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ABSTRACT. The sufficient and necessary conditions on the sequence A = {\, }
are found for the uniformly convergence of Cesaro means of negative order of
cubic partial sums of double Walsh-Fourier series of functions of bounded partial
A-variation.
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1. Classes of functions of bounded generalized variation

In 1881 Jordan [I7] introduced a class of functions of bounded variation and
applied it to the theory of Fourier series. Hereinafter this notion was generalized
by many authors (quadratic variation, ®-variation, A-variation ets., see [2,[I8]
25127]). In two dimensional case the class BV of functions of bounded variation
was introduced by Hardy [16].

Let f be a real function of two variable of period 1 with respect to each
variable. Given intervals A = (a,b), J = (¢,d) and points z,y from I := [0,1)
we denote

f(A)y)::f(b7y)_f(avy)7 f(x,J):f(z,d)—f(as,c)
and
f(AvJ) = f(a,c)—f(a,d)—f(b,c)—i—f(b,d).

Let E = {A;} be a collection of nonoverlapping intervals from I ordered in
arbitrary way and let Q be the set of all such collections FE.

2010 Mathematics Subject Classification: Primary 42C10.
Keywords: Walsh function, generalized bounded variation, Cesaro means.
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For the sequence of positive numbers Al = {AL}22, A2 = {A\2}°°, and
I? :=[0,1)? we denote
1 2y _ \f Yl
AMVi(f;17) = supsupz

y EeQ

(E = {Ai})7

) |

A2V (f; I?) = sup sup Z |f (£ ={J;}),

x FeQ
ATA%) W I’ = §j§j|f e
( ) 12(f FS}EJEQ Al)‘?

DEFINITION 1. We say that the function f has Bounded (A!, A?)-variation on
I? and write f € (A',A?) BV (I?), if
(AL A V(f12) = AVA(f IP) 4+ APVa(f; I7) + (ATA?) Via(f; 17) < oo
We say that the function f has Bounded Partial A-variation and write f €
PABV (1?) it
PABV(f;1%) := AVi(f; I?) + AVa(f; I?) < o0

The notion of A-variation was introduced by Waterman [25] in one dimen-
sional case, by Sahakian [23] in two dimensional case. The notion of bounded
partial variation (PBV') was introduced by Goginava [8] and the notion of
bounded partial A-variation, by Goginava and Sahakian [13].

2. Walsh function

Let P denote the set of positive integers, N := PU{0}. The set of all integers
byZ and the set of dyadic rational numbers in the unit interval I := [0,1) by Q.
In particular, each element of Q has the form J,, for some p,n € N, 0 < p <27,
By a dyadic interval in I we mean one of the form I}, := [127V (1 4+ 1)27V) for
some | € N,0 <1 <2V, Given N € N and z € I, let Iy (z) denote a dyadic
interval of length 2= which contains the point z. Denote Iy := [0,27") and
IN =1 IN.

Let ro (z) be the function defined by

ro(a) = {1 if z €10,1/2),

1 ifxe[1/2,1), o (x4 1) = ro(7).

The Rademacher system is defined by
rn(x) =10 (2"2), n > 1.
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UNIFORM SUMMABILITY OF DOUBLE WALSH-FOURIER SERIES

Let wg,ws, ... represent the Walsh functions, i.e. wo(z) =1 and if k = 2™ +
-+ 4 2™ is a positive integer with nqy > ng > -+ > n, then

wi(x) =1y, (2) ..o, ().
The Walsh-Dirichlet kernel is defined by

= z_: wy ()
k=0

Recall that [15,24]
Cfor ifzef0,27M,
Do (z) = {0 ifze27,1),
Dony(x) = Dan(x) + wan () Dy (), 0<m<2", (2)
Don_py(x) = Dan () — wan_1 () Dy (), 0<m<2" (3)

and
t) Z njwa; (t) Das (t), (4)
=0

o) .
where n = )" n;27. Denote for n € P, |n| := max{j € N : n; # 0}, that is
§=0
2lnl < < 2lnlHt,
Given z € I, the expansion

xTr = Zxk27(k+1), (5)
k=0

where each x; = 0 or 1, will be called a dyadic expansion of x. If x € T \ Q,
then (B]) is uniquely determined. For the dyadic expansion x € Q we choose the
one for which klim zr = 0.

—00

The dyadic sum of z,y € I in terms of the dyadic expansion of  and y is
defined by

play)=aty=) lox -yl 27"V,
k=0
We consider the double system {w,, () X w, (y) : n,m €N} on the unit square
12,
We say that f(x,y) is continuous at (z,y) if
i f(xthy +0) = flay). (6)

Denote by C (12) the space of functions f: I? — R that are uniformly con-
tinuous from the dyadic topology of I? to the usual topology of R, 1-periodic
with respect to each variable and endowed with the supremum norm (see [24]).
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If f € L' (I%), then

f (nm) = / £, ) () (y) dz dy

is the (n,m)-th Walsh-Fourier coefficient of f.
The rectangular partial sums of double Fourier series with respect to the
Walsh system are defined by

Su,n f(z,y) Z Z m, 1) W (2)Wn ().

The Cesaro (C; a)-means of cubic partial sums of double Walsh-Fourier series
are defined as follows

onflz,y) = ZAO‘ 1Siif(z,y),

where
(a+1)---(a+n)

n!

A2 =1, A*= L a#—1,-2,....

The Cesaro (C;a, 3)-means of rectangular partial sums of double Walsh-
Fourier series are defined by

1
ot (@.y) = A 4P ZZA" FADTLS i f ().

m—1 =1 j=1
It is well-known that [28]

ZAn " (7)

A~ n” (8)
and
T,y /fst +s,y+t)dsdt (9)
where
«@ . 1 - a—1
Kn (xvy) L Ag_l ;An_ka(x)Dk (y) . (10)

The dyadic partial moduli of continuity of a function f € C (I 2) in the C-norm
are defined by

wy (f;6) :==sup{|f (2",y) — f (2" y)|: 2’2",y eI, p(a',2") <6},
wa (f;6) :=sup{|f (z,y") = f (z,y")| : 2,y €I, p(y',y") <6},

1454



UNIFORM SUMMABILITY OF DOUBLE WALSH-FOURIER SERIES

while the dyadic mixed modulus of continuity is defined as follows:
w2 (f101,82) := sup{|f (¢, y") = f (2", 9) = f (2" y") + f(=",y")| :
2"y oy el p(ad,2") <61, py,y") < 52}.
It is evident that
w2 (f;01,02) <wi (f;01) +wa (f;02). (11)
Given a function f(z,y), periodic in both variables with period 1, for 0 < j
< 2™ and 0 <7 < 2" and integers m,n > 0 we set
AP f(ay)r = f(z+227" L y) = fa+ (27 + 127" y),
Al f(z,y)2 = f(zy+227" ) = f(z,y+ (2i+1)27"71),
AT f(x,y) = A (AT f(z,9)1), = AT (A7 f(z,)2),
=f(z+2j27" y+2i27"71)
—f(z4+@j+1)2 " Ly 227
—fz+227™ Ly + 20+ 1)27 )
+fz+@j+n2 Ly F@2i+1)27").

3. Formulation of problems

The well known Dirichlet-Jordan theorem (see [28]) states that the trigono-
metric Fourier series of a function f(x), = € [0,27) of bounded variation con-
verges at every point  to the value [f (x +0) + f (x — 0)] /2.

Hardy [16] generalized the Dirichlet-Jordan theorem to the double trigono-
metric Fourier series. He proved that if function f(z,y) has bounded variation
in the sense of Hardy (f € BV), then double trigonometric Fourier series of the
function f converges at any point (z,y) to the value }1 S f(x+0,y£0). The
author [§] has proved that in Hardy’s theorem there is no need to require the
boundedness of V3 »( f); moreover, it is proved that if f is continuous function and
has bounded partial variation (f € PBV') then its double trigonometric Fourier
series converges uniformly on [0,27)2. Goginava and Sahakian [13] generalized
this result and proved that the following theorem is true.

THEOREM GS. Let f € PABV (I?) with

o0

Z A; < 00, A.] 4 0.

= j
Then double trigonometric Fourier series of the function f converges at any
point (z,y) to > f (x £ 0,y £0) in the sense of Pringsheim, where the quadrant

limits > f (x £ 0,y £ 0) exist. The convergence is uniformly on any compact K,
where the function f is continuous.
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Convergence of rectangular and spherical partial sums of d-dimensional trigo-
nometric Fourier series of functions of bounded A-variation was investigated in
details by Sahakian [23], Dyachenko [3H5], Bakhvalov [I], Sablin [22].

For the two-dimensional Walsh-Fourier series the convergence of partial sums
of functions Harmonic bounded fluctuation and other bounded generalized vari-
ation were studied by Moricz [19,20], Onnewer, Waterman [21], Waterman [26],
Goginava [9] (see also in [6L[7,T2[14]).

For the two-dimensional Walsh-Fourier series the summability by Cesaro
metod of negative order for functions of partial bounded variation investigated
by the author.

THEOREM G1 ([10]). Let f € C(I?) N PBV(I?) and a+ 3 < 1, o, 8 > 0.
Then the double Walsh-Fourier series of the function f is uniformly (C; —a, —f3)
summable in the sense of Pringsheim.

THEOREM G2 ([10]). Let o+ 3 > 1, o, > 0. Then there exists a continuous
function fo € PBV (I?) such that the Cesaro (C; —a, —3) means o, %~ fo(0,0)
of the double Walsh-Fourier series of fo diverges.

In this paper we consider the following problem: Let o € (0,1). Under
what conditions on the sequence A = {\,,} the double Walsh-Fourier series of
the function f € PABV (I?)(C (I?) is uniformly (C;—a) summable. The
solution is given in Theorem [I] bellow.

4. Main results

The main results of this paper are presented in the following propositions:

THEOREM 1. Let A = {\, : n>1}, a € (0,1), "5 | 0 and f €
PABV (I2)NC (I?).
a) If

o0
A
ot <o,
n —
n=1
then cubic partial sums of double Walsh-Fourier series is uniformly (C; —«)
converges to f.

b) If
[eS) )\n
Z n2-o = 00,
n=1
then there exists a continuous function f € PABV (IZ) for which o5 f (0,0)
diverges.
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COROLLARY 1. Let a € (0,1).

a) If f € P{logfi(n+1)}BV(Iz) for some ¢ > 0, then the double Walsh-

-Fourier series of the function f is uniformly (C; —«) summable to f

There exists a continuous function f € P{log(n+1)}BV(IQ) such that
ogn f(0,0) diverges.

b)

Then the double

COROLLARY 2. Let o € (0,1) and f € PBV (I?)(C (I?).
y (C; —a) summable to f.

Walsh-Fourier series of the function f is uniforml

5. Auxiliary results

Set
nF) = QML QM2 Oy > g > e >y > 0, 0D =
LEMMA 1. Let a € (0,1). Then

iA;“j‘le () = (Hw (x)>D2nl( A

n(l 1) 1
j=1 =1 " k=1
T -1 2" -1
a—1
g < H Wong (x )wznl—l g An(1)+JD )
=1 k=1

Proof of Lemmal[l From () and (7)) can write
on1 n@

ZA‘O‘ D (x) = ZA‘O‘ 'Dj(x)+ ) A G D
j=1

n1)—j Jj+2m (13)

2m1
= ZA—a 1D x) + Dany (z )An(ol‘) L
e
Fwzm ( ZAng> IJD
Iterating this equality gives
T -1 2™
450y = 3 ( [T ) DA,y o)
=1 \ k=1
r—1 -1
X (TTwes @) A8 Do @) (12
=1 \ k=1
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From (3)) we can write

2™ 2™ 2™ —1
1 1 _
DA D) =) AL D)= ) AL Do (2)
j=1 j=1 j=0
2m —1 2m —1
= Dgnl Z An(l>+] U}infl Z An(%_'_l]D )
1=1,2,...,7 (13)

Combining (I2) and (I3]) we obtain

ZniAﬁff 'Dj(z) = Z(ﬁw <x>>D2n,< B) A

j=1 =1 > k=1
o, l-1 2" —1
->7( e <f>>w2m< )Y A
=1 N k=1 §=0

k=
r—1 -1
- ( Wongk (x)>D2"l( ) A Gy

=1 \ k=1
P oni_1
- e () Jwrna (0) 3 ALED5 0),
=1 \ k=1 =0
Lemma [l is proved. O
LEMMA 2. Let o € (0,1). Then
cl0) <L,
|K;a (x)| < o 22_ “Dyi ().
An 1 1—0
Proof of Lemma[ From Lemma [l we can write
n 2"k 1
ZAQ 1_l) < ZDQM Ag 1)+Z Z ’A (k)+]“D
j=1 k=1 j=1
- BI+BQ. (14)
From (&) we have
[n|
By <c(a)) 27Dy (). (15)

1458
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For B, we can write

Bo- NS i

k=1m=1 j=gm—1

r Ngy1 2M-—1

= ZZ Z ’An&)%‘mj(@

k=1m=1 j=gm-1

+Z Z Z ’A (k)+]‘|D

k=1m= nk+1+1] oam—1

From (@) and (8) we have
Nk+1
B, < {Zwm ) 3 2mZD2l
m=1
+ Z Z gm(—e=bgm Z Dy (x)}

k*17n:nk+1+1 =0
< el)yoa ZDzl
k=1
n1
< c(@))) 27Dy (2). (16)
1=0
Combining ([I4)—(I6) we complete the proof of Lemma 2 d

COROLLARY 3. Let a € (0,1). Then

—a . 1 1
K, (z)] < cmm{AOL1 xl_a,n} .

LEMMA 3. Let (z,y) € I? and o € (0,1). Then

>_ A2 D; (@) D; ()

< c(a){i27D2] (ZDQS > iwz)y <ZD21 )}

3=0

) ‘
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Proof of Lemmafl From (1) and (2) we have

ZA 7' Dj (x) D; (y)

2m1 n
= AD( ZA L Djram () Dyyom (y)
Jj=1
271
= ZA;LX;IDJ (I) Dj (y) +D2n1 (13) D2n1 ( )A g> 1
j=1

n n)

Do s A, 0+ 0 D ) 5 4,

n@
+ wany () wans ( Z Ao D Dj (y).

n(h)_j

Iterating this equality gives

ZA;flej () D;j (y)
j; -1 2"

= Z( H Wang (11) wWong (y)> ZA;L(O;jll) ij (I) Dj (y)
=1 k=1 Jj=1

a—1
n(1) — ]D

I=1 N k=1 J=1
r—1 ,1—1 n(
+3° Wy, (2) wans (y)>w2n1 () Dani (y) Y A&7 D; (x)
I=1 " k=1 J=1
Since (see (@)
2m1 2" —1
ZAn(z 1) jD' x) Dj (y) = An(z)Jr Don, —J ( )DZ"l -J (y)
j=0

1460



UNIFORM SUMMABILITY OF DOUBLE WALSH-FOURIER SERIES

ony 1 2mr ]
= DQWI D2n1 Z An(l>+] DQWI ( Won; 1 Z ATL((%"}]D )
2" —1
— Do (y) wam -1 () Z An(%;]D ()
7=0
2™ —1

+w2"zf1( Waony — 1 Z A,:(?>+1]D ) J(y)

From ([7) we obtain

> A5 D; () Dj (y)
j=1
r -1
- Z( H wark (z) wans (?J)>D2"l (z) Dami (y )A;u n_1
I=1 \ k=1
r -1 M 1
_ Z( Worg (x) Wang (y)>D2nl ( w2nl_1 Z A (Olé)JrlJD
=1 \ k=1
roo,i-1 2™ —1
— Z( wany () wans (Z/))Dw (y) wam -1 ( Z An<olé>+1jD x)
=1 \ k=1
roo,i-1 2" —1
3 (TLwwn @ s ) s @) w1 ) 3 45550 ) Dyo)
=1 \ k=1 j=0
r—1 ,1-1 n®
# 3 (T v (o wars ) Dav (@) () 3 A,57405 0
=1 N k=1 j=1
r—1 ,1—1 n® 6
# 3 (T (@) ) o (2) Dars () 0 A7 D5 (0) =
=1 N k=1 j=1 i=1
(17)
From () and (4) it is easy to show that
n1
|1 < c(a) Z 27Dy (z) Doy (y) (18)
1=0
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r 2" -1

ST At 1o @)1Ds ()

=1 j=1

SE Y AL 105 @)11D; ()

=1 m=1 j=2m~-1

r ni41 2M-—1

S0 A IDi @I D; )

=1 m=1j=2m-1

r ny 2™m 1
2 X |Anip @D W)
=1 m:TLH,lJrl j727ﬂ—1
ni41

¢ (a )Z grisi(za=l) } " gm ZD% 2) Y Dy (2)
m=1 s=0
a) Z Z gm{za—ligm Z Dy (z) ) Dy (2)

=1 m=n;41+1 k=0

ni k k
@) {Z 27°% N "Dy (z) ) Do (x)} ,
k=1 =0 s=0

r 2™ —1
< Y Den@) Y [Aze| 1D )
=1 j=0
T ni4+1 2M—1
< Y D@ Y |Aneh]IDs )
=1 m=1j=2m-1
s ng 2m—1
Y D@ Y Y |10 w)
=1 m=n;41+1 j=2m—1
T ni41
< c(@)) Dyu (z)27* Y " Do ()
=1 s=0
r ny m
Q)Y Do (x) Y 277 Dy (y)
=1 m=n;4+1+1 s=0
n1 k ni
< el (X2 e ) o Da o)
k=0 s=0 =0
<

) (L2 na ) ED (@)

s=0

(20)



UNIFORM SUMMABILITY OF DOUBLE WALSH-FOURIER SERIES

Analogously, we can prove that

| J3| < ¢ (Zz Dy ( )) > Dy (y). (21)
s=0

From Lemma [2] we obtain

|Js| < cla) ZDQ”Z (z) ZQijaDw’ (y) (22)
=1 j=0
o) (3270 1)) 30w 0
j=0 1=0

Analogously, we can prove that

ol < cfa (ZzﬂDm 2) YD ). (23)
=0

Combining (T'0)—(23) we complete the proof of Lemma [3 O

IN

COROLLARY 4. Let o € (0,1). Then

1 1
rl-—a ;}/ yl_a ;7 (-r;y) S In1 X Iﬂl
n PALES
I,, x1I,
S Az, ( D](y)‘ < c(a) x21n_1av (2,9) € In, X I,
"~ 1-a’ (x,y) €I, x1Iy,
2711(2—04)’ (.’E,y) €, x1I,.

Proof of CorollaryMd Let (z,y) € I,, xI,,,. Then from Lemma [l we can

write

iA °~1D; (z) D; (y)‘ < c(a)2m), (24)

Let (x,y) € I, X (Ib\Ib+1), b=0,1,...,n1 — 1. Then from (I) Lemma and
Bl we have

ZA_a 1D j <y)‘ < C(O() {2111(1—04)217 + 26(1—04)2111}
—avan, _ C¢(a)2m
< c(a)2b(-vgm < NI (25)
Analogously, we can prove that
2m
ZA‘“ D@0, < L e e r o)
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Let (z,y) € (Io ~ Ioq1) X (Ip ~ Iy41), a,b =0,1,...,n7 — 1. Then from ()
and Lemma [3] we obtain

ZA—Q 1D, ( j<y>]

< C(Oé) {2(1(1704)21) + 21)(1704)2&}
1 1 1 1
< . 27
< @ { eyt e @)
Combining ([24)-(27) we complete the proof of Corollary [l O

6. Proofs of main results

Proof of Theorem[l Let n:=2" +n/, 0 <n' < 2. Then from (@) and
([I0) we can write

Uﬁameay)—‘f(I:y)

1
n= InN—1XIN_—1 In_1xXINn_1

< Z A Dy (u) Dy (v) Af (2, y,u,v) du dv)

k=1
= L1 + Lg, (28)

where
Af(,y,u,0) = f(x+u,y+v) - fz,9).
From (), (IT) and Corollary [ we have

il < e {wr (£ guor ) +on (£ guma ) |- (29)

For L, we have

LF(/+/+/

IN_ixXIn—1 In—ixIn—1 In—ixIn—a
(A_ ZA Dy (v) Af (z,y,u,v) dudv) := Loy + Loy + Los.
n—1 k=1
(30)
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We can write
2N— 1

1 o
Loy = / = Z A le (u) Dy, (v) Af (2, y,u,v) dudy

n—1 f=1
In_1xIn_1

2N
1
+ / e DL ATDL () Dy (0) AF (2y,uv) dudy

n—1 k= 2N 1+1
IN_1XINn—1

n

1
b e Y A D D) A () dudy
I n=l g=2N 41

N-1xXIn_1

= Lo11 + La12 + Lais. (31)
It is proved in [I1] that
L211 = 0(1) (32)

uniformly with respect to x,y as n — oo.
From () and (2]) we get

D )3~
9N—-1 ’LUQN 1 —a—1
Lo = / A_ Z A% v Dy (v)

IN_1XIN-1

XAf (z,y,u,v) dudv

2N1

w -1 \U)w -1 |V
+ / oN ( )7(121\7 ( ) Z Anak; 12n 1Dk (u) Dk (’U)
AnSy k=1
INn_1xIn_1
XAf (z,y,u,v) dudv.
Since
1 if veI?
wan - (v) = { 1 ifue I%“ (33)

IZlJrl

and t = v+ 2%\, is a one-to-one mapping of Ijzvl into Iy, we have

/ Af (z,y,u,v) won-1 (v) dv

Iy

= /Af (z,y,u,v) wen-1 (v) dv + / Af(x,y,u,v)won-1 (v) dv

21 21+1
I3 I3+
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= /A(])Vlf(ac—l—u,y—i-v)2 dv.
N

Consequently, for Lo1o we obtain

Lots = A_ /( / ZA;ak12N1 ()wQN—l(v)Af(x,y,u,v)dv)du

21\771
1
+A_0‘ /w2N—1 (u)( / won-1 (u) E A;f,;EQN_l
n—1 k=1

In—1 In_1
X Dy, (u) Dy, (v) Af (z,y,u,v) dv) du

2N1 12N1

e | T B astean (o)

X ( / won-1 (V) Af (z,y,u,v) dv) du

I

2N 1_1oN-1

1 l
+-A7a j/ WoN -1 EE: 2: A. 2N D (u)[h7<2N1>
IIN_l 1=1 _
X (
gN—1_1gN—-1 l
a—1
]/ j{: 2{:'An k—2N— 1 <2N1>
=1 =

X (/AéVlf(x+u,y4—v)2 dv) du

21
IN

/ Af (z,y,u,v) wan-1 (v) dv) du

Iy

2N 1 12N 1

1 l
N BT Vi) SRS AT (R
n—1 ll —

In—1
X (/Aév_lf(x+u,y+v)2 dv) du.

i
(34)
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Since (see ()

2N1

l
S Az Dy (u) Dy <2N1>
k=1
n— 2N 1 l
= Z AL w1 D (w) Dy <2N1>
l —a—1 l
_wQN_l 2N—1 DQN 1 Z An k— 2N 2N—1
l l
—WoN-1 2N71 WoN -1 Z An k— 2N ( )Dk’ 21\/‘71 ’

from Corollary Bl and Corollary @ we obtain

_ l c(a)2NC=a)
a— 1
ZA <2N—1>‘ < [1—a ’

wely_q, 1=1,2,...,2N° 11, (35)
= l c(a)2N0=)
a—1
St () < 7O (30
k=1

Consequently, by ([34), (36) and from the conditon of the theorem we have

N-1
a) 2N @-q) R ) .
|L212| < ( ) —a Z ll o |AN L (x+u,y+v)2| du
nl In_1xIN =1
. 1 AV, (f» 12) Ak

< - o

<c(a) Lomin {wz <f, 2N> L

=o0(1) (37)

uniformly with respect to x,y as n — oo.

Analogously, we can prove that
L213 = 0(1) (38)

uniformly with respect to x,y as n — oo.

Combining B1)), (32), (37) and [B8) we conclude that
L21 = O(].) (39)

uniformly with respect to z,y as n — oo.
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Analogously, we can prove that

L22 = O(].) (40)
uniformly with respect to x,y as n — oo.
We write
Los = / A N ZA_C" 'D Dy (0) Af (z,y,u,v) dudv

n—1 =1
IN-1XIN-1

" / Ala Z A% Dy () Dy (v) Af (2,9, u,v) dudo

n—1 p_oN-1,1
IN—1XIN-1 +

o[ Y A D@ D) A () dude

n—1 k=2N 11
IN—1XIN-1 +

= Lo31 + Laga + La33. (41)

It is proved in [I1] that
L231 = 0(1) (42)
uniformly with respect to z,y as n — oo.

Since

/ Af(z,y,u,v) won (u) won (v) dudv
I XT3,
= / A%’Nf(x+u,y+v) du dwv,

I2l

2s
N+1x[

N+1

for Lozz we can write (see () and (2]))

1 o
L233 = A_Oé / UJQN ’LUQN ZATL, k.l k’( )
n—1

IN_1XIN-1
X Af (z,y,u,v) dudv

o2V _12N 1 »/

- e XXX arn () ()

=1 s=1 k=1

X / Ag’Nf(x%'—u,y—i—v) du dv.

INt1XIN+1
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Consequently, from Corollary 4l we obtain

271271 (oN(2-a)  9N(2-a)
Ll <c@n [ S
Inp1xINg1 =1 s=1

X ‘AN’Nf(:r—i—u,y—i—v)‘ dudv

a) 22N / Zzll o ‘ P ( +u, y—f—v)‘dudv

Inty1XIN+1 =1 s=1

2N _12N 1
2N N,N . :
+c(a)2 / Z Z 51 o AV fedu,ydv)| dudo
Ing1XING1 =1 s=Il+1
= R1 + Rs. (43)
Since
2N _12V 1
> AN ey
=1 s=I+1
2N_1 2N_1
S (EESEY YY)
=1 s=I+1 =1 s=m+1 l=m-+1s=l+1

1
sl—a]

MY (@ h g o))

1 1
S C(Oé) {WI,Q <f7 2N,2N>mo‘logm
oN _1
ANf(x y+v) As
3w 3 | X
x s=m-+1 §
2N _1 2N _1
ANf(z,yFv),| A
Py dap y B A
l=m+1 T os=l+1 s
1 1
< c(a) {wm <f, 2N,2N>malogm+ 2<1f) log m
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From the condition of the Theorem [I we obtain

. 11y .,
|IR1] < c¢(a) min {w1,2<f;2N,2N>m log m

1<m<2N
AVy (f; 1) A, A
+ 2£nfl—a) 10gm+AV2 (f’I2) Z 2—104 }
I=m+1

= o(1)
uniformly with respect to x,y as n — oo.
Analogously, we can prove that
[Ral = o(1)

uniformly with respect to z,y as n — oo.

Combining ([@3)—(5]) we have
L233 = 0(1)

uniformly with respect to z,y as n — oo.

Analogously, we can prove that
L232 = 0(1)

uniformly with respect to x,y as n — oo.

From (1), (#2), [@7) and ({G) we obtain
L23 = 0(1)

uniformly with respect to z,y as n — oo.

(48)

Combining (28)), 29), 30), (39), (@0) and (E8) we complete the proof of part

a) of Theorem [l

Now, we prove part b) of Theorem[Il By the simple calculation we note that

p2-m, v < 2m—1
D,={ (2™ —v)2™, 2m~l<y<om
[2—m,2-m+1) 0, v 2 2m,

Then from (), B) and ([@9) we can write

| K3 (2,y)| dedy

[27m727m+1)2

2N 1
1 o
= ‘ A*Oé Z A’U 1D2N_U(.'E)D2N_U (y) dx dy
2N 1 v=0

[2—m,2—m+1)2
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2N 1
1 e
= / \ D DR le<x>Dv<y>]dxdy
2N 1 v=0

[27m727m+1)2
2N _1
c@2¥ Y |4 [ Du@D. () dedy
v=1
[

2—m,72—m+1)2

A%

c(a) 2N« g a1 jom
> w2 lATHET -
p=2m~—1
2Na
> C(ngm (m=1,2,...,N). (50)

Consider the function ¢%} defined by

N1y — 25, ze 2527V (254 1)27 V)
en(z) =4 — @Vl —2j-2), ze|(2j+1)27V 1 (25 +2)27 V1)

Let
N
In(@,y) = tam @R (@) (v) sen (Ko (2,9))
m=1
where
n 1 —1
ty =
< Z >\j>
Jj=1

It is easy to show that fy € PABV (1?). Indeed, let y € [2m~N~1 2m=N)
for some m = 1,2,..., N. Then from the construction of the function fy we
can write

2m
|fN(£Vay” 1
% A < ctom ;_1 A <c<oo.

consequently

AV1(fn) < o0 (51)
Analogously, we can prove that

AVy (fn) < oo (52)
Combining (5I) and (52) we conclude that fx € PABV (I?).
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From (B0) we can write

o2 i (0,0) = / Iy K52 (e, y) da dy
12

N
St / PR (@) () | K58 (2, y)] dady
m=1

m—N—1 9m—N)2
[2 72 )

N
>c ) tym / | K3 ()| dzdy
m=1

m—N—1 9m—N)2
[2 72 )

N
> c(a) Z tom 2, (53)

Let \; := ;77 The from the condition of the Theorem [I] we obtain that
Vi = 7Vj+1. Hence, we have

om

| 1
t2m=;Ai=Zi1 <),

1 el Yom
tom 2™ > ¢ () yam.
Consequently, from (53] we have

N
oo I (0,0)] > () Y qom
m=1

A m
= c(a) Z 2m(21_a) — 00 as N — oo.

m=1

Applying the Banach-Steinhaus Theorem, we obtain that there exists a con-
tinuous function f € PABV (I?) such that

sup [o5:" f (0,0) | = oo.

Theorem [ is proved. g
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