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ABSTRACT. In this paper, the Hoffmann-Jgrgensen inequality for negatively
associated (NA) random variables is derived. As an important tool, it will be
applied to the establishing for the logarithm law of NA arrays, and the results of
Su, Hu and Liang [I5] are extended.
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1. Introduction and the results

Hoffmann-Jgrgensen established an inequality for independent and identically
distributed (i.i.d) random variables in 1974 (see [3] for detail), then, as a principal
tool, the inequality was used in the construction of the results on complete
convergence. Later on, the different versions of Hoffmann-Jgrgensen’s approach
were gradually developed, mainly on dependent random variable, see Ghosal and
Chandra [2] for instant.

The random variables X7, Xs,...,X,, are said to be negatively associated
(NA) if for every pair of disjoint subset Ay, As of {1,2,...,n},

COV(fl(Xi,i S Al),fg(X]‘,j S Ag)) < 07

whenever f; and fo are increasing. NA is one qualitative version of negative
dependence among random variables, and a great many basic theoretical prop-
erties have been derived for NA random variables. In this paper, we give a
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Hoffmann-Jgrgensen inequality of NA random variables with applications to the
law of logarithm.

The law of the iterated logarithm (LIL) and the law of the logarithm have
also been investigated by many authors under the dependent assumptions. For
example, Li, Rao, and Tomkins [8] noted that the law of the iterated logarithm
does not hold under the assumption that the array is row-wise i.i.d instead of
being an i.i.d array. Hu and Weber [6] and Qi [10] studied the logarithmic law
for the row-wise i.i.d array. Su, Hu, and Liang [I5] studied the logarithm law of
row-wise NA arrays.

Using the Hoffmann-Jgrgensen inequality given in the paper, the complete
convergence result for NA random variables is derived consequently. As an
application, the logarithm law given by Su, Hu and Liang [15] is extended and
the nonclassical logarithm law of NA arrays is established. We refer to Li, Rao,
Jiang and Wang [8] for complete convergence, Hu and Weber [6], Qi [10] and
Su, Hu and Liang [I5] for the logarithm law, Klesov [7] for the nonclassical LIL.

Throughout the paper, we assume that {X , Xp: n> 1} is an independent
copy of {X, X, : n > 1}, and we will consider the symmetrized random variables

F=X-X, X=X,—-X,, Ss =X +--+ X3, n>1. And let {X*, X :
n > 1} denote a sequence of independent random variables, X 4 x * Xn 4 X7,
n > 1. In the sequel, log™ z = log(e V ), © > 0, ~ between expressions will
mean that the limit of their ratio is 1, and [z] will denote the greatest integer
less or equal than x.

At the end of this section, we state the following Hoffmann-Jgrgensen type
inequality for NA random variables which is used as our main tool in the appli-
cation part.

THEOREM 1.1. Let {X} : k € Z} be a NA-sequence of symmetric random
variables, and { X} : k € Z} be a sequence of independent real random variables
such that X}; has the same distribution as Xy for allk € Z and the series Y X}

kez
converges a.s. Let € > 0 and j € N be given and let Y, = ( 10]) (X* A 18])
denote the standard truncation of Yy at level 163" Then the series ). Y} and

kez
> X converges a.s. and if we define Sy, = >, X;, then we have
keZ i<k

P(sup |Sk| > 26)
keZ

< (sup\xk\> +4€]7< ( ,;Y’“ ,))jdx (1.1)
§P(2161};\Xk\>1(5)j)+ ; /( <’§sz ))jdm, (1.2)
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The rest of the paper is organized as follows. Section 2 is the applications
of the Hoffmann-Jgrgensen inequality for NA random variables. Some extensive
results will be shown in the part. In Section 3, some preliminary lemmas are
stated first, then we use them to prove the main theorems.

2. Applications to the logarithm law of NA arrays

Now we will apply the NA type Hoffmann-Jgrgensen inequality (Theorem [L.])
to the logarithm law of NA arrays. Some general assumptions are given in the
first. The results are the extensive version of [I5].

Let &o,&1,&2,... be a strictly stationary sequence which is NA. Let { X, :
k=1,...,n, n € N} be a row-wise NA array with

d
(anaXﬂQv"';Xnn):(517527"'7511)7 'I’LGN
ASSUMPTION 2.1. For some t > 1, define p(x) = g~ *(x)/xt, for some ¢y > 0
p(z2) > cop(x1), for all x5 > 21> 0.

AssuMPTION 2.2. E[(97'(|&]))?] < o0 and E& = 0, where g(n) = /né(n),
@(n) is a slowly varying function defined later.

ASSUMPTION 2.3. 3(n) is decreasing and B(n) = O(n=%) for some 6 > 5, where
B(n) = —E(&oén) = = E(§;&j4n) for all j € N;

ASSUMPTION 2.4. 0 < 02 :=E& —2 Elﬁ(n) < 00.

The following theorem gives a complete convergence results of NA sequence, it
will be used partially in the proof of the next theorem, but is also of independent
interest.

THEOREM 2.1. Let {X,X,, : n > 1} be a zero mean strictly stationary NA
n
sequence, and S, = >, Xi. Suppose g(x) satisfies Assumption 2], for r > 1,

k=1
rt > 1. We assume the following conditions hold.

(1) There exist eg > 0 and m € N such that for every e > €y,

ani \/[n/m]Efl eXp(_Q[E g (n) ) < oo; (21)

— g9(n) n/m]E&E
(2) E(g7 (| X)) < o0, Mg/ 9(1) 50 form in (1) and

Sl;}i P(M[’;L/m] > xg(n)/(l?j)) =0(z"%) as z— o0 for some & > 0;
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3) ﬁ w1 g(n) < Ok Jg(k).

Then, we have

oo
Zn’bQ P( max |Si| > 59(”)) <00 for every &> eo. (2.2)
= 1<k<n

COROLLARY 2.1. Let {X, X, : n > 1} be a strictly stationary NA sequence ,
n

and S, = Y. Xi. Assumer > 1 and E(|X|*"/log™" |X\)T < 0. Then
k=1

E nT72P(1I<n;?<X 1Sk| > e/nlogn ) < 00 for every &> o/2(r — 1),
n
n>3 -

where 02 = EX2+2 Y EX 1 Xpy1-
k=1

COROLLARY 2.2. Let {X, X, : n > 1} be a strictly stationary sequence which

is NA and S, = X}. Assume EX? < co. Then
k=1

1
g P( max |Sk| >6\/nloglogn) < 00 for every e > /20,
“n \1<k<n

where 02 = EX2+2 Y EX 1 Xpy1.
k=1

Proof of Corollaries EIland By noting that E&2/m — o2, and
checking the conditions in Theorem 2.1, we get the corollaries immediately. [

By employing the NA type Hoffmann-Jorgensen inequality (Theorem [L]),
the next two theorems extent the results of Su, Hu and Liang [15].

THEOREM 2.2. Let {£y,&, : n € N} and {Xpp : k=1,....,n, n € N} be
k
defined as above. Suppose > n"~1/g(n) < Ck"/g(k) and g(x) satisfy Assump-
n=1

tion 2.1. Then
(1) under Assumptions and [Z4], we have

nz::l (b(ln) exp<—52 ¢2§n)> < o0 for every € > ¢gg

implies

: | S|
lims <ep; 2.3
TSP nn) < (23)
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(2) under the Assumptions 2.2H2.4] we have

g o) eXp<‘¢2(2n2)> -

implies

. |5l
lim su > 1. 24
I ng(n) (24)
Remark 2.1. Let ¢(n) = v/2logn in (1) and (1 —€)y/2logn in (2), we get
Sn
lim sup [l

n—oc /202nlogn

under the Assumptions Z2H2Z4l This is the case which Su, Hu and Liang [15]
have studied. Let ¢(n) = y/n in (i), we have lim S, /n = 0 under E&§ < oo. In
n—o0

=1

fact, E£S < oo is also necessary for lim S, /n = 0.
n—oo

By applying Theorem [2Z2] we can get a nonclassical logarithm law of NA
arrays. For more about the nonclassical LIL, we refer to Klesov’s work [7].

Let M > 1 and define
Ny =1, Ni =min{n: logn > Mlog Ni_1}, k>1,
b(n):MlogNk, Nk§n<Nk+1, k> 0.

Obviously, we have

b b
logn <b(n) < Mlogn, n>1. lim sup () =M, lim inf (n)
n—00 10gn n—00 logn
THEOREM 2.3. Under the conditions of Theorem 22, and let b(n) be defined
as above, we have

=1.

IS
im sup
n—oo 04/2nb(n)

3. Proofs

3.1. Preliminary lemmas

In this section, we state some lemmas which will be used in establishing the
general results. The first one is a useful version of the maximal inequality of
Hoffmann-Jgrgensen (c.f., see Li, Rao, Jiang and Wang [g]).
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LEMMA 3.1. Let {V : 1 < k < n} be a finite sequence of independent symmetric
n

real random variables and S, = > V.. Then for each integer j > 1, there exist
k=1
positive numbers C; and D; depending only on j such that for all t > 0,

P(1Sa] > 2jt) < C P( max [Vi] >t> + D;(P(1Su] = 1))

Using [4 Theorem 2.12, p. 71], we obtain the following contraction lemma

(Lemma [3.2)).
LEMMA 3.2 (Contraction Lemma). Let X = (X1, Xo,...,X,,) be a symmet-
ric random vector and let ¢1,...,¢,: R — R be odd Borel functions satisfying

lpp(z)| <z for allz € R and all k =1,...,n. Then we have
P(‘Z¢k(Xk)‘>50>§6P<‘2Xk‘>c>, for all ¢> 0,
k=1 k=1

Proof. Let ¢ > 0 be given and let (e1,...,&,) be a Bernoulli vector which is
independent of (Xi,...,X,,). By [4& Theorem 2.15, p. 71], We have

P(‘Zsk¢k(yk) ‘ > 50) < 6P<‘Zskyk ‘ > c), for all (y1,...,yn) € R™.
k=1 k=1

Since (X1, Xa,...,X,) is symmetric and independent of (e1,...,&,), we have
that (X1, Xa,...,X,) and (1 X1, ...,6,X,) are equidistributied and notice that
o is odd, we have ¢y (e X)) = erdr(Xk). Hence, if Px denote the distribution
of X, we have

p(\
/7

R

/ (’zn: kyk‘ >C> Px(dy)

R"

P(’ZEka’ >C> :6P<’§:Xk‘ >C>.
k=1 k=1

L (Xe) ‘ > 5c>

M= T M:

e (exXr) ‘ > 5c> - P( ‘ zn:gkgbk(xk) ‘ > 5c>
k=1

Bl
Il

1

‘i Pk (Yr) ’ > 50) Px(dy)

/\
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LEMMA 3.3. For each n > 1, let {X,x : k € Z} be a sequence of NA real
random variables, and {X*, : k € Z} be a sequence of independent real random
variables such that X, has the same distribution as X,y for eachn > 1, k € Z,

and the series Y X} converges a.s. Suppose that
keZ

Sp=> Xj -0,
keZ

sup | med (X,,x)| — 0.
keZ

Then, we have

Su=> Xu Po.
keZ

Proof. By the proof of [T} Theorem 1, p. 326] of Chow and Teicher with some

necessary modifications, we can get that S} = > X, ) implies

keZ
> P(|Xnk| =€) =0,
keZ
> Var(XpeI{|Xnk| < }) =0,
keZ
> EXuI{|[Xnk| <} = 0.
keZ
And by the classical truncated method, we can get S, = > X, 0. O

kez
The next lemma comes from Li and Spataru [9].
LEMMA 3.4. Let {U, : n > 1} be a sequence of random variables such that

Un LA 0, {U), : n > 1} be an independent copy of {U, : n > 1}, and let
{an : n > 1} be a sequence of nonnegative numbers, suppose ¢ > 0 and § > 0.
The following are equivalent:

K 7<ZanP(Un| >:vq)> dz < oo, &>V

n>1

(ii) there exists a > 6'/9 such that

(o @]

/(Z%POUn ~ Uyl > xq)> da < oo,

a n>1

and
> anP(|Un| > ) <00, >0

n>1
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The following result on the approximation of the sums of the independent
random variables is due to Sakhanenko ([11], [12] and [13]).

LEMMA 3.5. For any sequence of independent random variables {£, : n > 1}
with zero mean and finite variance, there exist a sequence of independent normal
variables {n, : n > 1} with En, = 0 and En2 = E£2 such that, for all Q > 2
and y > 0,

(I;??f Z& Zm

whenever E |£|9 < oo, i=1,...,n. Here, A is a universal constant.

>y> < (4Q)% QZE\& 2,

3.2. The proofs of the theorems

Proof of Theorem|[Idl Let Yy = (—¢/(105)) V X A (¢/(105)). We assume
the right of the inequality is finite. We have

(sup’ZXk‘>25><P(sup|Xk|> ) (sup‘ZYk’>2€>

lez kez lez k<l

and by the comparison theorem of Shao [14],

(sup’ZYk

lez

>2€) lim P( sup ‘ 3 Yk’>2€>

m,t—00 —t<i<m

k<l —t<k<l
< lim {P( sup Z Yk>€)+P( sup (— Z Yk)>€>}
e —tslsm k< —tslsm ot k<
1
< m_ {& Vioep re{ (- X n) -}
- m,%gooe 7?<121%§m Z k ¢ + ftngl?%(m 7§<l k ¢
1
< i — —
< m Ae{m, Z R R AP ORORE &
2
< ¥
< m %e( e | T |-},

—t<k<l
0

. 2
= lim P( max E Yy
m,t—o0 £ —t<Il<m
- —t<k<l

€

)dxg ifp(‘zyk* )dx,
- kez

where the last inequality follows from Lévy inequality. Since |Y}"| < e/(10j), we
have P(|Y*| > x/(24)) = 0 for z > . Applying Lemma BT with C; := *;! and

3
D; =471 we get
b F J
% X
(sup’ZYk‘>2€> < /(P(";Yk > 2j>> da.

lez k<l

1034



HOFFMANN-J@RGENSEN INEQUALITY OF NA RANDOM VARIABLES
This proves ([LI)). For (I.2)), notice that Lemma [3.2] implies
x
<\2Yk ><6P<’2Xk )

therefore, combining with (II]) and the Lévy inequality, we fulfill the proof of
Theorem [I11 O

Proof of TheoremZI By Assumption 2] we can get
EIXI{IX] = g(n)} _ EgH (IXDI{|X| > g(n)}
g9(n) - n
Hence,
nE(gm)VXiAgln)
g9(n)

Therefore, we have

I:= in’"?P( max |Si| > eg(n ))

1<k<n

<3 P(X] = g(n +czn’" 2P( max || > (1 — a)eg(n ))

1<k<n

It is easy to see that I} < oo since E(g~1(|X]))” < oo. And for every 0 < a < 1,

1 X n' 2 1—-a
L <C E S
220, 3 { max 87— | “eg(m)}

1<k<n 1+a

< ci Z:l Zzn) e{ _max [T~ (1 - a)zg(n)}

1<k<L[n/m] +
1S, pr—2
+C E{ max . max ‘ Z Xl — asg(n)}
a o g(n) 1<i<[n/m]+1 (i—1)m+1<I<im b= (i Tymt1 +
= I3 + I47
where 1 —a’ = (1 — 2a — a?)/(1 + a). Using the same argument for proving

Theorem [[T] by [14t Theorem 1] we have

I<01i"ME{ T3]~ (1= a)zg(n) }
8= a = g(n) 1<k<[n/m] b gy,

[ee]

1 x©  r—2
:ca;’;(n) / P(M[n/m]>:r> da

(1—a’)eg(n)
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i T2P( fn/m) = (1= a’) g(n)>+0i§: an/P M[n/m2x>d
n=l A

n=1
=:I5 + I,

where A = Qeg(n), @ will be specified later. By noting the second condition in
Theorem 2.I] and using Lemma [3.1], we get

e r—2

&

IN

Q
—
0%
A:

i (nj / P(Miipmy > o/(63)) do

N
Q

Q =

e 1
:ﬂ
b
-

(M) = Qeg()/(123)) [ supP (Mg > 29()/12)) " do
Qe

where we let @) large enough such that A > 12jmg(n). So we only need to
estimate Iy, I5. For I5, we apply LemmaBZl We have

1- 2a’)€g(n))
()

where Y; ~ N(0,E&?). Since P(N > z) ~ (\/27m:)71 exp(—x?/2) as x — oo, we

have
= =2, /[n/m] E€3 (1— 24/)%2¢2 (n)
”SC; 9(n) 16""(‘ 2fn/m] E€} ><°O

by letting a small enough such that (1 —2a’)e > ¢, and by Assumption 2] we
get that for p > ¢, x'/?/g(x) < Cy*/?/g(y) for every x > y. Hence

I; < C’Zn'"_2 P( max
n=1

1<k<[n/m]

+OYnP(_max !Zf -
n=1 - —

=:I7 + Is,

Ig < CZ r—1E |X”2q)<(7|l)§ g(n)}

EIX[7I{j -1 < g7 "(IX]) < j}
1

<CY g

< CZ EIX[7I{j —1< g7 (X]) <4} ) n" PP /g% (n)

Jj=1 n=j

[ee] ,,. 1 n

.7
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SO EIX[UI{j-1<g '(IX]) <4}y n 1797597 /g9(j)

j=1 n=j
oo . jr

For Iy, by (

> ,r—1
I < oz ! () EXILIX] = asg(m)}

P(aeg(k) < |X| < aeg(k + 1))

I/\
L :M8

oo k
= ZZ P(asg(k) < X| < acg(k + 1)

Z P(aeg(k) < |X| < aecg(k + 1))

< CE(g (X))’ < 0.
This completes the proof. O

Proof of Theorem[22
(1) Let = 2 in Theorem 2] and use the Borel-Cantelli lemma, we get ([2.3)).
(2) By the generalized Borel-Cantelli lemma, we only need to show that

[oe]

Z P(S, > (1 —5¢)og(n)) = cc.

n=1
Following the proof of Su, Hu and Liang [I5] and their notations, we only need
to show that

P(S? > eaVig(l)) < oo, e >0, (3.1)
l
=1

where S 1(2) is the sum of m; = O(1'~%/2) identically distributed random variables
which are NA, and

in P(Tn > (1 - s)an\/mb(nQ)) = 0. (3.2)

where T, = > Z,j, and Z,1, ..., Zpy, be i.i.d. random variables with E Z,,; = 0,
j=1
02 =EZ2, — 0. We show (3] first. By Theorem [T} we only need to show
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that
Zml (|&] > eog(l)) < oo, (3.3)

and

P(\SZ(Z)\ > :vaxﬁqb(l)) <C ! for some ¢,t > 0. (3.4)

xalt
B4) follows E£2 < oo and the Markov’s inequality and (B.3) from Assump-
tion
Now we prove [3.2). Let [z] stand for the integer part of x, and let {d,
n € N} be a sequence of positive integers, d,, = [n'~%] for some 0 < § < 1. For
every n € N, set

a():b():o, ay =n, b1:a1+dn,...,
aj+1=">b; +n, bjt1=a;41+dn, JEN,

Xl/k = Xlk:I{|Xlk| < g(TLQ)}
bj+n bj+n

=YY x) e Y x)

Jj=1 k=bj;_1+1 Jj=1 k=b; _1+1

Since
b]' +1’L

zn:E( Z Xl’k>*/g(n2)—>0 as n — oo,

j=1  k=b;_1+1

we can get for n large enough,
P(ITal > (1 = €)ong(n®)) = P(IT| > (1 - 26)0ng(n?)) — n® P(|&] = g(n?)).

One can easily show that

> n®P(l&l 2 g(n*) < CE(g" (%))

Also,
(IT'\ > (1 —2¢)o,9(n?))

( > (1 —3¢)ong(n? >—P<|T’ ZY\>sang )>.

n 2
where Y; « N(O7 E( (& - EQ)) ) By Lemma 3.5 we have
i=1

ZnP(

=1 n=1
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(3] 3 E i — E / Q (3]
ot ST e
=TT Q) 92(n?)

<CE(g ' (|&])* +C <

n=1

and
(\ (1320900 ) = (| Sy s - 1e)g(o) )
N 0¢(71;1 exp<_ (1— 45)22¢2(n2)>
We get
S 0P (Tl > (1 - Song(n?)) = oc.
The proof is now comr;:klzted. O

Proof of Theorem[Z3l Notice b(n) > logn. By Theorem 22] it suffices
to show that

00 no (. (1 —e)b(n?) - 00 or ever
Zl \/b(n2) P< 5 ) fi y &> 0.

By noticing that Nj, > (Nx_1)™, we have now

Z\/bHQ eXP<—(1 ) i % \/bT(Ln2)eXp<_(l_€2)b<n2)>

k= ln \/Nk 1
Ni—1
>C
Z\/MlogNk 1

>CZ (Ni—1)™ =00
“ /M log Ny '

(Nk71)_(1_E)M
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