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ABSTRACT. In the present investigation, we obtain some subordination and
superordination results involving Hadamard products for certain normalized
analytic functions in the open unit disk. Relevant connections of the results,
which are presented in this paper, with various other known results are also
pointed out.
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1. Introduction

Let 7 be the class of analytic functions in the open unit disk
U:={z: z€C, |z| <1}
Forne N:={1,2,3,...} and a € C, let
Hla,n) ={f: fe€ and f(2)=a+anz" +apn 12" +...}.
Let &7 be the subclass of J# consisting of functions of the form

flz)=2z+ Z anz". (1.1)

For f and F' be members of the function class 7, the function f is said to be
subordinate to F'in U, or the function F' is said to be superordinate to f in U, if
there exists a Schwarz function w(z), which is analytic in U with w(0) = 0 and
|lw(z)] < 1 (z € U), such that f(z) = F(w(z)) (z € U). In such a case, we write
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f<F (z€U)or f < F (z € U). Furthermore if the function F' is univalent in
U, then we have that the following equivalence holds (see [12119]);

f<F (2€U) < f(0)=F(0) and f(U)C F(U).

Let ¢(r, s,t;2): C3 x U — C and let h be univalent in U. If p is analytic in U
and satisfies the following differential subordination

¢(p(2), 20'(2), 2%p"(2);2) < h(z) (2 € ), (1.2)

then p is called a solution of the differential subordination (L2]). The univalent
function ¢ is called a dominant of the solutions of the differential subordina-
tion (L2) or, more simply, a dominant if p < ¢ (z € U) for all p satisfying
([T2) is said to be the best dominant. A dominant ¢ that satisfies the subor-
dination relationship ¢ < p (z € U) for all dominants ¢ of (L2) is said to be
the best dominant. Let ¢(r,s,t;2): C2 x U — C and h be analytic in U. If
p and p(p(2), 2p'(2), 2%p" (2); z) are univalent in U and satisfying the following

differential superordination

h(z) < p(p(2), 20 (2), %" (2);2) (2 € 1), (1.3)

then p is called a solution of the differential superordination (I3]). An analytic
function ¢ is called a subordinant of the solutions of the differential superordi-
nation (3] or, more simply, a subordinant if ¢ < p (z € U) for all p satisfying
(C3). A univalent subordinant ¢ that satisfies the subordination relationship
q < q (z € U) for all subordinants ¢ of ([I3]) is said to be the best subordinant.

For two functions f(z) = 2+ E apz" and g(z) = z+ ) b,2", the Hadamard
n=2
product (or convolution) of f and g is defined by

(f *9)(z —Z+Zanbz (g% f)(2). (1.4)

For positive real parameters oy, Aq,...,0q,A; and S1,B1,...,0m,B
(I,meN=1,2,3,...) such that

m l
1+ZBm—ZAnZO (1.5)
n=1 n=1

the Wright generalization [33]

lqjm[(ala Al)v ) (alvAl); (ﬁlvBl)v B (ﬁma Bm);z]
= Z\Ilm[(anvAn)l,l(ﬁann)l,m;Z]
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GENERALIZED HYPERGEOMETRIC FUNCTION

of the hypergeometric function ,F, (a1, ..., ap; B1,. .., Bq; 2) is defined by
1o [ (e, A)1,0(Bes Bi)1,m; 2]

00 m -1,
ZO{HF Ozt+nAt}{1_[()F(ﬁt+nBt} ';!, »ecU.
n= = t—

IfA,=1((=1,2,...,0) and B, =1 (t = 1,2,...,m) we have the relation-
ship:
QI\I’mKO‘tv )ll(ﬁta )1 my % ]ElFm(Oél,...al;ﬂl,...,ﬁm;z)
o
= (B)n - (Bm)n n

(I <m+1;l,m e Ny = NU{0}; z € U) is the generalized hypergeometric
function (see for details [33]) where N denotes the set of all positive integers and
(A)p, is the Pochhammer symbol and

0= (tr_l[onat))l (f[orwn). (1.7)

By using the generalized hypergeometric function Dziok and Srivastava [13]
introduced the linear operator which was subsequently extended by Dziok and
Raina [14] by using Wright generalized hypergeometric function.

Let ©[(ay, At)1,15 (Bt Be)1,m|: @ — o7 be a linear operator defined by
@[(at, At)u; (57&, Bt)1,m]f(2) =z Ql\IJmKata At)l,l; (ﬁtht)l,m; Z} * f(Z)
We observe that, for f(z) of the form (L)), we have

@[(Oét, A (B, Bt)l,m}f(Z) =2+ Z on(ar) anz" (1.8)

where 0, (1) is defined by
Ol'(o; + A1(n—1))...T(y + Ai(n—1))
(n—=1IT(B1 + Bi(n—1))...T'(Bm + Bn(n —1))
and Q is given by (L7).
For convenience, we write
Olen]f(2) = Ol(ar, A1), ..., (a1, Ar); (Br, Br), -+, (B, Bm)1f(2). (1.10)
In view of (L), we get,
2A1(0[a1]f(2)) = a1Olag + 1]f(2) — (a1 — A1)Oaq]f(2), A1 >0. (1.11)

It is popularly known in the literature as Wright’s generalized operator. Sev-
eral interesting operators, which are special cases of the linear operator (L8]
have been widely studied by Dziok and Srivastava [13], Carlson and Shaffer [0],

(1.9)

on(aq) =
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Ruscheweyh [26], Cho et al., [THI], Choi et al., [11] and others (also see [15]
and [32]).

Making use of the principle of subordination various subordination theorems
involving certain integral operators for analytic functions in U were investigated
by Bulboaca [5] (see also [4]), Miller and Mocanu[19], Owa and Srivastava [24].
Further, Miller and Mocanu [20] and Bulboaca [4] extended the study to differ-
ential superordination as the dual problem of differential subordination, later the
study has been taken by many researchers like Ali et al., [I], Aouf and Mostafa
[2], Cho et al., [10], Magesh et al., [I7,[18], Mostafa and Aouf [2I], Murugusun-
daramoorthy and Magesh [22], and Shanmugam et al., [28] and others.

In the the present investigation, we study the subordination and superor-
dination results of the linear operator defined by (LJ)). Also we obtain the
sufficient condition for certain normalized analytic functions f(z) in U such that
(f*¥)(2) # 0 and f to satisfy

(o) < <®[a1}(i*¢>)(z)>"< - ]z<f - )>”<q2<z)’ (1.12)

where q1, ¢o are given univalent functions in U with ¢1(0) = 1, ¢2(0) = 1 and

o0

O(z) = z+ Z 2", U(z) = z + > ppz™ are analytic functions in U with
n=2

An >0, pn Z 0 and An > y. Further, we state the number of known results as

their special cases. In order to establish our main results, we need the following
definition and lemmas:

LemMma 1.1. (25 p. 159, Theorem 6.2]) The function L(z,t) = a1(t)z +
as(t)z? + ... with a1(t) # 0 for t > 0 and tlim lai(t)] = +o0, is a subordi-
—o0

nation chain if
OL(z,t)
0z
Re{ dL(Zt)}>0, zelU, t>0.

ot

DEFINITION 1.1. ([20: p. 817, Definition 2]) Denote by @, the set of all functions
f that are analytic and injective on U — E(f), where

E(f) ={¢e€dU: hmf = oo}
and are such that f/(¢) # 0 for ¢ € OU — E(f).

LEMMA 1.2. ([19: p. 132, Theorem 3.4h]) Let q be univalent in the unit disk U
and 6 and ¢ be analytic in a domain D containing q(U) with ¢p(w) # 0 when
w € q(U). Set

Q(2) = 2q'(2)9(q(2))  and  h(z):=0(q(2)) + Q(2).
Suppose that
(1) Q(z) is starlike univalent in U and
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GENERALIZED HYPERGEOMETRIC FUNCTION

(2) Re{Zh,(Z)} >0 for z € U.

Q(=)
If p is analytic with p(0) = q(0), p(U) C D and
0(p(2)) + 2p'(2)d(p(2)) < 0(a(2)) + 2¢'(2)$(a(2)), (1.13)
then
p(z) < q(z)

and q is the best dominant.

LEMMA 1.3. ([B: p. 289, Corollary 3.2]) Let q be convex univalent in the unit
disk U and 9 and ¢ be analytic in a domain D containing q(U). Suppose that

(1) Re{"(q(2))/¢(q(2))} > 0 for z € U and
(2) ¥(2) = 2¢'(2)p(q(2)) is starlike univalent in U.
If p(z) € A[q(0),1]NQ, with p(U) C D, and ¥(p(z))+2p’(2)p(p(z)) is univalent
in U and
9(q(2)) + 2¢'(2)(q(2)) < I(p(2)) + 20 (2) 0 (p(2)), (1.14)
then q(z) < p(z) and q is the best subordinant.

2. Subordination results

Using Lemma [[2], we first prove the following theorem.

THEOREM 2.1. Let ®, ¥V € &7, v, € C (i=1,...,3), 73 # 0, u,n € C and q be
convex univalent with ¢(0) = 1, and assume that

72, 24(2) Z(J"(Z)} ;
Re{%q( ) q(2) e q(z) 70 el 2
If f € & satisfies
A(%)i’ <f7 (I)a \I/) = A(f: (I)a \Ilz 1, 727/73) <7+ ’qu<Z) +73 Zj(ij)’ (22)

where
NGO (f; @, )

=t (PO (s i)

7 [ Ol 0 2 0 Olar +2)(/ « ¥)(2)
A" Blaal(f + @)(2) Olon+1)(f + ¥)(2)

and A1 > 0, then

<9[aﬂ(fz* @)(z))” (@[al Cirew (Z))” < q2)

and q is the best dominant.

4 —p(ar+1) +arl(p+1) —nl|,

(2.3)
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Proof. Define the function p by

Olan](f * @)(2) " z !
= U). 2.4
p(z) < 2 Olar + 1](f * ¥)(2) zel). @24
Then the function p is analytic in U and p(0) = 1. Therefore, by making use of
(24) and (II1)), we obtain
zp' ()
p(z)

e <@[a1](f; (I))(Z))n (@[ou + 1]?1‘ x sz)(z))H

Y1+ v2p(2) + 3

V3 Olar +1(fx®)(2) _ Olar +2(f *¥)(2) | B
1 G e g Ly * el ”(]2 !
By using (23] in (2.2), we have .
" +72p(2) + 73 Zﬁ(g) <71 +72q(2) + 73 Zj(g) : (2.6)

By setting
bw) =y +yw  and )=,

it can be easily observed that 6(w), ¢(w) are analytic in C\{0} and ¢(w) # 0.
Also we see that

= 2¢(z z)) = 20 (2)
Q(z) = 2q'(2)0(a(2)) = 13 )
and /
B(e) = 004(2) + Q=) = 71+ 7aal) + 2

It is clear that Q(z) is starlike univalent in U and
zh(z) } { V2 zq'(2) 2q"(z) }
Re = Re q(z) — + 1+ > 0.
Vo0 117 g 7 ()
By the hypothesis of Theorem 2.1l the result now follows by an application of
Lemma n

COROLLARY 2.1.1. Let &, ¥ € &7, v; € C (i = 1,...,3), 73 # 0, u € C,
—1< B < A<1 and assume that (Z1)) holds true. If f € &/ and

) 1+ A A—-B
A(%)?(f;‘bv‘l’) <71+ 72 ‘ + 73 ( )2

1+ Bz (1+ A2)(1+ Bz) 27)

and Ay > 0, then

(DN (o) <L

HA4z 4o the best dominant.

and 1182

1202
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Takingn =71 =73=1,%2=A=pu=0and B = (1_5)616 (0 <6 < 2m) for
somev(é§U<1),At:Bt:1,[:2,m:l,alzl,agzl,ﬁlzland
O(z) = (152) in Corollary ZT.I] we get the following result obtained by Kuroki
and Owa [16; Corollary 3.3].

COROLLARY 2.1.2. If f € & satisfies
2f(2) v
f(2) v+ (1 —v)e?z’
for some v (3 < v <1), then

f(2) v

= 0.9
z v+ (1 —v)ez

zelU, 0<0<27

zeU

and 1s the best dominant.

U+(1:)’U)Oi92
Remark 1. From Corollary 2T.2] we have
/
Re 2f12) >v = Re /() > v, zeU, ve[;,1).
f(z) z
Takingn:’)q:17’73:77’72:/1'207 At:Bt:17l227m:17 041:1,
ag =1, 01 =1and ®(z) = (1_ZZ)2 in Corollary ZT.1], we get the following result.

COROLLARY 2.1.3. If f € & satisfies

2f"(2) a(A— B)z
1 1
T ey YT aranasney  FEV
then LaA
' + Az
f(z)-<1+BZ, zelU
and iig‘z 18 the best dominant.

Taking v =1, A=0and B = (1_Z)ei6 (0 <6 < 2r) for some v (5 < v < 1)
in Corollary 2.3 we get the following result obtained by Kuroki and Owa [I6k
Corollary 3.6].

COROLLARY 2.1.4. If f € & satisfies
zf"(2) v

1 < . €U, 0<h<?2
+ f(z) v+ (1—-v)e?s’ - - m

for some v (5 < v < 1) then
, v
< ) U
7'z v+ (1 —v)e?z’ #€

and s the best dominant.

v
v+(l—v)eifz
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Remark 2. From Corollary 2.1.4] we have
2f7(2)
f'(2)
Taking n = 0 in Theorem 2.1}, we get the following result.

Re{l—f— }>’U = Re{f'(z)} >v, z€U, vell,1).

COROLLARY 2.1.5. LetV e o/, v, €C (i=1,...,3),73#0,0# uec C andq
be convex univalent with q(0) = 1 and assume that 21 holds true. If f € o
satisfies
3 z2q'(z
AT 8) <9+ m0(a) + 20", (2.9

where

(V)3 4. — y !
Af (f,\If).—’Yl+72<9[a1+1](f*\11)(2)>

Olan +2](f * ¥)(2)
Ofon + 1J(f * ¥)(2)

_ 8

o nene) —an(p )|

and Ay > 0, then
z

(9[a1 +1)(f * q/)(z)y =< q(2)

and q is the best dominant.

Putting 1 =7 =0, v3=-1, 4 =B, =1,1=2,m=1, a1 =1, ag = 1,
B1=1and ¥(z) = (152) in Corollary 2.1.5] we get the following corollary.

COROLLARY 2.1.6. Let p > 0, be a real number. Let q(z) # 0 be a univalent
function in U such that ZZ(S) is starlike in U. If f € A (f'(2) # 0) satisfies

2£(2) _ ~124(2)

, zeU
frz) woaqz)
then
1 I
< q(z
(i) <2
and q is the best dominant.
By setting ¢(z) = 0‘((11:;) in Corollary 2Z.1.6] we obtain the following corollary

as stated in [30: Theorem 4.2].
COROLLARY 2.1.7. If f € o/, f'(2) # 0 satisfies

2f"(2) (a—1)z

P Swa-pa-z €Y
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GENERALIZED HYPERGEOMETRIC FUNCTION

(ft0”<a$i§* €U

1s the best dominant, where o > 1 and p > 0 are some real numbers.

then

a(l—z)

and
a—z

By setting ¢(z) = 1+(11735)Z (0 < 8 < 1) in Corollary 21.6] we obtain the

following corollary as stated in [30f Theorem 4.4].
COROLLARY 2.1.8. If f € &/, f'(2) # 0 satisfies

'), 2AB-1)
§1z) a1+ (1-28)2)(1 - 2)

1\ 1+(1-28)z .
(ﬂ@» DR TR

is the best dominant, where 0 < 8 < 1 and p > 0 are some real

zelU

then

and 1+(11:§B)z

numbers.
Taking ;1 = 0 in Theorem [ZI] we obtain the following corollary.

COROLLARY 2.1.9. Let P e &/, v, €C (i=1,...,3),73#0,0#n € C and q
be convex univalent with q(0) = 1, and assume that (2.)) holds true. If f € o

satisfies
2q'(2)

A;’Yi)?<f§ D) < v +72q(2) + 73 a(z) (2.10)
where
Agﬁ)i’ (f, <I)) =1+ 72 <@[a1]<fz* (I))<Z)>n
(2.11)
[ Ol +1(fB))
+A1[1 oll(fx o)z T ]
and Ay > 0, then
GRS Y

and q is the best dominant.

Remark 3.

(1) Putting 1 =1, %2 =0, A4 =B, =1,1=2,m=1, a0 =1, ap = 1,
f1 =1 and ®(z) = (1_ZZ)2, q(z) = (1_;)2@ (b € C~{0}), n = a and
= 11) in Corollary 2.1.9, we get the result obtained by Obradovic et al.,
[23: Theorem 1].
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(2) Putting v =1, 7% =0, 4 =B, =1,1=2m=1, a1 =1, ag = 1,
pr=1and ®(z) = ;7 , q(z) = (1_12)2,, (beC~{0}),n=1and v3 =
in Corollary ZZT.9] and then combining this together with Lemmal.2, we
obtain the result of Srivastava and Lashin [31t Theorem 3].

(3) Taking y1 = 1,72 =0, Ay =B, =1, 1=2m=1 a1 =1, a2 = 1,
fr =1and ®(2) = *_, 13 = ab"clis)\ (a,b € C, [A < 7),n=aand
q(z) = (1 — z)~2abeosxe™ i) Corollary LT, we obtain the result of Aouf
et al. [3t Theorem 1].

(4) By taking Ay = By =1,71=1,7 =0and ®(z) = ;7 in Corollary 2Z.T.9
we have the result obtained by the author [22: Theorem 3.5].

(5) Specializing the values of v1 =1, 72 = 0, 73 = , (b € C~ {0}), q(2) =
(17;)2@ (a,b e C~{0}), Ay, =B,=11=2m=1,0; =1, ag = 1,
f1=1and ®(z) = (1;) in Corollary 2.T.9) we obtain the results as stated
in Srivastava and Lashin [31t Theorem)].

(6) Specializing the values of v1 =1, 72 = 0, 73 = ; (b € C~ {0}), q(2) =
(1_1)2,, beC~{0)), A=B,=1,1=2m=1,a1=1,az =1, =1
and ®(z) = (1_‘ZZ)2 in Corollary 2.T.9] we obtain the results as stated in
Srivastava and Lashin [31t Theorem |.

Putting Ay, =By =1,1=2,m=1,a1 =2, a2 =1, f; =1 and P(2)
in Corollary 2219 we get the following corollary.
COROLLARY 2.1.10. Letv; € C (i=1,...,3, v3 #0), n € C such thatn # 0
and q be convex univalent with ¢(0) = 1, and 21) holds true. If f € <7 satisfies

~ (1-2)

2f"(2) zp'(2)

Y1472 (f(2))" 4+ 73n £(2) <M +7ep(2) + 73 p(z)

then
(f'(2)" < a(2)
and q is the best dominant.
Putting 71 = 72 = 0 and 3 = 1 in Corollary Z.1.10] we obtain the following
result.
COROLLARY 2.1.11. Let n > 0, be a real number. Let q(z) # 0 be a univalent

function in U such that Z;IES) is starlike in U. If f € A (f'(2) # 0) satisfies
" 1 !

T (C R

f(z) noa(z)

then
(f'(2))" < q(2)

and q is the best dominant.
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By setting ¢(z) = O‘S:ZZ) in Corollary 2.1.11], we obtain the following corollary
as stated in [30: Theorem 4.1].

COROLLARY 2.1.12. If f € o/, f'(z) # 0 satisfies the differential subordination
zf"(z) (1-a)z

=< , zel
'z nle—=2)(1-2)
then ( )
1—=2
)P U
ey < A e
where a > 1 and n > 0 are some real numbers and O‘S:Z) 1s the best dominant.

By setting ¢q(z) = 1+(11:35)Z (0 < B8 < 1) in Corollary ZZI.TT] we obtain the
following corollary as stated in [30f Theorem 4.3].

COROLLARY 2.1.13. If f € o7, f'(z) # 0 satisfies the differential subordination

2f"(2) 2(1— B)z
) Sn+(-28n1-z SV

then 1o
(e < U2

for some real numbers 0 < 5 <1, n >0 and

, zel
-z

H(ll:jﬂ)z is the best dominant.

Putting y =v—-1,72=1—-y,3=7 A =B =11=2,m=1 o =1,
az =1, f1 =1 and ®(z) = (132) in Corollary 2.1.9, we obtain the following
corollary as stated in [29: Theorem 3.1].

COROLLARY 2.1.14. Let v # 0 be a complex number. Let q, q(z) # 0, be a
univalent function in U and satisfy the condition ZI). If f € o, f'(z) # 0,
z € U, satisfies the differential subordination

) 1y 42T
(=D =10+,

then f'(2) < q(z) and q is the best dominant.

< (1=l -+

Remark 4. Taking ¢(z) = }fﬁ in Corollary ZT.14] we get the result as stated
in [29: Corollary 3.4].

By fixing = u = 1 in Theorem [3], we obtain the following corollary.

COROLLARY 2.1.15. Let d, 0 € o7, v; € C (i =1,...,3, 73 # 0), q be convex
univalent with ¢(0) = 1, and assume that (ZI) holds true. If f € o/ satisfies

2q'(2)

\3
APD(F0,0) < 71 +72q(2) + 73 o(z)

(2.12)
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where

e Ola)(f*B)(=) v [ Olon +1(f*D)(:)
A AR = g e T A M Ofml(f @) ()
Olas +2(f » ¥)(:)

Oloy +1)(f + w)(z) TV’

(2.13)

— (a1 +1)

and Ay > 0, then
Ola](f = ®)(2)
Ofon +1](f = ¥)(2)

and q is the best dominant.

Taking Ay = B, =1,1=2,m=1,a0 =1, ag =1, 1 = 1 and ®(2) =
U(z) = (liz) in Corollary 2.T.15] we get following result.

=< q(2)

COROLLARY 2.1.16. Let y; € C (i = 1,...,3, v3 # 0), q be conver univalent
with q(0) = 1, and assume that 2.1) holds true. If f € of satisfies

Gy, ) ()
TR T gy T | RO )
hen
t O
2fz) "

and q is the best dominant.

3. Superordination results

Now, by applying Lemma [[.3, we prove the following theorem.

THEOREM 3.1. Let ®, 0 € &7, v, € C (i=1,...,3),v3 #0, u,n € C and q be
convex univalent with q(0) = 1, and assume that

Re{wq(z)} > 0. (3.1)

73

Ola](f*P)(z n z K D30 r.
fffed, (TN (G e ) €#1a(0),110Q. Let ACY(f;0, W)
be univalent in U and

k() 4005 < a0 (g0, m), (32

where A(W)?(f;q),\ll) is given by ([23)), then

o) < <@[a1]<f; <I>)(Z)>n (@{alﬂﬁfw)(z))“

and q is the best subordinant.
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Proof. Define the function p by

W= (TN (g ow) 9

Simple computation from [B.3), we get,
3 zp'(z
ALDI(f;®,0) =71 +79p(2) + 73 ﬁ(i)),

then ) )
2q'(z zp'(z

T+ 729(2) + 73 7(z) <71+ 72p(2) + 73 P )

q(2) p(2)

By setting ¥(w) = 71 + 2w and ¢(w) = 72, it is easily observed that J(w) is
analytic in C. Also, ¢(w) is analytic in C — {0} and ¢(w) # 0.
If we let
/ 2q'(2)
L(z,t) = 9(q(2)) + ¢(q(2))t2¢'(2) = 71 + 724(2) + st o)

=a(t)z+ ...

(3.4)

Differentiating ([B.4)) with respect to z and ¢, we have

8L(z, t) _ 272(1/(2) ¥t ZZ;;E,)Z) 4 62/((5)) — <qq’((zz))> 1
=a(t)+...
and
OL(z,1) _ 2q'(z)
ot - q(2)
Also,
8Lg;’ Y e (0) Dj, +tq(10)} '

From the univalence of ¢ we have ¢’(0) # 0 and ¢(0) = 1, it follows that
a1 (t) # 0 for t > 0 and tlim lay (t)| = +o0.
—00

A simple computation yields,

W) e

z _ A

Re ZBL(gz,t) —Re{%q(z)+t<l+ () —2q (z))}
t

Using the fact that ¢ is convex univalent function in U and 73 # 0, we have,

OL(z,t)
Redz, 05 L>0 if Re{ %q(z)t>0, =zeU, t>0.
BLéz,t) Y3
t

Now Theorem BT follows by applying Lemma [[.3l O
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By taking ¢(z) = (1 + Az)/(1 + Bz) (-1 < B < A < 1) in Theorem B.1], we
obtain the following corollary.
COROLLARY 3.1.1. Let &,V € o7, v, € C (1 = 1,...,3, 73 # 0), u,neC

and q be convezr univalent with q(0) = 1, and Re{zi (}igi)} >0. If fed,

Ola *®)(2) \" z ’ )3 )
( ol (Fx)( )) (@[a1+1](f*\1/)(Z)) € #[q(0),1]NQ. Let AUI(f;®, ) be uni-
valent in U and

n 1—‘-142;+ (A—-B)z
T2y 4B TP (A4 A2)(1 + B2)

1122 = <®[a1](fz* Q)(Z)y <@[0¢1 n 1}Z(f* xp)(@)u

1s the best subordinant.

< ALI(f; 0, W),

then

1+Az

and 1182

Taking 17 = 0 in Theorem B.1] we get the following result.

COROLLARY 3.1.2. Let Ve &/, v, € C(i=1,...,3,v3#0),0# pu€C and q
be conver univalent with q(0) = 1, and assume that BI) holds true. If f € o7,

o 3 . .
(@[alJrl]z(f*\I!)(z)) € A[q(0),1]NQ. Let Agm)l(f; U) be univalent in U and

() 45 1) < AP ), (35

where

(va)3 /¢ S y :
AT TU) =y 4 e <9[a1 +1](f*\11)(z)>

Ofon +2J(f * ¥)(2)
Olar +1](f * ¥)(2)

(3.6)
R

A, [M(Oél +1)

—ai(p+ 1)] :

and Ay > 0, then
z

q(z) < <@[a1 +1)(f * \I/)(Z)>H

and q is the best subordinant.
Taking p = 0 in Theorem B.I] we obtain the following corollary.

COROLLARY 3.1.3. Let P e &/, v, € C(i=1,...,3),v3# 0, u € C and q be
convex univalent with q(0) = 1, and assume that BI)) holds true. If f € o,

n .
(e[aﬂ(é*@)(z)> € A[q(0),1]NQ. Let Aé%)?(f; ®) be univalent in U and

ok a(e) 5 ) < AP ) (3.7
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where

A1) = 4 (10

(3.8)
7 o O+ 0

?)(2)

* Olan](f * @)(2)

A, +041[1—77]} ;

and Ay > 0, then .
o)< (I 9O

and q is the best subordinant.

By fixing ®(z2) = (le)Q, Ar=B=11=2,m=1, a1 =1, ag =1 and

B1 =1 in Corollary B.I.3] we obtain the following corollary.
COROLLARY 3.1.4. Let v e C (i =1,...,3), v3 # 0, 0 # u € C and q be
convex univalent with q(0) = 1, and @I) holds true. If f € o, (f'(2))! €
H)q(0),1]N Q. Let v1 +v2 (f' ()" + 73#2;,(5) be univalent in U and
zq'(2) Y zf"(2)
71+ 720(2) + 3 <7+ 72 (f(2)" +sp :
B9 0e) i 7)
then
q(z) < (f'(2))"
and q is the best subordinant.

Putting71:7_1772:1_7773:77”]:1’ At:Bt:15l227m:17
ap =1, a3 =1, 1 =1 and ®(2) = (132) in Corollary B.1.3, we obtain the
following corollary.

COROLLARY 3.1.5. Let v # 0 be a complex number. Let q, q(z) # 0, be a
univalent function in U and satisfy the condition BI). If f € o/, 0 # f/(z) €
Aq(0),1]NQ. Let (1 —~)(f'(z) = 1)+~ %) be univalent in U and

f'(2)
1= -0+ <@ -+, H

then q(z) < f'(2) and q is the best subordinant.

By fixing = ¢ = 1 in Theorem [B.1], we obtain the following corollary.

COROLLARY 3.1.6. Let &, ¥ € o/, v, € C (i = 1,...,3, v3 # 0), q be con-

vex univalent with q(0) = 1, and assume that BI) holds true. If f € o,
i 3 . .
@([906[1‘:‘:‘}1({(](.(5\)1/()()'2) € #[q(0),1]NQ. Let Ag%)l (f;®,W) be univalent in U and
q'(2)

z \3
T+ 72q(2) + 73 o(2) < A (f 0, 0), (3.9)
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where

Olan](f+ ®)(2) 73 [ Oloa+1](f+2)(2)
[oa +1(f*¥)(2) Ay Ofau](f * ®)(2)

Ofay + 2](f * ¥)(z
Ofay + 1](f * ¥)(z

3
APV 0,0) == vy + 7 o

— (a1 +1) ;—i—al},

(3.10)
and Ay > 0, then
Olon](f * 3)(2)
12 = ooy +1)(f + ¥)(2)

and q is the best subordinant.

Taking Ay = B, =1,1=2,m=1,a0 =1, as =1, 1 =1 and ®(2) =
U(z) = (132) in Corollary B.I.6, we get following result.

COROLLARY 3.1.7. Lety; € C (i=1,...,3), v3 # 0, ¢ be convez univalent with
q(0) = 1, and assume that 1) holds true. If f € o, I € #[q(0),1]NQ.

? o zf(2)
Let y1 + 72 ZJ;E?;) -3 [1 + ij,,é’;) — ZJ{(,S)} be univalent in U and

A (2) ) [, e )
e+ g < S - 14 5 - ),
then »
f(z
1<)

and q is the best subordinant.

4. Sandwich results

There is a complete analog of Theorem 2] for differential subordination and
Theorem B for differential superordination. We can combine the results of
Theorem 2] with Theorem [B.I] and obtain the following sandwich theorem.

THEOREM 4.1. Let ¢1 and g2 be convexr univalent in U, v; € C (i =1,...,3),

v3 # 0, u,n € C and let g2 satisfy 1) and 1 satisfy BI). For f, o,V € 7,
Ola «®)(2)\" z ® )3

let ( [ 1}(£ ) )> (e[alﬂ](f*q,)(z)) € A[1,1]NQ and AL (f; ®, W) defined

by 23) be univalent in U satisfying

zq" (2 ) zqh (2
1 +72q1(2) + 73 4(?) < AODI(F1®, W) <y +Y2q2(2) + 73 % ),
q1(2) q2(2)
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00« ("N (g em) <

and q1, qo are respectively the best subordinant and best dominant.

then

By taking ¢1(z) = ﬂgiz (-1 < By < A; <1) and ¢o(2) = ﬂgzz (-1 <

By < Ay < 1) in Theorem 1] we obtain the following result.
7 I
COROLLARY 4.1.1. For f,®, ¥ € o, let <@[a1](£*‘1’)(z)> <®[a1+1ﬁf*q,)(z)> €
H[1,1]NQ and AGT (f;®,V) defined by [23) be univalent in U satisfying
1+A12+ (Al_Bl)Z
1+ Bz A1+ A12)(1 + By2)
1 + AQZ (A2 - Bg)Z
+ 74
14+ Bsyz (14 Azz)(1+ Baz)

Y1+ Y2

< AGDY(f:9,T) < vy + 79

then

igi = (9[0[1}(];* (D)(Z)Y <9[a1 +1]?f*\11)(z)>u = iﬁii

1+A1z 1+A22

and 1+Blz’ 1+BQZ

are respectively the best subordinant and best dominant.

We remark that, one can easily restate Theorem [AT] for the different choices
of ®(2), ¥(2), A¢, By, l,m, a1, s, ...qar, B1,Pa,...0m and for v1,7y2,7s.

5. Conclusion

We conclude this paper by remarking that in view of the function class defined
by the subordination relation (I.I2]) and expressed in terms of the convolution
(C4) involving arbitrary coefficients, the main results would lead to additional
new results. In fact, by appropriately selecting the arbitrary sequences (®(z)
and U(z)) and specializing the parameters A; = 1 (¢t = 1,...,l) and B, =1
(t=1,...,m), 1, m,n, p, 1,72, 73 and the function ¢(z) the results presented
in this paper would find further applications for the classes which incorporate
generalized forms of linear operators illustrated below

(1)

n

— (Oq)n,1 . (al)nfl z
P = Z (Bi)n-1---(Bm)n—1 (n —1)!

and

1213
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where a1,...,a; and B1,...,Bm, (I,m € N=1,2,3,...) are complex pa-
rameters 3; ¢ {0,—1,—2,...} for j =1,2,...m, 1 <m+1 (results for the
Dziok-Srivastava operator [13])

(2) @) = =+ & (@ (D md W) = 24 T a5 where
n—1 (N neo

(¢)n—1 (n—=1)1"
c#0,—1,-2,... (results for the Carlson and Shaffer operator [6])

(3) @(2) = (1722)%+17)‘ > —1, and ¥(2) = (1—aprtzs A = —1 (results for the

Ruscheweyh derivative operator [26])

(4) ®(2) = z+ Y. nkz" and U(z) = 2z + > nfFlzn k> 0 (results for the
n=2

n=2

Salagean operator [27])

k
(5) ®(z) =z+ E (’fii) " and ¥(z) = z+ E (?ii) 2", where A > 0,

(6

ke Z (results for the Multiplier transformatlon [7.18])

) (z)—z—l—z z",and\Il()—z—l—Zn 2", where A > 0, k € 2

(results for the Ch01 Saigo-Srivastava operator [11])

in Theorem 2.1 Theorem [3.1] and Theorem 1] would eventually lead further
new results. These considerations can fruitfully be worked out and we skip the
details in this regard.
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