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ABSTRACT. In the paper we find characterizations of some notions studied by
Kulaga [5] and we generalize his results. In particular, we characterize regularity
and completeness of factor subalgebras via stability of the decidability operator
and we discuss some possibilities in defining the notions of first category and
Baire property in Boolean algebras.
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1. Introduction

The notion of a “base of measurability” which we deal with in the present
paper is a more general analogue to the “category base” from [6]. It allows to
describe by algebraic means in a general way some common facts concerning
measurability in the sense of Lebesgue measure and the Baire category. Here
the term “measurability” resembles rather the Baire measurability than a mea-
surability given by some real-valued function although both these notions of
measurability contain the same aspect. The meaning of the term “mesurability”
is related to the meaning presented in the work [3] where a “measurable space
with negligibles” is a triple (X, ¥,Z) where X is a set, ¥ is a o-algebra of subsets
of X, and 7 is a o-ideal of P(X) generated by Z N X. In literature there are
many examples of bases of measurability and some of them have weaker prop-
erties than a category base. For example, the systems of Laver perfect sets or
Miller perfect sets are not known to be category bases without assuming addi-
tional axioms of ZFC although assuming Martin’s axiom they are such bases.
However, the notions of measurability defined by these systems are attractive
regardless the additional axioms.
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In Section 2] following [5], we introduce the base of measurability in a Boolean
algebra A as a subset of P C AT together with the ideal of negligible sets s(P)
and the subalgebra dec(P) C A of decidable elements according to P. Tt is quite
a natural requirement for P that its elements are decidable, which is expressed
by the term P is “separable” in the sense of [5], which means that each element
of P “separates” parts of a two-element partition of a dense subset of P. In
all reasonable cases a base can be replaced by a “separable” one with the same
s(P) and dec(P). To distinguish the exceptional cases of P we introduce other
three properties — “eligible”, “stable”, and “weakly stable” — according to
the possibility to replace P by a “separable” one so that s(P) or dec(P) is
either changed or not. We show that the four considered properties of bases are
distinct.

Section [ is devoted to characterizations of inclusions s(P) C s(Q) and
dec(P) C dec(Q). By some obvious reasons general characterizations of these
inclusions are possible only for complete Boolean algebras A.

It is a natural and basic task to find a characterization of pairs of ideals [
and subalgebras B for a given Boolean algebra A so that I = s(P) and B =
dec(P) for some P. In Section @] we prove that s(P) is the least “P-regular”
ideal, i.e., P/s(P) is a regular subset of A/s(P), and dec(P)/s(P) is a regu-
lar subalgebra of A/s(P) closed under infinite operations of A/s(P) (written
dec(P)/s(P) C,. A/s(P)) if and only if P is “stable”. The “if” direction was
obtained by Kulaga as well as the characterization of pairs of I = s(P) and
B = dec(P) in the case that we allow “stable” bases only (Corollary ELIT).
The question for “non-stable” bases remains open. The importance of the
relation C,. can be seen in the Marczewski Theorem [(.2] where the “cover-
ing” subalgebra necessarily is a C,.-subalgebra. We prove that for every ideal
I C A disjoint from P, the ideal s(P A I) is the least “P-regular” ideal contain-
ing I. We characterize the pairs of ideals I and subalgebras B C A such that
dec(B\I) =B AT and s(B\ I) = I and prove that s(P) is the intersection of
all ideals I maximal with the property that P NI = 0.

In Section [ we consider several disjointness properties of a base P C AT
fulfilled by every category base. One of them is called the “strong reduction
property” and it is somewhat weaker then the “disjoint refinement property”
introduced by Kulaga. The factor algebra B/I is complete if and only if B\ T
has the “strong reduction property” in B. We also prove that a base P has the
“strong reduction property” in A if and only if P is “eligible” and dec(P)/s(P)
is complete. This improves the result of Kulaga saying that dec(P)/s(P) is
complete provided that P has the “disjoint refinement property”. Moreover, we
prove that if P has the “strong reduction property” in A, then for all “P-regular”
ideals I in A, the factor algebras dec(P)/I are mutually isomorphic complete
Boolean algebras and dec(P)/I C,. A/I (Corollary 5.12).
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In Section [l we deal with a possibility to define the ideal of meager elements
and the subalgebra of Baire elements of a Boolean algebra A for a base P. Let us
recall that for a category base the ideal I of meager sets is defined as the o-ideal
generated by negligible sets and the definition of the class of Baire sets corre-
sponds to our definition of Baire(P, ). Then the ideal of meager sets satisfies
the property expressed in Banach theorem ([I]). We call the ideals in Boolean
algebras with this property “P-Banach” ideals (Definition [6.1). A “P-Banach”
ideal need not be “P-regular” because it may happen that P NI # 0. But, if
we put Pr = the maximal open subset of P disjoint from I, then for P “eligi-
ble”, I is “P-Banach” <= [ is “Pr-Banach” <= [ is “Pj-regular”. This allows
to apply the results of the previous sections for “P-Banach” ideals. We con-
sider two ways of definition of the ideal of meager elements in A. The first
ideal, denoted by I(P), is closely related to the definition used by Kulaga
for o-complete Boolean algebras and also related to the definition of meager
sets for category bases. The second ideal, denoted by IBM(P), is defined by
a modification of the Banach-Mazur game for the Boolean algebra A. The
ideal IBM(P) seems to be more appropriate than I(P) because IBM(P) is al-
ways “P-Banach” while to prove that I(P) is “P-Banach” we need to assume
the “orthogonalization property” for P. For the ideal I = IBM(P) we have
Baire(P,I) = dec(P; A I) whenever P is “eligible” and, if P has the “strong
reduction property”, then Baire(P, I) = dec(Pr) A I (Theorem [614]). The same
results for I(P) require stronger assumptions on P and have its origin in [5]. We
prove that I(P) = IBM(P), if P has the “orthogonalization property” and A is
w-distributive. Therefore I(P) = IBM(P) for every category base.

In Section [7] we prove that if P C P(X) has the “strong reduction property”,
then Baire(P,I) is closed under the Suslin operation A for every “P-Banach”
o-ideal I in P(X). In particular, Baire(P, I®M(P)) is closed under the opera-
tion A. This is a slight generalization of the theorem known for category bases.

Section [ contains a list of several examples of bases of measurability.

2. Base of measurability

Let P be a partially ordered set, D C P, and let x € P. We say that D is
a dense subset of P if (Vu € P)(3v € D)(v < u);
a pre-dense subset of P if (Yu € P)(Fv € D)(Ir € P)(r <u & r <w);
pre-dense below x in P if (Vu < z)(3v € D)(3r € P)(r <u & r <w);
an open subset of P, if (Vu € P)(Vv € D)(u <v = u € D).

If E, F are subsets of P, then ¥ < F means that u < wv forallu € F and v € F.
The notions of dense and pre-dense subsets of a Boolean algebra A are always
referred to P = A\ {0}.
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The operations on a Boolean algebra are denoted by usual symbols V, A,
and — (we shall not use these symbols as logical connectives); the symbols U, N,
and \ denote the corresponding set-theoretical operations; uAv = (u—v)V(v—u).
If E and F are subsets of a Boolean algebra, then E* = E\ {0} and E L F
means that u Av = 0 for all w € E and v € F. Instead of E < {u} and
E 1 {u} we shall write £ < v and E L u. Let A be a Boolean algebra and
let I C A be an ideal. For a set X C A we denote X/I = {[z]; : = € X}
where [z]; ={y € A: © Ay e I}. Then A/I is a Boolean algebra and if B is
a subalgebra of A, then B/I is a subalgebra of A/I. The mapping h: A — A/I
defined by h(z) = [z]; is the natural homomorphism and h(X) = X/I; then

h=H(X/T) = U(X/T).
DEFINITION 2.1. ([5]) Let A be a Boolean algebra and let ) # P C A™.
(1) dec(P) = deca(P)
={zecA: (VueP)(FveP)[v<u & (v<z or vAz=0)]}.
(2) s(P)=sa(P)={z€A: VueP)(FveP)lv<u & vAhz=0]}.
dec(P) is the set of decidable elements or also measurable elements and s(P) is
the set of negligible elements in the base of measurability P.
The motivation for dec(P) and s(P) comes from well-known Marczewski’s
properties (s) and (s°) of sets in [9].
If A is a subalgebra of a Boolean algebra A’ and P C A, then
deca(P) =deca (P)NA and sa(P)=sa(P)NA.
DEFINITION 2.2. ([5]) Let A be a Boolean algebra and let P,Q C A*.
(1) P<Qif (Vue@)(3veP)v<u).
(2) P~Qif P<Qand Q < P.
(3) Pt={zcA: BueP)(u<az)}.
LEMMA 2.3. Let A be a Boolean algebra and let P,Q C A™T.
(1) dec(P) is a subalgebra of A, s(P) C dec(P) is an ideal in A, PNs(P) =0,
and I Ndec(P) C s(P) for every open subset I of A disjoint from P.
(2) P <dec(P)\ s(P).
(3) P~ Q if and only if PT = Q".
(4) dec(P) = dec(P") and s(P) = s(PT).
(5) If P ~ Q, then dec(P) = dec(Q) and s(P) = s(Q).
(6) dec(UA) 2 N dec(Q) and s(UA) 2 N s(Q) for any A C P(A™). If
every @ € A Cj;«;n open subset of |J A, ;2;;‘: the equalities hold.
(7) dec(P) C dec(dec(P) \ s(P)) and s(P) C s(dec(P) \ s(P)).
(8) If dec(dec(P) \ s(P)) = dec(P), then s(dec(P) \ s(P)) = s(P).
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Proof. Conditions (1)-(4) are easy consequences of definitions; (5) is a con-

sequence of (3) and (4). For the inclusions in (6) notice that, if D(Q) denotes

a dense subset of ) € A (witnessing that a fixed z € A belongs to dec(Q) resp.

to s(Q)), then |J D(Q) is a dense subset of (J.A (and hence z € dec(|J.A)
QeA

resp. r € S(UA)) For the equality notice that if all Q € A are open sub-
sets of [JA and D is a dense subset of J.A, then D N Q is a dense subset
of @ for all @ € A. Properties (7) and (8) are consequences of the next more
general observation: If B is a Boolean algebra and I C B is an ideal, then
B C dec(B\ 1) and I = s(B\ I) N B. In particular, if B = dec(B \ I), then
s(B\I)=s(B\I)NnB =1I. O

DEFINITION 2.4. Let A be a Boolean algebra and let P C A™T.

(1) P is separable if P C dec(P).

(2) P is eligible if P ~ dec(P)\ s(P) (if dec(P) \ s(P) = P).

(3) P is stable if dec(dec(P) \ s(P)) = dec(P).

(4) P is weakly stable if s(dec(P) \ s(P)) = s(P).

(5) P is nowhere eligible if for every u € P there is no v € dec(P) \ s(P) such
that v < u.

(6) P is potentially eligible in A, if P is eligible in the Boolean completion
of A.

Every separable set is eligible, every eligible set is stable, and every stable set
is weakly stable (by Lemma 2.3 (2), (5), and (8), respectively). Every eligible
set is potentially eligible. Moreover, if A is a subalgebra of a Boolean algebra A’
and P C A, then the following holds.

(i) P is separable in A if and only if P is separable in A’.

(ii) If P is eligible in A, then P is eligible in A’.
deca(P) \ sa(P) C deca/(P) \ sa(P) and hence if P is eligible in A, then
deca (P)\ sa(P) = deca(P)\ sa(P) X P.
P is potentially eligible if and only if for every u € P there is a nonempty

open subset E < u of P such that the set EU{v € P: v L E} is an open dense
subset of P.

THEOREM 2.5.

(1) P is eligible if and only if P ~ Q for some separable set Q.

(2) P is stable if and only if dec(P) = dec(Q) and s(P) = s(Q) for some
separable set Q).
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Proof.

(1) If P ~ @ with @ separable, then by LemmaZ3 P ~ @ ~ dec(Q)\s(Q) =
dec(P) \ s(P).

(2) If dec(P) = dec(Q) and s(P) = s(Q) with separable @, then dec(P) =
dec(Q) = dec(dec(@) \ s(Q)) = dec(dec(P) \ s(P)).

The inverse implications hold by definitions since dec(P) \ s(P) is separable.

O

If P is weakly stable, then dec(P) C dec(Q) and s(P) = s(Q) for some
separable set @ (take @) = dec(P) \ s(P)). The converse of this implication does
not hold because of the characterization in Theorem .13 below.

Remark 2.6.

(1) If B is a subalgebra of a Boolean algebra A and I C B is an ideal, then
B\ I is a separable subset of A. In particular, B is separable.

(2) Let B be a subalgebra of a Boolean algebra A, let Ip ={z € B: (Vy < z)
(y € B)}, and let B # A. Then I is an ideal in A, A\ B ~ A\ Ip, and therefore
dec(A\ B) =dec(A\ Ip) = A and s(A\ B) =s(A\ Ip) = Ip.

(3) In the Boolean algebra A = P(R) there is an eligible set P which is
not separable. Let P be the system of all sets of reals with positive inner
measure. Then dec4 (P) is the o-algebra of measurable sets, s4(P) is the o-ideal
of measure zero sets, and P\ dec(P) ~ P ~ dec(P) \ s(P).

(4) Let P,Q C AT and P,Q # (). If P and @ are open disjoint subsets of
PUQ (i.e,u£vandv L uforu e Pandv € Q) and uAv # 0 for all u € P and
v € Q, then dec(PUQ) = dec(P)Ndec(Q) = s(PUQ)U{z € A: —z € s(PUQ)}
and s(PUQ) = s(P) N s(Q) (see also Lemma 23] (6)). Hence, P U Q is stable
and nowhere eligible because dec(PUQ)\ s(PUQ) is a filter disjoint from PUQ.
P U Q is neither potentially eligible.

(5) Let u e A\ {0,1}. The sets {u} and {u, —u} are separable, dec({u}) =
{reA: < —-uoru<uz}, s{u}) ={reAd: < —u}, dec({u,—u}) =
dec({u}) N dec({—u}) = {0,1, 4, —u}, s({u, —u}) = s({u}) N s({—u}) = {O}.

(6) Let P = B\ I where B is a subalgebra of a Boolean algebra A and
I is an ideal in B. Assume that x € A is a Bernstein element for P, i.e.,
forall w € P, uAx # 0 and u — x # 0. Denote Q, = P, U P_, where
P, ={uAnz: u € P}. Then dec(P) C dec(P,) and s(P) C s(P,) because
x € dec(P,) Ndec(P-,), z € s(P_,), and —x € s(P,). By Lemma 23 (6),
dec(Qy) = dec(P,) Ndec(P-,) and s(Qy) = s(Pr) N s(P-,) because P, and P_,
are open subsets of @,. Therefore dec(P) C dec(Q,) while s(P) = s(Qz). (To
prove s(Q,) C s(P) assume that a € s(Q);) and u € P are given. Since a € s(P;)
and a € s(P_,) there are vg,v1 € P such that vo Az <u Az, (v Ax)Aa=0,
and v1 —x < vy —x, (v —x) Aa=0. For w =u A vy Av; we have w < u and
wAa = 0. Finally w € P because x is Bernstein for P and hence vg —u € I and
v — g € 1.)
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(7) Assume that P,Q C A", P,Q # (), and uAv # 0 for allu € P and v € Q.
Denote R ={uAv: u€ P & v € Q}. Then dec(R) 2 dec(P) U dec(Q) and
s(R) 2 s(P)Us(Q).

(8) The Boolean algebra A = P(R) has a subset P which is not weakly stable
and a weakly stable subset () which is not stable. Fix a sequence (I, : n € w)
of pairwise disjoint nonempty open intervals, let u, = |J Iy N Q for n € w,

k>n
and let M C ug selects exactly one point from each I, N Q. Let A be the ideal
of nowhere dense subsets of R. Denote Py = {I : I is an open interval and
{k: INL, #0} <1}, Pi={up: new}, Pb={u, \X: ncw & X e N},
and define P = PyU P, and Q = Py U Ps.

(a) Py C dec(P)\ s(P), Py Ndec(P) =0, and Py ~ dec(P) \ s(P). Clearly,
M ¢ s(P) because no u,, is disjoint from M but M € s(Py) = s(dec(P) \ s(P)).
Therefore P is not weakly stable.

(b) Py C dec(Q)\ s(Q), PoNdec(Q) =0, and Py ~ dec(Q) \ s(Q). The set Q
is weakly stable because N' C s(Q) C s(dec(Q) \ s(Q)) = s(Py) = N but Q is
not stable because |J Iz, € dec(Fp) \ dec(Q).

new
(9) The inclusion dec(P) C dec(Q) does not imply the inclusion s(P) C s(Q).
For example, let A be the algebra of Borel sets of reals, M be the o-ideal of
meager sets, N be the o-ideal of measure zero sets, P = A\ M, Q = A\ N.
There are no inclusions between the ideals M N A and N N A.

LEMMA 2.7. Let A be a Boolean algebra, let I be an ideal in A, and let P C A™T.
The following conditions are equivalent:

(1) dec(P) = A and s(P) = 1.

(2) s(P)C I, PNI=0, and dec(P)\ I is a dense subset of A\ I.

(3) P is a dense subset of A\ I.

Proof. The implication (1) = (2) is trivial.

(2) = (3) If (2) holds, then P < dec(P) \ s(P) < dec(P)\I = A\ I and
hence P is a dense subset of A\ I.

(3) = (1) If P is a dense subset of A\ I, then P ~ A\ I and hence
dec(P) =dec(A\I)=Aand s(P)=s(A\I)=1. O

QUESTION 2.8. Let B be a subalgebra of a Boolean algebra A and let I,J C B
be ideals in A. Under what conditions the equalities dec(B\I) = dec(B\J) = B
imply [ = J? (If B= A, then s(B\I) =1.)

THEOREM 2.9. ([5]) If P and Q are eligible, then P ~ Q if and only if dec(P) =
dec(Q) and s(P) = s(Q).

Proof. Assume that dec(P)=dec(Q) and s(P)=s(Q). Then P ~ dec(P)\s(P)
=dec(Q) \ s(Q) ~ Q. The inverse implication holds by Lemma 23] (5). O
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For subsets B, I, P of a Boolean algebra A we define
cmpl(B) = max {H . k< |A]T & (VR € [B]<) [\/A R exists — \/* R e B| },
cov(I,P) =max{r: k< |A|" & (VR e [I]<*)[V"' R exists — /" R¢ P]}.

Clearly, cmpl(B) = cov(B, A\ B). We shall use these definitions only in the
case when B is a subalgebra or an ideal and [ is an ideal. If P < @ and [ is an
ideal in A, then cov(I, P) < cov(l, Q).

THEOREM 2.10. Let A be a Boolean algebra and let P C AT,

(1) min{cmpl(dec(P)), cov(s(P), P)} < cmpl(s(P)) < cov(s(P), P).

(2) If P is stable, then cmpl(s(P)) = min{cmpl(dec(P)),cov(s(P),P)}.
(3) If A\ dec(P) = P, then cmpl(dec(P)) < cmpl(s(P)).
(4)

4) If P is stable and A\ dec(P) = P, then cmpl(dec(P)) = cmpl(s(P)) =
cov(s(P), P).

Proof. (1) Use the facts P < dec(P) \ s(P) and s(P)N P = 0.

(2) By (1) it remains to prove cmpl(s(P)) < cmpl(dec(P)). By Theorem
we can assume that P is a separable subset of A. We follow the proof of [5
Lemma 4.1]: Suppose that R C dec(P), |R| < cmpl(s(P)), and x = \/ R. We
prove that x € dec(P). Let w € P. Tf u Ar € s(P) for all r € R, then
u A x € s(P) by completeness of s(P) and so there is v < u in P such that
vAx =0. ff uAr ¢ s(P) for some r € R, then u Ar € dec(P) \ s(P) as P is
separable. There is v € P with v < u A r because P < dec(P) \ s(P) and so
v<wuandv <z

(3) A\ dec(P) = dec(P) \ s(P) because P < dec(P) \ s(P). If R C s(P),
x =\/R, and z € dec(P) \ s(P), we find y € A\ dec(P) such that y < z. Let
R'={rAy: reR}. Then R’ C s(P) and \/ R’ =y ¢ dec(P).

(4) follows by (2) and (3). O

DEFINITION 2.11. Let A be a Boolean algebra and let ) # P C A*. We say
that P is a m-complete subset of A, if for every finite set Py C P either A Py =0,
or there is a lower bound for Py in P.

If P is m-complete, then P is separable. The inverse is not true because if
B is a subalgebra of A and I # {0} is a non-maximal ideal in B, then B\ I is
separable but not m-complete.

LEMMA 2.12. P is w-complete if and only if P is separable and

(VPy € [P]<)[APo=0 or APy ¢s(P).
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Remark 2.13. For P C AT let P be the closure of P under finite meets and
let Ip C s(P) be the ideal in A generated by (P U {0}) N s(P).

(1) If P is separable and I is an ideal in A disjoint from P with Ip C I, then
P/I is a m-complete subset of (A/I)T.

(2) If P is separable, then P is m-complete if and only if Ip = {0}.
(3) If Ip = {0}, then P is m-complete if and only if P is separable.
Remark 2.14. Let P be a subset of a Boolean algebra A and let
Hy={zeA: VueP)(ugu)},
Hi={z€eA: VueP)(WweP)(v<uVe = vAu¢ Hy)}
Hy={zeA: VueP)(WweP)(v—-uVe = v—ué¢Hy)}.
Hy, Hy, Hy are open subsets of A and Hy is the largest open subset of A disjoint

from P. A referee suggested to note that P is separable if and only if for all
u,v € P,uANv ¢ Hy or u—v ¢ Hy. The following holds:

(1) Hi € Hy < H NP = () <= P does not generate a filter <= H; # A.
(2) Hy C Hy.
(3) P is separable <= Hy C Hy <= Hy C Hs.

3. Comparing of bases of measurability

In the present section we give some characterizations of the inclusions s(P) C
s(Q) and dec(P) C dec(Q). These results are not necessary for reading other
parts of the paper so the reader can skip them if he wishes.

DEFINITION 3.1. Let A be a Boolean algebra and let P,Q C AT = A\ {0}.

(1) P < Q if for every dense subset D of P the set D' ={u € Q : (Jv € D)
(u<w)} is a dense subset of Q.

(2) P C; Q if for every dense subset D of P the set D' = {u € Q: D is pre-
dense below u in A} is a dense subset of Q.

(3) A pair {D1, D3} of subsets of P is said to be a cut of P in A if D1 U Dy
is a dense subset of P and D; L Dy. We write P C5 @ if for every cut
{D1, D3} of P, the pair {D},Di} is a cut of @, where D, = {u € Q :
D, is pre-dense below u in A} for i =1, 2.

LeEMMA 3.2. The relations <, &1, Eo are all reflexive and transitive.
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Proof. To see that <, C;, Ty are reflexive notice that for Q@ = P in Defini-
tion 31 (1), (2), and (3) we have, respectively, D C D" and Dy C D}, Dy C D5,
We are going to prove that <, C;, T, are transitive and let P,Q, R C AT be
arbitrary nonempty.

Let us assume that P < (Q < R and we prove P < R. Let D be a dense
subset of P. Then D' = {u € Q : (v € D)(u < v)} is a dense subset of Q.
Now {fuce R: (GveD)(u<v)} 2{uecR: (FveD)(F €Q)(u<v <v)}
={ueR: (' €D)(u<)} is a dense subset of R.

Let us assume that P C; @ C1 R and we prove P C; R. Let D be a dense
subset of P. Then D’ = {u € Q : D is pre-dense below u} is a dense subset
of @, D" = {u € R: D’ is pre-dense below u} is a dense subset of R and
{u € R: D is pre-dense below u} O D" because D is pre-dense below each
member of D’.

The arguments for transitivity of Co are similar to the arguments for transi-
tivity of C;. O

LEMMA 3.3. Let P,QQ C At.
(1) P 9Q implies P Cy Q
(2) PCy Q@ implies Py Q.
(3) P Cy Q implies s(P) C s(Q).
(4) P Co Q implies s(P) C s(Q) and dec(P) C dec(Q).

Proof. (1) is easy and (2) holds because, if D is a dense subset of P, then
{D,0} is a cut of P.

(3) Let P Ty Q and let x € s(P). Then D = {u € P: uAxz = 0} is dense
in P. If uw € A is such that D is pre-dense below u, then u A x = 0. Therefore
theset {fu e @: uAx=0}2D{ue@Q: D is pre-dense below u} is dense in Q
and so x € 5(Q).

(4) Let P Ty Q. Then s(P) C s(Q) by (2) and (3). We prove dec(P) C
dec(Q). Let x € dec(P) and set Dy = {u € P: u <z}, Dy = {u € P :
uAx = 0}. Then {Dq,Ds} is a cut of P and the set {u € @ : u < z or
u/Ax =0} is a dense subset of @) because it contains D} U D5 where { D], D5} is
the cut of @) from definition of the relation Cy. This proves that x € dec(Q). O

THEOREM 3.4. Let A be a complete Boolean algebra and let P,Q C At.

(1) Py Q if and only if s(P) € 5(Q).
(2) P Cs Q if and only if s(P) C s(Q) and dec(P) C dec(Q).

Proof. The “only if” parts follow by assertions (3) and (4) of Lemma B3l Tt
remains to prove the “if” parts.
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(1) Let us assume that s(P) C s(Q) and let D be a dense subset of P. Let
x = —\/D. Then z € s(P) and hence also z € s(Q). We prove that the set
D' ={ue@: D is pre-dense below u in A} is a dense subset of Q). Let u € Q.
There is v € @ such that v < w and v Az = 0. Then v <\/ D which means that
D is pre-dense below v and v € D’.

(2) Let us assume that s(P) C s(Q), dec(P) C dec(Q), let {D1, D2} be a cut
of P and let D}, D) be the sets corresponding to Dy, Do in definition of Co. We
prove that {D}, D}} is a cut of Q. Clearly, it is enough to prove that D} U D} is
a dense subset of Q. Let z; =\/ D; and E; = {u € Q : u < x;} fori =1,2. Then
x; € dec(P) and —(x1 V x2) € s(P) and so z; € dec(Q) and —(z1 V z2) € s(Q).
It follows that F; U Es is a dense subset of Q. If u € E;, then u < \/ D; and
hence D; is pre-dense below u in A. Therefore D{ U D) O E; U E5 is a dense
subset of Q. O

In the case when A is complete the conditions in definitions of C; and Cs can
be simplified a bit and it is not difficult to see the following:

THEOREM 3.5. Let A be a complete Boolean algebra and let P,Q C At.

(1) s(P) C s(Q) if and only if for every dense subset D of P there exists
a dense subset D' of Q such that \/ D" <\/ D.

(2) s(P) C s(Q) and dec(P) C dec(Q) if and only if for every cut {Dq, Dy}
of P there exists a cut {D’, D} of Q such that \/ D} <\/ Dy and \/ D <
\ Ds.

(3) dec(P) C dec(Q) if and only if for every cut {D1,Ds} of P and every
x € s(P) there exists a cut {D}, Dy} of Q such that \/ D} <\/ D1V z and
\VD,LA(\DyVa)=0.

For a m-complete set see Definition 2.1k
THEOREM 3.6. Let P C @Q and let Q be a m-complete subset of a Boolean

algebra A. The following conditions are equivalent:

(1) PLQ.

(2) PC2 Q.

(3) PLyQ.

(4) s(P) € s(Q).

(5) s(P) C s(Q) and dec(P) C dec(Q).
Proof. The implications (1) = (2) = (3) = (4) and (2) = (5) = (4)
hold by Lemma [3:3] We prove (4) = (1). Let s(P) C s(Q) and let D C P be
a dense subset of P. We prove that D' = {u € Q: (3v € D)(u < v)} is a dense
subset of Q. Let u € Q. As u ¢ s(Q), u ¢ s(P), and hence there is v € D such

that uAv # 0. As P C @, v € @ and by m-completeness of () we can find w € @
such that w < u A v. Then w € D’ and w < u. O
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4. Towards a characterization of dec(P) and s(P)

Let us recall that a Boolean algebra B is a regular subalgebra of a Boolean
algebra A if B is a subalgebra of A and every partition of the unit in B is
a partition of the unit in A (see e.g. [§]).

DEFINITION 4.1. Let A be a Boolean algebra, let P C AT, and let B be a sub-
algebra of A. We say that P is a regular subset of A if P C AT and every
dense subset of P is a pre-dense subset of A. We say that B is an A-complete
subalgebra of A, if B is closed under the least upper bounds computed in A. We
write P C, A, if P is a regular subset of A, we write B C,. A, if B is a regular
subalgebra of A, and we write B C,.. A, if B is a regular A-complete subalgebra
of A.

If B is a subalgebra of A, then BT C,. A (regular subset) if and only if B C,. A
(regular subalgebra).

For subsets C, D of a Boolean algebra A we denote C A D = {c Ad: ceC
and d € D}, and similarly we define C'— D, C' A D, and C' VvV D.

LEMMA 4.2. Let P be a w-complete subset of a Boolean algebra A and let P be
the closure of P under the least upper bounds computed in A.
(1) P Cdec(P) and if P C Q C P\ {0}, then P ~ @ and Q is w-complete.
(2) If s(P) = {0}, then dec(P) is an A-complete subalgebra of A.
(3) If A is complete, then dec(P) =P A s(P) = PV s(P).

Proof.

(1) If 2 € Pand = \/ P, for some Py C P, then for every u € P either there
is v € Py such that uAv # 0 or u Az = 0. In the former case there is w < win P
such that w < u and w < z. It follows that z € dec(P). Therefore P C dec(P).

(2) It s(P) = {0}, then dec(P) = dec(dec(P)™) because P is stable. By (1),
dec(P)* C dec(P) because dec(P)" is a m-complete subset of A, and hence
dec(P) is A-complete.

(3) Let A be complete. If z € dec(P) and a =\/{p€ P: p <z}, thena € P
and x —a € s(P) because x — a € dec(P). Hence z =a A (x—a) =aV (z —a).
Therefore dec(P) = P A s(P) = PV s(P). O

Example 4.3.

(1) ([5: Example 2.1]) Let X be a topological space, let Open(X) be the
system of open sets in X and let A/(X) be the system of nowhere dense subsets
of X. Then A = P(X) is a complete Boolean algebra, P = Open(X) \ {0}
is a m-complete subset of A, P = Open(X), s(P) = N(X), and dec(P) =
Open(X) AN (X) = Open(X) VN (X) is the field of subsets of X with nowhere
dense boundary.
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(2) ([58 Example 5.1]) Let I be an ideal on a space X such that I does not
contain any nonempty open set. Let P be the family of al sets of the form U \ F’
where U is a nonempty open set and F' € I. Then P is a m-complete subset of
A =P(X). A€ dec(P) if and only if there is N € N(X), a disjoint system of
open sets A, and My € I for all U € A such that A= NU |J U\ My; the sets

UcA
in s(P) are of the form NU |J U N My. Especially, if I is the ideal of meager
UcA
sets in a space X with no meager nonempty open set, then dec(P) is the family

of all sets with the Baire property and s(P) is the o-ideal of meager sets.
LEMMA 4.4. Let A be a Boolean algebra and let P C A™.
(1) s(P) = {0} if and only if P is a regular subset of A. In particular,
s(dec(P)™) = {0} if and only if dec(P) C,. A.
(2) s(P) = s(dec(P)") if and only if P is weakly stable and s(P) = {0}.
(3) dec(P) = dec(dec(P)™) if and only if dec(P) C,. A. More generally, if B
is a subalgebra of A, then B = dec(B™) if and only if B C,. A.
Proof.

(1) P is not a regular subset of A if and only if there is a dense subset D of P
and x # 0 such that u A x = 0 for every v € D.

(2) If s(P) = s(dec(P)™), then s(P) = s(P) Ndec(P) = s(dec(P)™) Ndec(P)
= {0}, and consequently, P is also weakly stable; if P is weakly stable and
s(P) = {0}, then s(P) = s(dec(P) \ s(P)) = s(dec(P)™).

(3) If dec(B*) = B, then s(B*) = {0} and hence B is a regular subalgebra
of A. By Lemmal[£2] (2), B is also A-complete, because B is m-complete. Con-
versely, if B C,.. A, then BT is a dense subset of dec(B™) because s(B™) = {0}
(by (1)), B C dec(BY"), and Bt < dec(B™) \ s(B") = dec(B*)". Hence,
dec(B*1) = B, by A-completeness of B. O

We will return to the conditions that Lemma [£4] deals with in Remark

LEMMA 4.5. Let A be a Boolean algebra, let P C AT, let I be an ideal in A
disjoint from P, and let h: A — A/I be the natural homomorphism. Then
P/I C (A/I)" and the following assertions hold:

(1) deca(P) C deca(P AT)=h""(deca,(P/I)).
(2) 54(P) C 54(P A 1) = i (s4/1(P/T)).

Proof. (1) For x € A the following four conditions are equivalent:

(i) x € deca(P A I).

(i) (V(u,s) € PxI)(3(v,t) € PxI)vAt <uls & (vAt <z or vAt < —x)].
(iii) Vue P)(Fve P)lv—uel & (v—xz €l or vAz €.

(iv) [z]; € deca/r(P/I).
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This proves the equality decs (P AT) = h~'(deca,;(P/I)).
By definition, z € dec4(P) if and only if
(v) Vue P)(FveP)[v<u & (v<z or vAz=0)].
If (v) holds, for some x € A, then the existential quantifier in (ii) will be satisfied
for t = s A v because v At = v —s < v. This proves the inclusion decs(P) C
deca(P AT).
(2) This proof is similar to the proof of (1). O

Remark 4.6. The assertions of Lemma can be read also as:
(1) deca(P)/I C deca(P AI)/I =deca/r(P/I).
(2') sa(P)/TC sa(P AI)/T = s40(P/I).
For Q = h(P) they can be read also as:
(1) h(deca(P)) € decp(a)(h(P)) and deca(h™1(Q)) = h™*(decy(4)(Q))-
(2") h(sa(P)) C sp(ay(h(P)) and s4(h™1(Q)) = h™ (sn(4)(Q))-
DEFINITION 4.7. Let A be a Boolean algebra and let P C A™. An ideal I C A
is said to be a P-regular ideal in A, if IN P =0 and P/I C, A/I.
LEMMA 4.8. Let A be a Boolean algebra and let P C AT,

(1) An ideal T in A is P-regular in A if and only if IN P = 0 and for all
xeA xzelifand onlyif Vue P)(Fve P)lv—uel & vAzell.

(2) If I C J are ideals in A disjoint from P, then J is P-regular if and only if
J is (P A I)-regular.

Proof. By Lemma [£4 (1), P/I is regular if and only if s,4,7(P/I) = {04/1}
(this is the assertion (1)); (2) holds by definition since (P AI)/J =P/J. O

LEMMA 4.9. Let A be a Boolean algebra, let P C AT, and let I be an ideal in A
disjoint from P. The following conditions are equivalent:

(1) I is a P-regular ideal in A.

(2) s(PAT)=1.

(3) s(PAI)CI.
Proof. By LemmalfL5l(2) and Lemmald4] (1) it is obvious that P/I is a regular
subset of A/I if and only if s(PAT)=1. As I C s(P A1), all conditions in the

lemma are equivalent. O

The following lemma is concerned with the inclusions in Lemma and in
Remark
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LEMMA 4.10. Let A be a Boolean algebra, let P C AT, and let I be an ideal
in A disjoint from P.

(1) The following conditions are equivalent:
(a) deca(P) =deca(PAI).
(b) sa(P)=sa(PAI).
(C) IC SA(P).
(d) P~PAT.

(2) The following conditions are equivalent:
(a) deca(P)/I =decy,1(P/I).
(b) deca(P)/I =deca(PAT)/I.
(c) deca(PAT)=deca(P)AI

(3) The following conditions are equivalent:
(a) sa(P)/I =sa,1(P/I).
/
(b) sa(P)/I=sa(PAI)/I.
(c) sa(PAT)=sa(P)AI.
(d) sa(P) AT is a P-regular ideal in A.

Moreover, every condition in ([Il) implies the conditions in [2)) and every condi-
tion in ([2)) implies the conditions in (3.

Proof. The proof of (Th) = (k) and (Ib) = (k). As I C sa(PAI) C
deca(PAT), and by Lemmal[23] (1), INdeca(P) C sa(P), each of the equalities
deca(P) =deca(P AI) and s4(P) = sa(P A I) implies I C s4(P).

The proof of ({Ik) = (). Let I C s(P). P A I < P because P C P A I.
We prove P < PAI. Let u€ Pand s € I. As s € s(P), thereisv < u in P
such that v As=0and sov <u A s.

The implications (Id) = (k) and (Id) = ([Ib) hold by Lemma 23 (3).

The equivalences (Zh) <= ([@b) and (Bh) <= ([Bb) hold by Lemma
k) <= ([@b) and Bk) <= @Bb) hold because I C so(P AI) C deca(P A ),
and (Bd) <= ([Bc) holds by Lemma I because ss(PAsa(P)AI) =sa(PAI).

Clearly, (Ik) implies ([2b). We prove (k) = Bk). s(PAI)Ndec(P) = s(P),
by Lemma 23] (1). If dec(P A I) = dec(P) A I, then s(P AT) = (dec(P)AI)N
sS(PAT)=(dec(P)Ns(PAD)AN(INs(PAI))=s(P)AI O

LEMMA 4.11. Let A be a Boolean algebra, let P C A™, and let I C s(P) be an
ideal in A. Then P is a separable (eligible, stable, weakly stable, resp.) subset
of A'if and only if P/1 is a separable (eligible, stable, weakly stable, resp.) subset
of A/I.

Proof. The definitions of these properties can be verified using Lemma
For properties “stable” and “weakly stable” Lemma should be applied twice
together with Lemma [£.10. For example:
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deca(P) = h™"(decy,(a)(R(P))),
deca(deca(P)\ sa(P)) = h~'(decya)(h(deca(P) \ sa(P))))
= h™"(decpa)(decpay(h(P)) \ sp(a)(h(P)))).
(The first equality holds because I C s(P); for the second equality the inclusions
I C s(P) C s(dec(P) \ s(P)) should be exploited.) Therefore P is stable (left-

hand sides equal) if and only if h(P) = P/I is stable (right-hand sides equal).
Weak stability can be verified in the same way. O

THEOREM 4.12. Let A be a Boolean algebra, let P C AT, and let I be an ideal
in A disjoint from P.

(1) s(P) is the least P-reqular ideal and
dec(P) = dec(P A s(P)) = Udeca/spy(P/s(P)).
(2) s(P AI) is the least P-regular ideal containing I and
dec(P AT) =dec(P A s(PAT))=Jdeca,span(P/s(P AT)).

Proof. If J is a P-regular ideal containing I, then by Lemma (2) and
Lemma 9] s(P) C s(P A J) = J. On the other hand, by Lemma 10 (),
s(PAs(P)) = s(P). Therefore s(P) is the least P-regular ideal. Then s(P AT)
is (P AI)-regular; it is P-regular because I C s(PAI) and (PAI)/s(PAI) =
P/s(P A I). The ideal s(P A I) is the least one because if J is a P-regular
ideal containing I, then s(P A T) C s(P A J) = J. By an obvious application
of Lemma and Lemma [T0 () we obtain the remaining equalities. O

THEOREM 4.13. Let A be a Boolean algebra and let P C AT,
(1) P/s(P) C, A/s(P).
(2) dec(P)/s(P) C, A/s(P) if and only if P is a weakly stable subset of A.
(3) dec(P)/s(P) Crec A/s(P) if and only if P is a stable subset of A.

Proof. (1) holds by Theorem (1).

(2) Let dec(P)/s(P) C, A/s(P). Then (dec(P)\ s(P))/s(P) C, A/s(P). By
the minimality property of the ideal s(dec(P)\ s(P)) from Theorem (1) we
obtain s(dec(P)\s(P)) C s(P) and consequently P is weakly stable. Conversely,
if P is weakly stable, then by (1) for P’ = dec(P) \ s(P) we have (dec(P) \
s(P))/s(P) C, A/s(P) because s(P") = s(P).

(3) By (1), s(P/s(P)) = {0/s(P)}. Therefore, by Lemma [£4] (3) applied
for the factor algebra A/s(P), P/s(P) is stable if and only if dec(P/s(P)) C,e
A/s(P). By implication ([Il)(¢) = (@)(a) from Lemma [LI0 for I = s(P) we
have dec(P)/s(P) = dec(P/s(P)), and by Lemma [L.11] P is stable if and only
if P/s(P) is stable. O
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Lemmas [£.5] [4.9] and 10l (1) have the following special variants. Let us note
that the inclusion I C s(B\ I) is fulfilled for ideals I in A with base I N B.

LEMMA 4.14. Let B be a subalgebra of a Boolean algebra A, let I be an ideal
in A, and let h: A — A/I be the natural homomorphism. Then

(1) deca(B\ 1) C deca((BAI)\I)=h""(deca;;((B/I)T)).
(2) sa(B\I) Ssa((BADNI) =h""(say1((B/I)7)).
(3) B/I is a regular subalgebra of A/I if and only if sA((BAT)\I)=1.
(4) In each of the inclusions in (1) and (2) the equality holds if and only if
I Csa(B\I).
Proof. It is enough to consider P = B\ I because (B\I)AI = (BAI)\I. O

In the same way also other parts of Lemma .10 can be rephrased. Theo-
rem 12| (1) has the following form:

COROLLARY 4.15. Let B be a subalgebra of a Boolean algebra A and let I be an
ideal in A. Then s(B\ 1) is the least ideal J in A with respect to the inclusion
such that JN B =1NB and B/J is a regular subalgebra of A/ J.

Proof. By Theorem[I2 s(B\ ) is the least ideal J such that JN(B\I) =0
and (B\1)/J C, A/J. Then JAB =INB and (B\I)/J = (B/J)". O
THEOREM 4.16. Let B be a subalgebra of a Boolean algebra A and let I be an
ideal in A. The following conditions are equivalent:

(1) dec(B\I)=B AT and s(B\I) = I.

(2) dec(B\I)=BATI and I C s(B\I).

(3) B/I Cye AJI and I C s(B\ I).
Proof. We prove (2) = (3) = (1). If (2) holds, then we can apply the
equality in Lemma [L.T4] (1) and hence dec((B/I)*) = dec(B\I)/I = (BAI)/I
= B/I. By Lemma @4 (3), B/I C,. A/I.

If (3) holds, then by Lemma 4] (3) and the equality in Lemma .17 (1),
B/I = dec((B/I)*) = dec(B\ I)/I. Tt follows that dec(B\ I) C BAI C
B A s(B\I) C dec(B\ I). Therefore dec(B \ I) = B A I. The equality
s(B\ I) = I follows by minimality of s(B\ I) in Corollary O

COROLLARY 4.17. ([5t Theorem 2.7]) Let A be a Boolean algebra, let B be
a subalgebra of A, and let I be an ideal in A such that I C B. The following
conditions are equivalent:

(1) There exists a stable set P C AT such that dec(P) = B and s(P) = 1.
(2) There exists a separable set P C A" such that dec(P) = B and s(P) = I.
(3) dec(B\ I) = B.

(4) B/I C,. A/I
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Proof. (1) <= (2) holds by Theorem 2.5} (1) <= (3) holds by stability of P
and B\T; (3) <= (4) holds by equivalence (1) <= (3) in Theorem [£.T6] because
now B=BAT and s(B\I)=1. O

LEMMA 4.18. Let A be a Boolean algebra, let P C AT, and let I be an ideal
in A disjoint from P.

(1) If P is separable, then also P A1 is separable.

(2) If P is eligible, then also P A\ I is eligible.

Proof.

(1) If P C dec(P), then P AT Cdec(P)AI Cdec(PAI).

(2) Let P be eligible and @ separable with P ~ @ (see Theorem 2.5]). Then
PAT~QAI and by (1), @ A is separable. Therefore P A I is eligible. [

The inverse implications do not hold by Lemma [£2T1

COROLLARY 4.19. Let A be a Boolean algebra, let P be an eligible subset of AT,
and let I C A be an ideal disjoint from P. Then conditions [Zh)-Zk) in
Lemma 10 are equivalent to condition

(d) (dec(P) A I)/(s(P) AT) Cre AJ(s(P) AT).

Proof. We prove (¢) <= (d). By Lemma [LI8 P A I is eligible and hence
stable. If dec(P A I) = dec(P) A I, then by Bkc), s(P A I) = s(P) A I, and
hence by Theorem 13l (dec(P) AI)/(s(P)AI) =dec(PAI)/s(PAI)C,e
A/(s(P) A I). Conversely, assume (d) holds. By Lemma 2.3 (1), dec(P) \
(s(P) A T) = dec(P) \ s(P) because s(P) AT C s(P A I) is disjoint from
P C PA I By (d) and the equivalence (3) = (4) of Corollary 17 we have
dec(P) AT = dec((dec(P) AI)\ (s(P)AI)) = dec((dec(P) \ s(P)) AI) =
dec(P A I) because P ~ dec(P) \ s(P) and PA I ~ (dec(P)\ s(P))AI. O

Remark 4.20. Let A be a Boolean algebra and let us consider the following
conditions for P C At:

(o) P is a regular subset of A.

(B) dec(P) Cre A.

(7) dec(P) is a regular subalgebra of A.

There are six reasonable combinations of these properties because (8) = (v)
holds. Let us also note that (o) == (3) holds for stable P and (o) = ()
holds for weakly stable P (see Lemma [£.4]). Here are the examples:

(aBvy) Let B C,. A. Then P = B% is a regular subset of A and dec(P) =
B C,. A.
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(afBy) If P is a non-stable weakly stable subset of A, then P’ = P/s(P) is
a regular non-stable weakly stable subset of A/s(P). Consequently, (o)
and () holds for P’, but by Theorem I3} (5) does not hold for P’.

() If P is a non-weakly stable subset of A, then P’ = P/s(P) is a regular
non-weakly stable subset of A/s(P). Consequently, («) holds and (53)
and () do not hold for P’.

(aBy) If I is a nontrivial ideal in A, then P = A\ I is not a regular subset of A,
but dec(P) = A C,. A. We can also consider A to be a subalgebra of
a Boolean algebra A’ which is a direct sum of A and another Boolean
algebra. Then the above P is not a regular subset of A" and dec4/(P) =
AC, A

(afy) Let P and A satisfy (3y) and let A’ be the disjoint sum of A and another
Boolean algebra. Then P and A’ satisfy (af7).

(af¥) Let P and A satisfy (o37%) and let A’ be the disjoint sum of A and another
Boolean algebra. Then P and A’ satisfy (a37).

LEMMA 4.21. Let A be a Boolean algebra, let P C At and let I be an ideal in A
disjoint from P maximal with respect to the inclusion. Then P A\ I is separable,
dec(PAI)=A, s(PAI)=1, and hence I is P-regular. If P is separable, then
dec(P) AT is a dense subalgebra of A.

Proof. P AT is a dense subset of A\ I because every = € A with no element
from P A I below belongs to I. Hence P A I is separable and, by Lemma [2.7]
dec(PAI) = A and s(PAI) = 1. By Lemma (L9 I is P-regular. If P is
separable, then P A I C dec(P) A L. O

DEFINITION 4.22. Let s% (P) be the intersection of all ideals in A disjoint from P
that are maximal with respect to the inclusion.

LEMMA 4.23. s*(P) = s(P).

Proof. By Lemma 2] and by Theorem 12 s(P) C s*(P) because s(P) is
the least P-regular ideal in A disjoint from P. Assume that z € s*(P) \ s(P).
Let u € P be such that (Vv € P)lv <u = vAxz #0]andlet I 2 s(P)U{u—x}
be an ideal disjoint from P maximal with respect to the inclusion. Then
u € I because u —x € I and = € s*(P) C I. This contradiction proves that
s*(P) = s(P). O

QUESTION 4.24. Let A be a complete Boolean algebra. By Lemma [£.4] and
Theorem T3] B is a complete subalgebra of A if and only if there is a regular
stable subset P C A" such that B = dec(P). What subalgebras of A have the
form dec(P) for some regular subset P of A?
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5. Completeness of dec(P)/s(P)

DEFINITION 5.1. Let A be a Boolean algebra, let P C A, let x be an infinite
cardinal, and let A be the Boolean completion of A.

(1) We say that P has the disjoint refinement property (see [5]), if for every
open dense subset D of P there exists an antichain £ C D in A which
is P-maximal, i.e., (VYu € P)(3v € E)(3w € P)(w < u Awv). (Then,
E C dec(P).)

(2) We say that P has the reduction property, if for every open set D C P
there exists a dense subset E of P such that END L E\ D in A.

(3) We say that P has the strong reduction property in B where B C A, if for
every open set D C P there exist an x € B and a dense subset E of P
such that END <z and £\ D L z in A. (Clearly, x € dec(P).)

(4) We say that P has the orthogonalization property if there is Q C (A)*
such that P ~ @ and @ has the disjoint refinement property in A.

(5) We say that P is k-resolute, if for any set S C P of pairwise disjoint
elements of size < k, the set D = {u € P: (Jv € S)(u <v) or (Vv € 5)
(uAv=0)} is a dense subset of P.

Remark 5.2. Let us note that a category base (see [0]), in our terminology, is
a pair (X,C) such that C is a |C|-resolute subset of P(X)\ {0} and X = JC.

The following lemma is easy and we leave the proof to the reader.

LEMMA 5.3. Let A be a Boolean algebra and let P,Q C AT be such that P ~ Q.
If Q has the reduction property (strong reduction property in A, resp.), then
P has the reduction property (strong reduction property in A, resp.).

LEMMA 5.4. Let A be a Boolean algebra, let P C AT, and let A be the Boolean
completion of A.

(1) If P is a w-complete subset of AT, then P is k-resolute for all k and P has
the disjoint refinement property.

If P is separable and s(P) is a k-complete ideal, then P is k-resolute.
If P is k-resolute, then P is separable.
P is w-resolute if and only if P is separable.

If P has the strong reduction property in A, then P has the reduction
property.

(6) P has the reduction property if and only if P has the strong reduction
property in A.

(7) P has the strong reduction property in A if and only if P is eligible and
dec(P) \ s(P) has the strong reduction property in A.
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(8) If P has the reduction property, then P is potentially eligible.

(9) If P has the disjoint refinement property, then dec(P)NP is a dense subset
of P with the disjoint refinement property and also dec(P) \ s(P) has the
disjoint refinement property.

(10) If P is eligible and dec(P)\ s(P) has the disjoint refinement property, then
P has the orthogonalization property.

(11) If P has the orthogonalization property, then P is potentially eligible and
P has the reduction property.

(12) If P has a separable dense subset, then P/s(P) has the disjoint refinement
property. In fact, the following conditions are equivalent:
(a) P/s(P) has the disjoint refinement property.
(b) P/s(P) has a separable dense subset.
(c) P A s(P) has a separable dense subset.
(d) P/s(P) has a m-complete dense subset.

Proof. (1)-(6) are easy consequences of definitions, (8) is a consequence of (7)
and (6), and (10) holds by definition.

(7) By Lemma [5:3] the strong reduction property is retained in similar sets
and it is enough to prove that dec(P) \ s(P) =< P, whenever P has the strong
reduction property in A. Let u € P. The set D = {v € P: v < u} is an open
subset of P. Let x € A and E be a dense subset of P such that END < z and
E\D 1 z. Thenalso END < zAu and E\D L zAu. Hence zAu € dec(P)\s(P)
and x A u < u.

(9) If P has the disjoint refinement property, then for every u € P there is
a P-maximal antichain E C {v € P: (v <u) or (Vo' <v)(v' £ u)}. Then
E C dec(P) and E contains a v < u. Therefore dec(P)NP is a dense subset of P
and a dense subset of dec(P) \ s(P) and dec(P) N P has the disjoint refinement
property.

(11) We prove that P has the reduction property. Then, by (8), P is poten-
tially eligible. By Lemma [5.3] the reduction property is retained in similar sets
and, by (6), without loss of generality we can assume that P has the disjoint re-
finement property. If D is an open subset of P, then D’ = DU{u €eP: (Ywe D)
(v £ u)} is open dense subset of P. Let E’ be a disjoint refinement for D’. Then
the set E={ue P: (3ve€ E')(u<v)} is dense.

(12) We prove (a) = (b) = (¢) = (d) = (a). If P/s(P) has the disjoint
refinement property, then by (7), P/s(P) has a separable dense subset Q)/s(P)
for some @ C P. Then Q A s(P) is a separable dense subset of P A s(P). Tt
follows that Q/s(P) is a w-complete dense subset of P/s(P) and, by (1), this
implies that P/s(P) has the disjoint refinement property. O
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If P is k-resolute and every disjoint system E C P has size < &, then P is
A-resolute for all A and the following lemma can be applied.

LEMMA 5.5. ([B6]) Let A be a Boolean algebra and let P C At

(1) If P is a k-resolute subset of AT and P has a dense subset of size < k,
then P has the disjoint refinement property.

(2) If P is a separable subset of AT and P has a dense subset of size < w,
then P has the disjoint refinement property.

Proof. We prove (1); (2) is a special case of (1) by Lemma 5.4 (3). Let us
assume that D = {u, : a < k} is a dense subset of P. By induction on o < &
construct a sequence of elements v, € D such that for each a < k, v, < u, and
either v, = v¢ for some { < a and then there is u € P such that u < uq A v,
or vo Ave = 0 for all £ < a. In the induction step use the s-resoluteness of P.
Then E = {ve : € < K} is a P-maximal antichain. g

Remark 5.6. If [ is a k-complete ideal in a Boolean algebra B and B/I has
k-c.c., then B\ I has the disjoint refinement property. By Lemma [5.4] (11),
B/I has also the reduction property. If, moreover, B is k-complete, then B\ I
has the strong reduction property in B. By the next theorem this holds because
B/I is complete.

THEOREM 5.7. Let B be a Boolean algebra and let I be an ideal in B.
(1) B/I is complete if and only if B\ I has the strong reduction property in B.

(2) If B is complete, then B/I is complete if and only if B\ I has the reduction
property.

Proof.

(1) Assume that B/I is complete and let D be an open subset of B\ I. Let
x € B be such that [z]; is the least upper bound for D/I. Let Ey = {u € D :
u<z}, Bo={ue B\I: uAz =0}, and F = E; UFE,. Then FE is a dense
subset of B\ I, END = E; <z, and E\ D = Ey L x. Therefore B\ I has the
strong reduction property.

Conversely, let us assume that B\ I has the strong reduction property. We
prove that for every R C B\ I, the set R/I has the least upper bound in B/I.
The set D = {u € B\ I: (Ir € R)(u <r)} is open subset of B\ I and hence
there are a dense set £ C B\ I and z € B such that END <z and F\ D L x.

We claim that » — z € I for all r € R. Otherwise there is u € E such that
w<7r—xz Then u € END and v < x which is a contradiction. Hence [z];
is an upper bound for R/I and we prove that [z]; is the least upper bound.
Let y € B be arbitrary such that » —y € I for all » € R and we show that
x —y € I. On the contrary assume that x —y € B\ I and hence there is u € E
such that u < x —y. If w € EN D, then there is r € R such that v < r and so
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u<rA(x—y)<r—yel;ifue E\D,thenu=uA(z—y) <uAzx=0. This
is a contradiction because £ NI = (.

(2) As B is complete, by Lemma [5.4] (6), B \ I has the reduction property
(in B) if and only if it has the strong reduction property in B. O

One of the results of [5] says that if A is a complete Boolean algebra and P is
a separable subset of A™ with the disjoint refinement property, then dec(P)/s(P)
is complete. Now we have a closer approximation of the property “dec(P)/s(P)
is complete”:

THEOREM 5.8. Let A be a Boolean algebra and let P C AT. Then P has the
strong reduction property in A if and only if P is eligible and the Boolean algebra
dec(P)/s(P) is complete.

Proof. By Lemmal5.4(7) and Theorem (5.7 the following conditions are equiv-
alent:
P has the strong reduction property in A (equivalently, in dec(P)).
P is eligible and dec(P)\ s(P) has the strong reduction property in dec(P).
P is eligible and dec(P)/s(P) is complete.
(I

Remark 5.9. Let B be a subalgebra of A and let I be an ideal in A. Then
INBisanideal in B and B/(INB) ~ B/I = (B AI)/I. By Theorem [5.7]
B\ I has the strong reduction property in B if and only if (B A I)\ I has the
strong reduction property in B A I.

THEOREM 5.10. Let B be a subalgebra of a Boolean algebra A and let I be an
ideal in B. If B/I is complete, then dec(B\I) = B A s(B\I) and B/I ~
B/s(B\I)C,. A/s(B\1).

Proof. B/s(B\I) is isomorphic to the complete algebra B/I because s(B\ I)
N B = I and hence it is complete. By Theorem (7, B \ I has the strong
reduction property in A and, by Theorem 58] dec(B \ I)/s(B\ I) is complete.
By Lemma[2:3] (2) the separable set B\ I is a dense subset of dec(B\I)\s(B\I).
Since B\s(B\I) = B\, the algebra B/s(B\I) is a dense subalgebra of dec(B\I)
/s(B\ I) and being complete, these two algebras are equal. It follows that
dec(B\I) = BAs(B\I) and, by Theorem 16, B/s(B\I) C,. A/s(B\I). O
THEOREM 5.11. Let A be a Boolean algebra, let P C AT, and let I be an ideal
in A disjoint from P.

(1) If P has the strong reduction property in A, then P is stable and P A I
has the strong reduction property in dec(P).

(2) If P is stable and P A I has the strong reduction property in dec(P), then
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(a) dec(P A I)=dec(P)As(PAI),

(b) dec(P)/s(P) ~ dec(P)/s(P A T) = dec(PAI)/s(PAIT) and these
Boolean algebras are complete,

(c) dec(P)/s(P) Cpe A/s(P) and dec(P)/s(PAI) C,. A/s(PAT).

Proof.

(1) If P has the strong reduction property in A, then P has the strong
reduction property also in dec(P). P is stable by Lemmal[5.4l Let D be an open
subset of PAI. Theset H={u€ P: (3z € I)(u—x € D)} is an open subset
of P. Hence there is z € dec(P) and a dense subset E of P such that FNH < z
and E\ H L z. For every u € EN H choose z, € I such that v —z,, € D. Let

Ei={veD: (Jue ENH)(v<u—uz,)}, E,=(E\H)-1.

Then F1 <z, E1 C D, Ey 1L 2, ExnND =0, and E; U Ey is a dense subset of
PAI (ForvAxz e PATthereisu € Esuchthat u <vandu—x <vAz. If
w€ ENH, thenu—=z, —z € Ey;ifue E\ H, then u — x € F5.) This proves
that P A I has the strong reduction property in dec(P).

(2) We prove dec(PAI) C dec(P)As(PAI) (the reverse inclusion is obvious).
Let x € dec(P A I). Then the union D of the open subsets D1 = {u e PAI:
u<z}and Dy ={ue PAI: uAxz=0}of PAIisopen dense. As P AT has
the strong reduction property in dec(P), there are y € dec(P) and a dense set
E C PAIsuchthat ENDy < yand E\D; L y. Theset E' = (END;)U(END3)
is dense and E' 1 x Ay. Therefore t Ay € s(PAI) and x € dec(P)As(PAI)
because © =y A (x A y).

By Lemma 23] s(P A I) N dec(P) = s(P) because s(P) C s(P A I) and
PNs(PAI) C (PAINs(PAI) = 0. Therefore dec(P)/s(P) ~ dec(P)/s(PAI)
= dec(P A I)/s(P A T). Since P A I has the strong reduction property in
dec(P), by Theorem 5.8 these algebras are complete and since P and P A I are
stable, by Theorem I3} dec(P)/s(P) C,. A/s(P) and dec(PAI)/s(PAI) Cpe
A/s(P AT). O

In a similar way it is possible to prove that if P has the reduction property
or the disjoint refinement property, then P A I has, respectively, the reduction
property or the disjoint refinement property (see [5] for the case of disjoint
refinement property).

Recall that P-regular ideals are the ideals of the form s(P A I) for an ideal
I C A" disjoint from P. We can rephrase Theorem [5.11] as follows:

COROLLARY 5.12. Let A be a Boolean algebra, let P C AT have the strong
reduction property in A, and let I be a P-regular ideal in A. Then dec(P A )
= dec(P) A I, dec(P)/I C,. A/I, dec(P)/s(P) C,. A/s(P), dec(P)/I ~
dec(P)/s(P), and dec(P)/I and dec(P)/s(P) are complete.
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Ezxzample 5.13. Let A = P(R) and let Iy be either the ideal N of measure zero
sets or the ideal M of meager sets of reals or NN M. The factor algebra Borel/I
is complete hence the set P = Borel \ I has the strong reduction property
in P(R). One can verify that s(P) = Iy and hence dec(Borel \ Iy) = Borel A Ij.
If an ideal I C P(R) is disjoint from P and maximal with respect to the inclusion,
then I is P-regular and hence Borel/I = Borel/I C,. P(R)/I.

COROLLARY 5.14. Let P C A" have the strong reduction property in A and let
I be a P-regular ideal in A. Then cmpl(dec(P) A I) > cmpl([).

Proof. By Theorem 210 (2) for P A I instead of P because dec(P A I) =
dec(P) AT and s(PAI)=1. O

Example 5.15. Let A = P(R) and P = Open(R) \ {0}. Then P has the
strong reduction property, dec(P) is the algebra of sets with nowhere dense
boundary (see Example 3 (1)). The ideal M of meager sets is P-regular
because M = s(PAM). It is a well known fact that if the ideal M is k-complete,
then the algebra of sets with the Baire property dec(P) A M = Open(R) A M
is k-complete.

6. The first category ideal

DEFINITION 6.1. Let A be a Boolean algebra and let P C AT. We say that an
ideal I in A is a P-Banach ideal, if for every x € A,

zel < VueP)(FveP)v<u & vAz el (%)
We define Baire(P, I) to be the set of all z € A such that
(Vue P)(FveP)lv<u & (vAz el or v—azel). (xx)

We define Pr ={ueP: (VWweP)v<u = v¢ll}.

For example, the o-ideal of meager sets in a topological space is a P-Banach
ideal where P is the family of open sets (see [1]).

Remark 6.2. By (&), the property “P-Banach ideal” is absolute for subalgebras:
If PCAC A and I is a P-Banach ideal in A’, then I N A is a P-Banach ideal
in A. By Lemma [ the property “P-regular ideal” is absolute in the same
sense.

Notice that if I is disjoint from P, then for all z € A,

xre€s(PAI) < (VueP)(FveP)v—uecl & vAzell, (1)
zedec(PAI) < (VueP)FveP)lv—uecl & (vAhzel or v—zel).
(1)
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LEMMA 6.3. Let I be an ideal in A and let P C A™T.
(1) InPr=10.

(2) s(P)=s(Pr)Nns(PNI) and dec(P) = dec(Pr) Ndec(PNI).

(3) I is P-Banach if and only if I is Pr-Banach.

(4) Baire(P,I) = Baire(Pr,I).

(5) s(P) is the least P-Banach ideal and s(Py) is the least P-Banach ideal
containing PN 1.

(6) If P has any of the following properties, then Py has this property, too: sep-
arable, w-complete, eligible, disjoint refinement property, reduction prop-
erty, strong reduction property, orthogonalization property, k-resolution
property.

(7) If P has the strong reduction property in A, then there is x € dec(P) such
that s(Pr) = s(P) A J, and dec(Pr) = dec(P) A J,, where J, = {y € A:
y < x}. If, moreover, I is P-Banach, then x € I.

Proof. (1) is trivial and (2) follows by Lemma 23] (6). In all proofs use the
fact that P; is an open subset of P and P;U(PNT) is a dense subset of P. In (5)
we can verify by (&) that s(P) is the least P-Banach ideal, s(Pr) is a P-Banach
ideal, and s(Pr) C I for every P-Banach ideal I. In (6) assume, for example,
that P is eligible. For every u € Py there is x € dec(P) \ s(P) such that x < u.
By (2), « € dec(Py) and z ¢ s(Pr) because there is v € P such that v < z and
v € Pr because v < u. Therefore P is eligible.

(7) Let P have the strong reduction property in A. There are x € dec(P) and
a dense set £ C P such that ENI <z and E\I L . As E'\ I is a dense subset
of P, x € s(Pr), and by (2), s(P) A J, C s(Pr) and dec(P) A J, C dec(Pr).
To prove the inverse inclusions, using the set F verify that, if y € s(Pr), then
y—x € s(P) and, if y € dec(Pr), then y — z € dec(P). If I is P-Banach, then
s(Pr) € I and hence x € I. O

LEMMA 6.4. Let A be a Boolean algebra, let P ~ @ be subsets of AT, and let I
be an ideal in A.

(1) I is P-regular if and only if I is Q-regular.
(2) I is P-Banach if and only if I is Q-Banach.
(3) Baire(P,I) = Baire(Q, I).

Proof. Recall that I is P-regular if and only if IN P = and s(P AT) C I.
Therefore all assertions can be verified by characterizations (&), @), ({), (). O
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THEOREM 6.5. Let I be an ideal in a Boolean algebra A and let P C AT be
eligible.
(1) I is P-Banach if and only if I is Pr-regqular if and only if I = s(Py A I).
(2) Baire(P,I) =dec(Pr A ).
(3) s(Pr A1) is the least P-Banach ideal containing I disjoint from Py.

Proof. There is a separable set @ such that P ~ Q. Then P; ~ Q;, Qr and
Q1A are separable, and PrAT ~ QrAI. By Lemmalt.3 and Lemmal6.4 we can
reduce the proof of to a separable set (). Therefore, without loss of generality
let us assume that P is separable and [ is disjoint from P; hence P; = P.

Every x € A satisfying the right-hand side of () or (&%) satisfies, respectively,
also the right-hand side of ({)) or (f). If u,v € P and v — u € I, by separability
of P there is v < v in P such that v < u. Hence the right-hand sides of the
equivalences () and (f) (and the right-hand sides of (&%) and ({])) are equivalent
for P. This finishes the proof of (1) and (2).

By (1), for an ideal J such that P NI = P N J, the ideal J is P-Banach if
and only if J is a Pj-regular. The ideal J = s(P; A I) is the least Pj-regular
ideal containing I and hence s(P; A I) is the least P-Banach ideal containing I
and disjoint from Pj. O

If we do not assume that P is eligible, then we have the following:

COROLLARY 6.6. Let I be an ideal in a Boolean algebra A and let P C AT
(1) If I is P-regular, then I is P-Banach.
(2) dec(Pr) A I C Baire(P,I) C dec(P;r AT).
(3) s(Pr A1) is a Pr-regular and a P-Banach ideal.

In [6] the ideal I of meager sets for a category base (X,C) is defined as the
o-ideal generated by s(C) and the family of Baire sets is defined to be Baire(C, I)
in P(X).

DEFINITION 6.7. Let A denote the Boolean completion of A. Let I(P) be the
set of those = € A that there exist z,, € s,(P) for n € w such that z = \/{z, :
n € w} (computed in A). An element x € I(P) is called an element of first
category. We write I4(P) instead of I(P) if the algebra A is not obvious from
the context. By definition, I4(P) = 1,(P) N A.

Remark 6.8. This definition extends the definition of meager elements from [5]
for noncomplete Boolean algebras. We can see that s(P) C I(P) and, if
54(P) € 5,4(Q), then I(P) C I(Q). Clearly, x € I(P) if and only if z € A
and there exist open dense subsets D,, C P for n € w such that x = \/{y <uz:
(3new)(D, L y)} The property “z is an element of first category” is absolute
for regular subalgebras: If P C A C,. A, then I4(P) = I4/(P)NA. In particular,
if A is wi-complete, then the ideal I(P) is wi-complete.
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LEMMA 6.9. If P is a stable subset of a Boolean algebra A and I(P) NP =),
then cmpl(s(P)) > wy if and only if cmpl(dec(P)) > w;.

Proof. The lemma is a consequence of Theorem [Z10] (2) because cov(s(P), P)
> w1 holds by the hypotheses. O

THEOREM 6.10. Let I be an ideal in A, let P C AT have the strong reduction
property in A, and forx € Alet J, ={ye€ A: y <z}

(1) There isx € dec(P) such that s(Prpy) = s(P)AJ,, dec(Prpy) = dec(P)A

(2) PI(PI(P)) = PI(P) and PI(PI(P)) AI(P](}D)) ~ PI(P) AI(P)
(3) Baire(P, I(P;(p))) = Baire(P, I(P)).
(4) If I(P) is P-Banach, then I(Pypy) = I(P).

Proof. (1) and (4) By Lemma 6.3 (7) there is € dec(P) such that s(Prpy) =
s(P) A Jp and dec(Py(py) = dec(P) A J,. The inclusion I(P) A J, C I(Py(p))
holds because s, (P) C s ,(Prpy), hence I(P) C I(P(p)), and x € s(P(p)) C
I(Pr(py). For the inverse inclusion let us assume that z € I(Pyp)). Then
z =\ zp (in A) for some 2, € 5,(Prp)) = s,(P) A Ju, ie., 2, — 2 € 5,(P).
Thenez —z =\ (2, —2) € I(P) and so z € I(P) A J,. If I(P) is P-Banach,
then by Lemmaelﬁ:ﬁ], x € I(P) and I(P) A J, = I(P).

(2)—(3) We consider the x from part (1). There is a dense set D C Py(p) such
that D L 2 because x € s(Prpy). Then Prpy N (I(P) A J,) =0 and, by (1),
Prppy) = Prpyas, = Prpy and Prpy A 1(Prpy) = Prpy AI(P) A Ty ~
Prpy AI(P). By Theorem 6.5, Baire(P, I(Prpy)) = dec(PI(pI(P)) ANI(Prpy)) =
dec(Pr(py A I(P)) = Baire(P, I(P)). O

THEOREM 6.11. ([5]) If P C A" has the orthogonalization property, then I(P)
is P-Banach, I(Prpy) = I(P), and I(P) is Py py-regular.

Proof. Let A denote the Boolean completion of A. Since P has the orthogo-
nalization property there is a separable Q C (A)" with the disjoint refinement
property such that P ~ @ and then I,(P) = 1,(Q). By Lemma and by the
absoluteness mentioned in Remark and Remark [6.8] without loss of gener-
ality we can assume that A is complete and P is separable and has the disjoint
refinement property.

Let € A and let D be an open dense subset of P such that u A x € I(P)
for all w € D. Let E C D be a P-maximal antichain in A. For every u € E,
since u A z € I(P), there is a sequence {z,(u) : n € w} C s(P) such that

uAz =\ z,(u). As E is a P-maximal antichain \/ z,(u) € s(P) foralln € w
necw uek
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and — \/ E € s(P). Therefore, z < —\/ EV \/ uAz=—\ EV V ( V xn(u))
uel new ‘uek
€ I(P). This proves that I(P) is P-Banach. Since s(Pr(py) is the least P-Banach

ideal containing P N I(P), s(Prpy) € I(P) and consequently I(Pypy) C I(P).
I(P) is Pr(py-regular by Theorem O

DEFINITION 6.12 (The Banach-Mazur game). ([7]) Let P C A" and z € A.
Players I and II in the game I'(P, z) construct an infinite sequence (u,, : n € w)
of elements of P such that u,4+1 < u, for all n. Player I chooses u,, for even n
(starting with ug) and player II chooses wu,, for odd n. Each of the players when
choosing wu,, knows only (u; : kK < n). Player I wins if there is z € A such
that z < o and z < w, for all n; otherwise II wins. Let IBM(P) = {x € A:
IT has a winning strategy in T'(P, x)}

Clearly, IBM(P) is absolute for regular subalgebras. One of the benefits of

the game definition of first category is the P-Banach property.
LEMMA 6.13. Let A be a Boolean algebra and let P C AT,

(1) IBM(P) is P-Banach.

(2) I(P) € IPM(P) = I"™(Prsu(p)).
(3) If P~ Q, then IBM(P) = IBM(Q).
(4) If each decreasing sequence of elements of P has a lower bound in A*, then
I(P)NP=TI3MP)nP=0.
(5) ecmpl(IBM(P)) > w;.
(6) IBM(Presi(py) = IPM(Prenpy A IBM(P)) provided that P is potentially

eligible.

IS

Proof.

(1) If z € A and x Au € IBM(P) for a dense set D of u € P, then player 1I
wins the game T'(P, z), if in his first move he chooses u € D and later he plays
by his winning strategy for the game I'( P,z A u). Hence x € IBM(P).

(2) Let x € I(P) and let z = \/ =z, with z,, € s,(P). Let D,, C P be dense

necw

subsets such that x,, L D,, for n € w. Then the strategy of player II by which in
his nth move he chooses ug,+1 € D, is a winning strategy in I'( P, x). Therefore
x € IBM(P) and I(P) C IBM(P).

Any winning strategy of player II in the game I'(P,x) is also the winning
strategy in F(PIBM(p),:v) because Prsm(py is an open subset of P. Therefore
IBM(P) C IBM(Preu(py). We prove the inverse inclusion. If z € IBM(Prenp)),
then player IT wins I'(P, z), if he chooses uy € Previ(pyU(PNIPM(P)) and then,
if uy € Prsv(py, he follows his winning strategy for the game I'( Py (py, ), and
if u; € PN IBM(P), he follows his winning strategy for I'(P,z A uy).
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(3) and (4) are obvious.
(5) Assume that x = \/ z,, and player II has winning strategies in all games

n
I'(P,z,) for all n € w. Let (N,, : n € w) be a partition of w into infinite sets.
The player II wins in I'(P, x) if his move ugi+1 when k € N,, will follow the
winning strategy in I'(P, z,,) with the information (ug) ™ {ug;—1,u9; : 0 < i < k
and i € Np).

(6) Since IBM(P) = IBM(Prem(py) without loss of generality we can assume
that IBM(P)N P = (). By (3) and by absoluteness of definition of I®M(P) for
regular subalgebras, without loss of generality we can assume that P is separable.
Therefore in the proof we assume that P is separable and IBM(P) N P = () and
we prove IBM(P) = BM(P A [BM(P)).

If x € IBM(P), then player 1T wins the game I'(P A IBM(P), z) using this
strategy: Assume (v : k < 2n) is a decreasing sequence of moves of the the
players where vy = (ug — 2) V (yx — ug) for some uy € P and zy, yp € IEM(P).
At the beginning of his (2n + 1)th move, using separability of P, player II
finds uf,, € P such that uh,, < ug,—1 and uf, < ug,, and then he uses his
winning strategy in I'(P, z) with the information (uf,u1, ..., u2n—1,ub,) to find
Uy < Ugy, and his answer in T'(P A IBM(P), z) will be va,41 = Uoni1 — Ton.
Therefore z € IBM(P A IBM(P))

Assume that x € IBM(PATBM(P)). Let (N, : n € w) be a fixed partition of w
into infinite sets and we define a winning strategy for player II in I'(P, z). We
let player I perform a play ¢ = (uy : k € w) in T'(P, z) while player I performs
aplay 7 = (v, : k € w) in D(P A IBM(P), x) where v, = (u} — ) V (yr — u})
for some zy,yr, € IPM(P) and ufl € P. We translate moves of player I from o
to 7 so that vg = uj = ug, xo = yo = 0 and v, = Uk — xogx—1 for 0 < k < n,
ie., ul, = Uk, Tap = Tox—1, Y2r = 0. Player II makes his move vop41 =
(s 1 — Tok+1) V (Y2rs+1 — uby, ;) using his winning strategy in (P A IPM(P))
with the information 7[(2n+1). Using separability of P we find uj,  , € P such
that uh, | < ufy, and uy, < uyy. If k€ N, and k > n, let uggq1 be the
move of player IT by his winning strategy for I'(P, z2,+1) with the information
(ugi—1,u3;,, :n <i<kandi€ Ny,); otherwise let usg11 = ujy;, . Assume that
z € A is such that z < w, for all n € w. Then 2z < ugyt2 < Vopta V xopyyq for all
n € w. We have zAz2,41 = 0 because player IT wins the play (ugz;—1,ub; | : 4 >n
and i € Ny,) in T'(P, x2p4+1) and z < ug;—1 for all 4. Therefore z < vg,44 for all
n € w and then z Az = 0 because player II wins the play 7 in T'(P A IBM(P), ).
Therefore x € IBM(P). O

THEOREM 6.14. Let A be a Boolean algebra and let P C AT.

(1) S(P[(p) A I(P)) - S(P]BM(p) A IBM(P)) and
deC(P](p) A I(P)) - deC(PIBM(p) A IBM<P))
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(2) If P is eligible, then s(Pipy & I(P)) C IPM(P) = s(Prew(py A IPM(P))
and deC(P](p) A I(P)) - Baire(P, IBM(P) = deC(P]BM(p) A IBM(P))
(3) If P is eligible, then cmpl(Baire(P, IBM(P))) > w;.
(4) If P has the strong reduction property in A, then
(a) Baire(P, I®M(P)) = dec(Pren(py) A IPM(P),
Baire(P, I(P)) = dec(Pypy) A s(Prpy A I(P)), and
Baire(P, I(P)) = dec(Pr(py) A I(P), if P has also the orthogonaliza-
tion property.
(b) Baire(P, I®M(P))/IPM(P) ~ dec(Prem(py)/s(Prev(py) and
Baire(P, I(P))/s(Prpy & 1(P)) = dec(Pr(p))/s(Prp))
are complete Boolean algebras and regular subalgebras of A/IBM(P),
A/s(Prevpy), A/s(Prpy A I(P)), A/s(Prpy), respectively.

Proof.

(1) By Lemma 613, I(P) C IBM(P). If I C J are any ideals in A, then
s(PrAI) Cs(PyAI) C s(PyAJ) and dec(Pr AT) C dec(PyAT) C dec(PyAJ)
because Pj is an open subset of Pr, hence P; A I is an open subset of Py A I,
and Lemma [L5] because Py A J = (Py AI)AJ.

(2) By LemmalG.13 (1), IBM(P) is P-Banach. Therefore the assertion follows
by (1) and Theorem [6.5

(3) We write J instead of IBM(P). By Lemma 613 (5), cmpl(J) > wy, and
by (2), Baire(P, J) = dec(Py A J) and s(Py A J) = J. Therefore it is enough
to verify the assumptions of Lemma [6.9] for the base Q = Py A J. The set Q is
stable by Lemma I8 and, by Lemmal6.13] (2) and (6), 1(Q)NQ C IBM(Q)NQ =
JNQ =10.

(4) By Lemma [5.4] (7), P is eligible. Hence all assertions follow by Theo-
rem 65 (2) and Theorem 5T} because by (2), s(Prev py A IBM(P)) = IBM(P),
and by Theorem 6.11} s(Prpy A I(P)) = I(P), if P has the orthogonalization
property. O

Let us recall that A is w-distributive, if for every sequence (D,, : n € w) of
open dense subsets A, the intersection () D, is a dense subset of A.
ncw
THEOREM 6.15. If P has the orthogonalization property and A is w-distributive,
then I(P) = IBM(P).

Proof. Without loss of generality we can assume that A is complete and P has
the disjoint refinement property because all notions in theorem are absolute for
regular subalgebras and I(P) = I(Q) and IBM(P) = IBM(Q) whenever Q ~ P.

Let f be a winning strategy of II in I'(P,z). There are a tree S C <“P,
a sequence of P-maximal antichains F,y; C P for n € w and a mapping ¢
which maps each E, 1 onto SN 2" 2P such that the following conditions hold:
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(1) Each s € S is a decreasing sequence in P and s(2k + 1) = f(s[(2k + 1))
for all 2k + 1 < |s|, i.e., s is the result of a play in which player IT uses his
winning strategy f.

(2) E, 42 refines E,+q and if v € F,11, w € FEyi9, and w < v, then p(v) =
e(w)[(2n+2) and p(v)(2n+1) > v > p(w)(2n+2) > p(w)(2n+ 3) > w.

We define by induction on n € w the levels Sy,, = SN?" P of the tree S, the sets
E,+1, and the mappings ¢[Fp11: Eny1 — Sonto. Let So = {0}. Assume that
So, has been defined and we define E,, 11, Sonto, and @[ FEpy1: Epyr1 — Sonao.
Let D,, be the set of all v € P for which there exist s, € Ss,, and u{} < u}} < sy
in P such that v < u!! and ull = f(s, 7~ (ul)). For each v € D,, let us fix such
sy, ul, and ull. The set D,, is an open dense subset of P and hence there is
a P-maximal antichain E, 1 C D,, in A. Now we define ¢(v) = s, (ul, ull) for
v € Epy1 and Sopqo = {0(v): v € Enpqq}.

To obtain a contradiction let us assume that = ¢ I(P). Let x,, = —\/ Ep41.
Since \/ x,, € I(P), there exists y < z in A" such that y Az, =0 for all n € w.

new
By w-distributivity of A there is a nonzero z < y such that for every n € w

there is v,,41 € Epy1 such that z < wvy,4q. Then v, 49 < v,41 for all n and hence

U ¢(vn+1) is an infinite branch (u, : n € w) in s, which is a result of an infinite
new

play in which player IT used the strategy f. Since z < x and z < v,4+1 < Ugp+1
for all n, we have obtained a contradiction with the assumption that = € IBM(P).
Therefore I(P) = IBM(P). O

7. Suslin operation

The result of the Suslin operation A for a system of sets B, s € <Yw, is
defined by A{Bs: s€ <“w}= U () Ban-
rTEYWNnEw
DEFINITION 7.1. Let A be a Boolean algebra. We say that a set B C A is
a covering subset of A if for every x € A the set {u € B: z < u} has a least
element which we call a covering of x in B.

Easily we can check that, if B is a covering subalgebra of A, then B C,.. A.
For the inverse implication some amount of the completeness of A is necessary
to assume. For example:

(a) If B C A is a complete algebra, then B is a covering subalgebra if and only
if B is a regular subalgebra of A.

(b) If A is complete, then B C A is a covering subalgebra if and only if B is
A-complete.
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The Marczewski Theorem can be stated in this form:

THEOREM 7.2. Let B be a system of subsets of a set X and let J be a o-ideal
on X such that B A J is a o-field and B/J is a covering subset of P(X)/J.
Then B A\ J is closed under the Suslin operation A.

Proof. Let A= A{B;: s € <“w} where B; € BA J and Bs~, C B;. Denote
As = U ) Bs~zm. Then A = Ay and As C B,. Choose My, € BA J

reYw new

such that A, € My C By and [M,]; is a covering of [Ag];. If x € My is such
that ¢ | (M;\ U Ms~y), then inductively we can define y € “w such

sE<wWw new

that © € () My, € Ap. Therefore My \ U (M;\ U Ms~n) € 4p and

new sE<Ww new
consequently My \ A4g € | (Ms\ U MsAn). As Ay = JAs~n C UM~y
sE€E<¥w ne€w n n
and [M;] ;s is a covering of [As]y in B/J it follows that [M]; < [ |J Ms—»]s, ie.,
new
M\ U Mg~ € J for all s. Therefore My\ Ay € J and hence Ay € BAJ. O
new

Let us note that Baire(B,J) = Baire(B A J,J) = B A J for B and J in
Theorem The first equality holds by definition. For the second equality
notice that B/J C,. A/J. By Corollary @17, dec((B A J)\ J) = B A J and
s((BAJ)\J) = J. Then Baire(BAJ, J) = Baire((BAJ)\J, J) = dec((BAJ)\J)
because Baire(P, s(P)) = dec(P).

COROLLARY 7.3. Let P C P(X)\ {0}. If P has the strong reduction property
in P(X) and I is a P-Banach o-ideal in P(X), then Baire(P, I) is closed under
the Suslin operation A. In particular, Baire(P, I®M(P)) is closed under the
operation A.

Proof. P iseligible because P has the strong reduction property. Therefore by
Theorem [65] T is Pr-regular and Baire(P, I) = dec(P; A I). P; has the strong
reduction property, too, because it is an open subset of P. By Corollary B.12]
dec(Pr AT) = dec(Pr) A1, dec(Pr)/I C,. P(X)/I, and dec(Pr)/I is a complete
algebra, hence a covering subalgebra. By Marczewski Theorem, dec(P;) A I is
closed under the Suslin operation A. O

8. Examples

In the literature one can find a lot of important examples of bases of measur-
ability. We do not make any overview of these bases and we just recall several
basic examples. Some of the following examples correspond to classical tree-like
forcing notions. The reader can find some basic facts about them in [2].
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1. A closure algebra, is by definition, a Boolean algebra A with an operation
C: A — A such that C(uVv) =CuVCu,u< Cu, CCu=Cu, CO=0 (see [
§41]). An element u of A is called closed if v = Cu; w is open if —u is closed.
Let Py C A be the set of all nonzero open elements. Then P; is m-complete and
hence it is separable and has the disjoint refinement property. s(P;) is the set
of nowhere dense elements and dec(P;) = (P; U {0}) A s(Py).

2. Let (X, O) be a topological space. Let Ay = P(X) and let P, = O\ {0}.

(a) Ps is m-complete. Therefore, P, is separable and it is k-resolute for all k.
In particular P, has the disjoint refinement property and (X, P») is a category
base (in the sense of [6]; see Lemma [5.4]). P, has the strong reduction property
as well.

(b) s(P) is the family of nowhere dense subsets of X and dec(P) = OAs(P,)
(Lemma [A.2)).

(c) I(Py) is the o-ideal of meager sets in X, I(Py) = IBM(P,) (see proof of [Tt
Theorem 6.1] or Theorem [6.15]).

(d) I(P,) is a P,-Banach and (Py)(p,)-regular o-ideal and

Baire(Pg, I(PQ)) = deC(Pg) A I(Pg) =0A I(Pg)

is a o-algebra of sets with the Baire property (Theorem [6.5] Theorem [6.14]
Corollary [7.3] Corollary 5.12). Tt is closed under the Suslin operation A.

3. Let B be an infinite o-complete Boolean algebra, X = St(B), A3 = P(X),
and let P5 be the family of perfect subsets of X. Then J Ps is the closed set of
non-principal ultrafilters.

LEMMA 8.1.
(1) Ewery infinite closed subset of St(B) contains a perfect subset.
(2) Ewvery perfect set in St(B) contains 22 many disjoint perfect subsets.

(3) If (un : n € w) is a decreasing sequence of perfect subsets of St(B), then
u= () uy is perfect, i.e., Ps is w-closed.
ncw

Using these facts we can easily verify that P is separable and dec(Ps) con-
tains all closed subsets of St(B). s(Ps) = I(P3) is a Ps-regular o-ideal (use
Lemma[8J] (1) and (3)) and hence Baire(Ps, I(Ps)) = dec(Ps) (LemmaLT0l and
Theorem B.5). Py is 22" -resolute (Lemma B (1) and (2)). If | St(B)| = 227,
then (U Ps, Pg) is a category base. Hence P3 has the disjoint refinement prop-
erty, IPM(P3) = s(P3), and dec(Ps) is closed under the Suslin operation A
(Theorem and Corollary [T.3)).

4. Let Ay = P(X) for an uncountable Polish space X, and let P, be the fam-
ily of perfect subsets of X, i.e., nonempty closed sets without isolated points.
It is known that (UP4,P4) is a category base. Hence P, is 2“-resolute, has
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the disjoint refinement property, and has the strong reduction property in Ay.
One can verify that s(P;) = I(P;) = I®M(P)) = s° is a Pj-regular o-ideal,
called Marczewski’s ideal, and dec(Py) is a o-algebra closed under the Suslin
operation A.

5. Let A5 = P(“w). Let us recall that a tree p C <“w is a Laver tree, i.e,
p € L, if p has a stem s such that for every t € p, either t C s, or s C ¢t and
{n: t7n € p} is infinite; p is a Miller tree, i.e., p € M, if for every s € p there is
t € psuch that s C ¢ and {n: t"n € p} is infinite. For a tree p C <“w let [p] =
{ze«“2: (Vn)(zln€p)}. Let PL={[p|: pe L} and Py = {[p]: p€ M} in
the Boolean algebra As. The ideals s(P.) and s(Py) are known as [° and m?,
respectively, and they are o-ideals. Therefore Baire(Pp,I(P.)) = dec(PL) and
Baire(Puy, I(Pw)) = dec(Py). By [4 Lemma 2.5], if the least cardinality of an
unbounded family of functions is b = 2%, then P, and Py satisfy the disjoint
refinement property and therefore dec(PL) and dec(Py) are closed under the
Suslin operation A (see [5: Corollary 4.7]).

6. Let Ag = P(“2). For a partial function p from w to {0,1} let [p] = {x € “2:
p C x}. Let Ps = {[p] : p is a partial function from w to {0,1} and w\dom(p)
is inﬁnite} and consider Pz as a subset of the Boolean algebra Ag. Ps corre-
sponds to Silver’s forcing. The ideal s(Ps) is known as v" and it is a o-ideal.
If [p] and [¢] from Ps are incompatible, then [p] N [¢] is finite. It follows that
Ps has the disjoint refinement property and dec(Pg) is closed under the Suslin
operation A.

7. Let A7 = P(R) and P; be the system of perfect sets of positive Lebesgue mea-
sure (compare with Remark 2.0 (3)). Then (R, P;) is a category base, dec(Pr) is
the o-algebra of Lebesgue measurable sets and s(Pr) is the o-ideal of null sets.

8. Let Ag = P(R) and Pg be the system of G5 non-meager sets. Then (R, Ps)
is a category base, dec(Ps) is the o-algebra of sets with the Baire property and
s(Ps) is the o-ideal of meager sets.

9. Let Ag = P(R) and Py = P; U Ps. Then dec(Py) = dec(Pr) N dec(Pg) and
s(Py) = s(P7) N s(Ps) (by Lemma 23] (6) due to a decomposition of R into
a meager set and a measure zero set).
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