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SOME NEW RESULTS FOR THE MULTIVARIABLE
HUMBERT POLYNOMIALS
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ABSTRACT. In this paper, we present some miscellaneous properties of the
multivariable Humbert polynomials whose special cases include some well-known
multivariable polynomials such as Chan-Chyan-Srivastava, Lagrange-Hermite and
Erkus-Srivastava multivariable polynomials. We give recurrence relations, addi-
tion formula and integral representation for them. Then, we obtain some partial
differential equations for the products of the multivariable Humbert polynomials
and some other multivariable polynomials. Furthermore, some special cases of
the results presented in this study are also indicated.

©2014
Mathematical Institute
Slovak Academy of Sciences

1. Introduction

The Generalized Humbert polynomials whose special cases include Legendre,
Tchebycheff, Gegenbauer, Pincherle, Kinney and Humbert polynomials are de-
fined by

(C —mat+yt™" =" P, (m,z,y,p,C)t" (1.1)
n=0

where m is a positive integer and other parameters are unrestricted in general
[9] (see also [12: p. 77, 86] and [11L13]).
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Aktas et al. [1] derived a multivariable extension of the generalized Humbert
polynomials, generated by

H {(C’L - mixit + yitmi)_ai} = Z Prs,al’m’a”(ma X,Yy, C)tna
i=1 n—0 (1.2)

<|C¢|, C; #0, 1=1,2,...,m7,
where x =(21,...,2.), Yy =W1,---,¥r), C=(C1,...,C}), m=(mq,...,m;),
m; = 1,2,... (i =1,2,...,7) and other parameters are unrestricted. For the

multivariable Humbert polynomials in (L2]), the following explicit representation
holds true [I]

P (m, x,y, C)

[mzit — y;t""

= Z (al)n1+k1 U (ar)nr+kr Cfalfnlfkl C—Oér_nr—k'r
n!ooonglk kTt o
miki+-+meke+nitetne=n
xmit...mp" (—1)k1+'“+kT .. .x;”ylfl yke
where TR
+
()\)k, = F()\) (keNy:={0,1,2,3,...})

denotes the Pochhammer symbol.

We should remark that some special cases of these polynomials give some
well-known multivariable polynomials.

It is clear that the case

Cl':]., mizl, yizo, i:1,2,...,r,

of the polynomials given by (L2) is reduced to the Chan-Chyan-Srivastava mul-
tivariable polynomials which are the multivariable extension of the classical La-
grange polynomials (see [6t p. 267]), generated by [4]

-
H{(l—xt ai} Zg(o‘l’ ’ar) (X1, @) t",
i=1
a, €C (i=1,2,...,r), [t|< min{|x1\_1 ey |xr|_1} .
On the other hand, getting C; =1, m; =4, z; =0, y; = —x;, 1 = 1,2,...,7,
in (T2)), we have the multivariable Lagrange-Hermite polynomials presented by
Altmn et al. [2]

T

1_[{(1—:vltz ai} Zh(o‘l’ ’ar) yeey )t

= (1.3)
aeC (i=12,....,1), [ <min{|1:1| V2. ~7’l‘7“_1/r}-
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It is clear that the case = 2 of the polynomials defined by (3] reduced to the
familiar (two-variable) Lagrange-Hermite polynomials considered by Dattoli et
al. [5].

Moreover, the special case

Ci=1, z;=0, y;=—x; 1=1,2,...,7,
gives the Erkus-Srivastava multivariable polynomials generated by [7]

ﬁ {(1 - xitmi)fai} = i uﬁl‘)‘l""’o‘r) (T1,...,2.)t",
n=0

=1

weC (i=1,2....r), < min{mrl/ml N I |xr\*1/mr}.

Getting C; = 1, oy = v;, my = 2, y; = 1,4 = 1,2,...,r, in ([L2) gives a
multivariable analogue of Gegenbauer polynomials. It is defined by

T o0
11 {(1 — 2t + t2)‘”i} =Y Oy (@, )t (1.4)
i=1 n=0
where
CWiove) (g xy)
= Z (Ul)nlJFk’l e (Vr)nrJrk’r 2n1+‘“+nr (_1)k1+"‘+ern1 s
o gl kK ! r
1+ 2k +n1t-Ane=n
In its special cases when v; = é, 1=12,...;,randy; =1,1=1,2,...,r, (L4)

reduces to multivariable analogues of Legendre polynomials and Tchebycheff
polynomials, respectively.

The main objective of this paper is to obtain several recurrence relations, ad-
dition formula and integral representation for the multivariable Humbert polyno-
mials given by (L2]). We also give various partial differential equations satisfied
by products of the multivariable Humbert polynomials and some well-known
multivariable polynomials such as Chan-Chyan-Srivastava, Lagrange-Hermite
and Erkus-Srivastava multivariable polynomials. Furthermore, we present some
special cases of our results.

Recall that the multivariable Humbert polynomials satisfy the following equa-
tion:

- 9 9 e’ e’ e’ e’
> <xjax. +mjyjay.> Pier0(m, x,y, €) = nPi ) (m, x, y, C).
j=1 J J

(1.5)
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On the other hand, Chan et al. [4] showed that Chan-Chyan-Srivastava mul-
tivariable polynomials verify the partial differential equation

- 0
in gq(f‘l’“"a*) (T1,...,2p) = ngﬁf‘l"“’o‘r) (T1y..oymp). (1.6)
o O

Then Lagrange-Hermite and Erkus-Srivastava multivariable polynomials hold
the equations, respectively ([2], [7])

r (a1,...,ar)
hn
Zz’xia e = PAST (an, L w) (1.7)
i=1 v
and
T o %al,...,ar)
Zmixi " P :nu,(fl"“""’“) (1,..., %) . (1.8)
i=1 v

2. Recurrence relations and addition formula

In this section, we obtain some recurrence relations and addition formula for
the multivariable Humbert polynomials defined by (L2)). We also give some
special cases of our results. Now, we begin with the following theorem.

THEOREM 2.1. The multivariable Humbert polynomials plonrar) (m,x,y,C)

hold that
M 0 P(CY117...70£7“) (m X,y C) _ 0 P(al’“_"ar) (m X,y C) (2‘1)
Jay]— n— » I axj n—m; X5 Y s
mia; PO (m o v €)= 05 0 plena) (mx,y, ©)
JHGEn—1 y XY, ]axj " , X, Y,
0 QA yeny Oy
- My Ox.: Prs,fll7 ) <ma Xy, C) (22)
J
a QY yeeey Qe
1) 5, PO (%3, 0)
and
at,..a 0
_a]P'rS,—lr;]J’ ) (m7x7y’ C) = Cj 8y‘PTSIOL1,...7OLr) (l’l’l,X,y, C)
J
a (0% «
—m;T; ay.qu_lf'"’ 7 (m,x,y,C)  (23)
J
8 QY yeeey Ol
+Yj ay'PT(L*mj ) (ma XY, C)
J

form>my, 5=1,2,...,r.
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Proof. By differentiating each member of the generating function (.2)) with

respect to z; and y; (j =1,2,...,r), we obtain
=9 = 9

i g, BT mxy, €)= = 3T P (mx,y, ©) 1,
n=1 J n=0 J

(2.4)
If we replace n by n — m; on the right hand side of (2.4) and compare the
coefficients of ", then we have

9 p(anom)
. P Lyeeey oy
m] ayj n—1

8 e G
(m,x,y,C) = —axjpr(ﬁ%j “)(m,x,y,C), n>my,
where 82]' quo_“l’”"ar) (m,x,y,C) =0forn =1,2,...,m;, j = 1,2,...,r. It
completes the proof of (2.]).
In order to prove (22)), if we differentiate each member of the generating
function (L2) with respect to x;, we find

= 0
Z pla,or) (m,x,y,C)t"
n=0

™
= mjagt (Cy = myzst +45t™) " [L{(Cr = mawat +yaam) ™™
=1
i

from which, by (L2)), we can write

oo
mja; Z P,ﬁb"‘l""’ar) (m,x,y, C) gt

n=0

= (Cj — myajt +y;t™) ) 8x-P’g L) (mxy, C) 7.
n=0 J

After making necessary calculations, compairing the coefficients of ", we have
0

= C;
8xj

(alw'war)
mjo Py

(m,x,y,C) p{*-2) (m, x,y, C)
8 Q1 yeees O
xj axj Pr(L—l )
0 (@1 yeemyty)
+ Y Pnfr;z-7 "
]8%- 7

(m7 X7 Y7 C)

(m7X7Y7 C)
for n > m;, and

mjajP(ofl"”’ar) (m,x,y, C)

n
0
I 8$j
forn=1,2,...,m; —1, j=1,2,...,r. This proves the equality (2.2).
For the proof of (23)), it is enough to use derivative of (I.2]) with respect to
y; similar to proof of ([2.2). O

n—

a [e% «@
plerer) (m,x,y, C) — miT; 5 Py (m, x,y, C)
Ty
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For the purpose of illustration of the usefulness of these results, we choose
some special cases here.

For r =1, (21), (Z2) and (23) reduce to recurrence relations for the Gener-
alized Humbert polynomials P, (m,z,y,p,C) given by (LI)).

Getting C; =1, m; =1,y; =0 (i =1,2,...,r) in (22) gives the recurrence

(a17~-~7ar)

relation for the Chan-Chyan-Srivastava polynomials g, (z1,...,2,) B
ajggffiwar) (T1,...,x,)
0 0 (arsn
— amj ggﬂh-..,ar) (Ila e 71:7") - Ij am] g’ELOill’ (o7 ) (II, . ’xr)

which further for » = 2 lead to recurrence relation for the Lagrange polynomials.
In @3)), setting C; =1, m; =j,2; =0, y; = —z; (j =1,2,...,7), we get

the recurrence relation for h{® ) (z1, ..., z,)
Oéjh,flcilj"m’ar) (.’El, ey .%T)
0 0 (2:5)
_ (a1,..0000) o (a1, 0)
= 8xjh”1 (X1, xp) xjaxjhn_j (X1, @)

For r = 2, (23] reduces to recurrence relation for the familiar (two-variable)
Lagrange-Hermite polynomials.
For C;=1,2;=0,y; = —z; (j =1,2,...,r), (Z3)) gives the following rela-

(a1,...,ar)

tion for the Erkus-Srivastava multivariable polynomials us, (z1,...,2;)
ajuglofr’ﬁ-]yar) (xla ey l‘r)
g 0 (a1,...,00)
= axj uq(lal,...,ocr) ($17 ey -T'r‘) — Ty al‘j un—lmj (Il, e 7xr) .

Ifwetake C; =1, m; =2,y; =1,a; =v; (j=1,2,...,r) in (Z2)), we have the
recurrence relation for the multivariable analogue of Gegenbauer polynomials

defined by (T4)

0
21/jC7(L'f’1""VT) (T1,...,2p) = 5 _C’,(l”l""”’r) (1,0, xp)
L
O Awiyevr)

—2x; Co 7 (21, my)

]&vj " "

8 ViyeeoyUp
+ 8$<C’(‘jé ’ )(:vl,...,:vT).

J

The special cases of v; = ; andv; =1 (j =1,2,...,r) give a recurrence rela-

tion for the multivariable Legendre and multivariable Tchebycheff polynomials,
respectively.
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COROLLARY 2.1.1. As a consequence of Theorem 2.1, we can give

az,..a 0
ijéjPT(L_ll’m’ ) (1’1’1, X,y C) = Cj O P,(lal""’aT) (1’1’1, X,y, C)
J
a Y yeeey Ol
_mjxjax_Pr(L—l )(m,X,y,C)
J
a « o
— m;y; _Pr(kll’”" ) (m,x,y,C), n>1
0y;
and
ai,..,a 0
o P (i, y, €)= Gy P (m,x,y,€)
j
+ xj 0 plevaen) (m x v, C)
J an n—m; XY,
8 (0% (0%
+y; aypr(l—lﬁ»;;’ 7 (m,x,y,C), n > m;.
j

THEOREM 2.2. For the multivariable Humbert polynomials Péal""’ar)(m,x,y,(]),
we have the following equalities

(i) Z qu(fél:---aajfl70¢j+1:0¢j+1:---aar) PT(L(sla---yaj—l70lj+1a0¢j+1a---704r)
nit+nz+---+np=n
n [(n—k)/m;] k l
. 71)2 Z (p)k+l (mjz;)" (—y;) ppor,....par)

ket kst (M, Xy, C)
CEH 1

ag,..., o] ak,...af
- Y A mxy ) P (mox y, ).

nit+ng+--+np=n

Proof. (i) Getting pa; (p € N) instead of «; in generating function (L2), we
have

T

F (X, y; t) = H {(Cz — muxit + yitmi)*pai} — Z Prspal,...,poér)(m’ X,Y, C)tn

i=1 n=0
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If we differentiate F' (x,y;t) with respect to z; (j = 1,2,...,r), p times, we
obtain

P
apr(va;t)
J T
= (pay), (myt)" (Cj = myajt +y;t™) P TT(C = myit 4 it™) "
i=1
o i7
= (pay), (mjt)" (Cj — mjast +y;t™ )"y PPor=-P*) (m,x,y, C)t"
_ n=0
= (pay), (mt)? C;"
= o L )t (my ) () )
% 77 J Ppala"'apoér m, X, ,C .
(2.6)
On the other hand, (2.6) can be rewritten again as follows
P
j - )
= (paj)p (m;t)? (ZPT(Lm,...,aj—1,aj+1,aj+1,...,ar)<m7va’ C)t”)
n=0
o0
R0 S (D S USRI
n=0 > ni+nz+--+n,=n
. P”s(zl,...,ocj1,aj+1,aj+1,...,oér)>tn.

By comparing the last two equalities, we obtain the desired relation.
(ii) It is enough to use the generating function (L2)) in order to obtain the
desired addition formula. O

We can give some special cases of this theorem.

In the case of r = 1, these results are satisfied for the Generalized Humbert
polynomials P, (m,z,y,p,C).

Getting C; =1, 2; =0, y; = —z;, (j = 1,2,...,7) in this theorem gives the
following results, which are given in [§], for the Erkus-Srivastava multivariable

. A yee., X
polynomials o) (z1,...,2,)
k 1 k
O seens 25 0
i=1 i=1
Un <I1,...,xr)

1 r 1 s
= Z u'glolél’m’al) (xlv'"ax’l‘)"-u’gj:kw.’ak) (Ila"'vxr)

nit+nz+---+np=n
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and

u(al7~~~’aj—1704j+1704j+17~~~’ar) u(al7~~~704j—1’aj+1’aj+17~~~7O‘r)
S e Uy

nitnz+-+np=n

[n/m;] l
p)x; QY e, PO
= Z ( )ll! juflpfmjlp N1, 2).

1=0
The special cases of m; = j and m; = 1 (j = 1,2,...,r) give similar equal-
ities for the Lagrange-Hermite and Chan-Chyan-Srivastava multivariable poly-
nomials, respectively. We should remark that the result in (ii) reduces to a

known relation in [I0] for the Chan-Chyan-Srivastava multivariable polynomials

ggLahm’ar) (Ila s 71:1")'

If wetake Cj =1, m; =2,y; =1, a; =v; (j =1,2,...,7) in this theorem,
we have

E CWiresVi—1,05+1,054150007) CWiresVi—1,05+ 1,054 1500507)

ot O
nit+ng+---+np=n

n [(n*k’)/Q}( k l
P 225)" (1) o)
= Z Z JAL Cnp—k—zlp (Ilv ceey Ir)
k=0 1=0 o
and
k k
<Zl V37~~~,21VZ>
n - - ($1, ,IT)

- ¥ S ()

nit+nz+--+ng=n

for the multivariable Gegenbauer polynomials. For the special cases of v; = %

andv; =1(j =1,2,...,r), these results are given for the multivariable Legendre
polynomials and multivariable Tchebycheff polynomials, respectively.
3. Integral representations
The use of the identity [3]

- 17 —atv—1
’U: atyv .1
a I (v) /e t°h dt, Re(v) >0 (3.1)
0

allows to obtain integral representation for the multivariable Humbert polyno-
3 (al,...,ar)
mials P, (m,x,y,C).
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THEOREM 3.1. The multivariable Humbert polynomials ploar) (m,x,y,C)
have the following integral representation:

Pr(laly...,oér) (m’ X,y, C)

=, 1 //_._/e(C1£1+<-<+CT£T)H(£],)%1 ST(L&,---,&) (x,y)d¢E (3.2)
le(aj) 00 0 j=1

where

5(51’ or ) Z Z (mix1&§ + -+ mrxrgr)n*k (_1)k1+..+kr
— k) k! k)

X (y1§1)k1 e (yrfr)kr )

k=0m1ki1+--+m,k,.=k (

and Re(aj)>0 (j=1,2,...,r), d{ =d& ...d§,.

Proof. If we use the identity (3I)) in left hand side of the generating function

(C2), we have

Z P,(Lal""’o‘r) (m,x,y,C)t"

n=0
T

= H {(C — mix,—t + yitmi)iai}
= // / 7(01£1+“‘+CT§T) (Ulgltm1+ +yr£7‘tmr) H a]'_l
=1

« e(m1x1£1+ AmexEy)t de

e ele oluNNe o}

_ f[ // /{ (CrErt A Ot g (a7 4 +yr5rtmr>{H(§ )aj—l}

y Z (miz1 &y + -+ mpz, &) t dg}.

n!
n=0

Simple calculations show that

oo k k
o (W€t ey £ ™) Z (=17 (yn&at™ + -+ yp&pt™)

k!
k=0

B 00 (_1)k1+‘.‘+kr <y1§1)k1 o (yrgr)kr i
> 2 kil k) &
k=0 \miki+-+m.,.k.=k 10 ... Rp!

If we use this above and make necessary arrangements, we obtain the desired
result. (]
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Now, we choose some special cases of this theorem.
The case C; =1, z; =0, y; = —z; (j = 1,2,...,r) in this theorem gives

the integral representation, which is presented in [8], for the Erkus-Srivastava
(Otl,---,()ér)

multivariable polynomials (z1,...,2,). For m; = j and m; = 1,
7 =1,2,...,r, it reduces to the integral representation for the Lagrange-Hermite

and Chan-Chyan-Srivastava multivariable polynomials, respectively.
Setting C; =1, m; =2,y;, =1, a; =v; (j =1,2,...,r) in (32), we obtain
the integral representation for the multivariable Gegenbauer polynomials

CT(Llll,qur) (Ila Ce ,x’r‘)

oo

=, 1 //‘._/e—(£1+-~+£r) H (@)Vrl Sﬁlﬁl,...@) (x, 1) d¢
[IT()0 o 0 J=1

j=1
where
S£L§17...’£r) (X; 1)
— i S (22161 + -+ + 2m,6)" ek gk (1)t

— I\ e ! | ’
k=0 2k, 412k, =k (’I’L k’)k’l L. kr~

Re(v;) >0 (j=1,2,...,r) and d§ = d&; ...d¢,.

The special cases of v; = % and v; =1 (j =1,2,...,r) give integral represen-
tations for the multivariable Legendre polynomials and multivariable Tcheby-
cheff polynomials, respectively.

4. Partial differential equations for the products
of families of some polynomials

In this section, we find partial differential equations for the product of the mul-
tivariable Humbert polynomials and some multivariable polynomials. We gave a
method in [§] for finding partial differential equations satisfied by the products
of any two of extended Jacobi, Chan-Chyan-Srivastava, Erkus-Srivastava and
Lagrange-Hermite multivariable polynomials. Here, we use similar idea for the
multivariable Humbert polynomials and multivariable polynomials given above.

Let us define two linear differential operators by
: 0 0 - 0 0
LZZ; <ai (JZZ) 8%1 + bz <yz) ayz> and NZJX_; <Cj (uj) auj + dj (Uj) 81}j> .
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THEOREM 4.1. Let {R, (X,¥)} 22, and {Q, (u,v)} |2, be polynomials satis-
fying

L[R,] = AR, =nR,
and

N [Qn] = 1Qn = nQn
where u = (uy,...,us) and v=(v1,...,vs). Then the product polynomial
{®n} 1520 = {Rn—k (x,¥) Qi (0, v)} [{255 1= holds the following partial differ-
ential equation:

L [w] + N [w] = nw. (4.1)

Proof. Setting w (x,y;u,v) = Rk (X,¥) Qk (1, V), we obtain
Liw] = —rw=(n—Fk)w

and

N [w] = mpw = kw.
Thus, we have

Lw]+ N [w] = nw
which completes the proof. O

Now, we apply this theorem for the multivariable Humbert polynomials and
some other multivariable polynomials.

Remark 1.

(i) Let {R, (x,¥)} 5%, and {@), (u,Vv)} [0, be the multivariable Humbert
polynomials so that

{@n} 3o = { P50 (m,x,y, €) P (myu, v, 0) )

n,00
k=0, n=0
Then from (LX), we get

r

0 0 - 0 0
L= ‘ <Ii8xi + m;y; 8y¢> and N = Z (uj ou + m;v; 8vj> .
—_ Jj=1
Hence, the partial differential equation (4.]) becomes
d 0, 0, i 0P, 0P,
i iYi j Vs =n®y.
izzl <I B, + m;y Oy; > +j¥1 <U’J Ou; + m;v; o, ) n

(i) Let {R,(x,y)}|5%, be the multivariable Humbert polynomials and
{Qn (u,v)} 22, be the Chan-Chyan-Srivastava multivariable polynomials so
that

{@u}2e = {PL ) (mxy, ©) g™ (.. yug) |

n,o0

k=0,n=0
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In this case, from (L) and (6]
I S
0 0 0
L:E x; + m;y; and N:E U .
: ( Foa MY 8yi> — " Ou;
=1 =1
Thus, for this product polynomial set, we obtain the equation:
I S
0o, 0, 00,
ZT; + m;y; + U j =nd,.

(iii) Let {R, (x,¥)} 22, be the multivariable Humbert polynomials and
{Qn (u,v)} 22, be the Lagrange-Hermite multivariable polynomials so that

n,o00

(@} = { P (myx v, ©) B () |

Then, from (L5) and (L7),

é 0 0 . 0
L= i iYi N = uj
;<x O + myy 3yi> and ;ju]auj

k=0,n=0

Hence, the equation (41]) becomes
- o, o0, ~ 0%,
i iYi K =nd,.
;(yg axi+my8yi>+;jujauj n

(iv) Let {R, (x,¥)}[22, be the multivariable Humbert polynomials and
{Qn (u,v)} 22, be Erkus-Srivastava multivariable polynomials. Then

n,00

(@} = { P (myx,y, ©) w7 () |

k=0,n=0
satisfies

” 0d,, 0d,, > 0d,,
Z <I1 axi +miyi ayi > +;ijj 8uj = nCDn.

=1

Some special cases of this Remark give the partial differential equations, which
were presented in [§], satisfied by the products of any two of the Chan-Chyan-
Srivastava, Lagrange-Hermite and Erkus-Srivastava multivariable polynomials.
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