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ON THE GENERALIZATION
OF DENSITY TOPOLOGIES
ON THE REAL LINE

JACEK HEJDUK — RENATA WIERTELAK

(Communicated by David Buhagiar)

ABSTRACT. The paper concerns the density points with respect to the se-
quences of intervals tending to zero in the family of Lebesgue measurable sets. It
shows that for some sequences analogue of the Lebesgue density theorem holds.
Simultaneously, this paper presents proof of theorem that for any sequence of
intervals tending to zero a relevant operator ®; generates a topology. It is al-
most but not exactly the same result as in the category aspect presented in
[WIERTELAK, R.: A generalization of density topology with respect to category,
Real Anal. Exchange 32 (2006/2007), 273-286]. Therefore this paper is a con-
tinuation of the previous research concerning similarities and differences between
measure and category.
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1. Introduction

Throughout the paper we will use the standard notation: R will be the set
of real numbers, N the set of natural numbers and £ the family of Lebesgue
measurable subsets of R. By A(A) we shall denote the Lebesgue measure of a
measurable set A and by |I| the length of an interval I.

It is well known definition that a point zg € R is a density point of a set
AeLif

. AMAN[zo— h,zo + h))
lim
h—0+ 2h
This condition is equivalent to the following one

lim )\(Aﬁ[xo—hl,x0+h2})
hy — 0%, hy — 0% hi =+ he
h1+h2>0

=1.

=1.

It is sometimes written in the form (see [6]):
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Y [(OEﬂJ A\J\—>o):> lim A A0 nt20)) )

{Jn}nEN neN n—00 |‘]7'l|

We say that a sequence of closed intervals J = {J,, }nen is tending to zero, if
diam{{()} U Jn} —— 0. We will consider only sequences of closed intervals.
n—00

Let J = {Jn}nen be a sequence of intervals tending to zero. We shall say

that a point zg € R is a J-density point of a set A € L, if
lim AMAN (T, + 0))
n—o00 |Jn|

=1.

If a point 2y € R is a J-density point of the set R\ A, then zq is a J-dispersion
point of A.
Equivalently we have that xg is a J-dispersion point of A if and only if

lim AAN (T, + x0))

oo |
If A € L, then we denote
®;(A) ={z eR: z is a J-density point of A}.
This operator fulfills the following properties.
PRrROPERTY 1. If A € L, then ®;(A) € Fs, in particular ®;(A) € L.

Proof. Let A€ L. Then x € ®;(A) if and only if

=0.

v 5 v )\(Aﬁ(Jn—i—x))zl_l.
kEN meN n>m |Jn] k
Hence
AMAN (Jp + 7)) 1
N=NU N faer: M0N0
keNmeNn>m

The function f(z) = A(AN (J, + x)) is continuous for a fixed n € N, even it
satisfies Lipschitz condition. Indeed, for every x1, x2 we get

[f(z1) = f(z2)] = [AMAN (Jn + 21)) = MAN (Jn + 72))]
< A(AN (Jn +21)) & (AN (o + 22)))]
= MAN((Jn +21) & (Jn + 22)))]
< M(Jn 4+ 21) & (Jn +22))] < 2|21 — 22].
Therefore ® ;(A) € F,. ]

PROPERTY 2. For any sets A, B € L and a sequence of intervals J tending to
zero we have:

(1) ©;(0) =0, ®;(R)=R;
(2) MAaB)=0 = ®,(4) =2,(B);
(3) ®,(ANB)=2,;(A)Ne,(B).
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It turned out that analogue of the Lebesgue density theorem does not hold
for every sequence of intervals J tending to zero. Studying paper [I] we can find
that there exists a sequence of intervals J tending to zero and a set A € L of
positive measure such that A(®;(A4) N A) =

2. The main results

For any sequence of intervals J = {J, }nen tending to zero we define
di 0} U J,
a(J) = limsup fam { {0} J
The proof of the next theorem bases on the idea presented in the Oxtoby
book [4].
THEOREM 3. If a(J) < 0o and A € L, then
AMAA D (A)) =0.

Proof. It may be assumed without loss of generality that the set A is bounded
and the sequence {|J,|}nen is decreasing. Moreover, we assume that

diam{{0} U J,,} < 2a(J)|Jn|. (1)

By condition 3 of Property 21it is sufficient to prove that A(A\ ®;(A4)) = 0. We
show that for any 0 < ¢ < 1 the set

b, = {x € A: liminf AAN (T +2)) < 1—5}
neN ‘Jn‘

has measure zero. Suppose, contrary to our claim, that A*(E.) > 0. Hence there
exists an open set G D FE such that (1 —e)A(G) < A*(E¢). Let £ be the family
of all closed intervals I C G such that A(AN1I) < (1—¢)|I| and I = J,, + z for
some z € E. and n € N. Observe that

(i) every neighbourhood of each = € E, contains an interval I € &;

(ii) for any sequence {I,} of disjoint intervals of £ the inequality
A (E-\UT,) > 0 holds.

The property (i) is evident from the definition. The property (ii) follows from
the fact that

A" (E50U1n> <Y MANL) < (1) Y |1
(1-¢) (UI ) (1 - 2)MG) < (1 — )N (E.).

We construct inductively a sequence {I,},en of disjoint intervals of & as
follows. Define

kozmin{neN 3, +:r€5}

IEE
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We choose interval I; from & with length |Ji,|. Having chosen intervals I; for
i€ {1,2,...,n} let &, be the subset of & which consists of intervals that are
disjoint from Iy,...,I,. Properties (i) and (i) imply that &, # (). Let us define

kn:min{ieN: 3 Ji+x€5n}.

xeF,.

We choose interval I,,41 from &, with length |Jj, |.

Putting B = E.\ |J I, we obtain by property (ii) that A*(B) > 0. Hence
neN
there is IV € N such that

- A*(B)

> i< N .
n=N+1

Let K, denote the interval concentric with I,, such that |K,,| = (4da(J) + 1)|I,,]

for each n > N. The inequality (2)) implies that |J K, does not cover the
neN

set B. So, there exists a point x € B\ |J K,. Therefore z € E, \ U I,. By
n>N

properties (ii) and (i) there exists an interval I, € En, I, = J,, + . It is clear

that I, N I,, # 0 for some n > N. Let np = min{n € N: I, NI, # (0}. Then

| o, | = |1z| < |In,|- Using (1) we obtain

dist(x, I,,) < diam{z U I} = diam{{0} U J,,, } < 2a(J)|Jn,| < 2a(J)|Lp,]-

It follows that x € K,,. It is contrary to the fact x € B\ |J K,. This and the
inclusion n>N
Ae,4c | E
£€(0,1)NQ
mean that A(A A ®;(A)) =0. O

Combining Property 2] with Theorem [3] implies that operator ®; is the lower
density operator. By the general lifting theorem [3] we have the following theo-
rem.

THEOREM 4. Let J = {J,}nen be a sequence of intervals tending to zero such
that a(J) < co. Then the family

T]:{AGS: ACQJ(A)}
is a topology on R. Moreover, we have that Tnat C Ty and Tq C Ty.
This theorem is the essential generalization of the case of (s)-topology (see

[2]). There are considered sequences of symmetrical intervals of the form .J,, =
[- vl } where s = {s,, }nen is an unbounded and nondecreasing sequence of

Sp? Sn
positive Teal numbers.
THEOREM 5. If J = {J,}, cy is a sequence of intervals tending to zero such that
a(J) < oo, then there exists a sequence K = {K,}, y of symmetrical intervals

tending to zero such that for every set A € L we have that ®x(A) C ®;(A).
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Proof. Let J, = [an, by] for n € Nand a(J) < co. Define s,, = max {|a,|, |bn|}

and K, = [—sp,S,] for n € N. Assume that A € £, 0 € ®x(A) and € > 0.
There exists nq € N such that
di 0ruUJy,

for every n > n; and there exists no € N such that
AMANK €
( n) >1-—
| K| 4a(J)
for every n > ng. Hence for every n > max {ni,ns} we have
€

ANnJ,) <ANANK, K, In
NANT) AN K < (K| <l
as
K| < 2diam{{0} U J, } < 4a(J)|Jy].
Therefore
MANJT,) S 1_e
| Jn] '
It implies that 0 € @ ;(A). O

THEOREM 6. If J = {J,}, oy is a sequence of intervals tending to zero and
a(J) = oo, then there exists an open set A such that 0 € ®4(A) and 0 ¢ & ;(A).

Proof. By assumption that a(J) = oo there exists a sequence {ny}ren such
that

diam {{0} U J, } > (k + 1)|J,, | (3)
for every k € N. Moreover it can be assumed that
diam{{0} U Jpp,, } < [ (4)

and that all intervals J,,, for k € N are situated on one side of zero.
Putting

A= 10\ (Y v (o))
keN
we obtain that A is an open set and 0 ¢ @ ;(A).
For every m € N we define

j(m) = min{k eN: A([-1,1]nJ,) > o}.

The sequence {j(m)}men is unbounded and nondecreasing and by (3))

: 1 11
diam {{0} U T, ) < F 1 ny| < 4 dam{{0} U Ty, }-

Hence 5
diam{{0} U J,,. < . 5
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Now we show that 0 € ®4(A). Indeed, from (@), @), (@) we get that

LM IR (SN LEVESESWVED

k=j(m) k=j(m)
S dlam{{()} U Jnj(m)+l} + ‘Jnj(m)| — 2‘Jn](m)|
4

IN

dlam{{O} U Jn](m)} <

j(m) + (4(m) +1)m

Therefore

1 1

S
m’'m 2
<1l-— . — 0.

2/m jm) +1 o

It means that 0 € ®4(A). O

The next theorem we obtain as the conclusion of the last two theorems.

THEOREM 7. For every sequence of intervals J = {J, }nen tending to zero the
following conditions are equivalent:

i) a(J) < oo;

i) T4 C T;.

It has been already mentioned that analogue of Lebesgue Density Theorem

does not hold for any sequence of intervals tending to zero. Nevertheless, the
following theorem is true.

THEOREM 8. If a sequence of intervals J = {Jp}nen is tending to zero and
A€ L, then
A(AN D, (R A)) =

To prove it we need a supporting lemma.

LEMMA 9. Let A € L, {(A;, Bi)}I_, be sequence of pairs of measurable sets such
that A(AN A4;) < S\A |, where e < 1/4, and \(B;) = A(A;). If the sets A; are
pairwise disjoint, then
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_1+e

Therefore
A(AOO(AiUBi)> <(1—€)/\<O(AiUBi)>. O

Proof of Theorem[ Let J = {J,}nen be a sequence of intervals tend-
ing to zero. If a(J) < oo, then theorem holds by virtue of Theorem Bl So,
suppose that a(J) = oco. Hence there exists subsequence {.J,, }ren such that
diam{{0} U J,.,,} > k|J,,| for k € N. Moreover we can assume that |J,,| >
diam{{0} U J,,,, } for k € N and all intervals J,, are located on one side of
zero. For the sake of the simplicity we denote J;, = J,,, for k € N.

Suppose, contrary to our claim, that the set

E=AND;[R\ A)

is not a nullset, hence A(E) > 0. Let 0 < ¢ < 1/4 and A € £. Without loss of
generality we can assume that the set A is bounded. There exists an open set
G D E such that (1 —e)A(G) < A(E).

For every x € E and k € N we define intervals A, = J;, +x and B, j, =
{x— l‘JQ’,Cl,x%— l‘g’ﬂ. Then |Ag kx| = |Bek| = |Ji|- Let € denote the family of
pairs of intervals A, k, By C G such that N(AN Ay k) < eldp il It is easy

to see that an arbitrary neighbourhood of x € E contains a pair of intervals
(Az k, By i) of the family £.

Now we construct a sequence of pairs of intervals (4,,, B,) € £ in the following
way. Let

ko = min{k €N: (Agr,Bai) € 5}.

We choose the pair of intervals (A, By) from & with length [J;, |. Suppose that

pairs of intervals (A4;, B;), for i € {1,2,...,n} have been defined and intervals
A; are pairwise disjoint. By lemma [0 we get that

A(E N O(Ai U BZ-)) <(1- 5))\<Q(Ai U Bi)>.

=1

It means that

A(EﬂO(AiUBi)> (1—2)A <CJAUB >§(1—5)>\(G)<>\(E). (6)

=1

n
Therefore the set |J (4; U B;) does not cover the set E.
i=1
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Define the family &, composed of pairs of intervals (A, x, By i) € £, such
that every interval A, j is disjoint with each interval A; fori € {1,2,...,n}. By
condition (B) we get that &, # 0. Let

k, = min{k eN: A, 4, By € Sn}.
We choose the pair of intervals (A1, Bp+1) from &, with length \J,’Cn |

As a result we obtain the sequence {(A,,, By)}nen of pairs of intervals of the
family £ such that the intervals of the sequence {A, },en are pairwise disjoint
and the sequence {|A,|}nen is not increasing. Moreover

A(Em G(Ai uBi)> < A(Am G(Ai uB,—)) <(1- 5)>\< G(Ai UBZ-)>.
Therefore

A(EHG(AnUBn)> (1—e)A (UAUB><(1—5)>\(G)<)\(E).

n=1
Putting X = E\ | (4, U B,,) we obtain that A(X) > 0. Then there exists
N € N such that

)\< U « UBi)> < A(X)/3.
i=N+1
For each n > N we define the intervals C,,, D,, concentric with A,,, B,, respec-
tively and with length 3|A,|. Then

)\<X\ G (Cnan)> > 0.

n=N+1

o] N
Hence, there exists zo € (X\ U (C’nUDn)>. In particular o € G\ | (4;UB;).
n=N+1 i=1

N
Moreover, there exists a neighbourhood V' 3 xy such that V.C G\ | (4; U B;).

=1
It implies that there is k& € N such that (Ay, x, Byok) € Env and Ay C V,
Byyx C V. It is clear that (Ag, k, By,,k) does not belong to the sequence
{(An, Bp) }nen. Simultaneously, there exists ng > N such that A, x N Ay, # 0
and Az, k| < |Ap,|. Otherwise the pair (Ag, k, By,,k) should belong to the
sequence {(Ay, By)}nen. Now we consider two cases.
If |Agy k| < |An,|, then

dist (2o, An,) < diam{{zo} U Ay, } = diam{{0} U J.} < [J5_1| < |Ay,|.

Hence z¢ € Cy,.
If |Azy k| = |An,|, then By, x N By, # 0. Moreover g € By, k, SO

dist(zo, Bngy) < |Bug.k| = |Bnyl-
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Hence g € Dy, .
In both cases we obtain that z¢o € Cp, U Dp,. On the other hand zy €

o0

(X \ U (CpU Dn)> This contradiction ends the proof. O
n=N+1

THEOREM 10. Let J = {J, }nen be a sequence of intervals tending to zero. Then
T]:{AGS: ACQJ(A)}

s a topology on R, which will be called J-density topology.
Moreover, we have that Tnee S TJ.

Proof. By the Property Bl we have that §) € 77, R € T; and the family 7 is
closed under finite intersections.
Let {At}ier C Ty. We will prove that |J A; € T;. Let B denote a measur-
teT

able kernel of the set |J A;. Then A(BNA;) A A;) =0 for t € T and
teT

Bc | JAc e (A) =] 2,(BNA)C®y(B).

teT teT teT
By the Theorem [§ we have A\(®;(B) \ B) = 0. Hence |J A; € £ and moreover
teT
U&CU@WMC%<U&>
teT teT teT

Therefore |J A; € Ty and T is a topology.
teT

The inclusion 7,4 C 7 is evident from the definition of J-density topology.
It is proper because R\ Q € 77 \ Thae- O

The next theorem shows that we have obtained a more general definition of
density point.

THEOREM 11. There exists a sequence of intervals J = {J, }nen tending to zero
and measurable sets A and B such that 0 € ®;(A), 0 ¢ ®4(A), 0 ¢ ®;(B),
0 € ®4(B).

. . _ n 1
Proof. It is enough to consider the sequence J = { [(n+1)!’ n!} }nEN and sets
A= U [ty h]s B =R\ A Then 0 € @,(4), 0 ¢ @u(A), 0 ¢ 0,(B),
neN

n!

0 € ®4(B). O
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3. Conclusions

In paper [5] are presented the following definitions.
Let Z be the o-ideal of first category sets in R. The point 0 is called an
Z(J)-density point of a Baire set A if

A
X\ 2 (A=s(Jn)N[=1,1] () —— X[-1,1] (z),

n—00

which means that

{nr}ren {nkm,El}mEN @22 xZ@ Xllnim\(A_S(J"km))ﬂ[_l’u(x) m—00 X[_l’l}(x)'

If A is a Baire set then we denote
Pz (A) = {z € R: z is an Z(J)-density point of A}.

If J = {Jn}tnen is a sequence of intervals tending to zero each of operators
®; and @7 generates the topology, the J-density topology and Z(.J)-density
topology, respectively. Therefore it is the next similarity between measure and
category. Simultaneously the operator ®z(;) is the lower density operator, while
the operator ®; is not because the analogue of the Lebesgue theorem does not
hold. Hence it is the next difference between measure and category.
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