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ABSTRACT. We characterize maximal subsemigroups of the monoid T'(X) of
all transformations on the set X = N of natural numbers containing a given
subsemigroup W of T'(X) such that T(X) is finitely generated over W. This
paper gives a contribution to the characterization of maximal subsemigroups on
the monoid of all transformations on an infinite set.
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1. Introduction

In this paper, we want to continue the study of maximal subsemigroups of
the semigroup T(X) of all transformations on an infinite set, in particular, for
the case X is countable. The maximal subsemigroups of 7'(X) containing the
symmetric group Sym(X) of all bijective mappings on an infinite set X are
already known. They were determined by G. P. Gavrilov (X is countable) and
by M. Pinsker (any infinite set X) characterizing maximal clones ([3],[6],[9]).

The setwise stabilizer of any finite set Y C X under Sym(X) is a subgroup of
Sym(X). In [2], the authors determine the maximal subsemigroups of 7'(X') con-
taining the setwise stabilizer of any finite set ¥ C X under Sym(X). For a finite
partition of X, one can also consider the (almost) stabilizer. They form subsemi-
groups of Sym(X) and in [2], the maximal subsemigroups of T'(X) containing
such a subgroup are determined. Also in [2], the maximal subsemigroups con-
taining the stabilizer of any uniform ultrafilter on X, which forms also a group,
are determined.
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In the present paper, we consider a countable infinite set X and characterize
for a given subsemigroup W such that there is a finite set U being a generator
of T(X) modulo W (see [7]), the maximal subsemigroups of 7'(X) containing
W. As a consequence of this result, we obtain a characterization of all maxi-
mal subsemigroups of 7'(X) containing 7'(X) \ S, where S is a given maximal
subsemigroup of T'(X) containing Sym(X).

If o« € T(X) and A € X such that the restriction of o to A is injective and
have the same range as «, then we will refer A as transversal of « (ker o denotes
the kernel of ). We will also write A# ker «v if A is a transversal of a.

Let D(a) := X \ ima (ima denotes the range of ). The rank «, i.e. the
cardinality of im«, is denoted by rank(a) := |ima|. Then d(«) := |D(«a)]| is
called defect of a and c(a) := > (Jya~!| — 1) is called collapse of a.

YyEim o
Moreover, we put K(a) := {z € ima | [za™!] = Ro} and k(o) := |[K(a)|
is called infinite contractive index. It is well known that d(8) < d(af) <
d(a) +d(B), k(af) < k(a) + k(B) B] and ¢(a) < c(af) < c(a) +<(B) [1] for
a, B € T(X). For more background in the theory of transformation semigroups
see [3] and [8].

2. The main result

We want to state the main theorem in a wider context, namely in the context
of algebras of a given type 7 = (n;)ic; with integers n; > 1 for 4 € I. So, this
section deals with concepts of Universal Algebra. We follow the usual notation
in Universal algebra [5]. Later, we specify our considerations to transformation
semigroups as algebras of type 7 = (2).

Let T = (T;(f{)ier) be an algebra of type 7 with the universe 7' and the
n;-ary operations fiA on A, for ¢ € I. Further, let W be a proper subalgebra of
T (W < T). Then T is said to be finitely generated over W if there is a finite set
U C T such that T = (W,U) (we write (W,U) instead of (W UU)). A proper
subalgebra W of T is called maximal if S = W for all S < T containing W.
Moreover, Hy(W') denotes the collection of all finite sets ' C T'\ W such that
(W,F)=T.

Let F be a collection of non-empty finite subsets of a set 7. A choice-set for
F is a subset H of T with HNF # () for all F € F. A choice set H for F is said
to be minimal if no proper subset of H is a choice-set for F. Let us mention two
set-theoretical observations.

LEMMA 2.1. Let F be a collection of non-empty finite subsets of a set T and let
K be a choice-set for F. Then there is a minimal choice set H for F such that
HCK.
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Proof. Consider the collection H of choice-sets H for F such that H C K.
If C C H is a chain under C then (|C € H. Let F € F. One can write F' in
the form F' = {x1,x9,...,2,} if n > 1 is the cardinality of F. Assume that
NCNF =0 then z; ¢ C; (1 <i<mn) for some C1,...,C, € C. But C is a chain,
hence (up to renumbering) C; C Cy C --- C C), so {z1,22,...,2,} NCy = 0,
which is impossible for the choice-set Cy. Thus (| C intersects F. Now, Zorn’s
Lemma can be applied and yields the existence of a minimal element H within
H. This set H is a choice-set for F such that H C K. O

LEMMA 2.2. Let F be a collection of non-empty finite subsets of a set T and
let G be a subcollection such that for each F € F either F g UG or G C F
for some G € G. Then for each minimal choice-set Hy for G there is a minimal
choice-set H for F such that HN|JG = Hy.

Proof. Let Hy be minimal choice-set for G. Then, we consider
K::HOmU{F\Ug |IFeEF & (VGeg)(GgF)}.

It is easy to verify that K is a choice-set for F. Then by Lemma [Z1] there is a
minimal choice-set H C K for F. Clearly, HN|JG C KN|YG and Hy C UG
implies K N|JG = Hy, i.e. HN{JG C Hy. Moreover, HN|JG is a choice-set
for G, so HN|JG = Hy, by the minimality. O

Now we state the main theorem.

THEOREM 2.1. Let T be an algebra of type T and let W be a proper subalgebra
of T such that T is finitely generated over W. Then a subalgebra S such that
W < S < T is mazimal if and only if T\ S is a minimal choice-set for Hp(W).
For each minimal choice-set H for Hp (W), the set T '\ H is the universe of a
mazximal subalgebra of T.

Proof. Suppose that S is maximal. Assume that SN H # @ for all minimal
choice-sets H for Hp(W'). We are going to show that there is F' € Hyp(W) with
F C S. Otherwise, F £ S, i.e. F\S#0, for all F € Hp(W). Then

K :=|J{F\S|FeH (W)}

is a choice-set of Hy(W). Then by Lemma [2.1] there exists a minimal choice-set
H for Hr (W) such that H C K. But HNS = () is a contradiction. Hence, there
is F € Hp(W) with F CS. Then T = (W, F) C S, ie. S=T, a contradiction.
Hence there is a minimal choice-set H for Hp (W) such that SN H = 0, ie.
SCT\H.

We want to show that A := T\ H is closed under the operations of T, i.e. A
is a subalgebra of T'. For this, let ¢ € I and a4, ...,0,, € A. Assume that s :=
fA(a1,...,a,,) € H. Then there is F € Hy(W) such that FNH = {s} since H
is a minimal choice-set for Hp(W). Then (F\ {s}) U{a1,...,an,} € Hp(W).
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But both FNH = {s} and (F \ {s})U{a,...,an,} € Hp(W) implies o; € H
for some 1 < j < n;, a contradiction. Hence A is a subalgebra of T'. Since S is
maximal S C A =T\ H, this implies S =T\ H and H = T\ S. This part of
the proof shows in particular that 7'\ H is the universe of a maximal subalgebra
of T whenever H is a minimal choice-set H for Hp(W).
Conversely, suppose that 7"\ S is a minimal choice-set for Hyp(W). Then
S =T\ H such that H := T\ S is a minimal choice-set for Hy(W). It remains
to show that S is maximal. Indeed, let s € H. Then there is F' € Hp(W) with
F N H = {s} because of the minimality of H. So, T'= (W, F) C (T\ H,F) =
(I'\H,s), i.e. T =(T\ H,s). This shows that S is maximal subalgebra of 7.
O

3. Maximal subsemigroups containing Sym/(X)

Let us introduce the following five sets:

e Inj(X) :={a € T(X) | rank(e) = Ng, ¢(a) =0 and d(a) # 0}
(the set of injective but not surjective mappings on X).

e Sur(X) := {a € T(X) | rank(a) =Ry, c(a) #0 and d(a) =0}
(the set of surjective but not injective mappings on X).

o Cp(X):={a e T(X) |rank(a) =Rg, k(a) =2Ng}.

o IF(X) := {a € T(X) | rank(a) = No, c(a) =Ry and d(e) < No}.

e FI(X) := {a € T(X) | rank(a) = No, d(a) =Ng and c(a) < No}.

In [6], the following proposition was proved. Note that we independently
proved this proposition whilst of the work of G. P. Gavrilov and L. Heindorf,
respectively. We thank Martin Goldstern for bringing these reference to our
consideration at the AAA82 in Potsdam (June 2011) and for his set-theoretical
observations which were essential for Section 2 in the present paper. For the

sake of completeness, we include the proof of this proposition. (Another proof
is also given in [2].)
PRrOPOSITION 3.1. The following semigroups of T(X) are mazimal:
T(X)\H

for H € {Inj(X), Sur(X), C,(X),IF(X),FI(X)}.
Proof.

1) Let o, € T(X) \ Inj(X). Assume that a8 € Inj(X). Then c(a) <
c(laB) =0, i.e. « is injective. Since a ¢ Inj(X), o € Sym(X). But ¢(af) =0
and o € Sym(X) implies [ is injective. Since § ¢ Inj(X), 5 € Sym(X). So

af € Sym(X), i.e. af is surjective, contradicts a8 € Inj(X). This shows that
T(X) \ Inj(X) is a semigroup.
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Let o € Inj(X). Then we will show that (T(X) \ Inj(X),a) = T(X). For
this let 8 € Inj(X). Let a € im 8. Let v € T(X) with iy = a for i € D(«), and
iy = ia~ !B for i € ima. Then iy = ica™ '3 = if3 for all i € X. This shows
ay = (3, where v ¢ Inj(X) since D(a) # (). This shows that T'(X) \ Inj(X) is
maximal.

2) Let a, f € T(X) \ Sur(X). Assume that a5 € Sur(X). Then d(8) = 0, i.e.
B is surjective. Since 8 ¢ Sur(X), 8 € Sym(X). But d(af) = 0and 8 € Sym(X)
implies « is surjective. Since o ¢ Sur(X), a € Sym(X). So aff € Sym(X), i.e.
af is injective, contradicts a5 € Sur(X). This shows that T(X) \ Sur(X) is a
semigroup.

Let o € Sur(X). Then we will show that <T X) \ Sur(X a> = . For
this let 8 € Sur(X). For all x € X/ kera we fix a 2* € x. Then we con81der the
following § € T(X) with id = (iBa™!)* for all i € X. Hence ida = if3 for all
i € X. This shows da = 3. Since imé C {z* |z € X/kera} # X because o'

is not injective), 6 € T( )\ Sur(X). ThlS shows B=dac(T(X \Sur ,a).
Consequently, (T'(X) \ Sur(X),a) = . This shows that T'(X) \ Sur( ) is
maximal.

3) Let o, € T(X) \ Cp(X). Then k(o) < Rg and k() < Rg. This shows
kE(aB) < k(a) 4+ k(8) < Xg + Rg = Ng. This shows that af € T(X) \ Cp(X).
Let o« € Cp(X). Then, we will show that (T(X)\ Cp(X),a) = T(X). For
this let 5 € C,(X). Then, there is a bijection

f:X/kerB— {za " |z € K(a)}.
For each © € X/ ker 8, there is an injective mapping

We take the v € T(X) with iy = f,(i) where ¢ € x for x € X/ker . Clearly,
v ¢ Cp(X). For i,j5 € X, if = jp if and only if there is an = € X/kerf3
with i, € =z, ie. f,())a = fr(j)a. But f.())a = f.(j)o is equivalent to
iya = jya, consequently, we have iya = jya if and only if i = jB. Further,
let 6 € T(X) with iyad = if8 for i € X and id = x¢ (z¢ is any fixed element
in X) for i € X \ imvya. Since iya = jya if and only if i = j8,  is well
defined and K (§ ) C {xo} ie. k(6) <1 and thus § € T(X )\C’ (X). This shows
B =~ad € (T(X)\ Cp(X), ). Consequently, (T(X)\ Cp(X),) = T(X). This
shows that T'(X) \ Cp(X) is maximal.

4) Let a, f € T(X) \ IF(X).

If ¢(ar) < g and ¢(B) < Ng then c¢(af) < c(a) + ¢(B) < N, i.e. af ¢ IF(X).

If d(o) = Rg and ¢(8) < R then [{z € X/ker |z Nima = 0}| = Ro. This
implies Xy = d(B) < d(aff) < d(a) +d(B) = Vo, i.e. af ¢ IF(X).

If d(B) = Ng then d(af) > d(B) = N, i.e. af ¢ IF(X).

Altogether, this shows that o € T(X) \ IF(X).
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Let a € IF(X). Then we will show that (7(X) \ IF(X),a) = T(X). For
this let 8 € IF(X). Let v € T(X) with kery = ker 8 and im v# ker . For each
x € X/kerf, we fix any * € x. Since c(a) = Ro, d(y) = R, L.e. v ¢ IF(X).
Further, let 6 € T(X) with im a# ker § and i§ = (i(ya)~1)*8 for i € ima. Since
im y# ker a;, we have im @ = im vy« and § is well defined. Because of im y# ker a,
ker ya = kery = ker 3, where iyad = (iya(ya)~1)*8 =i for i € X. Note that
from im a+# ker ¢ and d( ) < o, it follows that ¢(J) < NO, ie. 0 ¢ IF(X). This
shows B = vad € (T(X)\IF(X),a). Consequently, (T(X)\IF(X),a) = T(X).
This shows that T'(X) \ IF(X) is maximal.

5) Let a, 8 € T(X) \ FI(X).

If ¢(a) = Vg then c(af) > c(a) = N, i.e. af ¢ FI(X).

If d(a) < No and ¢(B) = Vo then |[{i € ima | (Fj € ima\ {i})(i8 = jB)}|
= Ny. This implies ¢(af) = Ng, i.e. af ¢ FI(X).

If d(a)) < Rg and d(B) < Ng then d(af) < d(a)+d(B) < Ro, i.e. af ¢ FI(X).

Altogether, this shows that o € T(X) \ FI(X).

Let a € FI(X). Then, we will show that (7'(X) \ FI(X),a) = T(X). For
this, let § € FI(X). Let v € T(X) with kery = ker 5 and im y# ker a. For each
x € X/kerf, we fix any x* € x. Since c(a) < Ro, d(y) < Vo, i.e. v ¢ FI(X).
Further, let § € T(X) with ima#kerd and id = (i(ya)™1)*B for i € ima.
Since im~y# ker ar, ima = im~ya, ker yao = kery = ker § and ¢ is well defined,
where iyad = (iya(ya) 1)*B =i for i € X. Note that from im a# ker§ and
d(a) = Vg, it follows that ¢(d) = Vg, i.e. § ¢ FI(X). This shows 8 = yad €
(T(X)\ FI(X), ). Consequently, (T'(X)\ FI(X),a) = T(X). This shows that

T(X)\ FI(X) is maximal. O

This proposition delivers the maximal subsemigroups of 7'(X) containing
Sym(X). In [2] (see also [4], [6]), the authors show the completeness of the
list given in Proposition BJl We ask for the maximal subsemigroups of T'(X)
containing the difference set between T'(X) and a maximal semigroup from this
list.

4. Maximal subsemigroups containing
Inj(X), Sur(X), CP(X>7 IF(X), FI(X)

Now we want to determine the maximal subsemigroups of T'(X) containing
T(X)\ S, where S is one of the five maximal subsemigroups of 7'(X) containing
Sym(X). First, we characterize the maximal subsemigroups of 7'(X) containing
Inj(X) and Sur(X), respectively. Note that we do not need Theorem [2.1] here.
It is well known that the set F'(X) of all transformations of finite rank forms an
ideal of T'(X) and Inf(X) := T(X) \ F(X) generates T'(X). The next lemma
shows that any maximal subsemigroup S of T'(X) has the form S = F(X)UT
for some T' C Inf(X).
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LEMMA 4.1. Let S be a mazimal subsemigroup of T(X). Then F(X) C S.

Proof. We have Inf(X) € S (since S # T'(X)). Since F(X) forms an ideal of
T(X) both Inf(X) N F(X) =0 and Inf(X) € S implies S C SU F(X) # T(X).
Because of the maximality of S, we have S = SU F(X), i.e. F(X)C S. O

LEMMA 4.2. Let Sur(X) C S < T(X) with Inj(X) NS # 0 and FI(X) N S # 0.
Then
S =T(X).

Proof. We have FI(X) C S by Lemma [£Jl Hence, we have to consider only
the elements of Inf(X). Let a € Sym(X). Then there is a § € Inj(X) N S and
we take the v € T(X) with iy =i for i € D(8) and i5y = i« for i € X. Clearly,
7 is well defined (since § is injective) and v € Sur(X). Since im 8 = X \ D(8),
this shows that 8y = a, and consequently, Sym(X) C S. Let us put

A:={aenf(X)|d(a) <N}
B:={a € nf(X) | d(a) =Rg}.

Clearly, Inf(X) = AU B. Let now a € A. If d(5) < R then for each natural
number k& > 1, there is a natural number r > 1 such that d(8") > k. Since
A" € Inj(X) NS, we can assume that d(8) > d(a). Since d(5) > d(«), there
is a 91 € Sur(X) such that v; restricted to im 3 is bijective with im « as range
and D(5)y1 = D(«). We take the vo € Inf(X) with ivs is the unique element in
iay; B! for i € X. Since 8 is injective, we have v, € Sur(X)USym(X). Then
we have ivyfy) = iay; ' By1 = i for i € X. This shows a = 27y, € S,
and consequently, A C S.

Let now o € B. Moreover, there is a 6 € FI(X) N S. Then there is a
n € A with kera = kern and imn# kerd. Since d(a) = d(0) = N, there is a
bijection f: D(J) — D(«). Because of ker o« = kern and imn# ker d, we have
i607'n71 € X/kera for i € im§. We define 3 € T(X) setting iy3 = f(i) for
i € D(8) and iv3 is a unique element in i~ 'n~la for i € imd. It is easy to verify
that ~3 is well defined. Then for i € X, indys = ia. This shows a = nd~y3 and
consequently, B C S. Altogether, Inf(X) = AUB C S and thus S =T(X). O

LEMMA 4.3. Let Inj(X) C S < T(X) with HNS # 0 for all H € {Sur(X),
Cp(X),IF(X)}. Then
S = T(X).

Proof. We show that then Sur(X) C S. If we have Sur(X) C S then from
Inj(X)NS # 0 and FI(X) NS # O (because of Inj(X) C ) it follow S = T'(X)
by Lemma

Let a € Sur(X). Moreover, there is a § € Cp(X)NS. Then there is a bijection

f:X/kera — {zB7" |z € K(B)}.
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For each © € X/ ker i, there is an injective but not surjective mapping

forz— f(2).

We take the v € T'(X) with iy = f,(i) where i € x for x € X/ kera. It is easy
to verify that v € Inj(X). There are 6 € Sur(X)N S and n € IF(X)NS. If
¢(6) < Vg then from ¢(d) > 0, it follows that ¢(6") > d(n) for some r € N, where
0" € Sur(X) N S. Hence, we can assume that ¢(d) > d(n) and there is a set
A C X with A# kerd and a bijection

hyi: imn— A
and an injective but not surjective mapping
ha: D(n) = X\ A.

We take the v; € T(X) with i3 = hq(i) for i € imn and iy; = ho(i) for
i € D(n). It is easy to verify that v; € Inj(X). In fact, 19 € Sur(X)N S
with ¢(ny10) = R since n € IF(X). So, we can assume that ¢(§) = Ny. For
i,j € X, ia = ja if and only if there is an z € X/kera with i,j € =z, i.e.
Fo(0)B = £2()B. But £,(i)8 = £,(j)8 is equivalent to i78 = j, consequently,
we have iy = jy0 if and only if i = ja. Further, let B C X with B# ker§
and

p: D(yB) = X\ B

be an injective but not surjective transformation (such one exists since ¢(6) = Ny
implies | X\ B] = Xg). Then the transformation v, on X with i3~ is the unique
element in iad~1 N B for i € X and iye = ¢(i) for i € D(vf) belongs to Inj(X)
since B# kerd. So, we have i7y87v20 = i for ¢ € X. This shows that v5v26 = a,
and consequently, Sur(X) C S. O

Now we are able to characterize the maximal subsemigroups of 7T(X) con-
taining Inj(X) and Sur(X), respectively.

THEOREM 4.1. Let Sur(X) € S < T(X). Then S is mazimal if and only if
S=T(X)\Inj(X) or S =T(X) \ FI(X).

Proof. By Proposition3.1] both 7'(X)\ Inj(X) and 7'(X) \ FI(X) are maximal
subsemigroups of T'(X). Suppose that S is a maximal subsemigroup of T'(X).
Then Inj(X) NS =0 or FI(X)NS =0 by Lemma 2] i.e. S CT(X)\ Inj(X)
or S CT(X)\FI(X) and thus S = T(X) \ Inj(X) or S = T'(X) \ FI(X) because
of the maximality of S. (]

THEOREM 4.2. Let Inj(X) € § < T(X). Then S is mazimal if and only if
S=T(X)\ H for some H € {Sur(X),C,(X),IF(X)}.
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Proof. By Proposition B 7(X) \ H (H € {Sur(X),C,(X),IF(X)}) are
maximal subsemigroups of T(X). If S is a maximal subsemigroup of T(X)
then HN S = () for some H € {Sur(X),Cp(X),IF(X)} by Lemma H3| i.e.
S C T(X)\ H for some H € {Sur(X),C,(X),IF(X)}. The maximality of S
provides the assertion. ]

Finally, we want to determine the maximal subsemigroups of 7'(X') containing
H for H € {Cp(X),IF(X),FI(X)} using Theorem 21l First, we state that
FI(X) as well as IF(X) are subsemigroups of T'(X).

LEMMA 4.4. FI(X) is a subsemigroup of T(X).

Proof. Let o, 8 € FI(X). Then we have c(af) < c(a) + c(8) < Rg + Vg = Vg
and Xg = d(5) < d(ap). This shows that af € FI(X). O

LEMMA 4.5. IF(X) is a subsemigroup of T'(X).

Proof. Let a, 5 € IF(X). Then we have d(af) < d(a) 4+ d(B) < Rg + Rg = Rg
and Xy = ¢(a) < ¢(af). This shows that af € IF(X). O

Let us consider the set Cp,(X) N Sur(X). Then we have:
LEMMA 4.6. We have (FI(X), o) = T(X) for all a € C,(X) N Sur(X).

Proof. Let o € Cp(X) N Sur(X), 8 € Inj(X), and A C X be a transversal
of a. We put v € T(X) setting 2+ is the unique element in z8a~1 N A for all
x € X. It is easy to verify that imy C A and d(y) = | X \im~y| > | X \ 4] =N,
since o € Cp(X) implies ¢(a) = Ny and any transversal of o miss infinite many
elements of X. Let 4,5 € X with iy = jy. This implies (ifa™! N A)a =
(jBa~t N A)a, i = jB, and i = j since 8 € Inj(X). Thus v € Inj(X) and
c(v) = 0 < Ng. Consequently, v € FI(X). Because of zya = z for all x € X
we have § = va € <FI(X), a>. This shows that Inj(X) C <FI(X), a>. Moreover,
(FI(X),) N H # 0 for H € {Sur(X),Cp(X),IF(X)}. By Lemma [£3, we have
(FI(X),0) = T(X). O

Lemma[d.6lshows that 7'(X) is finitely generated over FI(X'). Then Lemmal4.4]
and Theorem 2.1 imply:

PRrROPOSITION 4.3. Let S < T(X) with FI(X) C S. Then the following state-
ments are equivalent:
(i) S is mazimal.

(ii) T(X)\ S is a minimal choice-set for Hp x)(FI(X)).
T(X)\ H is a mazimal subsemigroup containing FI(X) whenever H is a
minimal choice-set for Hpxy(FI(X)).
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It will turn out that there are 2° many maximal subsemigroups of T'(X) con-
taining FI(X), where ¢ denotes the cardinality corresponding to the continuum.

LEMMA 4.7. There holds ’HT(X)(FI(X))’ = 2¢, q.e. there are 2° many mazimal
subsemigroups of T'(X) containing FI(X).

Proof. Let X be the set of all positive integer and let A be any collection of
continuum many almost disjoint subsets of X \ {1,2}. Further, let 8 € C,(X)N
Sur(X). For Y € A, we fix a transformation 3 with the same kernel as 3 but the
range Y U{1} and a surjective transformation By with the kernel {(y,y) | y € Y}
U{(a,b) | a,b € X \Y}. Then it is easy to check that ¥ By € Cp(X) N Sur(X),
but BY,By ¢ Cp(X) N Sur(X). Thus Ay = {BY,By} € Hrx)(FI(X)) by
Lemma 4.6. It is also easy to verify that

(1): Ay, # Ay, = 0 whenever Y7 # Y5 and

(2) BY16Y27BY1BY27BY1BY276Y26Y1 ¢ SU.I‘(X) whenever Yl 7& }/2
Because of (1), the collection

g .= {AY ‘ Y € .A}
consists of continuum many elements. Let F' € Hpx)(FI(X)). If Ay £ F
for all Y € A, then F g JG. Otherwise, FF C |JG and F contains exactly
one element from each Ay, Y € A. Then by (2), it is not hard to see that
(FI(X),F) N Sur(X) N Cp(X) = 0, a contradiction. Then, by Lemma for
each minimal choice-set Hy for G, there is a minimal choice-set H for F such
that HN{J G = Hy. It follows that there are at least as many minimal choice-sets
for F as there are for G. Since G consists of pairwise disjoint two-element sets,
there are at least 2¢ many minimal choice-sets for F. (]

Now, we consider the set FI(X) NInj(X). Here, we get:
LEMMA 4.8. We have (IF(X), o) = T(X) for all a € FI(X) N Inj(X).

Proof. Let o € FI(X) NInj(X) and S € Inj(X). We put v € T'(X) setting

iy == 103 for ie X

iy = f(7) for i€ D(a)
where
f: D(a) = D(B) Uz«

is a surjective but not injective transformation such that | D(a)\X| = Nq for some
transversal ¥ of f and any fixed zyp € X (we consider f as transformation in
D(«)). Since « € Inj(X), the transformation + is well defined. Such a mapping
exists because of d(a) = Ng. Since |D(«) \ | = Ry for some transversal 3 of
f, we have c(y) = Ng. Moreover, imy = {zv | 2 € X} = {zv | z € ima}
Uf{zy |z € X \ima} = impU (X \imfB) U {zga} = X. Hence d(vy) = 0.
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This shows that v € IF(X). By definition, we have § = avy € <IF(X),a>.
This shows that Inj(X) C (IF(X),a). Moreover, (IF(X),a) N H # () for H €
{Sur(X),C,(X),IF(X)}. By Lemma 3, we have (IF(X),a) = T(X). O

Lemmald.8 shows that 7'(X) is finitely generated over IF(X). Then LemmalZ5]
and Theorem 2.1 imply:

PROPOSITION 4.4. Let S < T(X) with IF(X) < S. Then the following state-
ments are equivalent:

(i) S is mazimal.

(ii) T(X)\ S is a minimal choice-set for Hp(x)(IF(X)).
T(X)\ H is a mazimal subsemigroup containing IF(X), whenever H is a
minimal choice-set for Hp x)(IF(X)).

LEMMA 4.9. (Cp(X)) N (Inj(X) NFI(X)) = 0.

Proof. Let a,8 € T(X) with ¢(a) = ¢(f8) = Rg. Then Ry = c(a) < c(af),
Le. c(aB) = No. Since c(a) = R for all a € Cp(X), this shows that (Cp(X)) N
FI(X) = 0. O

Since we can decompose a countable set into countable many countable sets,
it is routine that each transformation a with (32 € X/kera)(|z| = Ry) can be
written as product 87 of appropriate transformations 3,y € C,(X). Moreover,
it is clear that {& € T(X) | (3z € X/kera)(|z| = No)} is subsemigroup of
T(X). Hence (Cp(X)) = {a € T(X) | 3z € X/kera)(|z| = No) }.

In order to guaranty that 7°(X) is finitely generated over (Cy,(X)), we prove:

LEMMA 4.10. We have (Cp(X),a) = T(X) for all a € FI(X) N Inj(X).

Proof. Weshow that Inj(X) C (Cp(X), ). If we have it then from (C,(X), )
NH # 0 for H € {Sur(X),C,(X),IF(X)} it follows that (Cp(X),a) = T(X)
by Lemma For this let 8 € Inj(X). Let a € SN (FI(X) N Inj(X)), i.e.
d(a) = Rg . Further let {I; | £ € X} be a decomposition of D(«) in infinitely
many infinite subsets. Then we take v € T(X) with X/ kery = {I U {ka} |
ke X} and iy = kB for i € I, U{ka} and k € X. It is easy to verify that
v € Cp(X) C (Cp(X),a). This provides kay = kf for k € X. This shows
B =ay € S. Consequently, Inj(X) C (Cp(X), ). O
PROPOSITION 4.5. Let S < T(X) with Cp(X) C S. Then the following state-
ments are equivalent:
(i) S is mazimal.
(i) T(X)\ S is a minimal choice-set for Hy(x)({Cp(X)))
T(X)\ H is a mazimal subsemigroup containing Cp,(X) whenever H is a
minimal choice-set for Hy(x)((Cp(X))).
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