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Abstract

We introduce an integral transform related to a Fourier sine– Fourier
– Fourier cosine generalized convolution and prove a Watson type theorem
for the transform. As applications we obtain solutions of some integral
equations in closed form.
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1. Preliminaries

The Fourier cosine and the Fourier sine transforms are defined as follows
(see [11, 12])

(Fcf)(y) ≡ Fc[f ](y) =

√
2
π

∞∫
0

f(x) cos xy dx =

√
2
π

d

dy

∞∫
0

f(x)
sinxy
x

dx,

(1.1)

(Fsf)(y) ≡ Fs[f ](y) =

√
2
π

∞∫
0

f(x) sinxy dx =

√
2
π

d

dy

∞∫
0

f(x)
1 − cos xy

x
dx,

(1.2)
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for f ∈ L1(R+). The second integrals in (1.1) and (1.2) are also well-defined
for f ∈ L2(R+).

In 1951, I. N. Sneddon introduced a convolution of two functions f and
g for the Fourier cosine transform (see [11])

(f ∗
Fc

g)(x) =
1√
2π

∞∫
0

f(u)[g(|x − u|) + g(x+ u)]du, x > 0, (1.3)

which satisfies the following factorization equality

Fc[f ∗
Fc

g](y) = (Fcf)(y)(Fcg)(y), ∀y > 0, f, g ∈ L1(R+). (1.4)

I. N. Sneddon was also the first author who introduced the convolution for
two different integral transforms (see [11])

(f ∗
1
g)(x) =

1√
2π

∞∫
0

f(u)[g(|x− u|) − g(x+ u)]du, x > 0, (1.5)

and showed that this convolution satisfies the following factorization iden-
tity (see [1, 11])

Fs[f ∗
1
g](y) = (Fsf)(y)(Fcg)(y), y > 0, f, g ∈ L1(R+). (1.6)

In this factorization equality, there are two integral transforms Fc and Fs
involved. Convolutions whose factorization identities contain more than
one integral transforms are called generalized convolutions (see [7]).

Another generalized convolution for the Fourier cosine and Fourier sine
integral transforms has the form (see [8])

(f ∗
2
g)(x) =

√
2
π

∞∫
0

f(y)[g(x+ y) − sign(y − x)g(|y − x|)]dy, x > 0. (1.7)

This generalized convolution satisfies the following factorization identity

Fc[f ∗
2
g](y) =(Fsf)(y)(Fsg)(y), y > 0, f, g ∈ L1(R+).

The generalized convolutions of two functions h and f with a weight func-
tion γ(y) = e−y sin y for three transforms - the Fourier cosine, the Fourier
and the Fourier sine integral transforms were studied in [9, 14]

(h
γ∗
1
f)(x) =

1
(2π)3/2

∞∫
−∞

∞∫
0

[
k(x, u, v − 1) − k(x, u, 1 − v)

− k(x, u, v + 1) + k(x, u,−v − 1)
]
h(u)f(v)dvdu, x > 0, (1.8)
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and

(h
γ∗
2
f)(x) =

1
(2π)3/2

∞∫
−∞

∞∫
0

[
k(x, u, v − 1) + k(x, u, 1 − v)

− k(x, u, v + 1) − k(x, u,−v − 1)
]
h(u)f(v)dvdu, x > 0. (1.9)

Here, k(x, u, v) =
1 + iu

(1 + iu)2 + (x+ v)2
.

For h ∈ L1(R,
√

1 + x2) and f ∈ L1(R+), the generalized convolutions
(1.8), (1.9) are well-defined and the following factorization properties hold
(see [9, 14])

Fs[h
γ∗
1
f ](y) = e−y sin y(Fh)(y)(Fcf)(y), y > 0, (1.10)

Fc[h
γ∗
2
f ](y) = e−y sin y(Fh)(y)(Fsf)(y), y > 0. (1.11)

Here, F denotes the Fourier transform (see [11])

(Ff)(y) ≡ F [f ](y) =
1√
2π

∞∫
−∞

e−ixyf(x)dx =
1√
2π

d

dy

∞∫
−∞

1 − e−ixy

ix
f(x)dx.

(1.12)
for f ∈ L1(R). The second integral in (1.12) is also well-defined for f ∈
L2(R).

In this paper, we are interested in an integral transform related to the
generalized convolutions (1.5) and (1.8), namely, a transform of the form

g(x) = (Kh1,h2f)(x) =
(

1 − d2

dx2

)
{(h1

γ∗
1
f)(x) + (h2 ∗

1
f)(x)}. (1.13)

In Section 2 we derive some properties for the generalized convolutions
(1.8), (1.9) in Lp(R+). In Section 3, a Watson type theorem for the trans-
form (1.13) is proved. In Sections 4 and 5, as applications we obtain
solutions in closed form of an integral equation and a system of integral
equations.

2. Generalized convolution properties

In this section, we prove the existence of the generalized convolutions
(1.8) and (1.9) for weaker conditions, namely, for h ∈ L1(R) and f ∈
L1(R+). Besides, we obtain some operator properties of the generalized
convolutions (1.8) and (1.9) in Lp(R+).
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Theorem 2.1. For h ∈ L1(R) and f ∈ L1(R+), the generalized
convolutions (1.8) and (1.9) are well-defined, belong to L1(R+), and satisfy
the factorization identities (1.10) and (1.11). Moreover, the generalized
convolutions (1.8) and (1.9) also belong to Lp(R+) for p ≥ 2, and the
following Parseval type identities hold

(h
γ∗
1
f)(x) =

√
2
π

∞∫
0

e−y sin y(Fh)(y)(Fcf)(y) sinxy dy, x > 0, (2.1)

(h
γ∗
2
f)(x) =

√
2
π

∞∫
0

e−y sin y(Fh)(y)(Fsf)(y) cos xy dy, x > 0. (2.2)

P r o o f. Using formula 1.4.1 from [2], we have

k(x, u, v − 1) − k(x, u, 1 − v) − k(x, u, v + 1) + k(x, u,−v − 1) (2.3)

=
1
4

∞∫
0

[cos t(x+ v − 1) − cos t(x+ v + 1) + cos t(x− v − 1)

− cos t(x− v + 1)]e−(1+iu)tdt

=

∞∫
0

sin(xt) sin t cos(tv)e−(1+iu)tdt.

Consequently,

|k(x, u, v − 1) − k(x, u, 1 − v) − k(x, u, v + 1) + k(x, u,−v − 1)| (2.4)

≤
∞∫
0

| sin(xt) sin t cos(tv)e−(1+iu)t|dt ≤
∞∫
0

e−tdt = 1.

Similarly,

|k(x, u, v − 1) + k(x, u, 1 − v) − k(x, u, v + 1) − k(x, u,−v − 1)| ≤ 1.
(2.5)

Formulas (2.4) and (2.5) yield

∣∣(hγ∗
1
f)

∣∣ ≤ 1
(2π)3/2

∞∫
−∞

∞∫
0

|h(u)||f(v)|dvdu =
1

(2π)3/2
‖h‖L1(R)‖f‖L1(R+) <∞,

(2.6)
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∣∣(hγ∗
2
f)

∣∣ ≤ 1
(2π)3/2

∞∫
−∞

∞∫
0

|h(u)||f(v)|dvdu =
1

(2π)3/2
‖h‖L1(R)‖f‖L1(R+) <∞.

(2.7)
It shows the existence of the generalized convolutions (1.8) and (1.9).

Besides, formulas (2.4) and (2.5), and conditions h ∈ L1(R), f ∈ L1(R+)
yield the absolute convergence of the integrals (1.8) and (1.9). Putting (2.3)
into (1.8) and using Fubini’s theorem we obtain the Parseval type equality
(2.1). Similarly we get (2.2).

Now we prove that the generalized convolutions (1.8) and (1.9) belong
to the space L1(R+). First, note that h(x) = g1(x) + g2(x), where g1, g2 ∈
L1(R) are defined by

g1(x) =
h(x) + h(−x)

2
, g2(x) =

h(x) − h(−x)
2

.

Since g1 is an even function, and g2 is an odd function, we have (Fg1)(y) =
(Fcg1)(y), (Fg2)(y) = −i(Fsg2)(y). Moreover, using formulas (1.6.6, p.28)
and (2.9.20, p.79) in [2] we obtain

e−y sin y =

√
2
π
Fc

[2 − τ2

τ4 + 4

]
(y) =

√
2
π
Fs

[ 2τ
τ4 + 4

]
(y).

Therefore, the Parseval identity (2.1) can be rewritten in the following form

(h
γ∗
1
f)(x) = Fs

[
e−y sin y

(
(Fcg1)(y) − i(Fsg2)(y)

)
(Fcf)(y)

]
(x) (2.8)

=

√
2
π
Fs

[
Fs

[ 2τ
τ4 + 4

]
(y)Fc[g1 ∗

Fc

f ](y) − iFc

[2 − τ2

τ4 + 4

]
(y)Fs[g2 ∗

1
f ](y)

]
(x)

=

√
2
π

( 2τ
τ4 + 4

∗
1

(g1 ∗
Fc

f)(τ)
)
(x) − i

√
2
π

(
(g2 ∗

1
f)(τ) ∗

1

2 − τ

τ4 + 4

)
(x),

where (· ∗
Fc

·) is defined by (1.3), and (· ∗
1
·) is defined by (1.5). Similarly,

the Parseval identity (2.2) can be rewritten in the following form

(h
γ∗
2
f)(x) = Fc

[
e−y sin y

(
(Fcg1)(y) − i(Fsg2)(y)

)
(Fsf)(y)

]
(x) (2.9)

=

√
2
π
Fc

[
Fs

[ 2τ
τ4 + 4

]
(y)Fs[f ∗

1
g1](y) − iFc

[2 − τ2

τ4 + 4

]
(y)Fc[g2 ∗

2
f ](y)

]
(x)

=

√
2
π

( 2τ
τ4 + 4

∗
2

(f ∗
1
g2)(τ)

)
(x) − i

√
2
π

( 2 − τ

τ4 + 4
∗
Fc

(g2 ∗
2
f)(τ)

)
(x),

where the convolution (· ∗
2
·) is defined by (1.7).
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From formulas (2.8), (2.9) and the properties of convolutions (1.3),
(1.5), (1.7), it is easy to see that generalized convolutions (1.8) and (1.9)
belong to L1(R+).

Finally, from Parseval identities (2.1), (2.2), and the Lebesgue-Riemann
lemma, since h ∈ L1(R), f ∈ L1(R+), we see that (Fh)(y), (Fsf)(y) and
(Fcf)(y) are continuous functions, vanish at infinity, and hence bounded.
Therefore e−y sin y (Fh)(y)(Fcf)(y) and e−y sin y(Fh)(y)(Fsf)(y) are func-
tions in space Lq(R+), for 1 ≤ q ≤ 2. Consequently, generalized convolu-
tions (1.8) and (1.9) belong to Lp(R+) for all p ≥ 2, and the factorization
equalities (1.10) and (1.11) hold. �

Recall the Hausdorff-Young inequality for the Fourier transform (see
[4])

‖Ff‖Lp′ (R) ≤
1√
2π

‖f‖Lp(R), (2.10)

here, f ∈ Lp(R), 1 ≤ p ≤ 2, and p′ is its conjugate exponential 1
p + 1

p′ = 1.
In case f is an odd or an even function, the Hausdorff-Young inequality
has the form

‖Fsf‖Lp′(R+) ≤
√

2
π
‖f‖Lp(R+), ‖Fcf‖Lp′(R+) ≤

√
2
π
‖f‖Lp(R+). (2.11)

Theorem 2.2. Let h ∈ Lp(R), f ∈ Lq(R+), 1 ≤ p, q ≤ 2 with
respective conjugate exponentials p′, q′. Then the generalized convolutions

(h
γ∗
1
f), (h

γ∗
2
f) belong to Lr(R+) for all r ≥ 2, and the factorization equalities

(1.10), (1.11) hold. Moreover, for 1 < r ≤ 2 satisfying
1
p′

+
1
q′
<

1
r

and r′

be the conjugate exponential of r, the following estimates hold:

‖h γ∗
1
f‖Lr′(R+) ≤

√
2

(rs)
1
rsπ3/2

‖h‖Lp(R)‖f‖Lq(R+),

‖h γ∗
2
f‖Lr′(R+) ≤

√
2

(rs)
1
rsπ3/2

‖h‖Lp(R)‖f‖Lq(R+).

(2.12)

Here s > 1 is defined by
r

p′
+
r

q′
+

1
s

= 1, and the integrals are understood

in mean value principle, if necessary.

P r o o f. We will prove for the generalized convolution (h
γ∗
1
f). A proof

for the generalized convolution (h
γ∗
2
f) is similar.
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Since the integrals are understood in mean, using Fubini’s theorem and
formula (2.3), we see that the generalized convolution (1.8) is well-defined
and the Parseval equality (2.1) holds. Furthermore, for h ∈ Lp(R), f ∈
Lq(R+), the Riemann-Lebesgue lemma shows that (Fh)(y) ∈ C0(R),
(Fcf)(y) ∈ C0(R+), and hence bounded. Therefore,

e−y sin y(Fh)(y)(Fcf)(y) ∈ Lr(R+) for all r > 1,

hence h
γ∗
1
f ∈ Lr′(R+) for all r′ ≥ 2, and the factorization equality (1.10)

holds.
We now prove the first inequality in (2.12). Note that r < p′, r < q′

for 1 < r ≤ 2, thanks to the Hausdorff-Young inequality and the Hölder
inequality, we have

‖h γ∗
1
f‖Lr′(R+) ≤

√
2
π
‖e−y sin y(Fh)(y)(Fcf)(y)‖Lr(R+)

=

√
2
π

( ∞∫
0

|(Fh)(y)(Fcf)(y)e−y sin y|rdy
) 1

r

≤
√

2
π

{( ∞∫
−∞

|(Fh)(y)|p′dy
) r

p′
( ∞∫

0

|(Fcf)(y)|q′dy
) r

q′
( ∞∫

0

|e−rsy sinrs y|dy
) 1

s
} 1

r
.

Therefore, applying again the Hausdorff-Young inequality we obtain

‖h γ∗
1
f‖Lr′(R+) ≤

√
2
π
‖Fh‖Lp′ (R)‖Fcf‖Lq′(R+)

( ∞∫
0

e−rsydy
) 1

rs

≤
√

2π

(rs)
1
rs .π2

‖h‖Lp(R)‖f‖Lq(R+).

The proof is completed. �

Let Lα,βp (R+), α > −1, β > 0, be the space of all functions defined on
R+ such that

‖f‖
Lα,β

p (R+)
=

( ∞∫
0

xαe−βx|f(x)|pdx
)1/p

<∞.

The existence and norm estimate of the convolutions (1.8), (1.9) for h ∈
Lp(R+), f ∈ Lq(R+), where p > 1 and q is its conjugate exponential, are
stated in the following

Proposition 2.1. For all h ∈ L1(R) and f ∈ L1(R+), the gener-

alized convolutions (1.8), (1.9) exist as continuous operators in Lα,βr (R+),
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moreover, h
γ∗
1
f, h

γ∗
2
f belong to Lα,βr (R+), and the following estimates hold

true

‖h γ∗
1
f‖

Lα,β
r (R+)

≤ C‖h‖L1(R+)‖f‖L1(R+),

‖h γ∗
2
f‖

Lα,β
r (R+)

≤ C‖h‖L1(R+)‖f‖L1(R+),
(2.13)

where C = β−
α−1

r Γ
1
r (α+ 1).

P r o o f. With the help of formula 3.381.4 in [5]
∞∫
0

xαe−βxdx = β−α+1Γ(α+ 1), β > 0, α > −1,

and estimates (2.6), (2.7), we obtain (2.13). �

3. A Watson type theorem

In this section, we consider the following transform

f �→ Kh1,h2[f ](x) = g(x) =
(
1 − d2

dx2

)
{(h1

γ∗
1
f)(x) + (h2 ∗

1
f)(x)}, (3.1)

where, (h2 ∗
1
f)(x) is the generalized convolution for the Fourier sine and

Fourier cosine transforms (1.5).

Theorem 3.1. Let h1 ∈ L2(R), h2 ∈ L2(R+), then the condition

|e−y sin y(Fh1)(y) + (Fsh2)(y)| =
1

1 + y2
, (3.2)

is necessary and sufficient to ensure that the transform (3.1) is unitary on
L2(R+). Moreover, the inverse transform has the form

f(x) =
(
1 − d2

dx2

)
{(h1

γ∗
2
g)(x) + (h2 ∗

2
g)(x)}. (3.3)

P r o o f. Sufficiency. Suppose that h1 and h2 satisfy condition (3.2).
It is well-known that h(y), yh(y), y2h(y) ∈ L2(R) if and only if (Fh)(x),
d
dx(Fh)(x), d2

dx2 (Fh)(x) ∈ L2(R) (Theorem 68, [12]). Moreover,

d2

dx2
(Fh)(x) = F

[
(−iy)2h(y)](x).
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In particular, in case h is an even or an odd function such that (1+y2)h(y) ∈
L2(R+), the following equalities hold

(
1 − d2

dx2

)
(Fch)(x) = Fc

[
(1 + y2)h(y)

]
(x),

(
1 − d2

dx2

)
(Fsh)(x) = Fs

[
(1 + y2)h(y)

]
(x).

(3.4)

Using Theorem 2.2, in case p = q = r = 2, the convolution h1
γ∗
1
f sat-

isfies the Parseval identity (2.1). Applying the Parseval identity (1.6) for
convolution h2 ∗

1
f , we have

g(x) =
(
1 − d2

dx2

)
Fs

[
e−y sin y(Fh1)(y)(Fcf)(y) + (Fsh2)(y)(Fcf)(y)

]
(x)

=Fs
[
(1 + y2)

(
e−y sin y(Fh1)(y) + (Fsh2)(y)

)
(Fcf)(y)

]
(x).

By virtue of the Parseval identity for the Fourier cosine and the Fourier sine
transforms ‖f‖L2(R+) = ‖Fcf‖L2(R+) = ‖Fsf‖L2(R+) and from condition
(3.2) we get

‖g‖L2(R+) =
∥∥(1 + y2)

(
e−y sin y(Fh1)(y) + (Fsh2)(y)

)
(Fcf)(y)

∥∥
L2(R+)

=‖Fcf‖L2(R+) = ‖f‖L2(R+).

It shows that the transformation (3.1) is unitary.
On the other hand, formula (3.2) implies that (1+y2)

(
e−y sin y(Fh1)(y)+

(Fsh2)(y)
)

is bounded on R+, hence (1+y2)
(
e−y sin y(Fh1)(y)+(Fsh2)(y)

)
(Fcf)(y) ∈ L2(R+). We have

(Fsg)(y) = (1 + y2)
(
e−y sin y(Fh1)(y) + (Fsh2)(y)

)
(Fcf)(y).

Using condition (3.2) we obtain

(Fcf)(y) = (1 + y2)
(
e−y sin y(Fh1)(y) + (Fsh2)(y)

)
(Fsg)(y).

Again, condition (3.2) shows that (1 + y2)
(
e−y sin y(Fh1)(y) + (Fsh2)(y)

)
(Fsg)(y) ∈ L2(R+), then formula (3.4) yields

f(x) = Fc
[
(1 + y2)

(
e−y sin y(Fh1)(y) + (Fsh2)(y)

)
(Fsg)(y)

]
(x)

=
(
1 − d2

dx2

)
Fc

[
(e−y sin y(Fh1)(y) + (Fsh2)(y))(Fsg)(y)

]
(x).

Using the Parseval identity for the generalized convolution (1.9) and the
Parseval identity for the generalized convolution (1.7) we have

f(x) =
(
1 − d2

dx2

)
{(h1

γ∗
2
g)(x) + (h2 ∗

2
g)(x)}.

Therefore the inverse transformation of (3.1) has the form (3.3).
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Necessity. Suppose that the transform (3.1) is unitary on R+, then the
Parseval identities for the Fourier sine and cosine transforms yield∥∥(1 + y2)

(
e−y sin y(Fh1)(y) + (Fsh2)(y)

)
(Fcf)(y)

∥∥
L2(R+)

=‖g‖L2(R+) = ‖f‖L2(R+) = ‖Fcf‖L2(R+).

Therefore the multiplication operator Mθ[·] with θ(y) = (1 + y2)(e−y sin y
(Fh1)(y) + (Fsh2)(y)) is unitary on L2(R+). This equivalent to |θ(y)| ≡ 1
on R+, namely

|(1 + y2)
(
e−y sin y(Fh1)(y) + (Fsh2)(y)

)| = 1, ∀y > 0.

It shows that h1 and h2 satisfy condition (3.2). The proof of Theorem 3.1
is completed. �

4. A class of integral equations

Inspire of having many useful applications (see [6]), not so many integral
equations can be solved in a closed form. In this section, we consider the
following integral equation related to the transform (3.1)

f(x) +
d

dx
(Kϕ,ψf)(x) = g(x),

f ′(0) = 0,

lim
x→∞ f(x) = lim

x→∞ f ′(x) = 0.

(4.1)

Here, ϕ(x) = (ϕ1(τ) ∗
F

sech(τ))(x), ψ(x) = (ψ1(τ)∗
1
sech(τ))(x); ϕ1, ψ1, g are

given functions in L1(R+), and f is a unknown function.
In order to give a solution of the above problem, note that, for h ∈

L1(R+) such that h(0) = 0, lim
x→∞h

′(x) = 0, there exist the Fourier sine and

Fourier cosine transforms of h, h′. Furthermore,

(Fsh′)(y) = −y(Fch)(y), (4.2)

and

(Fch′)(y) =
1√
2π

∞∫
0

h′(x) cos xydx = y(Fsh)(y). (4.3)

Theorem 4.1. Suppose the following condition holds

1− 6Fc[ϕ1
γ∗
2
sinh(τ) sech4(τ) +ψ1 ∗

2
sinh(τ) sech4(τ)](y) �= 0, ∀y > 0. (4.4)

Then problem (4.1) has a unique solution in L1(R+) that has the form

f(x) = g(x) + (g ∗
Fc

l)(x). (4.5)
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Here, l ∈ L1(R+) is defined by

(Fcl)(y) =
6Fc[ϕ1

γ∗
2

sinh(τ) sech4(τ) + ψ1 ∗
2

sinh(τ) sech4(τ)](y)

1 − 6Fc[ϕ1
γ∗
2

sinh(τ) sech4(τ) + ψ1 ∗
2
sinh(τ) sech4(τ)](y)

.

P r o o f. Using the Parseval identity for the generalized convolution
(1.8) (Theorem 2.1), for ϕ ∈ L1(R), f ∈ L1(R+), we have (Fϕ)(y) ∈
C0(R), (Fcf)(y) ∈ C0(R+), and hence bounded. It shows that the inte-
gral (2.1) is absolutely convergent. Then we can interchange the order of
integration and differentiation to get

( d

dx
− d3

dx3

)
(ϕ

γ∗
1
f)(x)

=

√
2
π

( d

dx
− d3

dx3

) ∞∫
0

e−y sin y(Fϕ)(y)(Fcf)(y) sinxy dy

=

√
2
π

∞∫
0

(y + y3)e−y sin y(Fϕ)(y)(Fcf)(y) cos xy dy. (4.6)

The equation (4.1) can be rewritten in the form

f(x) +

√
2
π

( d

dx
− d3

dx3

){ ∞∫
0

e−y sin y(Fϕ)(y)(Fcf)(y) sinxy dy
}

+
( d

dx
− d3

dx3

)
{(ψ ∗

1
f)(x)} = g(x). (4.7)

Applying the Fourier cosine transform to both sides of (4.7), and using the
factorization equality (1.6) and formulas (4.2), (4.3), and (4.6) we obtain

(Fcf)(y)+(y+y3)
(
e−y sin y(Fϕ)(y)+(Fsψ)(y)

)
(Fcf)(y) = (Fcg)(y). (4.8)

By the assumption ϕ(x) = (ϕ1 ∗
F

sech(τ))(x), ψ(x) = (ψ1 ∗
1

sech(τ))(x), we

have

(Fϕ)(y) =(Fϕ1)(y)F [sech(τ)](y) =
√
π

2
sech

πy

2
(Fϕ1)(y),

(Fsψ)(y) =(Fsψ1)(y)Fc[sech(τ)](y) =
√
π

2
sech

πy

2
(Fsψ1)(y).
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Therefore

(Fcf)(y) +
√
π

2
y(y2 + 1) sech

πy

2
((Fϕ1)(y)e−y sin y+ (Fsϕ1)(y))(Fcf)(y)

= (Fcg)(y). (4.9)

Using formula (see relation (1.9.4) in [2]) for n = 1:
√

2π
4

(y2 + 1) sech
πy

2
= Fc[sech3(τ)](y),

we can write equation (4.9) in the form

(Fcf)(y) + 2yFc[sech3(τ)](y)
(
(Fϕ1)(y)e−y sin y

+ (Fsψ1)(y)
)
(Fcf)(y) = (Fcg)(y).

On the other hand, by integration by parts we easily see that

yFc[sech3(τ)](y) = −3Fs[sinh(τ) sech4(τ)](y).

Therefore,

(Fcf)(y)
(
1− 6Fc[ϕ1

γ∗
2
sinh(τ) sech4(τ)](y)− 6Fc[ψ1 ∗

2
sinh(τ) sech4(τ)](y)

)
= (Fcg)(y).

From condition (4.4) we get

(Fcf)(y)

=
(
1+

6Fc[ϕ1
γ∗
2
sinh(τ) sech4(τ) + ψ1 ∗

2
sinh(τ) sech4(τ)](y)

1 − 6Fc[ϕ1
γ∗
2

sinh(τ) sech4(τ) + ψ1 ∗
2
sinh(τ) sech4(τ)](y)

)
(Fcg)(y).

(4.10)

The Wiener-Levy theorem [10] states that if f is the Fourier transform
of an L1(R) function, and ϕ is analytic in a neighborhood of the origin
with ϕ(0) = 0 that contains the domain {f(y), ∀y ∈ R}, then ϕ(f) is
also the Fourier transform of an L1(R) function. For the Fourier cosine
transform it means that if f is the Fourier cosine transform of an L1(R+)
function, and ϕ is analytic in a neighborhood of the origin that contains
the domain {f(y), ∀y ∈ R+}, and ϕ(0) = 0, then ϕ(f) is also the Fourier
cosine transform of an L1(R+) function.

By the given condition (4.4) the function ϕ(z) = 6z
1−6z satisfies con-

ditions of the Wiener-Levy theorem, and therefore, there exists a unique
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function l ∈ L1(R+) such that

(Fcl)(y) =
6Fc[ϕ1

γ∗
2

sinh(τ) sech4(τ) + ψ1 ∗
2

sinh(τ) sech4(τ)](y)

1 − 6Fc[ϕ1
γ∗
2

sinh(τ) sech4(τ) + ψ1 ∗
2
sinh(τ) sech4(τ)](y)

.

Therefore, the equation (4.10) becomes

(Fcf)(y) =
(
1 + (Fcl)(y)

)
(Fcg) = Fc

[
g + g ∗

Fc

l
]
(y),

that implies f(x) = g(x) + (g ∗
Fc

l)(x) ∈ L1(R+). The proof is complete. �

5. A system of integral equations

Finally, we consider a system of two integral equations

f(x) +Kϕ,ψg(x) = p(x),

g(x) +K−1
ξ,ηf(x) = q(x),

(5.1)

with boundary conditions

f ′(0) = 0, g′(0) = 0,

lim
x→∞ f(x) = lim

x→∞ f ′(x) = 0 = lim
x→∞ g(x) = lim

x→∞ g′(x). (5.2)

Theorem 5.1. Suppose that

1 − 4Fc
[(
ϕ1

γ∗
1

sech3 τ + ψ1 ∗
1

sech3 τ
) ∗

2

(
ξ1

γ∗
1
sech3 τ + η1 ∗

1
sech3 τ

)]
(y) �= 0,

(5.3)
for any y > 0. The system of equations (5.1) with boundary conditions
(5.2) has a unique solution (f, g) in L1(R+) × L1(R+) in the form

f(x) =p(x) − (
(ϕ1

γ∗
1

sech3 τ + ψ1 ∗
1
sech3 τ) ∗

1
q
)
(x) + (p ∗

1
l)(x)

− (
((ϕ1

γ∗
1
sech3 τ + ψ1 ∗

1
sech3 τ) ∗

1
q) ∗

1
l
)
(x),

g(x) =q(x) − 2
(
(ξ1

γ∗
1
sech3 τ + η1 ∗

1
sech3 τ) ∗

2
p
)
(x) + (q ∗

Fc

l)(x)

− 2
(
((ξ1

γ∗
1
sech3 τ + η1 ∗

1
sech3 τ) ∗

2
p) ∗

Fc

l
)
(x).

Here, l ∈ L1(R+) is defined by

(Fcl)(y) =
6Fc[ϕ1

γ∗
2

sinh(τ) sech4(τ) + ψ1 ∗
2

sinh(τ) sech4(τ)](y)

1 + 6Fc[ϕ1
γ∗
2

sinh(τ) sech4(τ) + ψ1 ∗
2
sinh(τ) sech4(τ)](y)

.
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P r o o f. Applying the Fourier sine transform to the first equation, and
the Fourier cosine transform to the second one, we obtain

(Fsf)(y) + (1 + y2)
(
(Fϕ)(y)e−y sin y + (Fsψ)(y)

)
(Fcg)(y) = (Fsp)(y),

(Fcg)(y) + (1 + y2)
(
(Fξ)(y)e−y sin y + (Fsη)(y)

)
(Fsf)(y) = (Fcq)(y).

(5.4)

By assumption ϕ(x) = (ϕ1 ∗
F

sech(τ))(x), ξ(x) = (ξ1 ∗
F

sech(τ))(x), ψ(x) =

(ψ1 ∗
1

sech(τ))(x), η(x) = (η1 ∗
1

sech(τ))(x). Using factorization identities

for the Fourier convolution and the generalized convolutions (1.5), (1.10),
(1.11), and formula 1.9.4 in [2] we obtain

(1 + y2)
(
(Fϕ)(y)e−y sin y + (Fsψ)(y)

)

=(1 + y2)
√
π

2
sech

πy

2
(
e−y sin y(Fϕ1)(y) + (Fsψ1)(y)

)
=2Fc[sech3 τ ](y)

(
e−y sin y(Fϕ1)(y) + (Fsψ1)(y)

)
=2Fs[ϕ1

γ∗
1

sech3 τ ](y) + Fs[ψ1 ∗
1

sech3 τ ](y),

and

(1 + y2)
(
(Fξ)(y)e−y sin y + (Fsη)(y)

)

=(1 + y2)
√
π

2
sech

πy

2
(
e−y sin y(Fξ1)(y) + (Fsη1)(y)

)
=2Fc[sech3 τ ](y)[e−y sin y(Fξ1)(y) + (Fsη1)(y)]

=2Fs[ξ1
γ∗
1

sech3 τ ](y) + Fs[η1 ∗
1

sech3 τ ](y).

Therefore, system (5.4) is equivalent to

(Fsf)(y) + 2
(
Fs[ϕ1

γ∗
1

sech3 τ ](y) + Fs[ψ1 ∗
1

sech3 τ ](y)
)
(Fcg)(y) = (Fsp)(y),

(Fcg)(y) + 2
(
Fs[ξ1

γ∗
1

sech3 τ ](y) + Fs(η1 ∗
1

sech3 τ)(y)
)
(Fsf)(y) = (Fcq)(y).

(5.5)

Solving system (5.5) we obtain

Δ =1 − 4
(
Fs[ϕ1

γ∗
1
sech3 τ ](y) + Fs[ψ1 ∗

1
sech3 τ ](y)

)×
× (

Fs[ξ1
γ∗
1

sech3 τ ](y) + Fs(η1 ∗
1

sech3 τ)(y)
)

=1 − 4Fc
[(
ϕ1

γ∗
1

sech3 τ + ψ1 ∗
1

sech3 τ
) ∗

2

(
ξ1

γ∗
1
sech3 τ + η1 ∗

1
sech3 τ

)]
(y).
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From condition (5.3), the Wiener-Levy theorem shows that there exists a
function l ∈ L1(R+) such that

(Fcl)(y) =

=
4Fc

[(
ϕ1

γ∗
1
sech3 τ + ψ1 ∗

1
sech3 τ

) ∗
2

(
ξ1

γ∗
1

sech3 τ + η1 ∗
1
sech3 τ

)]
(y)

1 − 4Fc
[(
ϕ1

γ∗
1
sech3 τ + ψ1 ∗

1
sech3 τ

) ∗
2

(
ξ1

γ∗
1

sech3 τ + η1 ∗
1

sech3 τ
)]

(y)
.

It implies
1
Δ

= 1 + (Fcl)(y). Therefore, solving system (5.5) we obtain

f(x) = p(x) − (
(ϕ1

γ∗
1
sech3 τ + ψ1 ∗

1
sech3 τ) ∗

1
q
)
(x) + (p ∗

1
l)(x)

− (
((ϕ1

γ∗
1

sech3 τ + ψ1 ∗
1

sech3 τ) ∗
1
q) ∗

1
l
)
(x) ∈ L1(R+),

and

g(x) = q(x) − 2
(
(ξ1

γ∗
1
sech3 τ + η1 ∗

1
sech3 τ) ∗

2
p
)
(x) + (q ∗

Fc

l)(x)

− 2
(
((ξ1

γ∗
1

sech3 τ + η1 ∗
1

sech3 τ) ∗
2
p) ∗

Fc

l
)
(x) ∈ L1(R+).

The proof is completed. �
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