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EXISTENCE OF NON-TRIVIAL SOLUTIONS
FOR SYSTEMS OF n FOURTH ORDER
PARTIAL DIFFERENTIAL EQUATIONS
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ABSTRACT. In this paper, employing a very recent local minimum theorem
for differentiable functionals due to Bonanno, the existence of at least one non-
trivial solution for a class of systems of n fourth order partial differential equations
coupled with Navier boundary conditions is established.
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1. Introduction

This paper treats the following nonlinear elliptic system of n fourth order
partial differential equations under Navier boundary conditions

A(‘Aul pi_2Aui) - OézAplU,L + 51‘11% pi_2ui
— A ) ne.
ui = Au; =0 on 0N}

for 1 < i < n, where Ap,u; = div(|Vu;[Pi=2Vu;) is the p;-Laplacian operator,
n > 1 is an integer, p; > max{1, 1;7 }, a; and f; are non-negative constants for
1<i<mn QcCRVY(N >1)is a non-empty bounded open set with smooth
boundary 92, A > 0, F: Q x R® — R is a function such that the mapping
(t1,ta...,tn) = F(z,t1,t2,...,ty) is in C* in R™ for all x € Q and F, is
continuous in £ x R™ for ¢ = 1,...,n. Here, F}, denotes the partial derivative
of F' with respect to t;. The system (L)) is called (p1, ..., ps)-biharmonic.
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Precisely, based on a very recent local minimum theorem for differentiable
functionals due to Bonanno [Ii Theorem 5.1] (Theorem 21), we establish the
existence of at least one non-trivial solution for the system (1)) for any fixed
positive parameter A belonging to an exact interval.

Fourth-order boundary value problems which describe the deformations of
an elastic beam in an equilibrium state whose both ends are simply supported
have been extensively studied in the literature. Many authors have studied the
existence of at least one solution, or multiple solutions, or even infinitely many
solutions for fourth-order boundary value problems by using lower and upper
solution methods, Morse theory, the mountain-pass theorem, constrained min-
imization and concentration-compactness principle, fixed-point theorems and
degree theory, and critical point theory and variational methods, and we refer
the reader to the papers [2,4H11] and references therein.

We also refer the reader to the recent papers [3,[12] where the local mini-
mum theorem for differentiable functionals due to Bonanno [I: Theorem 5.1]
was successfully applied to second order Neumann boundary value problems.

2. Results

First we want to point out that our main tool is a critical point theorem,
very recently obtained by Bonanno [It Theorem 5.1] that we here recall in its
equivalent formulation [I} Proposition 2.1, Remark 2.1]) (see also [13] for the
related result).

For a given non-empty set X, and two functionals ®,¥: X — R, we define
the following functions

sup U(u) — ¥(v)
w€d—1(Jry,ra[)

¥(rq, = inf
(Tl Tz) UE<I>—11I(1]T1,T2[) To — (I)(U)
and
U(v) — sup U (u)
p(Tl 7“2) = sup ved izoenb
’ veE®P—1(Jry,r2|) q)(’u) -7

for all 71,79 € R, 1 < ro.

THEOREM 2.1. ([I: Theorem 5.1]) Let X be a real Banach space; ®: X — R be
a sequentially weakly lower semicontinuous, coercive and continuously Gateauz
differentiable function whose Gateaux derivative admits a continuous inverse on
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X*, U: X — R be a continuously Gateaux differentiable function whose Gateaux
derivative is compact. Assume that there are ri,r9 € R, r| < rq, such that

Hry,re) < p(ry,re).

Then, setting Iy := ® — AV, for each A € }p(rllm), 19(7»11 1"2)[ there is ugx €

& 1(Jry,r2]) such that I (uox) <Ix(u) for all ue® (Jry,ra]) and I} (up,n) =0.

Here and in the sequel, X will denote the Cartesian product of n Sobolev
spaces W2Pi(Q) N WP (Q) fori = 1,...,n, ie, X = (WP (Q) N W, P (Q)) x
o (W2Pn(Q) N W, P (Q)) endowed with the norm

n
syl =D luillp,
1=1

where

1/pi
lwillp, = (/Aui(l'ﬂpi d$+04i/Vui(l‘)|pi d$+ﬁi/|ui($)|pi dx)
Q Q Q

for 1 <i<n.
We need the following proposition in the proof of Theorem

PROPOSITION 2.1. Let T: X — X* be the operator defined by

T(urs. . tn)(he,. .. ) = /Z|Aui(:v)
q =1
+/ZaiVui(1:)

Q =1

+ / > Bilui(@) [P Pui(x)hi(z) da
Q =1

Pi2 Ay () Ahyi(z) dae

Pi=2y, () Vhy(z) do

for every (uy,...,up), (h1,...,hy) € X. Then T admits a continuous inverse
on X*.

Proof. Since

T(uty ... un)(ug,y ... up)

:Z</|Aui(a})|pi dx+ai/|Vui(x)|pi dx+6i/ui(x)|pi dx)
=1 \¢ O Q
= a2,

=1
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T is coercive. Taking into account [14: (2.2)] for p > 1 there exists a positive
constant C), such that

Cplz —yl? ifp>2,
([P~ 22 = |y[P 2y, 2 —y) > S
Co (ol iy i1 <p<2

where (-, -) denotes the usual inner product in RV, for every =,y € RY. Thus,
it is easy to see that

<T(u1, coytn) = T(v1, .y 00) (U1 — V1, ooy Uy, —vn>

>chﬂmz>mm>

i€l Q

Pi dg

+ 0l Vua(@) = Vou(@)[P + Bilu(e) - vi(@)|* ) da

|Au;(x) — Avl(x)P ;| Vu;(x) — Vvi(:v)|2
+ch/ ( (18w ()] + A (@) 2P (V)| + [Voi())2>

i€ly

Bilui(z) — vi(z)[?
T (ui@)] + [vs())2P

where I ={i e {l,....,n}: p;>2}and L ={i e {l,....,n}: 1 <p; <2}, for
every (ui,...,up),(v1,...,v,) € X, which means that 7' is strictly monotone.
Moreover, arguing as in [9: Lemma 2], since W2 (Q)NW, P (Q) fori =1,...,n
is reflexive, for (wim, ..., Unm) = (u1,...,u,) strongly in X as m — +o0, one
has T(Uim, - -+, Unm) = T(u1,...,u,) weakly in X* as m — +oo. Hence T is
demicontinuous, so by [I5; Theorem 26.A(d)], the inverse operator T-! of T
exists. 771 is continuous. Indeed, let ((fim)m,---, (fam)m) be a sequence of
X* such that f;, — f; strongly in (W2P:(Q )ﬂ W ’pl( ))* fori=1,...,n as
m — 400. Let (Uim, ..., Unm) and (uy, ..., u,) in X such that T, ' (fim) = tim
and T, ' (f;) = u; where

<Tpi (ul) ) hl>

= /|Auz(x) Pi=2 Auy(z) Ahi(z) dz + o /(Vuz(x)

Q Q

+ 5 / (s ()P0 () g ()

Q

>d:v>0

Pi=2Gu,(2)Vhi(z)) do

for every wu;, h; € WPi(Q) N W, P (Q) for i = 1,...,n. Taking in to account
that T is coercive, one has that the sequence (uim,.-.,Unm) is bounded in
the reflexive space X. For a suitable subsequence, we have (u1m, ..., Unm) —
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(u1,...,u,) weakly in X as m — +oo, which concludes
Hm (T (uimy -y Unm) — T(Uty ooy tn), (Uimy - - oy Unm) — (W1, - .., Un))
m—-+400
= ((frmy---s fom) — (f1so s fn), (Wamy - o« s Unim) — (U1, -+, Up)) = 0.

Note that if (wim,...,Unm) — (U1,...,u,) weakly in X as m — +oo and
T(uimy .-y Unm) — T(d1,...,u,) strongly in X* as m — +oo, one has
(Uims -« s Unm) = (U1,...,Uy,) strongly in X as m — 400, and since T is con-
tinuous we have (Uim, ..., Unm) — (U1,...,Uy,) weakly in X as m — +o0 and
T(Uimy -y Upm) = T(Ur, ..., Uy) =T (ug,...,u,) strongly in X* as m — +o0.
Hence, taking into account that 7' is an injection, we have (uq,...,u,) =
(Upy .oy Up). O

We say that v = (uy,...,u,) is a weak solution to the system (LI)) if
= (u1,...,u,) € X and

/”22 Aug(a

+ Bilui(x)

)P 2 A (2) Avi () + i | Vi (2) [P 2V, (2) Vo ()

pi_2ui(1j)1)i<x>) dz — )\/Z Fu,(x,ui(x),...,upn(z))vi(z)de =0

for every (vy,...,v,) € X.
For all v > 0 we define

K(y) = {(tl,...,tn) eR™: Y " < 7}. (2.1)
=1
Put
max |u;(x)|P
k= max{ sup xes\?lu'\lp? : for 1<i< n} (2.2)
u; €(W2Pi (Q)NW, 7 (2))~{0} o

For p; > max{1, '} for 1 <i < n, since the embedding W2Pi () N Wol’pi(Q) —
C’O(Q) for 1 < i < n is compact, one has k < +oc.
Fix 20 € Q and pick s > 0 such that

S(z°,s) C Q (2.3)

where S(z°, s) denotes the ball with center at ° and radius of s.
Put

eV,

Op =

ord [[12(N+1). 24N 9(N—1)1
(ana )_ i /’ ( * )5_ 52 + ( s )é-
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0, = Gn(N,pn,xO,s)

li <121 o) 24(wi—af) | 9 —xg)ﬂ ’ =
S(x0,5)~S(z°,5) i=1

N
where I' denotes the Gamma function and | = \/

On = Qn(Napnv S)

ord (5N 7
r(N)( N

2

4 12 9
L6 — L8+ -
s s s

Pn
1| eVt dg) .

and for a given non-negative constant v and a given positive constant 7 with
pPn

Y. # L,7mP™ where k is given by (22)), put
E TT ps
i=1

Set

Ly :=0p + anbp + Bnon,

Ik sup F(z,t1,...,ty)de— [ F(z,0,...,0,7)dz
Q (tl,...,tn)eK( vbn )

Sz,
igl P
a-(v):

n—1
vPn — k( I pi>Ln7'pn
i=1
We formulate our main result as follows:

THEOREM 2.2. Assume that 2° € Q and s > 0 satisfy the condition 23)), and
there exist a non-negative constant v, and two positive constants vo and T with
%1

o< /L, T < ”j_l such that
p’i/k [T ps p’i/k I1 »:
i=1 i

(Al) F(z,0,...,0,t,) >0 for each x € Q. S(z, 5), t,, € [0,7];
(A2) ar(v2) < ar(11).

Then, for each A € }( 1 )a 1V , ( I )a 11/ [ the system (L)) admits
k _ljlpi (1) k ']:Ilpi 7 (v2)

i
at least one non-trivial weak solution uy = (uo1,

.oy upp) € X such that 1} <
n n
> I pilluoillp <%
=1j=1,0
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Proof. In order to apply Theorem 2] to our problem, arguing as in [7], we
introduce the functionals &, ¥: X — R for each u = (u1,...,u,) € X, as follows

O(u) =

=1

Di
and

U(u) = /F(x,ul(x),...,un(:v))dx.

Q

It is well known that & and ¥ are well defined and continuously differentiable
functionals whose derivatives at the point u = (uq,...,u,) € X are the func-
tionals ®'(u), ¥'(u) € X*, given by

= /Z | A ()P 2 Aug () Av; () da

/Zaquz )PV () V() da

and

_ /iFu (@, u1(2), - un (2))0s(x) da

for every v = (v1,...,v,) € X, respectively, while Proposition [2.1] gives that @’
admits a continuous inverse on X*. Moreover, ® is sequentially weakly lower
semicontinuous and coercive. Furthermore, ¥': X — X* is a compact operator.
Indeed, it is enough to show that ¥’ is strongly continuous on X. For this,
for fixed (u1,...,un) € X let (Ui, Unm) — (u1,...,u,) weakly in X as
m — +oo, then we have (u1y,...,Unm) converges uniformly to (uq,...,u,)
on Q as m — +oo(see [I5]). Since F(x,.,...,.) is C! in R™ for every x € €,
the derivatives of F' are continuous in R" for every x € €, so for 1 < i < n,
Fu,(z,u1my .oy Upm) — Fy,(x,u1,...,u,) strongly as m — +oo which follows
U (Ui e oy Unm) — B/ (U, ..., uy,) strongly as m — +oo. Thus we proved that
U’ is strongly continuous on X, which implies that ¥’ is a compact operator by
[15: Proposition 26.2].
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Set w(x) = (0,...,0,w,(x)) such that

0
wp(x) =< 7 if zeS(3)
T(HB =122 +21-1) if z€S(a%s)\ 5@ 3),
r= ”f" and ro = ”Ez:n . We have, for 1 < i <mn,
if e\ S(z%s)US(a,3)

0
awn(m) = 12l(xifx?) 24(zi7z?) 9 (mlfz?) . 0 0 s
( - +50, ) if reS(z”,s)\ Sz, 3)

2

8$i s3 s
and
8%w, () B 0 s . . ifxEQ\S(xO,s)US(xO,;

ozt T\ (BT S M) e e s N 5@ 3),

and so that

N 524, ) 0 ifzeQ~S%s)usS(’,s)

~ Oz} T (121(;\;+1) — N4 ngl) if z € S(x° s) N S(a?, ).

It is easy to see that w = (0,...,0,w,) € X and, in particular, since

ord [|12(N+1). 24N 9N —1)1["

A n Pn d — +Pn _ N-1 d
!er|x Tn%!‘ N
/Ian(x)|p" dz
Q Pn

_ lg: 2 <12l(:vi —af)  24(x; — ) n 9 (x; — x?))T 3 o

s3 82 s l

S(x0,8)\S(x, 3 i=1

o N 120(z; — 29)  24(x; —2) 9 (z; —20) 2%
- Z s3 B 52 + s l dz

S(x0,5)\S (0,5 i=1

and
oY (N [l4 ., 12, 9. |

wy ()P dz = 7P 2 —i—/ 3 Ry | N-lge,

!| @) r(g)<N [lag- s+ let] o as

we observe
Jwallgs = L™,
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1

From the condition < P/ LT < ”2_1 , we obtain
p’&/k [T »s p’i/k [T »:
i=1 i=1
ry < ®(w) < ra.

Moreover, from ([2.2)) for each (uq,...,u,) € X, we have

sup |u;i () [P < K|}

€N
fori=1,...,n. Then

n

ap3 1l

e ;0

Pi

[l
<k> (2.4)
—~ i

for each u = (uq,...,u,) € X. This, together with the definition of ®, yields
(] — o0, 1)) = {u = (U1,...,up) € X: ®u) < rz}

_ N Nl
=dueX: Z < 1y
1 P
Pn

n . Di
Q{ueX: Z'u’(x_) < :2 forallxeﬂ}.
i=1 bi I pi
=1

So,
sup U(u) = sup /F(:v, u(x),. .., up(x))de
(ulv""un)eé_l(]_ooﬂé[) (ulv""un)eé_l(]_mﬂ?[) Q
< sup F(x,ty,...,t,)dz.
trystn)ek (2"
B e )

Since 0 < w,, (x) < 7 for each x € Q, the assumption (A1) ensures that

/ F(x,0,...,0,wy(x))dz + / F(z,0,...,0,wy(x))dx > 0.
QNS(z9,s) S(z0,s)\S (20,5
Therefore, one has

sup U(u) — U(w)
ued~1 (] —00,r2)

ro — ®(w)
I sup F(x,t1,...,t,)de — ¥(w)
@ (b1, )R ( %gn )

¥(r1,7m2) <

<
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1=1
/ sup  F(x,t1,...,tp)de— [ F(x,0,...,0,7)d
“ (trsestn)ek ( vg" ) S(x0, 3

IT

Py
i=1

n—1
7 k( 11 pi>LnTp"

- <k1_]p><> .

On the other hand, arguing as before, one has

V)~ s W)
p(ri,ma) > u;z;)l(]__;?h[)
U(w) — f sup F(z,t1,...,t,)dz
. RO, n)GK(ﬁl )

Q(w) — 1

A%

.
i=1
J F(,0,...,0,7)dz — [ sup F(z,ty,...,t,)dx

s LPn
S5 D (ty,t)eR( )
I1

i=1

n—1
kCIT pi)Lp7Pe —oy™
i=1

n
= <k Hpi>a7(y1).
i=1
Hence, from Assumption (A2), one has ¥(r1,r2) < p(r1,r2). Therefore, applying

Theorem 2.1, for each \ € ] ( n )a (1) ( b )a (v2) [ the functional
k H Di T\ k pz

$ — AV admits at least one crltlcal point ug = (u017 .., Uon) € X such that
ry < @(uo) < Tro, that is

n n Vpn
< Z H P w2 < ; .
i=17=1,;2i
Hence, taking into account that the weak solutions of the system ([I.T) are exactly
the solutions of the equation ®'(u)— AW’ (u) = 0, we achieve the stated assertion.

0
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An immediate consequence of Theorem is the following.

THEOREM 2.3. Assume that 2° € Q and s > 0 satisfy the condition [Z3)), and
there exist two positive constants v and T with */L,7 < v such that

n—1
PRk T ps
i=1

Assumption (A1) in Theorem holds. Furthermore, suppose that

J sup F(x,t1,...,tn) dz
Q Pn
G tn)EK( Ilé[ ) /  F(z,0,..,0,7)dz
L pq S(z0,8)
(A3) Jom < L ;
(Il pi)LpTPn
i=1
(A4) F(z,0,...,0) =0 for very x € Q.
Then, for each
\e ( 1 ) L,mP" 1 P
Dn [ F(z,0,...,0,7)dz’ kjﬁp- f sup F(z,t1,...,t,)dz
§@%3) i ate (v
IT p;
=1
the system (1)) admits at least one non-trivial weak solution ug = (ug1, - - - , Uon)
n .
€ X such that sup 3 "0 v
cei=1 _Ul pi

Proof. The conclusion follows from Theorem [Z2] by taking v; = 0 and vy = v.
Indeed, owing to our assumptions, one has

k(fﬁl pi)LnTP™
- = . / sup F(z,t1,...,t,)dz
Q 4y, ta)ek( v
T
a-(v) < 1
vPn — k( I pi>Ln7'pn
i=1
/ sup F(x,ty,...,t,)dz
Q t1,..5tn K ;pn,
( )€ (7/g pi)
- Pn
| F(z,0,...,0,7)dz
S(x0,5
=a,(0).

n—1
k ( I pi> L, mPn
i=1
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In particular, one has

/ sup F(z,t1,...,t,)dz
2 (tta)er ()
11 »i
ar(v) < = e

Hence, Theorem [Z2] bearing (2.4]) in mind, ensures the desired conclusion. [J

We now point out the following relevant consequences of the main results,
when F does not depend on x € Q.

For a given non-negative constant v and a given positive constant 7 with
v 2 L,7Pn where k is given by (22)), put

n—1
Kk 'H1 pi
N/2
m(Q) max F(tl,...,tn)—(;)NF(”H_N)F(O,...,O,T)
(tl,...,tn)EK( ybn ) 2
RIS
br(v) = -

n—1
P — k( 11 pi>LnTp"
i=1

COROLLARY 2.1. Let F: R" — R be a C* function. Assume that 2° € Q and
s > 0 satisfy the condition (Z3)), and there exist a non-negative constant vy and
two positive constants vo and T with ”1_1 < ®/L,T < ”2_1 such that
’W/k Il »: p'&/k I1 »i
i=1 i=1
(B1) F(0,...,0,t,) >0 for each t, € [0,7];
(B2) br(v2) < br(11).

Then, for each/\e}( 1 ) 11/ ,( 1 ) 11/ [the system
kT1 ps br (1) pi br(v2)

i=1 1=

A(|Au’b piiQAui) - OérLApz’UJl + 51|u1 pi*2ui
ui = Au; =0 on 0f)
for 1<i<n, admits at least one non-trivial weak solution ug= (ug1, ..., uon) € X
DPn n n o
such that ”}c < E ‘ 11 pj”UOi 52 < Vi ‘
i=1j=1,;%;

Proof. Set F(x,t1,...,t,) = F(t1,...,t,) forallz€eQand t;,eR for 1 <i < n.

Since m(S(z?,5)) = (5)V F(ﬂli/;)’ Theorem [2.2] ensures the conclusion. O
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COROLLARY 2.2. Let F: R® — R be a C' function. Assume that 20 € Q and
s > 0 satisfy the condition ([23), and there exist two positive constants v and
T with /L, < v such that Assumption (B1) in Corollary 211 holds.

n—1
p"\'/k I1 pi
i=1

Furthermore, suppose that

m(Q) max F(t1,...,tpn)
(t1seme tnyex | ¥Pm R <N/2
! 51”"’) ()", 1+JZV)F(O,...,O,T)
<B3) vPn < n—1 ;
k( I1 Pi)LnTP"
i=1
(B4) F(0,...,0)=0.
Then, for each
\e } ( 1 ) L,7mP™ 1 P
pn/ (s\N 7N pg ’ n m(2) max F(t1,...,tn)
(2 ra+y) O 501 Mk T p (t1,otn) EK( 50" )
o iR
the system (2.3) admits at least one non-trivial weak solution ug = (ug1, - . ., Uon)
n .
€ X such that sup 3 "0 v
€N i=1 pi I p:
i=1

Proof. It is enough to apply Theorem 23] to the function F(x,t1,...,t,) =
F(t1,...,ty) forall z € Qand t; € R for 1 <i <n. O

We here want to point out the following consequences, which follow from
Theorem and Theorem 23] respectively.

Let f: Q x R — R be an L?-Carathéodory function, namely,
(k1) * — f(x,t) is measurable for every t € R;
(k2) t — f(z,t) is continuous for almost every x € €;

(k3) for every ¢ > 0 there exists a function I. € L?(Q) such that
sup |f(z, )] < ls(x)
[t]<s

for almost every x € €.
¢
Let F be the function defined by F(z,t) = [ f(z,s)ds for each (z,t) € QxR.
0

Let «; and (1 are two non-negative constants and p > max{1, ];7 .
Given a non-negative constant v and a positive constant 7 with ()P # Li7?

where
max |u(x)|
k= sup e

u€(W2:P(Q)NWy P (Q))~{0} [[ullp
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where
1/p
lull, = (/ |Au(x)|P de 4+ oy / |Vu(x)|P dz + £ / lu(z)? dx)
Q ) Q
put
[ sup F(z,t)de — [ F(z,7)dz
Q [t <y S(a9,3
erv) = P — Ly (kr)P

THEOREM 2.4. Assume that 2° € Q and s > 0 satisfy the condition [Z3)), and
there exist a non-negative constant v and two positive constants ve and T with
"< /LyT < 2 such that

(C1) F(x,t) >0 for each (z,t) € (Q NS (a0, ;)) x [0,7];
(C2) cr(v2) < cr(vq).
Then, for each X\ € }( ! ) ! ( ! ) ! [ the problem

pk? Jcr(v1)? \ pk? ) cr(v2)
A(|Au|P72Au) — a1 Apu + Bi|ulP~2u = Mf(z,u) in Q, 26)
2.6
u=Au=0 on 00

admits at least one non-trivial weak solution ug € W2P(Q) N Wol’p(Q) such that

V2

1/p
’2 < (/|Au0(x)|pdx+a1/|Vu0(x)|pdx+61/|u0(x)|pdx> <.
Q Q Q

THEOREM 2.5. Assume that 2° € Q and s > 0 satisfy the condition Z3)), and
there exist two positive constants v and T with /LT < v such that Assump-
tion (C1) in Theorem [Z4] holds. Furthermore, suppose that

J sup F(z,t)d= [ Flxr)de
3 Q |t|<v S(29,3)
( ) P < kPL, TP
Ly7P vP
Then, for each A € L) I IF(LT) dz’ pkv [ sup Fla.t) dz[ the problem (2.0) ad-
S(xo’s) Q [t <v

mits at least one mon-trivial weak solution ug € W2P(2) N Wol’p(Q) such that
luolloo < V.

t
Let f: R — R be a continuous function, and put F(t) = [ f(£)d¢ for all
0

t € R. We have the following results as direct consequences of Theorem [2.4] and
Theorem 28] respectively.
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THEOREM 2.6. Assume that 2° € Q and s > 0 satisfy the condition 23)), and
there exist a non-negative constant v, and two positive constants vo and T with
"< YLyt < %2 such that
(D1) f(t) >0 for each t € [—vo, max{vs, T}|;

m(@)F(v2)—(5)V %
(D2) r(i+4)

I/g—Ll(kT)p

Then, for each

N/2

T F(t
(1+) (7)
I/f—Ll(k'T)p

F(r) Tfl(Q)F('/l)*(S)NF
<

1 v — Ly(kT)P 1 vh — Li(kT)P
AE]<pk">m<Q>F<u1>—(S)N A F<T>’(pk”)m<ﬂ>F<uz>—<;>N o x ()

27 ra+y) ra+4)
the problem
{ A(JAuP72Au) — a1 Apu + Br|ulP2u = Af(u) in Q,

(2.7)
u=Au=0 on 0N

admits at least one non-trivial weak solution ug € W2P(2) N W, P(Q) such that

V2

1/p
’2 < (/|Au0(x)|pdx+a1/|Vu0(x)|pdx+61/|u0(x)|pdx> <
Q Q Q

Proof. Set f(z,t) = f(t) for all x € Q and ¢t € R. From the condition
W< YLyt < 2, we get 1 < vo. Therefore, Assumptions (D1) means
f(t) > 0 for each t € [—v1,11] and f(t) > O for each t € [—vs, 5], which

follow max F(t) = F(»1) and max ]F(t) = F(v2). So, from Assump-
te

te[—v1,v1] —Va,V2
tions (D1) and (D2) we arrive at Assumptions (C1) and (C2), respectively.
Hence, we achieve the conclusion by applying Theorem 2.4 observing that the
problem (2.6) reduces to the problem (2.7). O

THEOREM 2.7. Assume that 2° € Q and s > 0 satisfy the condition ([23), and
there exist two positive constants v and T with /LT < v such that

(D3) for each t € [—v, max{v, T}];

(s)N 7rN/2
(D4) m(@) 7 < P D,
Lit? vP
Then, for each X\ € } (11)) () N2 Py’ (p,ip)m(Q)F(y) [ the problem (27 ad-

ra+4)
mits at least one non-trivial weak solution ug € W2P(Q2) N Wy P(Q) such that
luolloo < V.

We give a special case of our main result as follows.
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THEOREM 2.8. Let oy, (1 be two non-negative constants, h: @ — R be a positive
and essentially bounded function and g: R — R be a non-negative function such

that
t

= +00.
t—o+ tP—1

vP

Then, for each A € }0, ( [, the problem

; ) sup
pk? [ h(z) = v>0 [ g(6) de

A(|AuP72Au) — a1 Apu + Bi|ulP~2u = Ah(z)g(u) in Q,
u=Au=0 on 082

admits at least one non-trivial weak solution in W2P(Q) N W, ().

v

Proof. For fixed A\ € }O, ( » ! ) sup , ¥ [, there exists positive con-
phr Jr()de )0 Jo(e)de

stant v such that
A< < ! ) v
kP [h(z)dz ) ¥ ’
PR PR A2 o) e
0

fg(f) g

0
tp

g(t) _

Moreover, the condition lim ;% = +oo yields lim = +00. Therefore,
t—0+ t—0+

we can choose positive constant 7 satisfying ¢/Li7 < } such that

d
I ) _ Of g(&) d¢
Ap | h(z)dz ™
Sz,
Hence, Theorem leads to the conclusion. O

v

sup " . The result of
ve]0,| Ofg(g) dg

Theorem 2.8 for every A €]0, A, [ holds with |ug(x)| < 7 for all z € Q where ug is
the ensured non-trivial weak solution in W2?(Q)NWy?(Q) (see [2: Remark 4.3]).

Remark 2.1. For fixed v put A\, := (pkl"fill(x)dm)
Q

Finally, we present the following example to illustrate the result.

Ezample 2.1. Let Q = {(z,y) € R? : 22 + 4% < 9} and p = 4. Consider the
problem

(2.8)

A(JAulAu) = A1+ e (uF)2(3 —ut)) in Q,
u=Au=20 on 0.
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where vt = max{u,0}. Let
g(t) =1+ (123 — 1)

for all t € R where t* = max{t,0} and h(z) = 1 for every x € Q. It is

clear that lim+ gt(?f) = +00. Hence, taking Remark 2.T] into account, by applying
t—0
9x6*

. . 2
Theorem 2.8 choosing o; = #; = 0, since k* = 580..3 » TOT every \ € ]O, %Bfgﬁ 1te [

the problem (ZJ) has at least one non-trivial weak solution ug € W24(Q) N
Wyt (Q) such that |Juo|lee < 1.
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