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Abstract

We introduce an integral transform related to a Fourier sine— Fourier
— Fourier cosine generalized convolution and prove a Watson type theorem
for the transform. As applications we obtain solutions of some integral
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1. Preliminaries

The Fourier cosine and the Fourier sine transforms are defined as follows
(see [111, 12])

(F)) = B = 7f<x> cosayde =2 7f<x>smjy .
0 0
(1.1)

1) = i = 7f(:v) snsyde =24 [ g T
0

T dy T
0
(1.2)
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for f € Li(R4). The second integrals in (L.1I) and (L.2)) are also well-defined
for f € La(Ry).

In 1951, I. N. Sneddon introduced a convolution of two functions f and
g for the Fourier cosine transform (see [L1])

(f X g \/2 /f (|lx —u|) + g(x + w)]du, x > 0, (1.3)

which satisfies the followmg factorization equality
Eelf x 9l(y) = (Ef)(y)(Feg)(v), ¥y >0, f.g € L1(Ry). (1.4)

I. N. Sneddon was also the first author who introduced the convolution for
two different integral transforms (see [11])

(f * 9)() \/%/f oz —ul) — glz +w)ldu, >0,  (L5)

1

and showed that this convolution satisfies the following factorization iden-
tity (see [1, [I1])

Eslfx9l(y) = (Fs )W) (Feg) ), y > 0, frg € Li(Ry). (1.6)

In this factorization equality, there are two integral transforms F, and Fj
involved. Convolutions whose factorization identities contain more than
one integral transforms are called generalized convolutions (see [7]).

Another generalized convolution for the Fourier cosine and Fourier sine
integral transforms has the form (see [§])

\/ /f g(z +y) —sign(y — z)g(ly — z|)|dy, = > 0. (1.7)

This generalized convolutlon satisfies the following factorization identity
Elfxal(y) =(FENW)(E9) ), y >0, frg € Li(Ry).

The generalized convolutions of two functions h and f with a weight func-
tion v(y) = e Ysiny for three transforms - the Fourier cosine, the Fourier
and the Fourier sine integral transforms were studied in [9] [14]

(h3 D) = (2;)3/2 / / [k, — 1) — k(.1 )

—oo 0

— k(z,u,v+ 1) + k(z,u,—v — 1)] h(u)f(v)dvdu, >0, (1.8)
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and

(h3 ) = (2;)3/2 / / [k, 0 — 1) 4 k(1 — )

-0 0
— k(z,u,v+1) — k(z,u,—v — 1)] h(u) f (v)dvdu, x > 0. (1.9)

1+idu
(1+iu)? + (z +v)?
For h € Li(R,v/1+ 22) and f € Li(R,), the generalized convolutions

(L), (LI) are well-defined and the following factorization properties hold
(see [9 [14])

Here, k(z,u,v) =

~

Eslhx fl(y) = e siny(Fh)(y)(Fef)(y), y > 0, (1.10)
Felh % f)(y) = e siny(Fh) (y)(Fof) (), y > 0. (1.11)
Here, F' denotes the Fourier transform (see [11])
FHw=Fw = [ emi@a= 0 [T

(1.12)
for f € Li(R). The second integral in (LI2]) is also well-defined for f €
Ly(R).

In this paper, we are interested in an integral transform related to the
generalized convolutions (5] and (L8]), namely, a transform of the form

2
o) = a0 = (1= 0, ) (00 F D) + (g D). (113
In Section 2] we derive some properties for the generalized convolutions
(CE), (LI) in Ly(Ry). In Section Bl a Watson type theorem for the trans-
form (LI3) is proved. In Sections M| and [l as applications we obtain
solutions in closed form of an integral equation and a system of integral
equations.

2. Generalized convolution properties

In this section, we prove the existence of the generalized convolutions
(C8) and (LI) for weaker conditions, namely, for h € Li(R) and f €
Li(R,). Besides, we obtain some operator properties of the generalized

convolutions (LL8) and (L9) in L,(R4).
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THEOREM 2.1. For h € Li(R) and f € Li(Ry), the generalized
convolutions (L.8) and (.9) are well-defined, belong to L1(R.), and satisfy
the factorization identities (LI0) and (LIIl). Moreover, the generalized

convolutions (L.8) and ([L.9) also belong to L,(R) for p > 2, and the
following Parseval type identities hold

win@ =y [ersmyEnmEn@ sy 2 >0, @1
0

oo

(h % f)(x) 2\/2 /e_y siny(Fh)(y)(Fsf)(y) coszydy, © > 0. (2.2)

™
0

P r oo f. Using formula 1.4.1 from [2], we have

k(x,u,v—1) — k(z,u,1 —v) — k(zx,u,v+ 1) + k(x,u,—v —1) (2.3)

o0
1
=4 /[cost(a: +v—1)—cost(x +v+1)+cost(z —v—1)
0
— cost(x — v+ 1)]e”IHWtgy
o0

= / sin(zt) sin ¢ cos(tv)e” Wi gt,
0

Consequently,

|k(z,u,v — 1) — k(z,u, 1 —v) — k(x,u,v + 1) + k(z,u,—v —1)| (2.4)

§/|sin(act) sin ¢ cos(tv)e” 1T dt < /e_tdt =1.
0 0
Similarly,

|k(z,u,v — 1) + k(z,u, 1 —v) — k(x,u,v+ 1) — k(z,u,—v —1)] < 1.
(2.5)

Formulas (2.4]) and (2.5 yield

1 T T 1
B0 oo [ [ @It = o LTl ol e < .
—o0 0

(2.6)
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1 oo o0 1
N1 < e [ [ BN = S Tl ol ey <
S

(2.7)

It shows the existence of the generalized convolutions (L&) and (L9).
Besides, formulas (2.4]) and (2.5]), and conditions h € Li(R), f € L1(Ry)
yield the absolute convergence of the integrals (L8)) and (L9). Putting (23])
into (L8] and using Fubini’s theorem we obtain the Parseval type equality

(2.1). Similarly we get (2.2)).

Now we prove that the generalized convolutions (L8] and (L9]) belong
to the space Li(R). First, note that h(xz) = g1(x) + g2(z), where g1, g2 €
Li(R) are defined by

h(z) + h(—x) h(z) — h(—a:).

g1(z) = ) o ga(w) = )

Since g; is an even function, and g2 is an odd function, we have (Fg1)(y) =
(Feqn)(y), (Fg2)(y) = —i(Fs92)(y). Moreover, using formulas (1.6.6, p.28)
and (2.9.20, p.79) in [2] we obtain

Gt i PR B ()

Therefore, the Parseval identity (2.1]) can be rewritten in the following form

(h % (@) = Fs [e7? siny((Fegi)(y) — i(Fsg2)(v)) (Fef) ()] (x)  (2.8)

2— 72

:\/iF [FS[ SR A

T4+ 4 F.

2, 27 . /2 2—7
—\/W(T4 i DO @) —Z\/W (s n@0x 577 )@,
where (- X -) is defined by (L.3]), and (- H -) is defined by (LB]). Similarly,
the Parsex:al identity (Z2) can be rewritten in the following form

(h % N@) = Fe [e7siny((Feg1) (y) — i(Fog2) () (Fef) )] (@) (2.9)

0 Elae 71w)] )

= 2e B[ Rl o) - [T 0 ; iw)] @
20T )@ -2 (2 5 s N ),

where the convolution (- x -) is defined by (L.7]).
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From formulas (2.8)), (2.9) and the properties of convolutions (L3]),
(LH), (L7, it is easy to see that generalized convolutions (L&) and (L.9)
belong to L;(R4).

Finally, from Parseval identities (2.1)), (2.2]), and the Lebesgue-Riemann
lemma, since h € Li(R), f € L1(Ry), we see that (F'h)(y), (Fsf)(y) and
(F.f)(y) are continuous functions, vanish at infinity, and hence bounded.
Therefore e Y siny (F'h)(y)(Fef)(y) and e Y siny(Fh)(y)(Fsf)(y) are func-
tions in space Lq(R,), for 1 < ¢ < 2. Consequently, generalized convolu-
tions (L&) and (L9) belong to L,(R4) for all p > 2, and the factorization

equalities (II0) and (LII) hold. O

Recall the Hausdorff-Young inequality for the Fourier transform (see
[41) )
IEfllz,, @) < \/%HfHLp(R), (2.10)

here, f € L,(R), 1 <p <2, and p’ is its conjugate exponential Ly pl, =1.

In case f is an odd or an even function, the Hausdorfl-Young inequality
has the form

2 2
IEflle, @y < \/ﬂ_||f||Lp(R+)v IEefllL, @y < \/ﬂ_||f||Lp(R+)' (2.11)

THEOREM 2.2. Let h € L,(R), f € Ly(R4), 1 < p,q < 2 with
respective conjugate exponentials p’,q'. Then the generalized convolutions

(h% 1), (h% f) belong to L,(R..) for all r > 2, and the factorization equalities

1 1 1
(LIO), (LII) hold. Moreover, for 1 < r < 2 satisfying , 4+ , < and 1’
q r
be the conjugate exponential of r, the following estimates hold:
Y V2
1A fllo,, &) < 1 1Al L, @) I Ly ®y)s
1 (rs)rs /2
(2.12)

V2

(rs) 7912 1Al 2, @) 1 f1 g (R

vy
1% Fllz, ) <

1
Here s > 1 is defined by r/ + T, + =1, and the integrals are understood
p q B

in mean value principle, if necessary.

P r o o f. We will prove for the generalized convolution (h% f). A proof

for the generalized convolution (h % f) is similar.
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Since the integrals are understood in mean, using Fubini’s theorem and
formula (2.3]), we see that the generalized convolution (L)) is well-defined
and the Parseval equality (2.I) holds. Furthermore, for h € L,(R), f €
L,(Ry), the Riemann-Lebesgue lemma shows that (F'h)(y) € Co(R),
(Fef)(y) € Co(Ry), and hence bounded. Therefore,

e Ysiny(Fh)(y)(Fef)(y) € Ly(R4) forall r>1,
hence h % f € L. (Ry) for all ¥ > 2, and the factorization equality (LI0)

holds.

We now prove the first inequality in (2.12). Note that r < p',r < ¢
for 1 < r < 2, thanks to the Hausdorff-Young inequality and the Holder
inequality, we have

2
103 Flz, @) < V Nl siny(FR) () (Fel) @)l 2, e

- \/i ( / [(Fh)(y)(Fef)(y)e™ sin yl’"dy) ;

0
< ([ 1w a)” ([1Enerra)? ([ ese )}
e 0 0

Therefore, applying again the Hausdorff-Young inequality we obtain

¥ 2 T s s
1% Al e gJ 2IFA VAl [ e van)
0
V2m
< 0 bl Ifllz,e,-
(rs)rs.m?
The proof is completed. O

Let Lff’ﬁ(]RJr), a > —1,8 > 0, be the space of all functions defined on
R, such that

oo

Flsomy, = ([ 21 @) <o
Ly”(Ry) ’

0
The existence and norm estimate of the convolutions (L8], (L9) for h €
Ly(Ry), f € Ly(Ry), where p > 1 and ¢ is its conjugate exponential, are
stated in the following

PRrROPOSITION 2.1. For all h € Li(R) and f € Li(Ry), the gener-
alized convolutions (8], (I9) exist as continuous operators in LY?(R.,),
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moreover, h% 1, h% f belong to L2h (R4), and the following estimates hold
true

v
1% Fll oo,y < Cltllo o1 e,

! (2.13)
A % Flpes g,y < Clhlln@olfllc, @),
where C' = B_azlfvl-(a +1).
P r o o f. With the help of formula 3.381.4 in [5]
/xo‘e_ﬁxda; = B_"Hf(a +1), >0, a>-1,
0
and estimates (2.6)), (2.7]), we obtain (2.13]). O

3. A Watson type theorem
In this section, we consider the following transform

2
diz){(fh % (@) + (ho H )}, (3.1)

where, (ho * f)(x) is the generalized convolution for the Fourier sine and

= Knynofl(z) = g(x) = (1 —

Fourier cosine transforms (L3]).

THEOREM 3.1. Let hy € Lyo(R), he € La(Ry), then the condition

1

e siny(Fhi)(y) + (Fsh2)(y)l = b2

(3.2)

is necessary and sufficient to ensure that the transform (31 is unitary on
Ls(Ry). Moreover, the inverse transform has the form

2
1@ = (1= )0 19 @) + (g )@}, (33

P r oo f. Sufficiency. Suppose that hy and hy satisfy condition (3.2]).
It is well-known that h(y), yh(y), y>h(y) € L2(R) if and only if (Fh)(z),

d‘i(Fh)(ac) @ (Fh)(x) € Lay(R) (Theorem 68, [12]). Moreover,

) de
d2

T (FR)(@) = Fl(=ig*h(y)](2).
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In particular, in case h is an even or an odd function such that (1+y?)h(y) €
Ly(Ry ), the following equalities hold

d2
(1- 1o ER@) = E[1+y)hy)] @),

d2
(1= 7 ) ER@) = B[+ y2)h()] ().

(3.4)

Using Theorem [2.2] in case p = ¢ = r = 2, the convolution h; % f sat-
isfies the Parseval identity (2.I)). Applying the Parseval identity (L@ for
convolution ho * f, we have

2
o) =(1= YRV siny(Fin) () (Fef ) () + (Faho) () (Fef ()] (2)
=F,[(1+ ) (e Y siny(Fh)(y) + (Fsh2)(y)) (Fe.f) ()] ().

By virtue of the Parseval identity for the Fourier cosine and the Fourier sine
transforms || f{|z,w,) = [[Fefllro®y) = 1Fsfllor,) and from condition

B2) we get
ol zaeyy = [[(1+y?) (e siny(Fha)(y) + (Fsh2) () (Fef ) )| 1y e,
= Fefllromy) = 1fllomyy-

It shows that the transformation ([B.1]) is unitary.

On the other hand, formula [3:2) implies that (1+y?) (e™¥ siny(Fhy)(y)+
(Fsh2)(y)) is bounded on Ry, hence (1+y2)(e™¥ siny(Fh1)(y)+ (Fshs2)(y))
(Fef)(y) € L2(Ry). We have

(Fsg)(y) = (L +y?) (e siny(Fh1)(y) + (Fsha)(y)) (Fef) (y)-
Using condition (3.2]) we obtain

(Fef)(y) = L +y*) (e Y siny(Fha)(y) + (Fsha)(y) (Fsg) (y).
Again, condition (B:2) shows that (1 + y?)(e ¥siny(Fhi1)(y) + (Fsh2)(y))
(Fs9)(y) € La(Ry), then formula (34) yields

f(z) = F[(L+y?) (e Y siny(Fhi)(y) + (Fsh2)(y) (Fg) ()] (2)
2
(1= )Rl siny(Fhn) ) + (Foha) () (Fag) ()] ()

Using the Parseval identity for the generalized convolution (L9) and the
Parseval identity for the generalized convolution (7)) we have
2

d v
1@ = (1= 1 {0 do)@) + (he £ 9) (@)}
Therefore the inverse transformation of ([B.I]) has the form (B.3).
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Necessity. Suppose that the transform (B8.I]) is unitary on Ry, then the
Parseval identities for the Fourier sine and cosine transforms yield

(1 +y%) (e siny(Fha)(y) + (Esh2) () Fef) ) 1w

=lgllo®y) = 1flaey) = 1Fef oy )-

Therefore the multiplication operator My[-] with 6(y) = (1 + y?)(e ¥ siny
(Fh1)(y) + (Fsh2)(y)) is unitary on Lo(R4). This equivalent to |0(y)| = 1
on R, namely

(14 y*) (e Ysiny(Fhi)(y) + (Fsha)(y))| = 1, Yy > 0.
It shows that hq and hg satisfy condition ([B.2]). The proof of Theorem [3.1]
is completed. O

4. A class of integral equations

Inspire of having many useful applications (see [6]), not so many integral
equations can be solved in a closed form. In this section, we consider the
following integral equation related to the transform (3.)

d
F@)+ o (Kouf)@) = g()
f'(0)=o, (4.1)
Jm, () = Jim f(=) =0.
Here, ¢(z) = (Qol(T);SGCh(T))({L‘),”L/}(IL’) = (¢1(7) Tsech(v-))(a:); ©1,1,9 are
given functions in L;(R4), and f is a unknown function.

In order to give a solution of the above problem, note that, for h €
Li(Ry) such that h(0) = 0, lim h'(x) = 0, there exist the Fourier sine and
T—00

Fourier cosine transforms of h, h'. Furthermore,

(Fsh/)(y) = _y(Fch) (y)’ (4'2)
and
(FH)(y) = j% 0/ W (@) cos eyda = y(Fuh)(y). (4.3)

THEOREM 4.1. Suppose the following condition holds
1—6F.[p1 %sinh(T) sech?(1) + >Ssinh(T) sech?(7)](y) # 0, Yy > 0. (4.4)
Then problem (A1) has a unique solution in Li(Ry) that has the form
f@)=g(z) + (g x D). (4.5)
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Here, | € L1(Ry) is defined by

6F.[p1 :5/ sinh(7) sech4(7') + % sinh(7) sech4(T)](y)

(Fd)(y) = - ) | S
1—6F:[p1 % sinh(7) sech®(7) + 11 >5smh(7') sech™(7)](y)

P r o o f. Using the Parseval identity for the generalized convolution

(C8) (Theorem 2.JI), for ¢ € Li(R),f € Li(R;), we have (Fp)(y) €
Co(R), (F.f)(y) € Co(Ry), and hence bounded. It shows that the inte-

gral (2.0) is absolutely convergent. Then we can interchange the order of
integration and differentiation to get

(di dm3)(w%f)( )

_\/ d:c dx?’)/e siny(Fo)(y) (Fef)(y) sinzy dy
0

:\/i /(?f +y°)e Y siny(Fo)(y)(F.f)(y) cos zy dy. (4.6)
0

The equation (A1) can be rewritten in the form

oo

f(a;)—i—\/Q dm dx?’ /e siny(Fo)( )(Fcf)(y)sinxydy}

0
3
(di B dig){(lb « f)(x)} =g(x). (4.7)

1

Applying the Fourier cosine transform to both sides of (4.7]), and using the
factorization equality (L) and formulas (£2), (4.3]), and ([&6]) we obtain

(Fof) )+ (y+y*) (7Y siny(F) (y) + (Fab) (v)) (Ff)(y) = (Feg)(y). (4.8)

By the assumption p(z) = (¢1 ;sech(v'))(a;),zp(x) = (1 Tsech(T))(m), we
have

(Fo) () =(Fin) () Fseeh(](0) = 5 seeh T (1)),

(Fu) () =(Futon)(y) Felsech(r =\/”sech (Fbn)(y).
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Therefore

() + | 0t0? + 1) sech Y (Fp))e 7 siny + (Fop) ) (Fe) )

= (Feg)(y). (4.9)
Using formula (see relation (1.9.4) in [2]) for n = 1:
\/jﬂ (y? + 1) sech 772y = F,[sech®(1)](y),

we can write equation (£9]) in the form

(Fef)(y) + 2y Fefsech®(n)](y) ((Fe1) (y)e Y siny

+(Fsy1)(y) (Fef)(y) = (Feg)(y)-
On the other hand, by integration by parts we easily see that

yF,[sech®(1)](y) = —3F,[sinh(7) sech(7)](y).

Therefore,

(F.f)(y) (1 —6F.[p1 %sinh(T) sech4(T)](y) —6F. [y ;sinh(T) sech4(7)](y))

= (Fe9)(y)-
From condition (4.4]) we get
(Fef)(y)
6F:[¢1 % sinh(7) sech*(7) + v % sinh(7) sech? (7)](y)
~ (1 o ) | o) Fe)).
1 —6F.[p1 x sinh(7) sech®(7) + ¢n % sinh(7) sech®(7)](y)
(4.10)

The Wiener-Levy theorem [I0] states that if f is the Fourier transform
of an Lj(R) function, and ¢ is analytic in a neighborhood of the origin
with ¢(0) = 0 that contains the domain {f(y), Vy € R}, then ¢(f) is
also the Fourier transform of an L;(R) function. For the Fourier cosine
transform it means that if f is the Fourier cosine transform of an L; (R )
function, and ¢ is analytic in a neighborhood of the origin that contains
the domain {f(y), Vy € R4}, and ¢(0) = 0, then ¢(f) is also the Fourier
cosine transform of an L;(Ry) function.

By the given condition (44]) the function ¢(z) = 1%2 satisfies con-
ditions of the Wiener-Levy theorem, and therefore, there exists a unique
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function I € Ly (R.) such that
6F .1 # sinh(r) sech™(r) + ¢y ¢ sinh(7) sech*(7)](y)
o) = 6F.[ip1 % sinh(7) sech®(r) + 141 5 sinh(r) sech* (7)) (y)
Therefore, the equation (@I0) becomes

(Fef) () = (14 (FeD(y)) (Feg) = Felg + 9 # U ().

that implies f(z) = g(z) + (g9 : I)(z) € Li(R4). The proof is complete. O

5. A system of integral equations

Finally, we consider a system of two integral equations
f(@) + Ky ypg(z) = p(),

5.1
9(@) + KA (@) = gl), (5:1)
with boundary conditions
f(0)=0, g¢'(0)=0,
(5.2)

lim f(z) = lim f'(x) =0 = lim g(z) = lim ¢'(z).

THEOREM 5.1. Suppose that

1—4F, [(gpl % sech® 7 + ¢ * sech?® 7‘) % (51 % sech® 7 4+ * sech? 7‘)] (y) #0,

(5.3)
for any y > 0. The system of equations (5.1l) with boundary conditions
(52) has a unique solution (f,g) in L1(Ry) x L1(Ry) in the form

f(@) =p(x) = (o1 ¥ sech® 7 + 4y # sech® 7) x q) (2) + (p x 1)(a)
— (((¢1 % sech® 7 + 1y H sech? 1) H q) * 1)(z),

g(x) =q(x) = 2((&1 # sech® 7+ g1 ¥ sech® 7) x p) (2) + (g  1)(2)

—-2(((& %Sech?’v' ek sech® 7) >2kp) x l)(z).

Here, | € L1(Ry) is defined by

6F.[¢1 % sinh(7) Sech4(7') + % sinh(7) Sech4(7')](y)

(Fel)(y) = :
/ 14+ 6F.[p1 :5/ sinh(7) sech*(7) + v % sinh(7) sech?(7)](y)
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P r o o f. Applying the Fourier sine transform to the first equation, and
the Fourier cosine transform to the second one, we obtain

(Fof) () + L+ ) (Fo)(y)e Y siny + (Fy) () (Feg) (v) = (Fp) (),
(Feg)(y) + (L + y) (FE) (y)e™Y siny + (Fen)(y)) (Fs f)(y) = (Fe )(y() )

5.

By assumption p(z) = (1 % sech(7))(z), £(x) = (&1 * sech(7))(2), ¥(z) =
(1 x sech(7))(z), n(z) = (m Tsech(T))(m). Using factorization identities

for the Fourier convolution and the generalized convolutions (ILH), (LI0),
(III), and formula 1.9.4 in [2] we obtain

(L +y°) (Fe)(y)e ™ siny + (Fse)(y))
—1 ) seeh Y (e siny(Fe)) + (o))

=2F[sech® 7)(y) (e ¥ siny(F1)(y) + (Fsth1)(y))
=2F,[ip1 % sech® 7](y) + Fi [ty % sech® 7] (y),

and

(1+ ) ((FO(y)e Y siny + (Fan)(y))

—(1+ y2)\/ ; sech ”23/ (e ¥siny(F&)(y) + (Fom) ()

=2F,[sech’ 7](y)[e ™Y siny(F&1)(y) + (Fsm) ()]
=2F,[& % sech® 7](y) + Fy[m H sech® 7](y).

Therefore, system (5.4]) is equivalent to
(Fsf) () + 2(Filen % sech’ 7](y) + Fu[ur + sech® 7]()) (Fog) (y) = (Fap)(v),

(Feg)(y) +2(Fle1 F sech® 7](y) + Fy(nr 1 seeh® 71)(9) (Fo ) ) = (Fea)(v)-

Solving system (5.5]) we obtain
A =1 —4(F,[p %Sech?’ T(y) + Fs[t1 * sech? 7)(y)) %
x (Fsl& %Sech3 7(y) + Fs(m i sech® 7)(y))

=1 —4F, [(gol :1»5 sech® 7 + 1 H sech? 7') % ({1 % sech® 7+ 1 * sech?® )] (y).
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From condition (5.3]), the Wiener-Levy theorem shows that there exists a
function | € Li(Ry) such that

(Fel)(y) =

4Fc[(§01 %SeChg’T + 1/11 >1'< Sech3 T) >5 (51 % sech37- +m TSGChg 7_)] (y)

a 1—4F, [(gol % sech® 7 + ¢ H sech® 7‘) % (51 % sech® 7 + H sech® 7')] (y) .

1
It implies AT 1+ (Fel)(y). Therefore, solving system (5.5]) we obtain

f(@) =p(x) — ((¢1 % sech® 7 + ¢ i sech?® 7) 1q)(2) + (3 1)(@)

— (((gol %Sech3 T+ * sech?® T) TQ) * l)(:z:) € L1(Ry),

9(x) = a(x) = 2((r % sech®r + 1 sech® 1) £ p) (1) + (¢ % D(x)

—2(((&1 ¥ sech® 7+ 11 ¥ sech® 7) 1 p) # 1) (2) € Ly(Ry).

c

The proof is completed. O
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