t1

0
((t2 − s)α−1 − (t1 − s)α−1)(Sα(t1 − s)f(s, u(s))ds‖,

I4 = ‖
∫ t2

t1

(t2 − s)α−1Sα(t2 − s)f(s, u(s)ds‖.

By (3.3),(2.11) and dominated convergence theorem, it is easy to show that
Tα(t) is strongly continuous for t ≥ 0. Since Tα(t)g(u) is continuous in t
on [0, b], then Tα(t)g(u) is uniformly continuous in t on [0, b], hence

I1 → 0 as t2 → t1. (3.23)
From (H1), (3.12), (2.13) and dominated convergence theorem, it follows
that Sα(t) is continuous in the uniform operator topology for t > 0. This
together with (H2) imply that

I2 → 0 as t2 → t1. (3.24)
By (3.21) and (3.16), we obtain

I3 ≤
∫ t1

0
((t2 − s)α−1 − (t1 − s)α−1)‖Sα(t1 − s)f(s, u(s)‖ds

≤ M

Γ(α)

∫ t1

0
(a(s)‖u‖ + c)((t2 − s)α−1 − (t1 − s)α−1)ds. (3.25)

From (3.25), we have

I3 → 0 as t2 → t1. (3.26)
By (3.21), we see that

I4 ≤
∫ t2

t1

(t2 − s)α−1‖Sα(t2 − s)f(s, u(s)‖ds

≤ M

Γ(α)

∫ t2

t1

(a(s)‖u‖ + c)(t2 − s)α−1ds

≤ M‖u‖
Γ(α)

∫ t2

t1

a(s)(t2 − s)α−1ds+
Mc(t2 − t1)α

Γ(α)
. (3.27)

For 0 < p < α < 1, by the Hölder inequality,∫ t2

t1

(t2 − s)α−1a(s)ds

≤
(∫ t2

t1

(t2 − s)
α−1
1−p ds

)1−p

·
(∫ t2

t1

a(s)
1
pds

)p

≤ (t2 − t1)α−p

(∫ t2

t1

a(s)
1
pds

)p

. (3.28)
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From (3.27) and (3.28), we have

I4 → 0 as t2 → t1. (3.29)

By (3.23), (3.24), (3.26) and (3.29), FWr is equicontinuous on [0, b].

Let Q = coFWr. It is clear that F maps Q into itself and Q is equicon-
tinuous on [0, b]. In the following, we prove that F : Q → Q is a convex-
power condensing operator. It is easy to see that F is continuous. Taking
u0 ∈ Q, we will show that there exists a positive integer n0 such that for
any non-relatively compact set B ⊂ Q, β(F (n,u0)(B)) < β(B). For every
B ⊂ Q, it is easy to show that F (n,u0)(B) ⊂ Wr is equicontinuous. Then,
β(F (n,u0)(B)) = maxt∈[0,b] β((F (n,u0)(B))(t)), n ∈ N.

By (H4), Lemma 2.1, Lemma 2.5, Lemma 2.4, Lemma 2.2 and (3.21),
we have for every non-relatively compact set B ⊂ Q and ε > 0, there exists
a sequence {un}∞n=1 ⊂ B, such that

β((F (1,u0)(B))(t)) = β((F (B))(t))

≤ β(Tα(t)g(B)) + β

(∫ t

0
(t− s)α−1Sα(t− s)f(s,B(s))ds

)
= β

(∫ t

0
(t− s)α−1Sα(t− s)f(s,B(s))ds

)
≤ 2β

(∫ t

0
(t− s)α−1Sα(t− s)f(s, {un}∞n=1)ds

)
+ ε

≤ 4
∫ t

0
(t− s)α−1β(Sα(t− s)f(s, {un}∞n=1))ds + ε

≤ 4M
Γ(α)

∫ t

0
(t− s)α−1β(f(s, {un}∞n=1))ds + ε

≤ 4M
Γ(α)

∫ t

0
(t− s)α−1L(s)β({un}∞n=1)ds+ ε

≤ 4Mβ(B)
Γ(α)

∫ t

0
(t− s)α−1L(s)ds+ ε. (3.30)

From (H4), L ∈ L
1
p ([0, b]; R+), where 0 < p < α < 1. Then for every η > 0

there exists a function y ∈ C([0, b]; R+) such that,(∫ t

0
|L(s) − y(s)| 1pds

)p

< η, t ∈ [0, b].

Therefore, by the Hölder inequality,
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∫ t

0
(t− s)α−1|L(s) − y(s)|ds

≤
(∫ t

0
(t− s)

α−1
1−p ds

)1−p

·
(∫ t

0
|L(s) − y(s)| 1pds

)p

≤ tα−p

(∫ t

0
|L(s) − y(s)| 1pds

)p

≤ bα−pη. (3.31)

Since y ∈ C([0, b]; R+), there exists a constant M1 such that |y(t)| ≤ M1.
This together with (3.30) and (3.31) yield

β((F (1,u0)(B))(t)) ≤ 4Mβ(B)
Γ(α)

( ∫ t

0
(t− s)α−1|L(s) − y(s)|ds

+
∫ t

0
(t− s)α−1|y(s)|ds

)
+ ε ≤ 4Mβ(B)

Γ(α)
(bα−pη +

M1t
α

α
) + ε. (3.32)

Since ε > 0 is arbitrary, then it follows from (3.32) that

β((F (1,u0)(B))(t)) ≤ 4Mβ(B)
Γ(α)

(bα−pη +
M1t

α

α
)

=
(

4Mbα−pη

Γ(α)
+

4MM1t
α

Γ(α + 1)

)
β(B) =

(
d+

htα

Γ(α+ 1)

)
β(B), (3.33)

where d = 4Mbα−pη((Γ(α))−1, h = 4MM1.

From one hand, we have

β((F (2,u0)(B))(t)) = β(F ((co{F (1,u0)B,u0})(t)))

≤ β((Tα(t)g(co{F (1,u0)(B))(s), u0(s)})

+ β

(∫ t

0
(t− s)α−1Sα(t− s)f(s, co{((F (1,u0)(B))(s)), u0(s)})ds

)
= β

(∫ t

0
(t− s)α−1Sα(t− s)f(s, co{((F (1,u0)(B))(s)), u0(s)})ds

)
. (3.34)

On the other hand, by Lemma 2.5 and Lemma 2.4 and (3.21), there is
a sequence {vn}∞n=1 ⊂ co{(F (1,u0)B,u0} such that
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β

(∫ t

0
(t− s)α−1Sα(t− s)f(s, co{(F (1,u0)(B))(s), u0(s)})ds

)
≤ 2β

(∫ t

0
(t− s)α−1(Sα(t− s)f(s, {vn}∞n=1))ds

)
+ ε

≤ 4
∫ t

0
(t− s)α−1β(Sα(t− s)f(s, {vn}∞n=1))ds + ε

≤ 4M
Γ(α)

∫ t

0
(t− s)α−1β(f(s, {vn}∞n=1))ds + ε

≤ 4M
Γ(α)

∫ t

0
(t− s)α−1L(s)β({vn}∞n=1)ds + ε

≤ 4M
Γ(α)

∫ t

0
(t− s)α−1L(s)β{co{((F (1,u0)(B))(s)), u0(s)}ds + ε

≤ 4M
Γ(α)

∫ t

0
(t− s)α−1L(s)β((F (1,u0)(B))(s))ds + ε. (3.35)

By (3.33), (3.34), (3.35), (3.31), it follows that

β((F (2,u0)(B))(t)) ≤ 4M
Γ(α)

∫ t

0
(t− s)α−1|L(s) − y(s)|β((F (1,u0)(B))(s))ds

+
4M
Γ(α)

∫ t

0
(t− s)α−1|y(s)|β((F (1,u0)(B))(s))ds + ε

≤ 4Mβ(B)
Γ(α)

∫ t

0
(t− s)α−1|L(s) − y(s)|(d+

hsα

Γ(α+ 1)
)ds

+
4Mβ(B)

Γ(α)

∫ t

0
(t− s)α−1|y(s)|(d +

hsα

Γ(α+ 1)
)ds+ ε

≤ 4Mβ(B)
Γ(α)

(d+
htα

Γ(α+ 1)
)
∫ t

0
(t− s)α−1|L(s) − y(s)|ds

+
4MM1β(B)

Γ(α)

∫ t

0
(t− s)α−1(d+

hsα

Γ(α+ 1)
)ds+ ε

≤ d(d+
htα

Γ(α+ 1)
)β(B) +

dhtα

Γ(α+ 1)
β(B)

+
h2β(B)

Γ(α)Γ(α + 1)

∫ t

0
(t− s)α−1sαds. (3.36)

It is easy to see that
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∫ t

0
(t− s)α−1sαds =

∫ 1

0
(t− tτ)α−1(tτ)αtdτ = t2α

∫ 1

0
(1 − τ)α−1ταdτ.

(3.37)
By the Beta function,

B(x, y) =
∫ 1

0
τx−1(1 − τ)y−1dτ, x > 0, y > 0, (3.38)

and

B(x, y) =
Γ(x)Γ(y)
Γ(x+ y)

, (3.39)

we have∫ t

0
(t− s)α−1sαds = t2αB(α,α+ 1) =

Γ(α)Γ(α + 1)
Γ(2α + 1)

t2α. (3.40)

This, together with (3.36) yield

β((F (2,u0)(B))(t)) ≤ d(d+
htα

Γ(α+ 1)
)β(B) +

dhtα

Γ(α+ 1)
β(B)

+
h2t2α

Γ(2α+ 1)
β(B) + ε. (3.41)

Since ε > 0 is arbitrary, then it follows from (3.41) that

β((F (2,u0)(B))(t)) ≤
(
d2 +

2dhtα

Γ(α+ 1)
+

(htα)2

Γ(2α+ 1)

)
β(B).

Proceeding by induction, we obtain

β((F (n,u0)(B))(t)) ≤ (dn +
C1

nd
n−1htα

Γ(α+ 1)
+
C2

nd
n−2(htα)2

Γ(2α+ 1)

+ · · · + (htα)n

Γ(nα+ 1)
)β(B). (3.42)

Then,
β((F (n,u0)(B)) = sup

t∈[0,b]
β((F (n,u0)(B))(t))

≤ (dn +
C1

nd
n−1hbα

Γ(α+ 1)
+
C2

nd
n−2(hbα)2

Γ(2α + 1)
+ · · · + (hbα)n

Γ(nα+ 1)
)β(B), n ∈ N.

(3.43)

By Proposition 1.1 in [6], we have

Γ(1 + x)2/x ≥ 1
e2

(x+ 1)(x+ 2), x ≥ 1. (3.44)

Since 0 < α < 1, then there exists k1 ∈ N, such that k1α ≥ 1 and 0 <
(k1 − 1)α < 1. By (3.44), for n ≥ k1,



606 Li Kexue, Peng Jigen, Gao Jinghuai

Γ(1 + nα) ≥ (nα+ 1)nα

enα
. (3.45)

Since d = 4Mbα−pη((Γ(α))−1 and η > 0 is arbitrary, there exists a positive
number m such that 0 < m+ d < 1. And there exists k2 ∈ N, such that for
n ≥ k2,

0 <
hbαeα

(nα+ 1)α
< m. (3.46)

Set

Sn = dn +
C1

nd
n−1hbα

Γ(α+ 1)
+
C2

nd
n−2(hbα)2

Γ(2α+ 1)
+ · · · + (hbα)n

Γ(nα+ 1)
. (3.47)

Let k = max{k1, k2}, then for n ≥ k,

Sn = dn +
C1

nd
n−1hbα

Γ(α+ 1)
+
C2

nd
n−2(hbα)2

Γ(2α+ 1)
+ · · · + Ck

nd
n−k(hbα)k

Γ(kα+ 1)

+
Ck+1

n dn−k−1(hbα)k+1

Γ((k + 1)α + 1)
+
Ck+2

n dn−k−2(hbα)k+2

Γ((k + 2)α+ 1)

+ · · · + Cn−1
n d(hbα)n−1

Γ((n − 1)α+ 1)
+

(hbα)n

Γ(nα+ 1)
. (3.48)

Since d can be sufficiently small, it is easy to prove limn→∞Ci
nd

n−i = 0, i =
1, 2, · · · , k. Thus,

dn +
C1

nd
n−1hbα

Γ(α+ 1)
+
C2

nd
n−2(hbα)2

Γ(2α+ 1)
+ · · · + Ck

nd
n−k(hbα)k

Γ(kα+ 1)
→ 0 (3.49)

as n→ ∞.
On the other hand, by (3.45) and (3.46), we have

Ck+1
n dn−k−1(hbα)k+1

Γ((k + 1)α+ 1)
+
Ck+2

n dn−k−2(hbα)k+2

Γ((k + 2)α + 1)
+ · · · + Cn−1

n d(hbα)n−1

Γ((n− 1)α + 1)

+
(hbα)n

Γ(nα+ 1)

≤ Ck+1
n dn−k−1mk+1 + Ck+2

n dn−k−2mk+2 + · · · + Cn−1
n dmn−1 +mn

≤ (m+ d)n → 0 (3.50)

as n → ∞. By (3.49) and (3.50), we have limn→∞ Sn = 0. This together
with (3.43) imply that there exists a sufficiently large positive integer n0

such that(
dn0 +

C1
n0
dn0−1hbα

Γ(α+ 1)
+
C2

n0
dn0−2(hbα)2

Γ(2α + 1)
+ · · · + (hbα)n0

Γ(n0α+ 1)

)
< 1. (3.51)
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This shows that F : Q → Q is a convex-power condensing operator. From
Lemma 2.6, it follows that F has at least one fixed point. This fixed point
is the desired mild solution of nonlocal problem (1.1).

4. Example

As an application, we consider the following nonlinear system of the
form⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

CD
1
3
t u(t, x) = −A(x,D)u(t, x) + ω(t, u(t, x)), t ∈ (0, 8], x ∈ Ω,

Dγu(t, x) = 0, t ∈ [0, b], x ∈ ∂Ω for |γ| ≤ m,

u(0, x) =
∫

Ω

∫ b

0
h(t, x, y, u(t, y)dtdy, x ∈ Ω,

(4.1)

where Ω is a bounded domain in Rn with smooth boundary ∂Ω, A(x,D) =∑
γ≤2m aγ(x)Dγ is strongly elliptic in Ω.

Let X = L2(Ω). We define A : D(A) ⊂ X → X by Au = A(x,D)u for
every u ∈ D(A), where

D(A) = H2m(Ω) ∩Hm
0 (Ω).

From Theorem 7.2.7 in [31], it follows that the operator −A is the infini-
tesimal generator of an analytic and contraction semigroup of operators on
X = L2(Ω). Hence this semigroup is continuous in the uniform operator
topology for t > 0.

We define f : [0, b] ×X → X and g : C([0, b];X) → X by

f(t, u)(x) = ω(t, u(t, x)) = t−
2
3 arctan u(t), x ∈ Ω.

g(u)(x) =
∫

Ω

∫ b

0
h(t, x, y, u(t, y)dtdy, x ∈ Ω.

It is easy to see that f : (0, 8]×X → X satisfies the Carathéodory condition
and for u, v ∈ X,

‖f(t, u) − f(t, v)‖ ≤ t−
2
3 ‖u− v‖.

We assume that:
(i) h : [0, 8] × Ω × Ω × R → R satisfies the Carathéodory condition.
(ii) |h(t, x, y, r)−h(t, x, y, r)| ≤ φk(t, x, x, y) for (t, x, y), (t, x, y) ∈ [0, 8]×

Ω × Ω and |r| ≤ k, where φk ∈ L1([0, 8] × Ω × Ω × Ω,R+) satisfies

lim
x→x

∫
Ω

∫ 8

0
φk(t, x, x, y)dtdy = 0

uniformly for x ∈ Ω.
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(iii) |h(t, x, y, r)| ≤ |r|
bm(Ω) +ψ(t, x, y), where m(Ω) denotes the Lebesgue

measure of Ω in R
n, r ∈ R and

∫ 8
0

∫
Ω×Ω φ

2(t, x, y)dxdydt <∞.

It is clear that f satisfies the hypotheses (H2) and it is easy to show
that f satisfies the hypotheses (H3). According to the arguments in [29], it
is easy to see that g satisfies the hypothesis (H4). Noting that (4.1) can be
rewritten as problem (1.1). By Theorem 3.1, we conclude that the problem
(4.1) has at least one mild solution u ∈ C([0, 8];L2(Ω)).
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