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ABSTRACT. In this work, we investigate a categorical equivalence between the
class of bounded distributive quasi lattices that satisfy the quasiequation V0 = 0
—> x = 0, and a category whose objects are sheaves over Priestley spaces.
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Introduction

Recently, several authors extended Priestley duality for distributive lattices
[22] to other classes of algebras, such as, e.g. distributive lattices with opera-
tors [16], MV-algebras [21], MTL and IMTL algebras [5]. Other interesting
extensions of Priestley duality are those dealing with quasiordered structures,
let us mention, for example, [4[ITLI2|T523]. In the present article, we focus our
attention on a quasivariety of bounded distributive quasi lattices (bdg-lattices)
[BL[7LI0]. bdg-lattices form a variety that generalizes lattice ordered structures
to quasiordered ones. They are interesting structures for several reasons. For
example, they constitute the underlying quasiordered structure associated to al-
gebraic systems from quantum computation [I3|[I719]. Moreover, the variety of
bdg-lattices plays a relevant part in the context of “normally presented varieties”
[8,9].
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In [2] a “Priestley-style” representation of bdg-lattices was proposed. In this
paper we present an alternative form of dualization for a particular class of
bdg-lattices, that satisfy the condition z V0 = 0 = z = 0, via the notion
of Priestley =-sheaf. This class of sheaves determines a category, in which the
notion of arrow is inspired by the idea of arrow of ringed spaces in algebraic geom-
etry. A similar idea had led to a general representation theory for MV-algebras
[14].

This paper is organized as follows. In Section Il we provide all the ba-
sic notions. In Section [2 we recap several basic concepts from the theory of
bdg-lattices. In Section Bl the category of Priestley =-sheaf is presented. Fi-
nally, in Section ] we provide a categorical equivalence between the category of
Priestley =-sheaf and the quasivariety of bdg-lattices defined by the condition
zV0=0 = z=0.

1. Basic Notions

In this section we recall some basic facts about Priestley spaces. An ordered
topological space is a triple (X, 7, <) where 7 is a topology on the poset (X, <).
The set of clopen (closed and open) increasing sets of such space will be denoted
clp(X). A Priestley space is an ordered topological space (X, <,7) such that:

(1) if x € y then there exists U € clp(X) such that x € U and y ¢ U (totally
order-separated space).

(2) (X,7) is compact.
Clearly, Priestley space are Hausdorff spaces. Let (X, 7, <) be a Priestley
space. Then,
S=cp(X)U{lY: Y eclp(X)}
is a subbase of 7, and (Y is the complement of Y. We denote by P the category
whose objects are Priestley spaces and whose arrows are continuous order pre-

serving maps, that we shall call Priestley-homomorphisms. The following lemma
is straightforward.

LEMMA 1.1. Let f: X — Y be a Priestley-homomorphisms. If G € clp(Y') then
F1(G) € clp(X).

In [22] it is proved that the category D of bounded distributive lattices and
the category P of Priestley spaces are equivalent. In fact, on the one hand the
functor Fp: D — P assigns a Priestley space (Fp(L),7(L), <) to each object
L € D, where Fp(L) is the set of prime filters in L, 7(L) is the topology generated
by
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with D, = {F € Fp(L) : x € F} for each € L, and C is the inclusion
between prime filters. Moreover, if f: L1 — Lo is a D-homomorphism, then
Fp(f): Fp(La) — Fp(Ly) is defined by F +— f~1(F).

On the other hand the functor £: P — D assigns the lattice (£(X), U, N, 0, X)
to each Priestley space X, where £(X) is the set of all clopen increasing sets
of X with set union and set intersection as lattice operations. Moreover, for
any continuous order preserving function g: X; — Xs, £(g): £(X2) — £(X7) is
defined by G — ¢~ }(G).

These functors give the mentioned dual equivalence, since Fp€ = 1p and
EFp = 1p where, 1p and 1p are the identity functors in P and D, respectively.

A sheaf over I is a triple (A, p, I) where A is a topological space and p: A — T
is local homeomorphism. This means that each a € A has an open set G, in A
that is mapped homeomorphically by p onto p(G,) = {p(x) D x € Ga}, and the
latter is open in I. It is clear that p is continuous and open map. If p: A — [ is
a sheaf over I, for each i € I, the set A; = {x €A plx)= z} is called the fiber
over i. Each fiber has the discrete topology as subspace of A. Local sections of
the sheaf (A, p, I) are continuous maps vy : U — A such that U is an open set
of I and the following diagram commute:

140
u » A
Iy N\, P
I

In particular we use the term global section only when U = I. Consequently
if v is a global section, pv = 1;. Note that global sections are injective functions.
If (A,p,I) admits a global section then p is a surjective map. Hence p results a
closed map since for each X C A, Cf(X) = f(CA).

2. Bounded distributive quasi lattices

Now we introduce some basic notions about quasi ordered sets and bounded
distributive quasi lattices. A quasiordered set is a pair (A, <) such that < is
reflexive and transitive binary relation on A. The relation =, defined in A as

r=y if <y and y<uzx, (1)

is an equivalence relation on A. Moreover, the quotient structure A/= is a
partially ordered by the relation <,, naturally defined as follows:

2] <p [yl if 2z <y (2)
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A bounded distributive quasi lattice [6], (bdg-lattice for short) is an algebra
(A, V, A, 0,1) of type (2,2,0,0) satisfying the following equations:

(1) (A,v) and (A, A) are semigroups,
(2) zVvV(xAy)=zVz, cAN(xVy) =zAx (weak absorption)
3) zvVVy)=xzVy, sAyANy)=xAy (weak idempotence)
(4) zAhx=zVuz (equalization )

(5) zV(ynz)=(xVy A(zAz) (distributivity)

(6) zA0=0 zVvl=1

We denote by BDQOL the variety of bdg-lattices. In general, the equations
xAl=xand z V0 = x do not hold in BDQL; however, it holds that xt A 1 =
xV0=2Az=2zVz Animportant example of bdg-lattice is 2, given by:

vl o0 1, AO01 1, 1 o el
1 1 1 1 0 1 1

0 1 0 1 0 0 0 0

1, 1 1 1 , 0 1 1 0 e

Let A be a bdg-lattice and a € A. We say that a is regular iff a Va = a (and
by equalization, also a A @ = a). We will denote this set by Reg(A). It can be
verified that (Reg(A),V,A,0,1) is a bounded distributive lattice. If a € Reg(A)
then we define the cloud of a as the set cloud(a) = {z € A\ {a}: 2V 0=a}.
Note that if z € cloud(a) then x ¢ Reg(A). The following proposition can be
easily proved:

PROPOSITION 2.1. Let A be a bdg-lattice. The binary relation < on A defined
by:
<y iff zVy=yVv0 (orequivalently xNy=xzAO0)

is a quasiorder and the ordered set (A/=,<) is a lattice.
It can be seen that, A/= is a bounded distributive lattice isomorphic to
Reg(A) via the map [z] — 2 V 0 for each z € A.
3. O-proper bdg-lattices

In this section we introduce an interesting class of bdg-lattices called O-proper.
There are several important algebraic structures having an underlying O-proper
bdg-lattice structure. At first, we show two relevant examples and we introduce
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a particular type of sheaf over a Priestley space, whose local sections admit a
natural O-proper bdg-lattice structure.

DEFINITION 3.1. A bdg-lattice A is said to be 0-proper iff cloud(0) = 0.

We denote by BDQL the class of 0-proper bdg-lattices. Note that BDQL
is a quasivariety characterized by the quasiequation

zV0=0 = z=0.
One can easily verify that BDQL is a proper quasivariety, since it is not closed
under quotients. Let us now propose some natural examples.
Example 3.2. ([3]) A pseudocomplemented distributive lattice (L, V, A, —,0,1)
is a Stone algebra if it satisfies the equation
-z V -z = 1.
By Glivenko’s theorem, the mapping = — ——z, from L onto the Boolean

subalgebra R(L) = {z € L : ——z = x} is an endomorphism. L can be naturally
endowed with bdg-lattice operations V7, A as follows:

zViy = -—=(zVy),
zANy = -=(zAy).
It is easy to prove that the structure (L, v, A%, 0, 1) is a bdg-lattice isomorphic

to (R(L),V,A,0,1). Moreover, for any a € L, if =—a = 0, then —a = 1, and
then a = 0. Therefore (L,V?,A?,0,1) is in BDQL,.

Example 3.3. Following [I], a commutative Baer*-semigroup is an algebra
(G,-,*,,0) of type (2,1,1,0) that satisfies the following equations:

(1)
(2)
(3)
(4)
(5)
(

—~

G, ) is a commutative semigroup,

5

6) = (w y) =y-(z-y)

If we con81der the set of closed projections P.(G) = {z' : =z € G}, we
can endow P.(G) with a Boolean algebra structure (P.(G),V, A, ,0,1) (see [20t
Theorem 37.8]) where

aNy = z- (Y -2)
zVy = (2’ ANy
1 =0
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In virtue of the definitions above, we can define in GG the bdg-lattice operations

V4, N1, as follows v
xViy = 2"Vvy

x ANy = 2" Ny
It is direct to verify that (G,V?,A%,0,1) is a bdg-lattice. Since each Baer*-

semigroup satisfies the equation v = x -z, if x V¢ 0 = 0 then 2"/ = 0 and then
x = 0, hence (G,V?,A%,0,1) is in BDQL,.

We now introduce the notion of Priestley =-sheaf and we study its relations
with O-proper bdg-lattices.

DEFINITION 3.4. A =-topological space is triple (A,=,7) such that = is an
equivalence in A and 7 is a topology on A that satisfies: for each z € A, the
equivalence class [z] € T.

DEFINITION 3.5. Let (A,=,7) be a =-topological space. A Priestley =-sheaf
associated to (A4, =) is a function p: A — X where

(1) X is a Priestley space,
(2) for each z € A, p([z]) is an clopen increasing set in X

(3) the restriction [z] £ p([z]) is a homeomorphism.

Let us remark that the local inverse [z] <p—1 p([z]) defines a local (eventually
global) section u of p, since the restriction p | [z] is a bijective open map. We
shall refer to these sections as =-sections. Suppose that the Priestley =-sheaf
p: A — X admits a =-section A <~ X which is global. For each U € clp(X)
consider the restriction uy = u [ U. Since w is continuous, uy is a continuous
map, and then it is a local section of p. In particular we denote by uy the empty
local section of p. Consider the following sets:

Qr(p) = {w(U) <= U : U € clp(X)} U {ug}
Q(p) = Qr(p) U{o: o is a =-section of p}

PROPOSITION 3.6. Let p: A — X be a Priestley =-sheaf and u be a global
=-section of p. Consider Q(p) endowed with the following operations: for
o1(Uy) <2 Uy and o2(Us) 2 Uy in Q(p)
o1V o2 = uy,uu, l=u
o1\ o2 = Uuy,nu, 0=1uyp
Then:
(1) (Q(p),V,A,0,1) is a 0-proper bdg-lattice,
(2) o1 < o9 iff Uy C Uy is the associated quasi order relation,

(3) Reg(Q(p)) = Qr(p).
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Proof.

1) First, it is straightforward to verify that cloud(0) = ). As regards the
axioms, we confine ourselves in proving axiom 2: o1V (02 Aop) = UY,U(U2NUy) =
uy,uy, = 01V oi1. The other axioms are left as an easy exercise for the interested
reader.

2) Straightforward.
3) 0 € Reg(Q(p)) iff c =0 VO =uyyp =uy iff o € Qr(p). O

Priestley =-sheaves with a distinguished global =-section u are denoted by
<A7 D, X7 U>,

where p: A — X is a Priestley =-sheaf. Moreover by Q(p) we mean the 0-proper
bdg-lattice structure (Q(p), V, A, 0,1) from Proposition

We now introduce the category PS whose objects are Priestley =-sheaves
with a distinguished global section and whose arrows are

(A,p. X,u) 2 (B,q.Y.0)
such that f: X — Y is a continuous order preserving function and ¢ = (¢ )zex,
where ¢, is a function between fibers A, <= B 7(x) satisfying the following:
(1) for each o: U — B € Q(q), the map of: f~1(U) — A defined by
o5 (x) = ¢a(0f(2))
belongs to Q(p).
(2) vy =u.

This notion of arrow is inspired by the notion of arrow of ringed spaces in
algebraic geometry (see for example [I8 p. 72]). The next diagram provides
some graphical intuitions.

‘P:<<P:r):rEX
A o B T~ e
[ ) [ )
M M
[ ) [ )
) \ f \
/ . 'p / . q
I $ \ I $ \
af / g\ /
\ / \ /
\ J \ J
X m—— Y —
f
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Remark 3.7. Consider two arrows
(A, p, X,u) ——= (f #) (B,q,Y,v) — (g,"/) (Cyr, Z,w)
in PS. Apparently, the composition

(A,p, X, u) L2900 7 w)

is defined as (g,7)(f, ) = (¢9f, ¢7) in which gf is the usual composition, and ¢~y

is the family (¢7v:)zex, where @y, is the composition function between fibers
Ay € By 5 Cypay.

The identity arrow (4, p, X, u) {ab, (A,p, X, u) is given by the pair where
14 is the identity in A and 1 is the family of identity functions 14, in the fiber
A, for each z € X.

(f5)

Thus, it can be verified that an arrow (A,p, X,u) —> (B,q,Y,v) is a
PS-isomorphism iff f is an order preserving homeomorphism, and for each
pr €, Y, is a bijective map.

ProrosITION 3.8. Let (A, p, X, u) —> REEON (B,q,Y,v) be an arrow in PS. Con-
sider the map Q(f,¢): Q(q) — Q(p) such that Q(q) > 0 — o¢. Then:
(1) Ifvu € Qr(q) then, [Q(f, ¥)(vu) = up-1(v); and then

[Q(f, ©)l(v) € Qr(p)-
(2) Q(f,p) is a bdg-lattice homomorphism.

Proof.

1) Suppose that Y <% U belong to Qr(q). By definition of arrow in PS we
have the following two facts:

i. [Q(f,¢)l(vy) = vy where vy is the local section in Q(p) defined as
f7HU) 3 @ = vuyp(2) = pu(vu f(2)).
ii. [Q(f,¥)](v) =vs =u and then u(z) = p,(vf(z)) for each z € X.

Thus, for each z € f~1(U), w1y (x) = e (vf(x)) = vuy = [Q(f, ¢)](vy) and
[Q(f, ¢)](vr) € Qr(p).

2) By definition of arrow in PS, [Q(f,¢)](1) = [Q(f,¢)](v) = v =1 and
[Q(f,©))(0) = [Q(f, )] (vg) = up = 0. Let Y <= U and Y < V two local sec-
tions in Q(g). We prove that [Q(f, ¢)](o v p) = [Q(f,#))(#) V [Q(f, )](p). On

the one hand, by Proposition B.6l and item 1, [Q(f, ¢)](c V p) = [Q(f, ¢)](vuuv)
= ug-1(yuv). On the other hand, [Q(f, )](c) is a local section in Q(p) with do-
mains f~1(U) and [Q(f,¢)](p) is a local section in Q(p) with domains
S7H(V). Thus, by Proposition B8, [Q(f,¥)](0) V [Q(f, ©)](p) = us-r@yus-1(v)
= ug-1wuv)- It proves that [Q(f, ¢)|(oV p) = [Q(f, ¥)](0) V[Q(f,¥)](p). With
an analogous argumentation we can prove that [Q(f, p)](c Ap) = [Q(f, @)](o) A
[Q(f,¥)](p). Hence Q(f, ) is a bdg-lattice homomorphisms.
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By Proposition and Proposition B8 the following result can be easily
proved.
PROPOSITION 3.9. Q: PS — BDQLy given by
(A, p, X, u) — Q(p) for each object (A, p, X,u) in PS
(f,0) = Q(f,v) for each arrow (f,¢) in PS

defines a contravariant functor from the category of Priestley =-sheaves in the
category of 0-proper bdg-lattices.

4. Inverting the functor Q

DEFINITION 4.1. Let A be bdg-lattice and F' be a subset of A. Then F is a
pointed filter iff:

(1) Fr = FNReg(A) is a prime filter in Reg(A),
(2) there exists at most one = ¢ Reg(A) such that x € F and x V0 € F.

We denote by E(A) the set of pointed filters. In E(A) we define the following
relation:

F.GCR ®)
,G C Reg(A).

It is immediate that =4 defines an equivalence relation in E(A). Moreover
the equivalence classes of the partition are necessarily of the following form:

Er(A) = {F € E(A) : F CReg(A4)},
DI ={F€eE(A): F=FrU{z}} for each z € A —Reg(A).

FEAG iff {F:FRU{I}7 G:GRU{x} or

Note that Er(A) is the set of prime filters of the lattice (Reg(A), V, A, 0,1).
Thus we consider Eg (A) endowed with the usual Priestley topology where clopen
increasing sets are of the form

D, ={F €Egr(A): z € F},

for each x € Reg(A). Let us remark that Er(A) can be regarded as a subset of
E(A).

If x € Reg(A), for simplicity, when no danger of confusion is possible, we
agree in the following notation D4 := D,. Thus D} = D; = Eg(A).
PROPOSITION 4.2. Let A be a 0-proper bdq-lattice and consider the relational
structure (E(A),=4). Define the function

p: E(A) - Er(A) st. F—p(F)=Fg
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and taking into account the Priestley topology in Er(A) we consider in E(A) the
topology Tr(a) generated by the set

{p~™(G): G is open in Eg(A)} U{Er(A)} U{D%: z € A—Reg(4)}
Then:

(1) For each x € A, the restriction p [pa is an open bijection from DY
onto Dy vog.

(2) The inclusion map E(A) <= Er(A) is a global = 4-section.
(3) B(A) = (E(A),p,Er(A),u) is an object in the category PS where

Qr(p) = {D, 2= D, : x € Reg(A)} U {ug}
Pl

Qp) = Qr(P) U {D? +% Dyyo: = € A\ Reg(A)}

Proof.

1) Assume that x ¢ Reg(A). If F = Fr U {z} then £V 0 € Fgr and then
p(F) € Dgyo. Thus, Imag(p [p2) € Devo. Let F' € Dyyo. If we consider
Fy = FU{z} then, F; € DI and p(F1) = F1gr = F. Hence p is surjective and
Imag(p [ps) = Dyvo. Suppose that F' # G in DZ. Since F = Fr U {z} and
G = GrU {z} then Fr # Gr and the function is injective. Hence p [ps is a
bijection from DZ onto Dgvo.

Now we prove that p [pe is an open map. Let G be an open set in Er(A).
We first prove that p [ps (DZNp~*(G)) = Dyvo N'G. On the one hand p [pa
(DENp Q) Cp lps (DI)Np [p: (p7(G)) € Dyvo NG. On the other
hand let F € D,yo N G. Consider the pointed filter F; = F U {x}. Tt is
clear that Fy € D? and F; € p~1(G) i.e. Fy € DINp Y(G). Hence F =
p Ips (F1) € p Ipg (DENp~(G)) and Dyvo NG C p ps (DL Np~H(G)).
Let B be a basic open set in E(A). Since DZ is an equivalence class in E(A),
there exists a finite family G1,...,G, of open sets in the topology of Er(A)

n
such that DI N B = DIN () p~1(G;). By the foregoing argument we have:

] N(G))) =

i=1

n

pIp:s (DINB) =p[ps (Dg N 'ﬂlpfl(Gi)> =p Ipg (Dg ﬁpi(

Dyvo N () (G;) and it is an open in Eg(A). Since p [ps send open basics of
i=1

D2 onto open sets in Er(A), p [pe is an open map. Assume that x € Reg(A).

Then DI = Er(A) Np~'(Dyyvo) and DY is an open set in E(A). Note that

p [pa: DI — D, is the identity. Let B be a basic open set in E(A). Since for

each y ¢ Reg(A), DI N DY = O there exists a finite family G, ..., G, of open
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sets in the topology of Eg(A) such that DINB = DIN (| p~*(G;). Since p |p,
i=1

is the identity, p [z (D4 N B) = p [ ps (Dg nN p_l(Gi)> —D,N () Gi and
=1 =1

p [pe is an open map.

2) By the same argument used in item 1, p lEr(4) is an open bijection from
Er(A) onto Eg(A). Hence u is a global = 4-section of p.

3) Immediate from items 1 and 2. O

PROPOSITION 4.3. Let A, B be two O-proper bdg-lattices, f: A — B be a
bdg-lattice homomorphism and consider the objects B(A) = (E(A),p,Er(A),u)
and B(B) = (E(B), q,Er(B),v) in PS described in Proposition @2 Define the
following functions:

o g: Er(B) = Eg(A) s.t. Er(B) 3 G s g(F) = f~'(F)

e For each F € Eg(B), and for each g(F) U {y} belonging to the fiber
E(A)yr) we define

pr(9(F)U{y}) = FU{f()}
Then:
(1) ¢p defines a map E(B)p <= E(A)gr) between fibers.
(2) For eachx € A, g~ (Dyvo) = Dy (zvo)-

—1

Pl a
(3) If o € Q(p) has the form Dyyo —= D2, then o4 € Q(q) is the local

al
: (@) .
section Dy(pyoy —— D;Ic(x) in Q(q).

(4) If we consider the family ¢ = (¢Fr)reeg(B), then B(f) = (g9,¢) defines an
B(f)

arrow B(B) ——= B(A) in the category PS.
Proof.

1) By the usual Priestley duality, g: Er(B) — Er(A) is a continuous order-
preserving function. Let g(F) U {y} in the fiber ]E(A)g(F). Then y VO € g(F) =
f7HF) and f(y)VO = f(y)Vf(0) = f(yVvO0) € f(f~1(F)) = F. Hence FU{f(y)}
is an element of the fiber E(B)r and ¢ defines a map E(B)p <= E(A)g(ry-

2) Let « € A. Since g maps prime filters from Ex(B) to prime filters of Er(A)
we have:

Fe g_1<DI\/O) iff f_1<F) = g<F) € Dac\/O
iff zvoe fY(F)
ifft f(zv0)eF
iff Fe Df(x\/O)
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3) Let 0 € Q(p). By Proposition 213, o has the form D,y pr—Dg> D for
some z € A. The domain of ¢, is g7 (Dyvo). Thus by item 2, o, is the function
04t Dyzvoy — E(B) such that oy(F) = pr(og(F)). The following diagram
provides some intuition:

Let F' € Dy(zv0)- Then g(F') € Dyyo and og(F) = g(F) U {x}. By definition
of op, pr(og(F)) = FU{f(x)} € D?(x). Thus the codomain of oy is Di(x) and

04 is the local section ¢ [531,%) in o4. If 0 = u, by the same argument, uy = v.

4) Immediate from the foregoing items. O

Let A be a O-proper bdg-lattice then B(A) = (E(A),p,Er(A),u) will stand
for the object in PS described in Proposition [£2} and if f: A — B is a 0-proper
bdg-lattice homomorphism, then B(f) will denote the arrow in PS described
in Proposition {3l By the mentioned propositions, the following result can be
easily proved.

COROLLARY 4.4. B: BDQLy — PS given by
A B(A) =(E(A),p,Er(A),u) each object A in BDQL,,
f = B(f) for each homomorphisms f in BDQL,

defines a contravariant functor from the category of 0-proper bdg-lattices in the
category of Priestley =-sheaves.

PROPOSITION 4.5. The composite functor QB: DBOLy — DBQLy is naturally
equivalent to the identity functor lpgor, .

Proof. We need to prove two facts:
1) If A is a bdg-lattice in DBQLy, we show that A is bdg-isomorphic to QB(A).
Let B(A) = (E(A),p,Er(A),u). By Proposition[ .23, o € Q(E(A)) has the form
plog
Davo —= DY for some z € A. Consider the mapping i: A — Q(E(A)) such

that
Asz—i(z)=p [521,:
i) 7 is bijective. The surjectivity of i is immediate. Let z,y two diverse
elements in A. By definition, DI # D] and p [Bllﬁé P [Btly,. Hence i is injective.
ii) i is a bdg-lattice homomorphism. If x € Reg(A) then i(x) = up, ie.
the identity D, — D,. In particular i(1) = up, = u and i(0) = ugy. Since
xVy € Reg(A), i(r Vy) = up,,,, by Proposition B.6, i(x) Vi(y) = p [Bé
Vp [Btly,: UD, oUD,vo = UD,,,- Therefore i(xV y) = i(x)Vi(y). With the
same argument we can show that i(z A y) = i(z) Ai(y). Hence i is a bdg-lattice

isomorphism from A onto Q(E(A)).
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2) Let f: A — B be a bdg-lattice homomorphisms. Consider the following
objects B(A) = (E(A),p,Er(A),u) and B(B) = (E(B), ¢, Er(B),v) in PS. We
shall prove that the following diagram is commutative:

f
A - B
i J
OB(A) > QB(B)
9B(f)

By Proposition B3] B(f) is the PS-arrow B(B) Lo, B(A) where
g: Eg(B) — Eg(A) is the mapping Er(B) > G+ g(F) = f~}(F)NReg(A) and
v = (YF) FeEx(B) in which, for each g(F) U {y} belonging to the fiber E(A) ),
1r(g(F)U{y}) = FU{f(y)}-

Let z € A. On the one hand, by the first part of the proof, i(z) is the local

Pl
section Dypvo —= DZ. Thus (QB(f))(i(x)) = i(x), and by Proposition &3]
al 5
(item 2 and item 3), i(x), is the local section D (o) S 2N D;{(m). On the
other hand, using again the first part of the proof, jf(z) is the local section
al 5

D (zyvo EEEISIN D;{(x). Hence (QB(f))i=jf.

By the steps 1 and 2, the composite functor QB: DBQLy — DBQL is

naturally equivalent to the identity functor 1pgor, . O

PROPOSITION 4.6. The composite functor BQ: PS — PS is naturally equiva-
lent to the identity functor 1ps.

Proof.

1) Let (A, p, X, u) be an object in PS and = the equivalence in A that defines
the =-sections. We first prove that (A,p, X, u) is PS-isomorphic to BQ(p).
First, we build BQ(p).

Consider the set Qr(p) = {u(U) U Ue clp(X)} U{uy} and the usual
bdg-lattice structure in

Q(p) = Qr(p) U{o: o is a =-section of p}

given by 01Voay = uy,uu,, 0102 = Uy, nu,, 1 = u, 0 = uy. By Proposition [3.6-3,
Reg(Q(p)) = Qr(p). Let Er(Q(p)) be the set of prime filters in Reg(Q(p))
endowed with the usual Priestley topology. By the Priestley duality, the map
i: X = Er(Q(p)) such that

Xszmi(z)={uU) <= U: z€U and U €clp(X)} (4)
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is a Priestley isomorphisms. Moreover the clopen increasing sets in E(Q(p))
are given by

Dy, = {i(z) e Er(Q(p)): wv €i(x)}
{z(:v) €Er(Q(p)): z € U}

for each uy € Qr(p).

Let E(Q(p)) be the set of pointed filters in Q(p). We can characterize the
elements of E(Q(p)), in fact:

FeEQ(p) iff JreX st. F=i(zr)U{o} and =z € dom(o)

In this context Fr = i(x). Hence the usual equivalence relation between
pointed filters in E(Q(p)), given in (B]), is defined as follows:

F=i(x)u{c}, G=i(y)U{o}, or
F,.G C ]ER<Q(p))

and the equivalence classes of the partition in E(Q(p)) are necessarily of the
following form:

Er(Q(p)) = {i(z): z € X}
DI ={F =i(z)U{oc}: z € dom(o) C X}, for each o ¢ Qr(p).

F=,G iff {

By Proposition B2 if we define the function p: E(Q(p)) — Er(Q(p)) such
that

F=i(z) U{o} = pli(z) U{o}) = i(x),

and the global section

E(Q(p)) 2 Er(Q(p)) - Er(Q(p))
then, BO(p) = (E(Q(p)),p, Er(Q(p)), @) is an object in the category PB.

For each z € X we define the map A, & E(Q(p))i(z) such that
o(x), if F=i(x)U{o}
«(F) =
Sa(F) {u(x), if F=i(x)

We show that &, is bijective. Suppose that F' # G in the fiber E(Q(p));(z). We

can assume that F' = i(x) U {o}. Then G = i(z) U {p} for p # o or G = i(x).

Hence &, (F) # £,(G) and &, is injective. Let t € A, i.e. p(t) = x. Let o be the
1

local section in Q(p) given by [t] & p([t]). Then i(x) U{o} € E(Q(p))i(x) and
by definition &, (i(x) U {c}) = t, i.e the pointed filter i(x) U {o} is the preimage
under &, of t. Thus &, is surjective.
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Let £ = (&;)zex- We have to prove that

(4,§) A .
<A7p7 X7 ’U,> I <]E(Q(p))7p7 ER(Q(p))7 U>
is a PS-isomorphisms.
We show that (i, €) is an arrow in PS. Let 0 be a local section in Q(E(Q(p))).

By Proposition E23, 6 is of the form D? L D,,, . Since i is a Priestley isomor-
phisms (see the mapping defined in  )) i~ (D,,,) = U. Thus we define

0;: U = A st 0;(x) = &,(Pi(x)).

We prove that o = ;. Since the codomain of 6 is D4, fi(z) = i(x) U {o}
and &,(0i(z)) = &(i(z) U{o}) = o(z). Thus 6, = o € Qp). If 6 = 4,
by the same argument, 4; = u. Hence (i,&) is an arrow in PS. Since i is a
Priestley homomorphisms and for each = € z, &, is a bijective map, (i,§) is
PS-isomorphisms.

2) Now we prove that, if (A, p, X, u) LN (B,q,Y,n) is a PS-arrow then the
following diagram is commutative:

(f, )
<A7p7 X7 u> > <B7 q?Kn>
(i,6), G
BQ(p) - B9(q)
DO(f, )

Here, (7,£) and (j, p) are the PS-isomorphisms we have seen in the first part of
the proof. We first characterize the arrow DO(f, ¢). By Proposition 3.8 Q(f, ¢)
is the bdg-homomorphisms defined as:

Q(f,): Qg) = Qp) st. o Qf,0)(0) =0y.

By Proposition 3] and the first part of the proof, DQ(f, ¢) is the PS-arrow
(g,7) defined as follows:
e g: ER(Q(p)) = Er(Q(q)) such that for each F' € Er(Q(p)),
9(F) = Q(f, o)1 (F).
e for each F' € Ex(Q(p)) and for each g(F) U {o} belonging to the fiber
Er(Q(q))g(r) we define:

1r(g(F)U{a}) = FU{Q(f,¢)(0)} = FU{oy}

In order to show the commutativity of the diagram, taking into account Re-
mark [3.7], we need to prove the following two facts:
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i) gi = jf. By definition of i, for each x € X we have:

={uwU)+ZLU: z€U and U € clp(X)}
gi(z) = Q(f, ©)"Y(i(z)). Elements of Q(f,¢) 1(i(x)) are local sections
(V) <~V in Qgr(q) such that Q(f, )(vv) i(r). By Proposition 3.8
Qf,)(v > s o the form u(/ (V) 2 f7H(V) and then, Q(f.¢)(vv)
ci(z) iff x € f~Y(V) iff f(x) € V. Thus

gi(r) = Q(f,¢) '(i(x))
{v(V) €=V € Qrl(e): flw) eV}
= jf(z)

and gi = jf.

ii) For each x € A, we consider the following composition of functions between

fibers:
Yi(z)

Ay EEE(Q(9))ia) - E(Q(9)) gita)

Pf(x
Az 5 By < E(Q(0))5(0)
Since gi = jf, E(Q(q))giz) = E(Q(q));f(z)- Then we have to prove that

Pz O Pf(x) = §z 0 Yi(x)

Let G € E(Q(q))gi(z) = E(Q(q)) ) f(x)- Assume that G ¢ Er(Q(q)) otherwise the
commutativity follows by item 1i).

From the fact that G € E(Q(q)) i), G = gi(x)U{c}, wherei(z) € Er(Q(p)).
Then by definition of v;(,),

Vi) (G) = Vi(z)(gi(z) U{o}) = i(z) Uoy

and hence

u(z), if op €i(x)

() (G) = {"f@)’ st

Since G € E(Q(q))jfx), G = jf(x) U{o} and py)(G) = o(f(z)). Thus
Pa(Pf(2)(G)) = pa0(f(2)) = of(x) and ¢z © py(a) = &z © Vi(a)-

Hence, the composite functor BQ: PS — PS is naturally equivalent to the
identity functor 1pg. O

Now by Propositions and we conclude:

THEOREM 4.7. BDQL, is categorically equivalent to PS.
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