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ABSTRACT. In this paper we introduce generalized or vector-valued Orlicz-
Lorentz sequence spaces lp,q,M (X) on Banach space X with the help of an Orlicz
function M and for different positive indices p and q. We study their structural
properties and investigate cross and topological duals of these spaces. Moreover
these spaces are generalizations of vector-valued Orlicz sequence spaces lM (X) for

p = q and also Lorentz sequence spaces for M(x) = xq for q ≥ 1. Lastly we prove
that the operator ideals defined with the help of scalar valued sequence spaces
lp,q,M and additive s-numbers are quasi-Banach operator ideals for p < q and
Banach operator ideals for p ≥ q. The results of this paper are more general than
the work of earlier mathematicians, say A. Pietsch, M. Kato, L. R. Acharya, etc.
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1. Introduction

The study of vector-valued sequence spaces(VVSS) which is a generaliza-
tion of scalar-valued sequence spaces (SVSS) was motivated by the work of
A. Grothendieck in his study on nuclear spaces, cf. [5]. Since then this theory
has developed considerably in different directions, cf. [5], [11], [14] etc. and
references given therein. The present work is an endeavor in this direction;
indeed we introduce the vector-valued Orlicz-Lorentz sequence spaces which in-
clude as particular cases the vector-valued Orlicz sequence spaces as well as
Lorentz sequence spaces. We find their Köthe and topological duals and study
the interrelationships amongst these spaces. Finally, we introduce the operator
ideals with the help of the corresponding scalar sequence spaces and s-numbers.
The results of this paper generalize the work of A. Pietsch [19], M. Kato [10],
L. R. Acharya [1].
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Keywords: Lorentz sequence spaces, s-numbers of operators, Orlicz function and Orlicz
sequence spaces, operator ideals.
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2. Preliminaries

An Orlicz function M is a continuous, convex function defined from [0,∞) to
itself such that M (0) = 0, M (x) > 0 for x > 0. Such function M always has the
integral representation

M (x) =

x∫
0

p(t) dt

where p(t), known as the kernel of M , is right continuous, non-decreasing func-
tion for t > 0. Let us note that an Orlicz function M is always increasing and
M (x) → ∞ as x → ∞. Also tp(t) → ∞ as t → ∞ and tp(t) = 0 for t = 0,
cf. [8: p. 139]. However p(t) > 0 for t = 0 is equivalent to the fact that the
Orlicz sequence space lM (see the definition below) is isomorphic to l1, cf. [9:
p. 309]. Therefore, we assume here that the karnel p(t) has value 0 for t = 0 and
obviously p(t) → ∞ as t → ∞.

Given an Orlicz function M with kernel p, define q(s) = sup{t : p(t) ≤ s},
s ≥ 0. Then q possesses the same properties as p and the function N defined

as N(x) =
x∫
0

q(t) dt, is an Orlicz funcion. The functions M and N are called

mutually complementary functions. For such functions M and N we have the
Young’s inequality: xy ≤ M (x) + N(y), for xy ≥ 0 and also M (αx) ≤ αM (x)
for 0 < α < 1; cf. [9].

An Orlicz function M is said to satisfy the ∆2-condition for small x or at 0,
if for each k > 1, there exists Rk > 0 and xk > 0 such that

M (kx) ≤ RkM (x) for all x ∈ (0, xk].

Let X and Y be vector spaces over the same field K of real or complex
numbers, forming a dual system 〈X, Y 〉 with respect to the bilinear functional
〈x, y〉. We denote by Ω(X) the vector space of all sequences formed by the
elements of X, with respect to the operations of pointwise addition and scalar
multiplication; and by φ(X), the space of all finitely non zero sequences from
Ω(X). A vector-valued sequence space or a generalized sequence space Λ(X) is
a subspace of Ω(X) containing φ(X). The symbol δxi stands for the sequence
{0, 0, . . . , 0, x, 0, 0, . . .}, where x is placed at the ith coordinate.The notation

x(n) denotes the nth section of x given by {x1, x2, . . . , xn, 0, 0, . . .}.
A subset M of Λ(X) is said to be normal if for {xi} ∈ M and {αi} ∈ K, with

|αi| ≤ 1, i ≥ 1, the sequence {αixi} ∈ M .

The generalized Köthe dual of Λ(X) is the space

Λ×(Y ) =
{
y = {yi} ∈ Y :

∑
i≥1

|〈xi, yi〉| < ∞ for all {xi} ∈ Λ(X)
}
.
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The generalized Köthe dual of Λ×(Y ) is denoted by Λ××(X). The space Λ(X)
is said to be perfect if Λ(X) = Λ××(X). A vector-valued sequence space Λ(X)
equipped with a Hausdorff locally convex topology T is called

(i) a GK-space if the maps Pn,Λ(X) : Λ(X) → X, Pn,Λ(X)(x) = xn, for each
n ≥ 1, are continuous;

(ii) a GAK-space if Λ(X) is a GK-space and for each {xi} ∈ Λ(X), x(n) → x
as n → ∞, in T ;

(iii) a GAD-space if x ∈ φ(X), for every x ∈ Λ(X) i.e. φ(X) = Λ(X).

Every perfect sequence space Λ(X) is normal; cf. [14].

Let us mention here that if the dual system is 〈X,X∗〉 where X is a Ba-
nach space and X∗ is its topological dual, then we may interchangeably use the
notations 〈x, f〉 or f(x) for x ∈ X and f ∈ X∗ in the sequel.

In case X = K, the field of scalars, we write ω for Ω(X), φ for φ(X) and λ
for Λ(X). If en’s are the nth unit vectors in ω, i.e. en = {δnj}∞j=1, where δnj is
the Kronecker delta, φ is clearly the subspace of ω spanned by en’s, n ≥ 1. A
sequence space λ is said to be symmetric if ασ = {ασ(i)} ∈ λ whenever α ∈ λ
and σ ∈ Π, where Π is the collection of all permutations of N. The Köthe dual
λ× of a symmetric sequence space λ is symmetric; cf. [9: p. 91].

For scalar valued sequence space λ, its δ-dual is defined as

λδ =
{
α ∈ ω :

∑
i≥1

|αiβρ(i)| < ∞ for all β ∈ λ and ρ ∈ Π
}
.

λ× coincides with λδ, if λ is symmetric. cf. [9: p. 52].

For a scalar-valued sequence space λ and a Banach space X we define

λ(X) =
{
{xn} : xn ∈ X, n ≥ 1 and {‖xn‖} ∈ λ

}
.

In case, λ equipped with the norm ‖ · ‖λ, is a Banach space, it turns out that
λ(X) is also a Banach space with respect to the norm given by

‖x‖λ(X) = ‖{‖xn‖}‖λ.
cf. [1], [11]. As particular cases, we have l∞(X) for λ = l∞ and c0(X) corre-
sponding to λ = c0.

Corresponding to an Orlicz function M and the Banach space X, the set
l̃M (X) is defined by

l̃M (X) =
{
x ∈ Ω(X) :

∑
i≥1

M (‖xi‖) < ∞
}
.

If M and N are mutually complementary functions, the vector-valued Orlicz
sequence space is defined as

lM (X) =
{
x ∈ Ω(X) :

∑
i≥1

fi(xi) converges for all {fi} ∈ l̃N (X∗)
}
.
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An equivalent way of defining lM (X) is

lM (X) =
{
x ∈ Ω(X) :

∑
i≥1

M
(

‖xi‖
ρ

)
< ∞ for some ρ > 0

}
.

Two equivalent norms on lM are given by

‖x‖(M) = sup
{∣∣∑
i≥1

fi(xi)
∣∣ : ∑

i≥1

N(‖fi‖) ≤ 1
}
,

and

‖x‖M = inf
{
ρ > 0 :

∑
i≥1

M (‖xi‖
ρ ) ≤ 1

}
;

indeed,

‖x‖M ≤ ‖x‖(M) ≤ 2‖x‖M for x ∈ lM (X)

cf. [24]. For X = K, we write lM (X) as lM . If M and N are mutually comple-
mentary Orlicz functions and M satisfies ∆2-condition at 0, then (lM )× = lN ,
cf. [9].

A sequence M̃ = {Mn} of Orlicz functions known asMusielak-Orlicz function

has been studied in cf. [3], [13]. Let pn be the kernel of Mn for all n ∈ N. M̃
is said to satisfy L1 condition if pn(x) ≥ pn+1(x) for all x ∈ [0,∞). Given a

Musielak-Orlicz function M̃ , a convex modular 	
˜M

on ω is defined as

	
˜M
({αn}) = sup

σ∈Π

∞∑
n=1

Mn(ασ(n)).

Corresponding to a convex modular 	
˜M
, we have modular space defined in the

literature as

λ
˜M

=
{
α = {αn} ∈ ω : 	

˜M
(βα) < ∞ for some β > 0

}
This space becomes a normed space under the Luxemburg norm

‖α‖ = inf
{
β > 0 : 	

˜M

(
α
β

) ≤ 1
}
.

Let us note that a modular sequence space λ
˜M

is a symmetric sequence space.

The decreasing rearrangement of the absolute values of a sequence α = {αn}
in l∞ (space of all bounded sequences), is given by {tn(α)}, where

tn(α) = inf
{
ρ > 0 : card{k : |αk| > ρ} < n

}
.

Here card A denotes the cardinality of the set A. The sequence {tn(α)} satisfies
the following properties, cf. [19].

(i) ‖α‖∞ = t1(α) ≥ t2(α) ≥ · · · ≥ 0 for α ∈ l∞.

(ii) tm+n−1(α+ β) ≤ tm(α) + tn(β) for α, β ∈ l∞.

(iii) tm+n−1(α β) ≤ tm(α)tn(β) for α, β ∈ l∞.

Here α β = {αn βn}.
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For x = {xn} ∈ l∞(X), we denote by

tn(x) = tn({xn}) = tn({‖xn‖}), n ∈ N.

For 0 < p, q ≤ ∞, the Lorentz sequence space lp,q is given by

lp,q =
{
α = {αn} ∈ l∞ :

{
n

1
p− 1

q tn(α )
} ∈ lq

}
.

For α ∈ lp,q, let us consider the real-valued function ‖ · ‖p,q as follows

‖α‖p,q =

⎧⎪⎪⎨
⎪⎪⎩

{ ∑
n≥1

(n
1
p− 1

q tn(α))
q
} 1

q

for 0 < q < ∞
sup
n≥1

n
1
p tn(α) for q = ∞

For a convex modular 	
˜M

defined on ω, it has been proved in [3], that∑
n≥1

Mn(tn(α)) = 	
˜M
(α) (2.1)

for α ∈ ω if and only if M̃ satisfies L1 condition.

In view of (2.1) (lp,q, ‖·‖p,q) is Banach spaces for p ≥ q. However for p < q, it
is a quasi-Banach space. Further, they are symmetric sequence spaces, cf. [17].

Throughout this paper, we denote by X and Y , the Banach spaces over the
complex field C and by L(X, Y ), the class of all bounded linear maps from X to
Y . Let L be the class of all bounded linear operators between any pair of Banach
spaces.

A map s : L → ω+, where ω+ is the class of sequences of non-negative real
numbers, is called an s-number function if it satisfies the following conditions:

(i) ‖S‖ = s1(S) ≥ s2(S) ≥ · · · ≥ 0, s(S) = {sn(S)}, S ∈ L,

(ii) sn(S + T ) ≤ sn(S) + ‖T‖ for S, T ∈ L(X, Y ) and n ∈ N,

(iii) sn(RST ) ≤ ‖R‖sn(S)‖T‖ for T ∈ L(X0, X), S ∈ L(X, Y ), R ∈ L(Y, Y0),
and n ∈ N,

(iv) if rankS < n, then sn(S) = 0,

(v) if dimX ≥ n, then sn(IX) = 1, where IX denotes the identity map of X.

An s-number function is called additive if the condition (ii) is replaced by

(ii)′ sm+n−1(S+T ) ≤ sm(S)+sn(T ) for S, T ∈ L(X, Y ) and m,n = 1, 2, . . . ,

If the condition (iii) is replaced by

(iii)′ sm+n−1(RT ) ≤ sm(R)sn(T ) for R ∈ L(Y0, Y ) and T ∈ L(X, Y0),
m,n = 1, 2, . . . ,

then the s-number function is called multiplicative.

1479



MANJUL GUPTA — ANTARA BHAR

For a subset A of L, we write A(X, Y ) = A ∩ L(X, Y ) where X and Y are
Banach spaces. The collection A is said to be an operator ideal if it satisfies the
following conditions:

(i) A contains all finite rank operators,

(ii) T + S ∈ A(X, Y ) for S, T ∈ A(X, Y ),

(iii) if T ∈ A(X, Y ) and S ∈ L(Y, Z), then ST ∈ A(X,Z) and also if T ∈
L(X, Y ) and S ∈ A(Y, Z), then ST ∈ A(X,Z).

The collection A(X, Y ), for a given pair of Banach spaces E and F , is called
a component of A.

An ideal quasi norm is a real valued function f defined on an operator ideal
A, which satisfies the following properties:

(i) 0 ≤ f(T ) < ∞, for each T ∈ A and f(T ) = 0 if and only if T = 0,

(ii) there exists a constant σ ≥ 1 such that f(S + T ) ≤ σ[f(S) + f(T )] for
S, T ∈ A(X, Y ), where A(X, Y ) is any component of A,

(iii) a) f(RS) ≤ ‖R‖f(S) for S ∈ A(X,Z), R ∈ L(Z, Y ) and
b) f(RS) ≤ ‖S‖f(R) for S ∈ L(X,Z), R ∈ A(Z, Y )

A quasi-normed operator ideal is an operator ideal equipped with an ideal
quasi-norm and a quasi-Banach operator ideal is a quasi-normed operator ideal
of which each component is complete with respect to the ideal quasi-norm.

3. The vector-valued sequence spaces
lp,q,M(X) and hp,q,M(X)

Corresponding to a Banach space X, an Orlicz function M and 0 < p, q ≤ ∞,
let us introduce

lp,q,M (X) =
{
x = {xn} ∈ l∞(X) :

∑
n≥1

M
(
n

1
p
− 1

q tn(x)
ρ

)
< ∞ for some ρ > 0

}
and

hp,q,M (X) =
{
x = {xn} ∈ l∞(X) :

∑
n≥1

M
(
n

1
p
− 1

q tn(x)
δ

)
< ∞ for every δ > 0

}
For x ∈ lp,q,M (X), we define

‖x‖p,q,M = inf
{
ρ > 0 :

∑
n≥1

M
(
n

1
p
− 1

q tn(x)
ρ

)
≤ 1

}
We prove the following theorem:
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������� 3.1� The space lp,q,M (X) equipped with ‖ · ‖p,q,M is a quasi-Banach
space for p < q and Banach space for p ≥ q. Further, for x ∈ lp,q,M (X),

∑
n≥1

M

(
n1/p−1/qtn(x)

‖x‖p,q,M

)
≤ 1. (3.1)

P r o o f. One can easily check that lp,q,M (X) is a vector space with usual co-
ordinate wise addition and scalar multiplication.

For showing that ‖ · ‖p,q,M is a quasi-norm, let us note that ‖x‖p,q,M ≥ 0 for
each x ∈ lp,q,M (X) and ‖x‖p,q,M = 0 for x = 0. Now, if ‖x‖p,q,M = 0 for some
x = {xn} ∈ lp,q,M (X), then for any given ε > 0, we can find ρ > 0 such that
ρ < ε and ∑

n≥1

M

(
n

1
p− 1

q tn(x)

ρ

)
≤ 1

If x 
= 0, then ‖xn0
‖ 
= 0 for some n0 ∈ N and so tn1

(x) = ‖xn0
‖, for some

n1 ∈ N would imply

M

(
n

1
p− 1

q

1 tn1
(x)

ε

)
≤ M

(
n

1
p− 1

q

1 tn1
(x)

ρ

)
≤ 1

for any ε > 0. This leads to a contradiction and hence x = 0.

For proving triangular-type inequality, consider x = {xn} and y = {yn} in
lp,q,M (X). Then for any given ε > 0, there exist ρ1, ρ2 > 0, such that

ρ1 < ‖x‖p,q,M +
ε

2
with

∑
n≥1

M

(
n

1
p− 1

q tn(x)

ρ1

)
≤ 1;

and

ρ2 < ‖y‖p,q,M +
ε

2
with

∑
n≥1

M

(
n

1
p− 1

q tn(y)

ρ2

)
≤ 1.

If 1
p − 1

q > 0, then using properties (i) and (ii) of {tn(x)}, we get

∑
n≥1

M

(
n

1
p− 1

q tn(x+ y)

2
1
p− 1

q+1(ρ1 + ρ2)

)

=
∑
n≥1

M

(
(2n)

1
p− 1

q t2n(x+ y)

2
1
p− 1

q+1(ρ1 + ρ2)

)
+

∑
n≥1

M

(
(2n− 1)

1
p− 1

q t2n−1(x+ y)

2
1
p− 1

q+1(ρ1 + ρ2)

)

≤ 2
∑
n≥1

M

(
n

1
p− 1

q (tn(x) + tn(y))

2(ρ1 + ρ2)

)
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≤
∑
n≥1

M

(
ρ1

ρ1 + ρ2

n
1
p− 1

q tn(x)

ρ1
+

ρ2
ρ1 + ρ2

n
1
p− 1

q tn(y)

ρ2

)
≤ 1

Hence,

‖x+ y‖p,q,M ≤ 2
1
p− 1

q+1(ρ1 + ρ2)

≤ 2
1
p− 1

q+1
(‖x‖p,q,M + ‖y‖p,q,M + ε

)
.

If 1
p − 1

q ≤ 0, we consider Mn(u) = M (n
1
p− 1

q u) for u > 0. Then {Mn} de-

fines a Musielak-Orlicz function satisfying L1 condition and so by (2.1) and the
definition of ‖ · ‖p,q,M , lp,q,M (X) becomes a normed space.

In order to show the completeness of the space (lp,q,M (X), ‖·‖p,q,M ), consider
a Cauchy sequence {xn}, xn = {xkn}k≥1, n ∈ N, in lp,q,M (X). Then for ε > 0,
there exists n0 ∈ N such that

‖xn+j − xn‖p,q,M = inf
{
ρ > 0 :

∑
k≥1

M
[
k

1
p
− 1

q tk(xn+j−xn)
ρ

]
≤ 1

}
< ε

for each n ≥ n0 and each j ∈ N. Hence

∑
k≥1

[
k

1
p− 1

q tk(xn+j − xn)

ε

]
≤ 1 for all n ≥ n0, j ∈ N

=⇒
{
{k 1

p− 1
q tk(xn+j − xn)/ε} : k ∈ N

}
is a bounded set for j ∈ N and for all

n ≥ n0. Thus {xkn} is a Cauchy sequence in X, for each k ∈ N and so converges
to zk, say. Let z = {zk}. Then tk(xn+j −xn) → tk(z−xn) as j → ∞ and hence
by continuity of M ,

∑
k≥1

M

(
k

1
p− 1

q tk(z − xn)

ε

)
≤ 1 for all n ≥ n0

=⇒ z ∈ lp,q,M (X) and ‖z − xn‖p,q,M → 0 as n → ∞ .

Expression (3.1) is immediate from the definition of the quasi-norm ‖ · ‖p,q,M .
This completes the proof. �

Remark� Let us note that the spaces lp,q,M (X) are weighted vector-valued

Orlicz sequence spaces. If the sequence {n 1
p− 1

q } is replaced by a strictly non-
negative weight {βn}, then the weighted Orlicz sequence spaces lβ,M (X),which
are defined as

lβ,M (X) =
{
x = {xn} ∈ l∞(X) : {βn tn(x)} ∈ lM

}
are quasi-Banach or Banach spaces according as {βn} is increasing or decreasing
respectively.
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������� 3.2� hp,q,M (X) is a closed subspace of lp,q,M (X). If M satisfies
∆2-condition at 0, then lp,q,M (X) = hp,q,M (X).

P r o o f. Clearly, hp,q,M (X) is a subspace of lp,q,M (X). For proving that it is
closed in lp,q,M (X), consider x = {xn} ∈ h̄p,q,M (X), the closure of hp,q,M (X)
in lp,q,M (X). Then there exists a sequence {yn} = {{ykn}}, n ≥ 1, in hp,q,M (X)
such that ‖yn − x‖p,q,M → 0 as n → ∞.

Choose any δ > 0. Then for δ1 = min{2 1
q− 1

p δ , δ}, we can find n0 ∈ N such
that

‖yn − x‖p,q,M <
δ1
2

for all n ≥ n0. (3.2)

Then for 1
p − 1

q ≥ 0, we have

∑
k≥1

M

[
k

1
p− 1

q tk(x)

δ

]
≤ 2

∑
k≥1

M

[
k

1
p− 1

q (tk(x− yn0
) + tk(yn0

))

δ1

]

≤
∑
k≥1

M

[
k

1
p− 1

q (tk(x− yn0
))

δ1/2

]
+

∑
k≥1

M

[
k

1
p− 1

q tk(yn0
)

δ1/2

]

≤
∑
k≥1

M

[
k

1
p− 1

q (tk(x− yn0
))

‖x− yn0
‖p,q,M

]
+

∑
k≥1

M

[
k

1
p− 1

q (tk(yn0
)

δ1/2

]

< ∞
For the case 1

p − 1
q < 0, we have

∑
k≥1

M

[
k

1
p− 1

q tk(x)

δ

]
≤

∑
k≥1

M

[
k

1
p− 1

q (tk(x− yn0
))

δ/2

]
+
∑
k≥1

M

[
k

1
p− 1

q tk(yn0
)

δ/2

]
< ∞

by (3.2). Thus x ∈ hp,q,M (X) and so the subspace hp,q,M (X) is closed.

Let us now assume that M satisfies ∆2-condition at 0. Consider x ∈ lp,q,M (X).

Then
∑
n≥1

M
(
n

1
p
− 1

q tn(x)
ρ0

)
< ∞ for some ρ0 > 0. In order to show that x ∈

hp,q,M (X), take any η > 0. If η ≥ ρ0 we clearly have
∑
n≥1

M
(
n

1
p
− 1

q tn(x)
η

)
< ∞.

So, assume η < ρ0 and write K = ρ0
η . Then by ∆2-condition of M , we can find

RK > 0 and xK > 0 such that

M (Kx) ≤ RKM (x) for all x ∈ (0, xK ]

=⇒
∑
n≥n0

M

(
K

n
1
p− 1

q tn(x)

ρ0

)
≤ RK

∑
n≥n0

M

(
n

1
p− 1

q tn(x)

ρ0

)
< ∞

for some n0 ∈ N.
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Thus
∑
n≥1

M
(
n

1
p
− 1

q tn(x)
η

)
< ∞, for any η > 0, and so x ∈ hp,q,M (X), i.e

hp,q,M (X) = lp,q,M(X).
This completes the proof. �

�����	
�
�� 3.3� Let M be an Orlicz function; 0 < p, q ≤ ∞ and Y =
hp,q,M (X)∩ c0(X). Then Y equipped with the subspace topology of hp,q,M (X) is
a GAD-space.

P r o o f. Clearly φ(X) ⊂ Y . Let x ∈ Y . Then for any given ε > 0, we can find
n0 ∈ N, such that ∑

n≥n0

M

(
n1/p−1/qtn(x)

ε

)
≤ 1.

For given n ∈ N, let

In =
{
i ∈ N : ‖xi‖ > 1/n

}
and

vn =
∑
i∈In

δxi
i .

Since x ∈ c0(X), In is finite and so vn ∈ φ(X). Write kn = card In. Then
choose m0 ∈ N, such that,∑

n>m0

M

(
n1/p−1/q tn(x)

ε

)
≤ 1

2
.

Choose n so large that

1

n

m0∑
i=1

M

(
i1/p−1/q

ε

)
≤ 1

2

Hence, ∑
i≥1

M

(
i1/p−1/q tkn+i(x)

ε

)

≤ 1

n

m0∑
i=1

M

(
i1/p−1/q

ε

)
+

∑
i≥m0+1

M

(
i1/p−1/q ti(x)

ε

)
≤ 1

2
+

1

2
= 1.

=⇒ ‖x− vn‖p,q,M ≤ ε for sufficiently large n. Thus Y is a GAD-space.
This completes the proof. �

Noting that for 0 < p ≤ q ≤ ∞, lp,q,M (X) ⊆ c0(X), we derive from the above
proposition, the following
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�����	
�
�� 3.4� Let M be an Orlicz function satisfying ∆2-condition at 0,
and 0 < p ≤ q ≤ ∞. Then lp,q,M is a GAD-space.

Remarks� It would be interesting to know whether the space hp,q,M (X) is

a GAK-space, i.e., the nth section x(n) = {x1, x2, . . . , xn, 0, 0, 0, 0, . . .} of an
element x = {xi} of hp,q,M converges to x with respect to its quasi-norm.
However, if p, q > 0 with 1/p − 1/q ≥ 0 and x ∈ hp,q,M (X) is such that
‖x1‖ > ‖x2‖ > ‖x3‖ > . . . , then tn(x) = ‖xn‖ and in this case, one can es-

tablish ‖x− x(n)‖p,q,M → 0 as n → ∞.

4. Duals of the space lp,q,M(X), 1 ≤ p ≤ q ≤ ∞

Let us first note that the spaces lp,q,M (X) are symmetric sequence spaces,
since the decreasing rearrangement of x would be the same as that of xπ for any
permutation π of N and M is an increasing function. Hence the δ-dual of the
scalar valued sequence space lp,q,M would coincide with its cross-dual. For the
results on the duals of vector-valued sequence spaces lp,q,M (X), we first consider
the scalar case as proved in

������� 4.1� Let M and N be mutually complementary Orlicz functions such
that M satisfies ∆2-condition at 0. Then (lp1,q1,M )× ⊇ lp2,q2,N , where 1/p1 +
1/p2 = 1 and 1/q1 + 1/q2 = 1. Equality holds when 1/p1 − 1/q1 ≥ 0.

P r o o f. In order to show that lp2,q2,N ⊂ (lp1,q1,M )×, consider β ∈ lp2,q2,N . Then

∑
n≥1

N

(
n

1
p2

− 1
q2 tn(β)

δ0

)
< ∞ for some δ0 > 0.

If α ∈ lp1,q1,M , then
∑
n≥1

M
(
n

1
p1

− 1
q1 tn(α)
ρ

)
< ∞ for all ρ > 0. Consequently,

∑
n≥1

|αnβn| ≤
∑
n≥1

tn(α)tn(β)

≤
∑
n≥1

M

(
n

1
p1

− 1
q1 tn(α)

1/δ0

)
+

∑
n≥1

N

(
n

1
p2

− 1
q2 tn(β)

δ0

)
< ∞

It follows that β ∈ (lp1,q1,M )×.
For proving the equality with the given condition, if β ∈ (lp1,q1,M )×, then∑

i≥1

|αiβi| < ∞ for all {αi} ∈ lp1,q1,M . As lp1,q1,M and (lp1,q1,M )× both are
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symmetric sequence spaces, {tn(α)} ∈ lp1,q1,M for α ∈ lp1,q1,M and {tn(β)} ∈
(lp1,q1,M )× for β ∈ (lp1,q1,M )×. Hence

∑
n≥1

tn(α)tn(β) < ∞ for all α ∈ lp1,q1,M .

Now if γ ∈ lM , then {tn(γ)} ∈ lM as lM is symmetric and normal and so

{n 1
p2

− 1
q2 tn(γ)} ∈ lp1,q1,M . Hence∑

n≥1

n
1
p2

− 1
q2 tn(γ)tn(β) < ∞ for all γ ∈ lM .

=⇒ {
n

1
p2

− 1
q2 tn(β)

} ∈ l×M = lN =⇒ β ∈ lp2,q2,N . (cf. Section 2).

Thus (lp1,q1,M )× = lp2,q2,N . �

This immediately leads to the following proposition:

�����	
�
�� 4.2� For positive reals p1, p2, q1, q2 with 1/p1 + 1/p2 = 1,
1/q1 + 1/q2 = 1 such that q1 < p1, the spaces lp1,q1,M are perfect sequence
spaces.

P r o o f. Indeed, in this case (lp2,q2,N )× = lp1,q1,M and lp2,q2,N ⊆ (lp1,q1,M )×.
Hence lp1,q1,M ⊂ (lp1,q1,M )×× ⊂ (lp2,q2,N )× = lp1,q1,M . �

�����	
�
�� 4.3� Let X be a Banach space, M be an Orlicz function satisfying
∆2-condition at 0 and p1, p2, q1, q2 are such that 1/p1+1/p2 = 1, 1/q1+1/q2 = 1
and 1/p1 − 1/q1 > 0. Then

(lp1,q1,M (X))× = lp2,q2,N (X∗)

P r o o f. For proving lp2,q2,N (X∗) ⊆ (lp1,q1,M (X))×, let us consider {fi} ∈
lp2,q2,N (X∗) i.e.,

∑
i≥1

N
(
i1/p2−1/q2‖fφ(i)‖

ρ0

)
< ∞ for some ρ0 > 0, where {‖fφ(i)‖} is

the decreasing rearrangement of {‖fi‖}. Let {xi} ∈ lp1,q1,M (X) be an arbitrary
member and {‖xψ(i)‖} be the decreasing rearrangement of {‖xi‖}. Then∑

i≥1

|〈xi, fi〉| ≤
∑
i≥1

‖xψ(i)‖‖fφ(i)‖ < ∞.

Consequently, {fi} ∈ (lp1,q1,M (X))×.
For showing (lp1,q1,M (X))×⊆ lp2,q2,N (X∗), let us consider {gi}∈(lp1,q1,M (X))×.

Then
∑
i≥1

|〈xi, gi〉| < ∞ for all {xi} ∈ lp1,q1,M (X). Let {αi} be any sequence

in lp1,q1,M . Choose {xi} ⊆ X with ‖xi‖ = 1, for each i such that ‖gi‖ <
|〈xi, gi〉|+ 1/2i and so∑

i≥1

|αi|‖gi‖ <
∑
i≥1

|〈αixi, gi〉|+
∑
i≥1

|αi|
2i

< ∞.
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As {αi} ∈ lp1,q1,M is arbitrary, we infer {‖gi‖} ∈ lp2,q2,N , i.e., {gi} ∈ lp2,q2,N (X∗)
from Theorem 4.1
This completes the proof. �

������� 4.4� For real numbers p1, q1, p2, q2 with 1 < p1, q1, p2, q2 < ∞ and
1/p1+1/p2 = 1 = 1/q1+1/q2, the dual of lp1,q1,M (X) is topologically isomorphic
to lp2,q2,N (X∗) such that a sequence {fi} ∈ lp2,q2,N (X∗) is identified with the
linear functional F given by

F ({xi}) =
∑
i≥1

〈xi, fi〉 for each {xi} ∈ lp1,q1,M (X). (4.1)

P r o o f. Corresponding to {fi} ∈ lp2,q2,N(X
∗), define a linear functional F

on lp1,q1,M (X) as in (+) where convergence of the series is being guaranted by
Proposition4.3. For n ∈ N, let

Fn({xi}) =
n∑
i=1

〈xi, fi〉, {xi} ∈ lp1,q1,M (X).

Clearly, {Fn} is a sequence of continuous linear functionals on lp1,q1,M (X) con-
verging pointwise to F . Hence F is continuous by generalized version of Banach-
Steinhaus theorem, cf. [21: p. 45]. Thus F ∈ (lp1,q1,M (X))∗.

Further, for x ∈ lp1,q1,M (X), we have

|F (x)| ≤
∑
i≥1

|〈xi, fi〉|

≤
∑
i≥1

ti(x)ti(f)

≤ ‖f‖p2,q2,N
∑
i≥1

i1/p1−1/q1ti(x)
i1/p2−1/q2ti(f)

‖f‖p2,q2,N
≤ ‖f‖p2,q2,N ‖{i1/p1−1/q1ti(x)}‖(M)

since
∑
i≥1

N
(
i1/p2−1/q2 ti(f)

‖f‖p2,q2,N

)
≤ 1. Hence,

|F (x)| ≤ 2‖f‖p2,q2,N‖x‖p1,q1,M
for any x ∈ lp1,q1,M (X). Consequently,

‖F‖ ≤ 2‖{fi}‖p2,q2,N . (4.2)

Conversely, let F ∈ (lp1,q1,M (X))∗. For i ∈ N, define fi ∈ X∗, i ∈ N, as

fi(x) = F (δxi )

Now, for showing {fi} ∈ lp2,q2,N (X∗) we take any {αi} ∈ lp1,q1,M . Choose
{xi} ⊆ X with ‖xi‖ = 1 and ‖fi‖ < fi(xi) + 1/2i, for all i ∈ N. Let {βi} ⊂ C
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be such that |fi(αixi)| = fi(αiβixi) for all i ∈ N. Clearly |βi| = 1 for all i ∈ N,
and so {αiβixi} ∈ lp1,q1,M (X). Consider

∑
i≥1

|αi|‖fi‖ <
∑
i≥1

fi(αiβixi) +
∑
i≥1

|αi|
2i

=
∑
i≥1

F (δαiβixi

i ) +K

= lim
n→∞

n∑
i=1

F (δαiβixi

i ) +K

= F ({αiβixi}) +K

where K =
∑
i≥1

|αi|
2i . Thus

∑
i≥1

|αi|‖fi‖ < ∞ for all {αi} ∈ lp1,q1,M . Hence

{fi} ∈ lp2,q2,N (X∗) by Theorem 4.1

In order to show that F has the form as given in (4.1), consider for {xi} ∈
lp1,q1,M (X) ∑

i≥1

|〈xi, fi〉| =
∑
i≥1

|F (δxi
i )|

= lim
n→∞

n∑
i=1

F (δβixi

i ) = F ({βixi})

where βi are chosen as above. Hence
∑
i≥1

|〈xi, fi〉| < ∞. Consequently,

∑
i≥1

〈xi, fi〉 is unconditionally convergent. (4.3)

Again for 0 < p1 ≤ q1 ≤ ∞, lp1,q1,M (X) is a GAD-space. Now write ti(x) =

‖xφ(i)‖ for some φ ∈ Π and un =
n∑
i=1

δ
xφ(i)

φ(i) , for n ∈ N. Thus un ∈ φ(X) and

‖x− un‖p1,q1,M → 0 as n → ∞ by Proposition 4.3. Then,

F ({xi}) = F
(
lim
n→∞un

)
=

∑
i≥1

〈xi, fi〉

in view of (4.3).

Thus the mapping R : lp2,q2,N (X∗) → (lp1,q1,M (X))∗ defined by R(f) = F ,

with f = {fi}, fi(x) = F (δxi ), i ∈ N, is a topological isomorphism from (4.2),
(4.1) and the open mapping theorem, cf. [21: p. 47].
This completes the proof. �
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Remark� For positive reals p, q with q < p and M (x) = xq, the spaces lp,q,M
are particular cases of the classical Lorentz sequence spaces d(x, q) where x =
{xi} = {iq/p−1}, studied in [4], [20], [22]; cf. [9] and the references given there
in for details.

5. Interrelationships among the spaces
lp,q,M(X), lM(X) and lp(X)

It is clear from the definition of lp,q,,M (X) that for p = q, lp,q,M = lM (X) .

However, for p 
= q, we have:

�����	
�
�� 5.1�

(a) If q < p, lM (X) is a proper subspace of lp,q,M (X), such that the inclusion
map is continuous; and

(b) if q > p, then lp,q,M (X) is a proper subspace of lM (X) and again the
inclusion map from lp,q,M (X) to lM (X) is continuous.

P r o o f.

(a) If q < p, then n
1
p
− 1

q tn(x)
ρ ≤ tn(x)

ρ for each n ∈ N and ρ > 0. Therefore

‖x‖p,q,M ≤ ‖x‖M for all x ∈ lM (X).

Thus the inclusion map is continuous. For showing that lM (X) is strictly con-
tained in lp,q,M (X), consider X = R, M (x) = x2, p = 2, q = 1. Then the
sequence

{
1√
n

}
/∈ lM ; but it belongs to l2,1,M .

(b) This part can be disposed off as above, for in this case, we have

‖x‖M ≤ ‖x‖p,q,M for all x ∈ lp,q,M (X).

Again, the containment is proper; for example, consider X = R, M (x) = x2,
p = 1, q = 2,

{
1
n

} ∈ lM , but
{

1
n

}
/∈ l1,2,M . �

Let us now note in the following example that the spaces lp,q,M for q = ∞ are
different from the modular sequence spaces lαM studied in [7], where for a given
strictly increasing sequence α = {αn} of positive real numbers, lαM is defined as

lαM =
{
β ∈ ω : {αnβn} ∈ lM

}
.

Example 5.2� Consider l1,∞,M and lαM for α = {j} and M (x) = x. Define a
sequence β = {βj} as follows

βj =

{
2−2n

j = 22
n

0 otherwise

Then β ∈ l1,∞,M as tn(β) = 2−2n

and ntn(β) ≤ 1/n2 for all n ∈ N. However
β /∈ lαM .
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We end this section with some examples illustrating the relationship of Orlicz
sequences spaces lM (X) with the vector-valued sequence spaces lp(X). Let us
begin with

Example 5.3� Let us consider the Orlicz function M (x) = xα(| log x|+ 1) for
x > 0 and M (0) = 0, where α > 1. Then M (x) satisfies ∆2-condition at 0 and
lM (X) = hM (X), for all Banach spaces X. For x = {xn} ∈ lM (X), we have∑

n≥1

M (‖xn‖) =
∑
n≥1

‖xn‖α(| log ‖xn‖|+ 1) < ∞

and so x = {xn} ∈ lα(X) ⊂ lq(X), for each q ≥ α. Hence lM (X) ⊂ lq(X), for
each q ≥ α. For the proper containment of lM (X) in lα(X), consider the Banach
space X = C[0, 1] equipped with the sup norm and the sequence f = {fn} ⊂
C[0, 1], defined for 1/α < p < 2/α as follows

f1(t) = t,

fn(t) =
tn

n1/α(log n)p
, n = 2, 3, . . .

Then ∑
n≥1

‖fn‖α = 1 +
∑
n≥2

1

n(log n)pα
< ∞

However, ∑
n≥1

M (‖fn‖) = 1 +
∑
n≥2

(1/α) logn+ p log logn+ 1

n(log n)pα

> 1/α
∑
n≥2

1

n(logn)pα−1
= ∞.

Thus f /∈ lM (C[0, 1]). Hence lM (C[0, 1]) is properly contained in lq([C[0, 1]) for
q ≥ α > 1.

Again for any Banach space X, it is easy to show that l1(X) ⊆ lM (X). For
proper containment, we consider X = C[0, 1] equipped with the sup norm and
the sequence f = {fn} ⊂ C[0, 1] defined as follows

f1(t) = t,

fn(t) =
tn

n
, for n = 2, 3, 4 . . .

Then ∑
n≥1

M (‖fn‖) =
∑
n≥1

| log(1/n)|+ 1

nα
≤

∑
n≥1

1

nα
< ∞,
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but ∑
n≥1

‖fn‖ =
∑
n≥1

1

n
= ∞.

Hence l1(X) is properly contained in lM (X).

Next, we consider examples of vector-valued Orlicz sequence spaces defined by
Orlicz functions equivalent to the function M (x) = x2, for any Banach space X.

Example 5.4� Let, M (x) = x2

log(e+x) , for x ≥ 0. Then M (x) is an Orlicz

function satisfying ∆2-condition at 0 and so lM (X) = hM (X), for all Banach

spaces X. If x = {xn} ∈ l2(X) then,
∑
n≥1

‖xn‖2

log(e+‖xn‖) ≤
∑
n≥1

‖xn‖2 < ∞. Again,

∑
n≥1

M (‖xn‖) ≤
∑
n≥1

‖xn‖2 ≤
(∑
n≥1

‖xn‖
)2

< ∞

and so l1(X) ⊂ l2(X) ⊂ lM (X). Also, if x = {xn} ∈ lM (X), then

lim
n→∞

‖xn‖2
‖xn‖2

log(e+‖xn‖)
= 1

=⇒ {xn} ∈ l2(X) and so lM (X) ⊂ l2(X). Thus lM (X) = l2(X). Clearly,
l1(X) is properly contained in lM (X); e.g. consider a sequence {xn} in X with
‖xn‖ = 1

n , n ∈ N.

Example 5.5� Let M1(x) = x(ex − 1), for x ≥ 0. Then M1(x) is an Orlicz
function satisfying ∆2-condition. If x = {xn} ∈ l2(X), then x = {xn} ∈ lp(X),
for any p ≥ 2 and so

k∑
n=1

M (‖xn‖) =
k∑
n=1

‖xn‖
(‖xn‖+ ‖xn‖2/2! + ‖xn‖3/3! + . . .

)
≤ ‖x‖22 + ‖x‖32/2! + . . .

≤ ‖x‖2
(
e‖x‖2 − 1

)
< ∞, true for every k ∈ N,

where ‖ · ‖2 denotes the norm of l2(X). Hence, {xn} ∈ lM (X). Therefore,
l2(X) ⊂ lM (X).

On the other hand, |α|k/(k− 1)! ≤ M (α), for α ≥ 0, k ∈ N and k > 1. Thus,
if {xn} ∈ lM (X), then {xn} ∈ lk(X), for k = 2, 3, 4, . . . .

Therefore, lM (X) = l2(X) for all Banach spaces X.
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6. The operator ideals L
(s)
p,q,M , 0 < p, q,≤ ∞

Let M be an Orlicz function and X, Y be Banach spaces.


��
�
�
�� 6.1� An operator T in L(X, Y ) is said to be of type lp,q,M if
{sn(T )} ∈ lp,q,M .

Let us denote the collection of such mappings by L
(s)
p,q,M , i.e.,

L
(s)
p,q,M =

{
T ∈ L : {sn(T )} ∈ lp,q,M

}
For T ∈ L

(s)
p,q,M , define

‖T‖p,q,M = inf
{
ρ > 0 :

∑
n≥1

M
(
n

1
p
− 1

q sn(T )
ρ

)
≤ 1

}

Then we have:

������� 6.1� L
(s)
p,q,M equipped with ‖ · ‖p,q,M is a quasi-Banach operator ideal

if p < q and Banach ideal for p ≥ q.

P r o o f. In order to show that L
(s)
p,q,M is an operator ideal, let us first note that

all finite rank operators are contained in L
(s)
p,q,M , since sn(T ) = 0 for n ≥ n0 if

rankT < n0.

If T1, T2 ∈ L
(s)
p,q,M (X, Y ), then

∑
n≥1

M

(
n

1
p− 1

q sn(T1)

ρ1

)
< ∞ for some ρ1 > 0

and

∑
n≥1

M

(
n

1
p− 1

q sn(T2)

ρ2

)
< ∞ for some ρ2 > 0.

Then for 1
p − 1

q ≥ 0

∑
n≥1

M

[
n

1
p− 1

q sn(T1 + T2)

2
1
p− 1

q+1(ρ1 + ρ2)

]

≤
∑
n≥1

ρ1
ρ1 + ρ2

M

[
n

1
p− 1

q sn(T1)

ρ1

]
+

∑
n≥1

ρ2
ρ1 + ρ2

M

[
n

1
p− 1

q sn(T2)

ρ2

]
< ∞
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and for 1
p − 1

q < 0

∑
n≥1

M

[
n

1
p− 1

q sn(T1 + T2)

(ρ1 + ρ2)

]

≤
∑
n≥1

ρ1
ρ1 + ρ2

M

[
n

1
p− 1

q sn(T1)

ρ1

]
+

∑
n≥1

ρ2
ρ1 + ρ2

M

[
n

1
p− 1

q sn(T2)

ρ2

]
< ∞

=⇒ T1 + T2 ∈ L
(s)
p,q,M (X, Y ).

Next, we show that for T ∈ L
(s)
p,q,M (E,F ), R ∈ L(F, Y ) and S ∈ L(X,E),

RTS ∈ L
(s)
p,q,M (X, Y ). Now

T ∈ L
(s)
p,q,M (E,F ) =⇒

∑
n≥1

M

(
n

1
p− 1

q sn(T )

ρ0

)
< ∞,

for some ρ0 > 0 and so

∑
n≥1

M

(
n

1
p− 1

q sn(RTS)

‖R‖‖S‖ρ0

)
< ∞

by the property (iii) of s-number function. Thus RTS ∈ L
(s)
p,q,M (X, Y ). Hence

L
(s)
p,q,M is an operator ideal.

The proof of quasi-norm/norm nature of the function ‖ · ‖p,q,M defined on

L
(s)
p,q,M is analogous to the one defined on lp,q,M(X) and so omitted.

However, for the completeness, consider a Cauchy sequence {Tn} in a com-

ponent L
(s)
p,q,M (X, Y ) of L

(s)
p,q,M . Then for given ε > 0, there exists n0 ∈ N such

that

‖Tn+j − Tn‖p,q,M < ε for all n ≥ n0 and j ∈ N

=⇒ exists ρ > 0 such that ρ < ε and

∑
k≥1

M

[
k

1
p− 1

q sk(Tn+j − Tn)

ε

]
≤ 1 for all n ≥ n0, j ∈ N (6.1)

=⇒
{
k1/p−1/qsk(Tn+j−Tn)

ε , k ≥ 1
}

is a bounded sequence for each n ≥ n0 and

j ∈ N.

Hence for some constant K > 0, we get

‖Tn+j − Tn‖ < εK for all n ≥ n0, j ∈ N.

Thus {Tn} is a Cauchy sequence in L(X, Y ) which is complete. Hence there
exists a T ∈ L(X, Y ) such that ‖Tn − T‖ → 0 as n → ∞.
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As sk(Tn− T ) ≤ ‖Tn− T‖, for all k ≥ 1, we have sk(Tn − T ) → 0 as n → ∞.
Also

|sk(Tn+j − Tn)− sk(T − Tn)| ≤ ‖Tn+j − Tn‖
=⇒ sk(Tn+j − Tn) → sk(T − Tn) as j → ∞.

Hence, from (6.1),

∑
k≥1

M

[
k

1
p− 1

q sk(T − Tn)

ε

]
≤ 1 for all n ≥ n0.

=⇒ T−Tn ∈ L
(s)
p,q,M (X, Y ) and ‖T−Tn‖p,q,M < ε for all n ≥ n0. Consequently,

T ∈ L
(s)
p,q,M and Tn → T in L

(s)
p,q,M , implying that L

(s)
p,q,M is a quasi-Banach

operator ideal. �

Finally, we prove a result concerning the composition of two such operator
ideals.

������� 6.2� Let M and N be two complementary Orlicz functions and s is
a multiplicative s-number function. If 0 < p1, p2, p, q1, q2, q < ∞ are such that
1
p1

+ 1
p2

= 1
p ,

1
q1

+ 1
q2

= 1
q , then

L
(s)
p1,q1,M

◦ L(s)
p2,q2,N

⊂ L
(s)
p,q,1

where L
(s)
p,q,1 =

{
T ∈ L : {n 1

p− 1
q sn(T )} ∈ l1

}
P r o o f. Let T ∈ L

(s)
p1,q1,M

◦ Lp2,q2,N (X, Y ). Then T = T1T2 where T1 ∈
L
(s)
p1,q1,M

(Z, Y ) and T2 ∈ L
(s)
p2,q2,N

(X,Z) where G is a Banach space. So

∑
n≥1

M

[
n

1
p1

− 1
q1 sn(T1)

ρ1

]
< ∞ for some ρ1 > 0

and

∑
n≥1

N

[
n

1
p2

− 1
q2 sn(T2)

ρ2

]
< ∞ for some ρ2 > 0

Then for 1
p − 1

q ≥ 0

∑
n≥1

n
1
p− 1

q sn(T1T2)

2
1
p− 1

q ρ1ρ2

≤ 2

[∑
n≥1

M

(
n

1
p1

− 1
q1 sn(T1)

ρ1

)
+

∑
n≥1

N

(
n

1
p2

− 1
q2 sn(T2)

ρ2

)]
< ∞
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and for 1
p − 1

q < 0

∑
n≥1

n
1
p− 1

q sn(T1T2)

ρ1ρ2

≤ 2

[∑
n≥1

M

(
n

1
p1

− 1
q1 sn(T1)

ρ1

)
+

∑
n≥1

N

(
n

1
p2

− 1
q2 sn(T2)

ρ2

)]
< ∞

=⇒ {n 1
p− 1

q sn(T1T2)} ∈ l1 or T1T2 ∈ L
(s)
p,q,1.

This completes the proof. �
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