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ABSTRACT. For g € (0,1) let the g-difference operator be defined as follows
flqz) — f(2)
Oqf(2) =
W) =110 )
where U denotes the open unit disk in a complex plane. Making use of the above
operator the extended Ruscheweyh differential operator RqA f is defined. Applying

(z€D),

R) f a subfamily of analytic functions is defined. Several interesting properties
of a defined family of functions are investigated.
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1. Introduction

Let A be the class of analytic functions f on the open unit disk U := {z eC:
|z <1} of the form

fR) =2+ anz", (1.1)

and let S be the class of univalent functions in A.

Goodman [5] introduced the class UCV of uniformly convex functions. Here,
a function f € A is called uniformly convex if every (positively oriented) circular
arc of the form {z elU: |z—| :r} with ( € Uand 0 < r < |¢|+ 1, is mapped
by f univalently onto a convex arc. In particular, UCV is a subset of univalent,
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convex functions. An analytic characterization for the members of UCV was
obtained by Ma and Minda [I3] and Rgnning [19].

THEOREM 1.1. ([13], [19]) Let f € A. Then f € UCV if and only if

e 0 1> re)

Applying the well known Alexander relation Rgnning in [18], [I9] considered
the class, denoted S, consisting of functions f € A satisfying the inequality

R {1 |0
f(2) f(z)
Discarding an assertion that ¢ have to lie in the unit disk, and that a con-
sideration concerns whole circular arcs with center at (, the first author and
Wisniowska in [7] introduced a family of k-uniformly convex functions, denoted
EUCV. Let 0 < k < oo. A function f € A is said to be k-uniformly con-
vex in U, if the image of every (positively oriented) circular arc of the form
{z€U: |z— (| =r} with ( € C and |¢| < k, is mapped by f univalently onto
a convex arc. We note that 1-UCVY = UCV. An analytic characterization for the
members of k-UUCV was given in [7] (see also [§], [9], [6], [I0] and [T1] for related
results).

THEOREM 1.2. ([7]) Let f € A and let 0 < k < co. Then f € k-UCV if and

Y (2) (2)
2" (2 2" (2
Re{” 72) }>’“ 72)

In [8] a class of k-starlike functions, denoted k-ST, and related with k-UCV
by the Alexander relation was considered. Such a class consists of functions
f € A which satisfy the inequality

2f'(2)

zf'(z)}

Re >k
{f@) f(z)
We note that 1-ST = ST. The classes k-UCY and k-ST have been generalized
as follows (see [], [16]).

A function f € A is said to be in the class ST (k, «) of k-starlike functions of
order o, 0 < o < 1, if
2f'(2)

d“@}

R k

{ OB AN®
Replacing f in ([L6]) by zf'(z), we obtain the inequality

U ) e

(z € ). (1.2)

—4 (z € U). (1.3)

(z € U). (1.4)

—4 (z € U). (1.5)

—4+a k>0, 0<a<1).  (16)

+ a. (1.7)
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Following the original definition the functions satisfying (LT) are called k-uni-
formly convex of order a and denoted UCV (k, ).

We note that UCV(k,0) = k-UCV and ST (k,0) = k-ST. The classes
UCVY(1,a) and ST (1, o) were investigated in [I], [2] and [18].

The aim of this work is to adopt a notion of uniform convexity onto some
classes defined by a difference operator. To do this, we first introduce a notion
of g-difference operator related to the g-calculus (see, e.g., [3: Ch. 10]). Let
g > 0. For any non-negative integer n, the g-integer number n [n] is defined by:

1 _ n
=", =ltato+ahfo)=0 (18)
The q-number shifted factorial is defined by [0]! = 1 and [n]! = [1][2]---[n].
Clearly, lim [n] = n and lim [n]! = n!. In general we will denote [t] = 111qt
qg—1— q—1-

q
also for a non-integer number. Throughout this paper we will assume ¢ to be a
fixed number between 0 and 1.

DEFINITION 1.1. Let f € A, and let the g-derivative operator or g-difference
operator be defined by

_ [fle2) = f(2)
0af(2) = g—1) (z€ ). (1.9)
It is easy to check that for n e N:={1,2,...} and z € U
02" = [n]z" L. (1.10)

Let t € R and n € N. Let the g-generalized Pochhammer symbol be defined
as

[t = [t + 1]t +2] - [t +n —1],
and for ¢ > 0 let the g-gamma function be defined by
Ly(t+1) = [t]Ty(t) and r,(1) =1 (1.11)

DEFINITION 1.2. For f € A let the Ruscheweyh q-differential operator be de-
fined as follows

Ryf(2) = f(2)* Fyps1(z) (€U, A>-1) (1.12)
where
St Iy(n+ A n A+ 11,
Fq”\+1(z)zz+z:2[n—l](!Fq(ll—)\)z :z—i—ZQ[[n_}l]' (z€ ).
"~ " (1.13)

The symbol “x” stands for Hadamard product (or convolution).
From (I2)) we obtain that
Ryf(2) = f(2),  Ryf(2) =20,f(z)
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and

20™ (2™ (2
rppy = 6 )

Making use of (LI2) and (LI3), the power series of R f(z) for f of the form
([T is given by

(m e N).

SN = [)‘ + 1}7171 n
_z—f—z 1+>\) _Z+nz::2 n— 1] an% (z € U).
(1.14)
Note that
z
A Fanl® =
and

z
Jm B = 1@

Thus, we can say that Ruscheweyh ¢-differential operator reduces to the differ-
ential operator defined by Ruscheweyh [20] in the case when ¢ — 1.
It is easy to check that

zaq<Fq,A+1<z>>=(1+L§)Fq,x+z<z>—[quFq,M(z) (zcU).  (L15)

Making use of (LI2), (II5) and the properties of Hadamard product, we obtain
the following equality

204(Ry f(2)) = (1 + Lﬁ) R)TUf(2) — E;\jRgf(z) (z € ). (1.16)

If ¢ — 17, the equality (I.I6]) implies
2B (2) = A+ MR f(2) —ARMf(2) (2 €D)

which is the well known recurrent formula for Ruscheweyh differential operator.
Using Ruscheweyh differential operator various new classes of convex and star-

like functions have been defined. Therefore it seems natural to use Ruscheweyh

g-differential operator to introduce the following class of functions.

DEFINITION 1.3. Let 0 < a < 1,k >0and A > —1. A function f € A is in the

class ST (k,a, A, q) if it satisfies the condition

20y (R) f(2)) 20y (R) f(2))

Re RN >k 1|+« 2z € ). 1.17

{ R (2) R (2) (et 0D

Note that if A = 0 and ¢ — 1~ the class ST (k,, A, ¢) reduces to the class
ST (k, ).
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In a present work we study several properties of the family ST (k, «, A, q), e.g.
necessary and sufficient conditions to be a member of ST (k, a, A, q), coefficients
bounds and Fekete-Szegd problem.

2. Properties of the class ST (k,a, )\, q)

We begin this section with a sufficient condition for a function f to be in the
class ST (k, a, A, q).

THEOREM 2.1. Let f € A be given by (1.1). If the inequality
> Ty(n+ )
J(k+1) — k — a <1-— 2.1

holds true for some k (0 <k <o0), A >—-1and a (0 < a < 1), then f €
ST (k,a, A, q). The result is sharp for the function

(1 - a)ln — 1IT,(1+ )
(InJ(k+1) —k—a)Ty(n+ N)

n

fn(z) =2~

Proof. Making use of the Definition 1.3 it suffices to prove that

20, (Byf(2) | L [0, (R}F(2) W
| URM() R{ R)1(2) 1}<1

20q (Ra\f(z))
— Re { R;I\f(z) - 1}
0, (R ()
R f(2)

= g(n+X n—
S (fn] = 1)y, Ty ann
_ (k+1) n=2

Ty(n+X) n—
L+ Z (n—1)iT, (142) @n 2" 7!

-1

Observe, that

9y (Ra\f(z))

RM(z)

<(k+1) -1

M8

Ty(n+A
(7] = 1) i (e lonl
<(k+1)"" i)
n+
1- E 1T, (142 [@n]

The last expression is bounded by 1 — « if inequality (21) holds.
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It is obvious that the function f,, satisfies inequality (2.1) thus the number
1 — « can not be replaced by a larger number. Therefore, we only need to show
that f, € ST(k,a, A\, q). Since
20y (R;‘fn (z))
R fu(2)

(1= a)(1—[n])z"!
(n)(k+1)—k—a)— (1 —a)zn1!
k(1 —a)
k+1 "~

e

and

20 (RMa() o [k +1) —k—a—[n)(1-a):"1\ _k+a
{ R) ful2) }‘Re{ )k +1) — & —a— (1—a)zn-1 }>k+1’

the condition (II7)) holds true for f,(z). Thus, f, € ST (k,a, A, q). O

The next Corollary can be easily obtained from Theorem 2.1.
COROLLARY 2.1. Let f(z) = z + ap2™. If

(1—a)n—1]Ty(1+N)
nj(k+1) —k—a)ly(n+ )
then f € ST (k,a, A, q).

Consider p(z) = 20,(R) f(z))/Ry f(z). We can rewrite the condition (LI7)
into the form

lan| < ( (n>2),

Rep(z) > klp(z) — 1| + « (z €. (2.2)
It follows that the range of the expression p(z) (2 € U) is a conic domain
Q;ﬁa:{we(C: Rew>k|w—1|+a}, (2.3)
or
Qk’a:{wzu—l—iv:u>k:\/(u—1)2+1)2+04}, (2.4)

where 0 < k< oocand 0 < a < 1.
Note that €, o is such that 1 € Qo and 0§, is a curve defined by

0o ={w=utivi (=) = F=-17+k%%}.  (25)

Elementary computations show that 0} , represents a conic section sym-
metric about the real axis. It follows that the domain {2 o is bounded by an
ellipse for k£ > 1, by a parabola for £ = 1 and by a hyperbola if 0 < k < 1.
Finally, for k = 0, 2« is the right half plane Rew > a.

From (LI7) we obtain that f € ST (k,«a, A, q) if and only if

204(Ry f(2))

RM(2) Q.- (2.6)
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Making use of the properties of the domain Qj , and (2.0) it follows that if
feS8ST(k,a, A, q), then

20, (R(2) _ k+a

Re > (z€l)
Ry f(2) kE+1
and
A t 1—a if 0<a<1, k>0,
AI‘g Za(](f\%q f(Z)) S arctan \/|k2,a2‘ 1 S o
R f(2) B if k= 0.

Denote by P the class of analytic and normalized Caratheodory functions and
by pk.o € P the function such that py o(U) = Q o. Following Ma and Minda
notation [I5] let P(pk,q), where 0 < k < oo and 0 < a < 1, denotes the following
class of functions

Ppra)={peP: p(U)C Qa}={peEP: p<pra in U}

The functions which play the role of extremal functions for the class P(pg,q),
may be obtained by a simple modification of related functions described in [7]
(see also [11]), and are defined by

HHlre it k=0,
4 2050 <]og }fﬁf if k=1,
Pria(z) ={ 12 cos (A<k)ilog }fﬁ) ~ K if0<k<l,
i
gy sin 2K (1) g Jl—x?{%—t?ﬂ + 11222:(; it k>1.

(2.7)
with A(k) = 2 arccosk,
— /'t
u(z):Z v (0<t<1, zel),
1 —+/tz
where t is chosen such that
TK'(t)
k = cosh
O UKk

and K(t) is Legendre’s complete elliptic integral of the first kind and K'(¢) is
complementary integral of K(t).
Obviously, if k=0
poa(z) =1+2(1-a)z+2(1 —a)z® +---
For k = 1, we have (see [I3] and also [19])
16

g2 (1—a)z®+--. (2.8)

8
Pra(2) =14+ 7r2(1 —a)z+

1189



STANISLAWA KANAS — DORINA RADUCANU

Using Taylor expansion in 7] and [§], for 0 < k < 1, we have

Pra(2) =1+ 11__]?2 l 2! <A<lk>> (22:})] 2", (2.9)
n=1 Ll=1
Finally, when k& > 1
721 - «)
AVt (k2 —1)K2(t)(1 +t)
y {Z AK2(t)(t2 + 6t + 1) — 71'222 }
24\/tK2()(1 + 1) ’

so that, denoting pio(2) =1+ Piz+ P2z? 4+ -+ (Pj = Pj(k,), j = 1,2,...),
we get

pk,a(z) =1+

8(1;05)((1ai01:2())s k) if0<k<1,
P = 80 if k=1, (2.11)
2
72 (1—a) if k>1.

4Vt (1+t) K2 (t) (k2 —1)
Let fra(2) = 2+ A22® + A32% + - be the extremal function in the class
ST(k,a, A, q). Then, the relation between the extremal functions in the classes
P(pr,) and ST (k, o, A, q) is given by
204(Rg fr,a(2))
Ré\fk,oc(z)

Making use of (ILI4)), (II7) and (2.12) we obtain for py o(2) the following coef-
ficient relation

Pr,al2) = (z € 1). (2.12)

n—1

ql'q(n+X) B T, (m+ ) -
[n — 21T, (1 + A) An = mzzl m — 11T, (1 + A) ApPrm, A =1. (2.13)

In particular, by a straightforward computation, we get

Py
Ay = 2.14
2T+ A (2.14)
qP» +P12
As = . 2.15
ST R+ N2+ A (2.15)

Since A > —1, ¢ € (0,1) and P,, are nonnegative, it follows that A, are nonneg-
ative.

THEOREM 2.2. Let k € [0,00), A > —1, ¢ € (0,1) and « € [0,1). If f of the
form ([J)) belongs to the class ST (k,a, A, q), then

|a2| S A2 and ’ag‘ S A3. (216)
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Proof. Let p(z) = 20,(R; f(2))/R; f(z). Using the relation (LI4) for p(z) =
1+ p1z+p2z? +---, we have

n—1

Ly(n+ ) _Z Lg(m+A)
[

[ — 2Ty (1+ )" m— 1T,(1 4 x)@Prme =1 (217)

Since pg,« is univalent in U, the function

1+ p; L (p(z
q(z) = p,ia(p( ) =1l+ciz+e2? 41,
1
1= pra(p(2)

is analytic in U and Reg(z) > 0. From
q(z) —1 1 1 1
p(2) = Prya <q(z) . 1) =1+ bzt ( jePi+ 4C§(Pz —P) )2+

we have

1 1 P,
q[1 + Al 2q[1 + )] q[l1+ ]
where we used the inequality |c,| < 2 and (2.13). In view of a relation [p1 |>+[p2|
< P? + Py (cf. [8]) and (2.14), we obtain

|az| = p1| = lerPy| < = Ay, (2.18)

ag = 2t ol allpal ) + (1= g)lpi?

CU+NR+A S @R+ 219
(P P)+(A-0P} _ qP+ P '
CLAARZFA T PR+ AR+
Thus, the proof of the theorem is completed. O

THEOREM 2.3. Let 0 < k < oo, A\>—1,¢q€ (0,1) and 0 <« < 1. If f of the
form () is in the class ST (k,a, A, q), then

Pi(Py+q)(P1 +[2]g) -+ (P1 + [n — 2]q)

Gn| < )
| ‘ _1[1 +)\]n—1

n>2. (2.20)

Proof. The result is clearly true for n = 2. Let n be an integer number with
n > 2, and assume that the inequality is true for all m < n — 1. Making use of

([213), we have
[n—2]IT,(1+X)

n—1

Pn71+z[ Lq(m+2) a _ ‘

lanl =" or (04 ) L [m — 11T, (1+ ) P
[n— 2] (1 + m+/\)
S 4N {P1+Z 1+/\)’ m|P1}
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< 1
B qr(n—l—/\ +Z _1]F 1+/\)
% PI(P1+Q)"'(P1+[m—2}q)}
qm—1[1+>\]m_1 ’
where we applied the induction hypothesis to |a,,| and the Rogosinski result
(I7]) |pn| < Pr. Since
=1+ Am-
ry(1 4y A

we have

([ 4+ A)n-1 g1 m —1]!

m=2

o< 2P {H"i Pl(P1+q)~-~(P1+[m—2}q)}.

Applying again mathematical induction, we find that

PP+ 0 (P ) _ () (P =
L+ Z - 1]! = [ — 2! :

Consequently, the inequality (2.20) follows. d

To obtain a solution of the Fekete-Szego problem over the class ST (k, o, A, q),
we need the following lemmas.

LEmMA 2.1. ([12], [15]) If ¢(2) = 1 4 c12 + c22® + -+ is an analytic function
with positive real part in U, then

lco —ve?| < 2max {1; 20 — 1|} . (2.21)
The result is sharp for the functions q(z) = }*; or q(z) = }fj

LEMMA 2.2. ([6]) If ¢(2) = 1+ c12 + 2?2 + -+ € P(pg) is an analytic function
in U, then
P, —vP? if v<0,
leo —wet| << Py if 0 <wv <, (2.22)
P+ (—-1)P; ifv>1.

The result is sharp for the functions q(z) = itiz for0<ov<1andq(z)= }fi
otherwise.

THEOREM 2.4. Let 0 < k < oo, A\ > —1,q € (0,1) and 0 < o < 1. Suppose that
the function f given by (1) is in the class ST (k,a, A, q). Then, for a complex
number p

(2.23)

2u[2 + Al _3‘}_

2
—ua?| < ma; {1;
a3 ““2‘—(1[1“][2“] x qll + A
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Moreover for a real parameter p, we obtain more rigorous bounds, as follows.

|a3 - /~La§| [24 7] [1+A]
1 + , +
1 Pl_q<1_“[1+A]>P12 1z
< P ' D1 —g,1
SN2+ )t if pepiyt-a1)

1+ . 14+
Pt (1 —q—u{gﬂ{) P?if p<(1—-q) K,
where Py given by 2I1)). The results are sharp.
Proof. From (2I8) and ([2ZI9), it follows that

P1
= 92.94
@2 q[1 + Al ( )
and
qp2 + p?
— , 2.95
BT P2+ N (2.25)

In view of (Z24) and ([Z25]), for a complex number 4, we have
1 pi( 12+
— —-1]].
G
2p[2 4+ A

1+ A2+ A
Applying Lemma 2.1, we get
9 2
s w1 < ey {0 ) 9}
which is the thesis. The sharpness of ([2.23)) follows from the sharpness of ([2.22]).
Assume now, that a parameter p is real. Since

2
az — pas| =
| 2| q[

as — pal = | qp2 + p? . I 7
1+ N2+ A ?[1+ A2
1 2+A] o
T AR+ p”(q‘“qmﬂ)pl
therefore, making use of (2.22) from Lemma 2.2 the thesis follows. O

A necessary and sufficient condition for a function f € A to be in the class
ST (k,a, A, q) in terms of Hadamard product is given in the following theorem.

THEOREM 2.5. Let 0 < k < oo, A > —1, g€ (0,1) and 0 < a < 1. Then the
function f belongs to the class ST (k, o, A, q) if and only if (f *« Hqx)(2)/2 # 0
in U, where

Hya(2) = Fyapa(2) {1 - <1 - F‘““(z)> w(t)e” + A } (2.26)

Faat2(2) ) ¢Mw(t) — 1)
with

w(t) = (kt 4+ a)Fiy/t2 — (kt + o — 1)2
and t* — (kt + a — 1)? > 0.
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Proof. From (Z8) we have that the values of 29,(R; f(2))/Ry f(z) lie in Q4.
Therefore
204(Ry f(2))
Ry f(2)
with 2 € U, ¢ — (kt + o —1)? > 0.

Applying the definition of R{l\ f and the properties of Hadamard product, the
condition (Z.27) will hold if

F(2) % [204(Fya41(2)) — w(t) Fya41(2)] /2 # 0. (2.28)

Making use of (LI3)), it follows from ([2.:28), that (f * H,)(2)/z # 0, where
H, A (z) is given by (Z20)).

Conversely, if (f+*Hg x)(2)/2z # 01in U, then the values of zﬁq(R{I\f(z))/R(’I\f(z)
lie completely inside €2 ,, or its complement. Since

20,(Ryf(2))|
Ré;(z) » =1€ Qk,a

we obtain zﬁq(R(’I\f(z))/R(’I\f(z) € Qo which shows that f € ST(k,a, A, q). O

# (kt + ) Fi/t2 — (kt + o — 1)2 = w(t) (2.27)

THEOREM 2.6. Let 0 < k < 0o, A > =1, ¢ € (0,1) and 0 < a < 1. The
coefficients hy, of the function H, x given by (2.20) satisfy the inequality
qm+ N1 —a+[n](k+1)]

I
B (A I VI

n>2. (2.29)

Proof. From the power series of the function H, » we have

Ly(n+2)  [n] —w(t)

" = (14 ) 1 w(t)

and therefore

|hn|2:<[ Ly(n+2) )>2<1—%([nj_l)+([n]—1)["]+1_20‘>

n—1)T,(1+ A t2
Ty(n+ A ?
- a(n+ ) V().
n— 11T, (1+ A)
The function V' (t) is decreasing in the interval (7%, o) and increasing in (to, 00),

where ty = [”H;_M, with its minimum at t;. The limit of V(¢) as ¢ tends to

infinity is equal to 1 and

v (;1?) — 1= 2k([n] ‘”ii +(n) —1)([n]+1—20¢)8—_|—2))2 > 1.
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Thus, the maximum value of V'(¢) is attained at the point };01‘ Since
2
v L—a) _ 1—a+nj(k+1)

k+1) 1—a
the coefficients of Hy x satisfy the inequality (2:29). O
COROLLARY 2.2. Let g(z) = z + anz™. If

1-— — 11T, (1 + A

e @by

(1 —a+[n)(k+1)Ty(n+ N
then g € ST (k,a, A, q)

Proof. Since

H
(g Hyn)(2)| _ 114 hpanz™ > 1 |hollan]|z| > 1—|2| >0 (2 €U)
z
it follows that g € ST (k,a, A, q). d

Remark 2.1. The g-analogue of the Leibniz rule is
94(f(2)9(2)) = 9(2)04f (2) + [(q2)049(2)-

Replacing R) f(z) in (LI7) by 29,(Ryf(z)) we can obtain a new class of
functions which is the analogue of the class UCV(k, ) of k-uniformly convex
functions of order a.

DEFINITION 2.1. A function f € A is said to be in the class UCV(k, o, A, q) if
it satisfies the inequality

S0 (RAM(2)) S0 (RA(2)
fe {1 90,y (2) } R o,y 1)) ‘

Note that if A =0 and ¢ — 17, the class UCV(k, «, A, ¢) reduces to the class
UCY(k, o).

Remark 2.2. Making use of the properties of the functions in ST (k, o, A, q)
we can obtain easily the properties of the functions that belong to the class
UCY (k,a, N, q).
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