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ESTIMATES ON THE DIMENSION
OF AN EXPONENTIAL ATTRACTOR
FOR A DELAY DIFFERENTIAL EQUATION

SAKINEH HABIBI

(Communicated by Philip Korman)

ABSTRACT. We study the long time behavior of delay differential equation,
considered in a bounded domain in R%. Using the short trajectory method to
prove the existence of the exponential attractor. Also we have estimates on the
fractal dimension of an exponential attractor.
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1. Introduction

In this note we restrict our attention to the DDE
2! (t) = —pa(t) + f(x(t — 7)), 1)
z(0) = ¢(0), 0 € [-T,0]. )
Where > 0, 7 > 0 is a fixed delay time and f: [0,00) — [0, 00) is a continuous
function and f(0) = 0.

Also ¢ is a given function in the space of continuous functions from [—, 0] to
R. This space is denoted by C' = C([—7,0]; R) and endowed with the uniform
norm topology.

(Ifll = max{|f(t)| : ¢ € [-7,0]},

and
diste (f(t), 9(t)) = max{|f(t) —g(t)| : t € [-7,0]}).

2010 Mathematics Subject Classification: Primary 34D45.
Keywords: global attractor, delay differential equation, fractal dimension, short trajectory
method, exponential attractor.
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Every ¢ € C uniquely determines a solution z: [—7,0] — R of ODD (1)
such that z(0) = ¢ (initial function) and z satisfies DDE (1)) for all ¢ > 0. In
fact x(t) is found by the method of steps: z is known for t € [—7,0], if & € Ny
and n = k7, then, for n <t <n+ 7, = is defined by

t

z(t) = e Pty (n) 4 /e”(ts)f(:r:(s —7))ds. (1.2)

n

Let z4(s) = z(t+s), s € [-7,0], t > 0 represent the segment of a given solution
z(t) on the interval [t — 7, ¢].

Furthermore, it is assumed that f: [0,00) — [0,00) is a globally Lipschitz
function

[f(@) = fyl <Lz —yl  forall z,y>0 (1.3)

and there exists a constant 8 such that
flx) <5, forall x> 0. (H1)

Let z(t) be the solution of (II). Multiply by e*! and integrating this equation
to get

z(t) = z(0)e ™ + /e”(ts)f(x(s —7))ds, (1.4)

LeEMMA 1.1. If f is Lipschitzian then the solution is unique.

Proof. Let z(t), z(t) be two solutions on [—7,T]. We subtract equations for
z(t), Z(t) to get

(t) — (t) ¢
= (2(0) — 2(0))e ™" + /e”(”) [f(x(s = 7)) = f(@(s = 7))] ds,
|z(t) — Z(1)]

= |(2(0) — 5(0))e " + /e_“(t I (a(s — 7)) — f(@(s — )] ds],
0 for all t € [0,T]

| | ¢
< |z(0) — Z(0))| e + L/e”(ts) lx(s — 7)) —Z(s — 7)| ds,
0 forall ¢e€[0,T)
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We assume x = 7 in [—7, 0], we obtain
t
lx(t) — Z(t)] < L/e”(ts) lx(s — 7)) —Z(s—7)| ds
0

since Ofte”(ts) lx(s — 7)) —Z(s—7)| ds < “of lx(s — 7)) —Z(s — 7)| ds,

t

o) -F0| <L [ sw |o(w)-Fw|ds,  te[0.T]

Then if g(s) = sup |z(u) — z(u)|,

—7<u<ls

lx(t) — Z(t)] < L/g(s) ds, te0,T]

~

swp |e(t) —F(0) < sup L / Jwydu, o e0,T],
—7<t<o —7<t<o 5

g

glo) <L [ g(u)du, o €[0,T],
/

It follows from integral form of Gronwall’s inequality that g(o) = 0 and hence
z(o) = Z(0), for all o € [—7,T7. O

The mapping S: Rt xC — C, S(t,¢) = x4, for all t > 0 (where z is the unique
solution with the initial condition ¢) is well defined and have the semigroup
property for DDE (IL1l), i.e., S(0) = I and S(t +s) = S(t)S(s) also S(t)y is
continuous in ¢ and is continuous respect to ¢. Hence (S(t), C(|—,0],R)) for
all £ > 0 is a dynamical system.

Let us consider a sequence ¢,, € C' = C([—7,0],R) such that ¢, — ¢ in C.
We set up, (t) = S(t)en, u(t) = S(t)e for all t > 0. we must show wu,,(t) — u(t)
asn — oo in C.

By uniqueness of solution and

t
un(t) = S(t)pn = un(0)e™ " + /e_u(t_s)f<5<3 —7))pn(0)ds
0
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where s,t > 0, —7 < ¢ < 0 and use of Lebesgue’s convergence theorem

n—oo

t

lim u,(t) = p(0)e " + /e”(ts)f(S(s —7))p(o)ds,
0

fort >0, —71<0<0

lim S(t)pn = S(t)p = u(t).

n—oo

We recall several notions from the theory of dynamical systems and analysis.
(S(t),C) is called dissipative, if there is a bounded set W C C such that, for
any bounded set B C C, there is a time to = to(B) such that S(t)B C W for all
t > to.

A set A C C is called a global attractor, if

(1) A is compact;
(2) S(t)A = A, for all t > 0;
(3) diste(S(t)B, A) — 0 as t — oo, for any B C C bounded.

Of course, if a global attractor exists, then it is unique.
DEFINITION 1.1. Let X’ be a Banach space. By N (A, p) we denote the smallest

number of sets with diameter < 2p that cover A C X. The fractal dimension is
defined by

d?,(A) = lim sup In N (A e) :

e—0+ —Ine
DEFINITION 1.2. The set £ C X is called exponential attractor for (S(t), X) if
(1) & is compact;
(2) ()SCS for all ¢t > 0;
(3) d%(€) < oo
(4) exists ¢ > 0 such that, for any B C X bounded, distc(S(t)B,E) < Cre™ 7",
DEFINITION 1.3. Set £* C X is called exponential attractor for the dynamical
system (S™(t), X) if
(1) &* is compact;
(2) SH)E" C &
(3) d%(£%) < o0;
(4) There exist o, C7 > 0 such that, distc(S"X,E*) < Cie~ 7™, for all n € N.

The following lemma gives a useful help to get desirable result.
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LEMMA 1.2. Let S: X — X be Lipschitz continuous, and let there exist 8 € (0, 1)
and a constant K > 0 such that for any p > 0, F C X with diamy(F) < 2p,

Nx(S(F),0p) < K.

Then, the dynamical system (S™, X) has an exponential attractor £*, and

In K
~— —In6

Proof. Seee.g. [3]. O

dim?, (%)

A

LEMMA 1.3. Let £* be an exponential attractor for (S™,X), where S = Sy« with
some fized t* > 0. Assume that Six is locally Lipschitz continuous w.r. to t
and x. Then there exist an exponential attractor £ to (S, X) such that

dim%, (£) < dim?, (£*) + 1. (1.5)
Proof. seee.g. [3]. O

THEOREM 1.1. The following are equivalent.

(1) Dynamical system (S™, B) has an exponential attractor E*;
(2) There exist a,b >0, § € (0,1) and K > 1 such that

Ne(S"B,ab™) < bK™, for all n €N, (1.6)

where k is Lipschitz constant of L.

Proof. The existence of £* implies (I6) with § = e~ and K = e%°, where o
is the constant appearing in above definition and d > 0 is arbitrary number such
that dim?(é‘ *) < d. conversely, if (L6) holds, we can construct an exponential

attractor such that

. . InK
dlme(E ) < e

and definition holds with ¢ = —In#. For more details see [4]. O
F C C is equicontinuous means
Ve € (0,00) 30 € (0,00) Vf €F Vi, te € [—7,0]:
[ty —t2| <6 = [f(tr) — f(t2)] <e.

By Arzela-Ascoli theorem a subset F' of C'([—7,0],R) is compact iff it is closed,
bounded and equicontinuous.

A continuous map T: X — X is conditionally compact continuous if A C X
bounded and T'A bounded imply T'A is compact. T is completely continuous if
it is conditionally compact continuous and also a bounded map.
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2. Global attractor

LEMMA 2.1. Under hypotheses (H1), the semigroup S(t) generated by (LI) is
a bounded map and is dissipative. Thus, there is compact global attractor A.

Proof. Let us first show that S(¢) is dissipative. If we multiply Eq. (II]) by e/
a'(t) = —px(t) + f(z(t — p)),

d ut _ ut
() = Flalt = m)er,

o (ea(t)) < et

integrating this equation we obtain
t
eMx(t) — 2(0) < /Be‘” ds,
0

z(t) < z(0)e M + 5(1 —e M), forall ¢t >0,
i

and then limsup z(t) < 25. Since x(t) is bounded above then —f(z(t — 7)) is

t—o0
bounded below by constant K. By the same arguing as above

d
ella(t)) > - e,
MCEDERY

K
z(t) > z(0)e ™ — " (1 —e ) forall t>0,
L

one obtains that lim inf z(t) > —oK.
t—o00 H

The set B = {u(t) € C: |[u@®)] < p, p = 25} is bounded invariant and
absorb in set for S(t,¢) in C: i.e. u(t) € B, for all ¢t > T, with Tj defined by the
condition |p(0)| = 256_“T0 if p(0) > 0 and T = 0 for ¢(0) < 0.

The inequality immediately proves dissipativeness of equation (LIJ).

Let B € C([-1,0],R) is bounded and F' = S(t)B, We want to show S(t)B is
compact.

(1) S(t)B is bounded; let ¢ € B is bounded then by (LL5)
t
(0] £ e O ()] + [0 |f(a(s - )] ds

0
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by (H1) and boundedness of 2(0) we get as wish. Or if ¢t = 1 in right hand

()] <e et - 1) + /e”(ls) [f(x(s = 7))l ds,

I T
|z(t)] < e™* |o(0)] + u( 1),

S(1)p is bounded then S(t)¢ is bounded for all ¢ > 0.

(2) S(t)B is equally continuous, i.e., fo rall € > 0 there exist 6 > 0 s.t. for
t1,ts € [—T O] |t1 —t2| <é

|(t1 —xt2|—‘/ dS

/|—/m )+ 1fals = )] ds

\/ —pa(s) + (s — ) ds|,

by (H1) and boundedness of z(s) in s € [t1, t2],
|$(t1)—$(t2)|§|t1—t2|M, M:MN—Fﬁ

where N = sup |z(s)| for all s € [t1,15], it is enough we choose § = 7.
By (1) and (33) and Arzela-Ascoli theorem S(t)B is compact, then S(t) is
completely continuous for any ¢ > —7. Thus, the existence of the global attractor

of the equation (L)) is an immediate consequence of [It Theorem (3.4.8)]. O

3. Exponential attractor

The aim of this section is to prove that ({S(t)}¢>0, C([—7,0],R)) has an
exponential attractor, also we will show the estimate of its fractal dimension,
the main idea of the proof is to use the so called method of trajectories, cf. [2]

One usually first constructs the exponential attractor for a certain discrete
dynamical system (S™,C) subgroup of S; generated by L = S(7) with fixed
delay time 7. Then use of Lemma (1.3) to extend it for the entire dynamics.

We estimate the difference of the time derivatives. we establish a kind of
“smoothing property”. C is replaced with the smaller Banach space C! =
C1(]0, 7], R) of continuously differentiable functions f: [0, 7] — R with the norm
given by ||fllcx = I fllc + 11/ |lc, Then a result of the compact embedding of C*!
into C' will complete the proof.
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LEMMA 3.1. The mapping L is well defined and (global) Lipschitz continuous.

Proof. We assume as Lemma (1.1) that x(t), Z(t) be two solutions on [0, 7]
with initial function ¢ and 1. We subtract equations for x(t), Z(t) to get

|z(t) — z(t)] < [(z(0) — z(0))| + L/ |z(s —7) —Z(s — 7)| ds, teo,7],

jz(t) = 2(8)] < [x(0) = z(0)] + L / j(u) = z(u)| du,  t€[0,7],

() =ZW < 0 = Glle + LY = o< O+ IOl = bl tE[0,7)

2(t) = Z(t)| < ki|j = ¥]loy k= (+Lr), te[0,7]

sup [z(t) — Z(1)| < ka|vb — 9| .

0<t<r
||I(t) - E(t)Hc[o,r] < lel/J - JHC’
1S = S(r)i|| . < Rl =l .

Which asserts that L = S(7) is Lipschitz continuous.
Let z = s(7)y and = S(T)@Z be two solutions

|i(t) = 2(t)| < ple(t) = FO] + |f (@t =) = f@E=T)],  teloT],

)aa(t) —z(t)‘ <ple(t) —FW)|+ Llxt — 1) —F(t —7)|, s=t—7¢€|-7,0]

< ple(t) = FO)| + L]p(s) ~ 5(s)

take supremum respect to ¢ on [0, 7]
li6) =2(0)] o < pha]|o = + Llv = 9|
i) =zl < Rolle =Dl ko= ki + L,
then
120 = L o < ][00 =
Where & = ki + ks. O
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LEMMA 3.2. Let M > !, B > 0. The set
A={xeC(0,t*],R): |X|< M, LipX < B}
can covered by K balls of radius 1 in the space C([0,t*],R), where

K <C@Et'B+1)(InM+1). C>0 (3.1)
Proof. We consider points to = 0 < t; < --- < t,, = t* such that t,11 — t; <
§:= .. Thenn < % +1<5Bt" + 1.

Furthermore, there exist point z;, j = 1,...,m, in R such that Br (xj, é)
cover Bg(0, M), then m < (3]1\/[) = 15M.
5

We consider the set
N={x:[0,t"] > R: X(t;) ==, and linear in [t;,t;41]},
if K is cardinality of N then,
Ink=Inm"™ <In(15M)(5Bt* +2) < C(t*B+1)(In M + 1).

We claim that the balls B(X,1), X € N cover the set A. Let 1) € A be arbitrary
function, there exists X () € N such that | X (¢;) —¢(t;)| < 5, i=0,...,n we
want to show for all ¢ € [0,t*], |X(t) —¥(¢)| < 1.

It suffices to show this for fixed t € [t;,¢;11]-

() = o(8)] < |X(E) = X(E)] + X (L) — (E:)| + [0 () — ¥(2)]
< IX(0) — X ()] + | + 0B < (1) — (1) +
By piecewise linearity of X in [t;,t;11] we get

| X(8) = X ()] <X (tia) — X(E)]-

Also
|X (tiv1) — X (t)| < |X (Fiv1) — Y (Fig)| + [P (tir1) — 0 (E)] + [9(t:) — X ()]
1 1 3
< 0B < .
= + + 555
and we done as desired. O

THEOREM 3.1. Let L = S(7), then the semigroup (L™, B) has exponential at-
tractor £*, and
. . InK
dlmfc(é’ ) < e
Where K = N (Ber (05 1), ).
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Proof. The key step of the proof is to show that, for F C B with diam¢c(F')
< 2p, there exist 6 € (0,1) and K > 0 independent of F' and p s.t.

N¢(L(F), pf) < K. (3.2)
Once this is done, we establish by induction that
Ne(L"B,0"R) < K"

where R = diam¢(B). And the conclusion follows from Theorem 1.1.

To prove [B.2), by diama(F) < 2p, we have F' C B¢ (fo,2p) for arbitrary
function fy € F, then L(Bc(fo;2p) N B) C Bei(Lfo; 2kp), where & is Lipschitz
constant of L on C!' (Lemma 3.1), which can be covered by K balls with radii

e_;p centered in C' which can in turn be replaced by the balls with a radii e ™7p

centered in B with y = —Inf and 6 = }, i.e LF C UBC(fj;Gp), fj € B. Thus,
we have shown that ’
Ne(LF,0p) < K,
and K independent of F' and p. Also we know that
Ne(Ber(f5326p),0p) = Nea (Be(0;1), 4., ).
By Lemma (3.1) the set L(F) is contained in L(fo) + A, where
A= {X eC: |X|<2kp, LipX < 2/£p},

This covering is equivalent to the problem of this satisfy in condition of Lemma 3.2
with M = 4k, B = 4k. Then

InK <CrB+1)(InM+1) <CArc+1)(Indr+1) < Cy (7 + 1)(Ink + 1).
Then
dim%, (£%) < C'(rk + 1)(Ink + 1). (3.3)
O

THEOREM 3.2. The dynamical system (S(t),C) associated with DDE (L)) has
exponential attractor €. its fractal dimension is estimated as

dim%, (&) < C'(rk+ 1)(Ink + 1) + 1. (3.4)

Proof. we must the first prove that S(¢) is local Lipschitz continuous w.r. to
x and t. By which is shown in Lemma 2.1

||St1$ — Stszc < M|t1 — t2|, ti,to € [O,T]
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Let T > 7 and z(t1) and Z(¢;) are two solutions

lz(t1) — Z(t1)] < |2(0) — z(0)|e 0 + L/e”(tls) |x(s —7) —Z(s—7)| ds

0
t1

+ L/e”(tls) lz(s —7) —Z(s —7)| ds, t1 € (0,7,
By the same arguing as Lemma 3.1
t1

l2(t) — Z(t1)| < k|| — JHC +L/ sup |z(u) — Z(u)| ds, t1 € (0,7,
0<u<s

T

Then if g(s) = sup |z(u) — Z(u)|,
0<u<s

t1

() — E(ta)] < k[l — B ||, +L/g<s> ds,

sup |x(ty) — F(ta)] < k| — 9 ||, + sup L/g(s)ds te0,T],
0<t; <t 0<t; <t

’
o) <hallv = Do+ L [ 9(s)ds,
use of integral form of Gronwall’s inequality
9(6) < Rall = B o4,
() = )l co.ny < ul|to — || 27,
|(8) = Z(t) | o, < Faljto — 4 || 2T,

() = 31l 0,0 < kel — ¥ ||
Then

HS(W _ S(t)JHC[OJ] <kl =3l tel0,T), T>T

for evaluation the dimension we substitute ([B.3) into (LH), yielding ([B3.4) and
this prove the lemma. O
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