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PEROV TYPE RESULTS IN GAUGE SPACES
AND THEIR APPLICATIONS
TO INTEGRAL SYSTEMS ON SEMI-AXIS

ADELA Novac* — RADU PREcCUP**

(Commaunicated by Emanuel Chetcuti)

ABSTRACT. In this paper we present Perov type fixed point theorems for con-
tractive mappings in Gheorghiu’s sense on spaces endowed with a family of vector-
valued pseudo-metrics. Applications to systems of integral equations are given
to illustrate the theory. The examples also prove the advantage of using vector-
valued pseudo-metrics and matrices that are convergent to zero, for the study of
systems of equations.
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1. Introduction and preliminaries

In this paper we are concerning with the solvability of the semilinear operator
system
{ Aley) =2 (1.1)
B (.73, y) =Y
in a complete gauge space X (space endowed with a family of pseudo-metrics).
Here A, B: X? — X are given nonlinear operators. Systems of this type arise
from mathematical modelling of many interaction, competitive and cooperative
processes from a variety of disciplines, including physics, biology, chemistry,
engineering and other sciences. For instance, the system

o) = [ fls.2(o1 (). (o2 (s)) s

y(t) = / g(s,2(01 (5)), y(o2 (5))) ds

t—To
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is a mathematical model for the spread of two interacted infectious diseases with
contact rates that vary seasonally. In these equations z(t), y(t) represent the
proportion of infectives in a population at time ¢, for each of the two epidemics;
71, T2 stand for the length of time an individual remains infectious of each one
of the diseases; and f, g are the proportion of new infectives per unit time for
the two epidemics. The modified arguments o1(t), o2(t) can be of retarded
type, when o1(t),02(t) < ¢, or of advanced type, if o1(¢),02(t) > t. For only
one disease, and without argument deviations, such a model was introduced by
Cooke and Kaplan [4] (see also Precup [12]).

It is obvious that system (1)) can be viewed as a fixed point problem,
T(u)=u (1.3)

in the space X2, where u = (z,y) and T = (A, B). Therefore, we may think
to apply to (L3)), in X? endowed with the gauge structure induced by that of
X, different abstract existences results from the theory of nonlinear operators
on gauge spaces. Such a result is the contraction principle extended to gauge
spaces by Colojoara (1961) [3], Gheorghiu (1967) [7] and Tarafdar (1974) [16].
However, as pointed out by Perov and Kibenko [I1] in connection with Banach’s
contraction principle and Precup [13] for other abstract principles (Schauder’s,
Leray-Schauder’s and Krasnoselskii’s cone theorems), we may expect that better
results can be obtained for system (L)) if X2 is endowed with a family of vector-
valued pseudo-metrics. Of course, in this situation the contraction condition has
to be expressed in terms of a matrix instead of scalar Lipschitz constants allowing
the two mappings A and B to satisfy more relaxed Lipschitz conditions.

Our first goal in this paper is to present Perov type fixed point theorems
for contractive mappings in Gheorghiu’s sense on spaces endowed with a family
of vector-valued pseudo-metrics. Then we present applications to system (L2)
with parameter standardization 7 = 75 = 1 in two cases:

(a) for advanced arguments o1(t) = o3(t) =t + 2;
(b) for unmodified arguments o1 (t) = o2(t) = t.

The use of a gauge structure is motivated by our interest in discussing long
term behavior of the system, i.e., ¢ € [0,00), while the advanced arguments
in the first example lead to Gheorghiu’s contraction notion. Our abstract re-
sults are new and complement the existing literature in fixed point theory in
gauge/uniform spaces. In addition, compared to previous applications in Pre-
cup [14] and Precup-Viorel [I5], our new applications give to the vector approach
a new asset for its use in the treatment of systems.

In order to make clear the connection of our results to the existing litera-
ture, we conclude this introductory section recalling some definitions and results
(details can be found in Precup [12]).

By a vector-valued metric on a set X one means a map d: X x X — R" with
the following properties: d(x,y) > 0forallz,y € X and if d(x,y) = 0 then x = y;
d(z,y) = d(y,x) for all z,y € X; d(z,y) < d(z,z) + d(z,y) for all z,y,z € X.
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Here, if a = (a1,a9,...,ay), b = (b1,ba,...,b,) € R™, then by a < b we mean
that a; < b; fori=1,2,...,n. A set X endowed with a vector-valued metric d
is said to be a generalized metric space. For the generalized metric spaces, the
notions of a convergent sequence, Cauchy sequence and completeness are similar
to those for usual metric spaces.

Let (X,d) be a generalized metric space. A map T: X — X is said to be a
generalized contraction if there exists a matrix M € M, x, (Ry) such that

MF =0 as k— oo (1.4)

and
d(T(x),T(y)) < Md(x,y) forall z,y € X.
The Lipschitz matrix M satisfying (L4) is said to be convergent to zero.
The extension of Banach’s fixed point theorem to generalized contractions

on spaces with a vector-valued metric is due to Perov and Kibenko (see [11]
and [12]).

THEOREM 1.1 (Perov). Let (X,d) be a complete generalized metric space and
T: X — X be a generalized contraction with Lipschitz matriz M. Then T has
a unique fized point x* and for each xo € X, one has

d(T*(xo), x*)) < M* (I — M) " d(xo, T(z0))  forall keN.

As concerns matrices which are convergent to zero, we mention the follow-
ing equivalent characterizations (see Precup [13]): If M be a square matrix of
nonnegative numbers, then the following statements are equivalent:

(i) the matrix M is convergent to zero;
(i) I — M is non-singular and (I — M)~ ' =1+ M + M?+ .. ;
(iii) |A] <1 for every A € C with det(M — AI) = 0;
(iv) I — M is non-singular and (I — M)~" has nonnegative elements.

Finally we recall basic definitions and results of the theory of gauge spaces.

A map d: X x X — Ry is said to be a pseudo-metric, or a gauge on the
set X, if it has the following properties: d(z,z) = 0, d(x,y) = d(y,z) and
d(z,y) < d(x,z) +d(z,y) for all z,y,z € X. A family P = {dqn},c, of pseudo-
metrics on X (or a gauge structure on X) is said to be separating if for each pair
of points z,y € X with = # y, there is a d,, € P such that d,(z,y) # 0. A pair
(X, P) of a nonempty set X and a separating gauge structure P on X is called
a gauge space.

It is well-known (see Dugundji [5; pp. 198-204]) that any family P of pseudo-
metrics on a set X induces on X a structure U of uniform space and conversely,
any uniform structure on X is induced by a family of pseudo-metrics on X. In
addition, U is separating (or Hausdorff) if and only if P is separating. Hence we
may identify gauge spaces to Hausdorff uniform spaces.

We now recall the notion of contraction on a gauge space, introduced by
Gheorghiu [7] (see also Chis-Precup [2] and Angelov [1]). Let (X, P) be a gauge
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space with P = {do},cp. A map T: D(T) C X — X is a contraction if there
exists a function p: A — A and a € R}, a = {aa},c, such that

do (T(x), T(y)) < o dp(a)(T,y) forall a€ A and z,y € D(T)

and

o0
Z Aalp(a)Ap2(a) « -+ Qpi=1(a) dwi(a) (x, y) < o0
i=1

for every a € A and z,y € D(T). Here ¢° is the ith iterate of .

We note that this notion was first introduced by Marinescu [10] in locally
convex spaces assuming that ¢? = ¢ and then by Colojoard [3] in uniform
spaces, under the same condition. The case p = 1, (identity) was considered by
Tarafdar [16] (see also Frigon [6]). Also note that a somewhat different notion of
contraction in a uniform space was defined by Knill [9] in terms of entourages.

THEOREM 1.2. (Gheorghiu [7]) Let (X,P) be a complete gauge space and let
T: X — X be a contraction. Then T has a unique fixed point which can be
obtained by successive approximations starting from any element of X.

2. Main abstract results

In this section we introduce the notions of a vector-valued pseudo-metric,
generalized gauge space and generalized contraction. Then Gheorghiu’s theorem
is extended for generalized contractions on complete generalized gauge spaces. A
second result is concerning with mappings which are contractive in Gheorghiu’s
sense only on one of its orbits. The results are Perov-Gheorghiu mixtures and
have the advantages of both approaches.

DEFINITION 2.1. Let Z be a set. A vector-valued map D: Z x Z — R7 is
said to be a wector-valued pseudo-metric, or a vector-valued gauge on 7, if it
has the following properties: D(u,u) = 0; D(u,v) = D(v,u); and D (u,v) <
D(u,w) + D(w,v) for all u,v,w € Z. Here again, if a = (a1,as,...,a,), b =
(b1,ba,...,by) € R™, then by a < b we mean a; <b; fori =1,2,...,n.

A family G = {Dq},c, of vector-valued pseudo-metrics on Z (or a generalized
gauge structure on Z) is said to be separating if for each pair of points u,v € Z
with u # v, there is a D, € G such that D,(u,v) # 0. A pair (Z,G) of a
nonempty set Z and a separating generalized gauge structure G on Z is called
a generalized gauge space. For the generalized gauge spaces, the notions of a
convergent sequence, Cauchy sequence and completeness are similar to those for
usual gauge spaces.

By analogy, we can introduce the vector version of Gheorghiu’s notion of
contraction.
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DEFINITION 2.2. Let (Z,G) be a generalized gauge space with G = {Dga},cn-
Amap T: D(T) C Z — Z is a generalized contraction if there exists a function
@: A = Aand M € My, (R)™, M = {M,},, such that

Do (T(u), T(v)) < My Dy(oy(u,v)  forall aeA and u,ve D(T) (2.1)
and

Z MaMgp(a)Mgﬂ(a) . Mwi—l(a) Dtpi(a) (u, 1)) < o0 (2.2)
=1

for every o € A and u,v € D(T).

Now the Perov type analog for generalized contractions of Gheorghiu’s fixed
point theorem reads as follows:

THEOREM 2.1. Let (Z,G) be a complete generalized gauge space and let
T: 7 — Z be a generalized contraction. Then T has a unique fixed point which
can be obtained by successive approximations starting from any element of Z.

Proof. Let up be an arbitrary element of Z. Define a sequence (uy) by
g1 = T'(uk), ke N. (2.3)
Then using ([2I]) we have
Dq (uk; ug+1) = Do (T (ug—1), T'(u))
< Mo Doy (ur—1,ur)
= MuoDyo) (T(ug—2), T(ur—1))
< MaMo(a)Dy2(a) (-2, 1)

< MOLMLP((X) PN Mtpk—l(a)Dapk(oc) (’U,o, ul)
for every « € A and k =1,2,.... As a consequence we have

Da <ukauk+m) = Da <ukauk+1) + -+ Doc <uk+mflauk+m)

m—1
< Z MoMyay - - M¢k+n—1(a)D¢k+n(a) (ug,u1)
n=0
k+m—1
= Z M(XMLP(CY) ce Mwi—l(a)Dwi(a) (UO, ul).
i=k

Hence, according to ([22)), (ux) is a Cauchy sequence. Let u* be its limit. Then,
letting & — oo in (Z3) gives u* = T'(u*). For uniqueness, assume that uq, uy are
two fixed points of T. Then

Dq (u1,u2) = Do (T(u1), T(uz))
< MocDLp(a) (U17U2)
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< MaMgp(a)Dgﬂ(a) (ula u2)

S M(XMLP(O&) e ka—l(a)Dwk(a) (ul, UQ)

and using (2.2) we obtain that D, (u1,u2) = 0 for every a € A. Since family G
is separating we deduce that u; = us. |

From the proof of Theorem [2.I] we immediately obtain the following result
guaranteeing the existence of a fixed point as limit of the successive approxima-
tion sequence which starts from a given element of the space.

THEOREM 2.2. Let (Z,G) be a complete generalized gauge space with G =
{Da}ocp and let T: Z — Z be a mapping. Assume that there is ug € Z,
C>0,0:A— A and M € M, «, (R+)A, M = {Mqy}cp such that the follow-
ing conditions hold:

Dy (T(w), T(v) < My Dyay(u,v) forall ae€A and u,v € Z;

ZMQMW(Q)sz(a) con Mgica(qy < 00 for every o € A; (2.4)
i=1
Dy (uo, T(up)) <C forall a€A.
Then T has at least one fized point which can be obtained by successive approx-
imations starting from ug.

Remark 1. Here are some useful particular cases: If there is an integer p > 2
with ¢P = ¢, then conditions (2.2)) and (2] reduce to the assumption that

Mw(a) .

Thus, if p = 2, that is p? = ¢ (Marinescu’s situation), then (2.2)) and (2.4) hold
if

M »-1(q) is convergent to zero for every a € A.

M) is convergent to zero for every a € A.

In particular, if ¢ = 15 (Tarafdar’s situation), then (22)) and (24) are satisfied
provided that

M, is convergent to zero for every o € A.

Now we turn back to system ([I). We assume that X is a complete gauge
space with the family of pseudo-metrics P = {da} . We denote
Z = X?, T:=(A,B) and  G:={Dua},cn,
where

atu) = [ ] e

for every u := (z,y), v := (x1,y1) € X? and o € A. Then (Z,G) is a complete
generalized gauge space.
Specialized to this case, Theorems 2] and yield the following results.
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THEOREM 2.3. Assume that (X, P) is a complete gauge space with P = {da} e
and that there exists a function ¢: A — A and nonnegative constants a, ba,
Qq, bo such that

dq (A(xv y)7 A(xla yl)) < q dtp(a) (xv xl) + ba dtp(o&) (ya yl)a (26)
da (B(xay>vB(xlay1)) < aq d@(a)<xvx1) =+ boc dgp(a) (yayl)

forall z,x1,y,y1 € X and oo € A. Let

ao  bg
M= [
Iif
ZMCYMLP((X)ML,O2((X) . Mtpi—l(a) Dwi(a) (u,v) < o0 (27)
i=1

for allu,v € X? and o € A, then system (LI)) has a unique solution. Moreover,
the solution is the limit of the sequence of successive approximations

ur = (T, Uk) s Trp1 = ATk, Yk) s Y1 = B (2, yr) (k=0,1,...)

(2.8)
starting from any initial pair (xg,yo) € X 2.
Proof. Clearly inequalities (2.6 can be written in the vector form
Do (T(u), T(v)) < Mo Dy (o) (1, v).
The result is now a direct consequence of Theorem 211 O

THEOREM 2.4. Under the assumptions of Theorem 23], if there is ug = (zo, yo)
€ X? and C > 0 such that

DQ(UU,T(’U,())) S C (29)

and

ZMOLML,O(OL)MLP2(OL) M¢i—1(a) < o0 (2.10)
i=1

for every a € A, then system (L) has at least one solution which is the limit
of sequence ([2.8)) starting from ug.

Proof. The result is a direct consequence of Theorem O
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3. Applications to integral systems

3.1. A system of integral equations with advanced argument

Consider the system of integral equations with advanced argument

x(t):/f(s,m(s+2),y(s+2))ds

. (3.1)
y(t) = / g(s,z(s+2),y(s+2))ds
t21
for ¢t € [0, 00).
Assume that
[f(tzy) — f(t 2, 1) < ka(t) |z — 2] + k2 (t) ly — vl (3.2)

|g(t,x,y) _g(t7x17y1)| < k3(t) ’x - I1| + k4<t) |y _y1|

for every x,r1,y,51 € R, t € [-1,00) and some k; € L' ([-1,00),Ry), i =
1,2,3,4. For each n € N, let

2n+1 2n+1
ay = / k1 (t) de, b, = / ko(t) dt,
n—1 n—1
2n+1 2n+1
0, = / ko) dt, by — / ka(t) dt
n—1 n—1
and consider the matrix )
an mn
M, — { bﬂ]

Also define the matrix M, by
M — [ k1l L (—1,00)) K|t ((~1,000) ]

kslor((—1,00))  [Falr(i-1,00))
Our main result on system (B.)) is the following theorem.
THEOREM 3.1. Let f,g: [-1,00) x R? — R be two continuous functions and
assume that inequalities [3.2) hold for some k; € L' ([—1,00),R,), i = 1,2,3, 4.
In addition assume that there is ug = (zo,y0) € C ([0,00),R?) and C > 0 such
that

T (uo)(t) —uo(t)| < C  forall te]|0,00), (3.3)
where T = (A, B) is given bellow. If the matriz
M., is convergent to zero, (3.4)

then system BI) has at least one solution (z,y) € C ([0, 0),R?).
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Proof. We shall use Theorem [Z4l Here X = C[0,00), A = N and for n € N,
dn: X x X = Ry is given by

d,(z,y) = ) —y(t)] .
(z,y) te[g}ggﬂ]Ix() y(t)]

Let A, B: C ([0,00),R?) — C[0, 00) be defined by

Awg)(t) = [ flsvals +2).(5+ 2) ds
B(z,y)(t) = / g(s,x(s+2),y(s+2))ds.

First we prove the Lipschitz condition (2.6]) with ¢: N — N given by ¢(n) = n+1.
Let t € [n,2n 4+ 1]. We have t — 1 € [n — 1,2n], and when s € [t — 1,¢], then
s+2¢€n+1,2n+3]. It follows that

[ Az, y)(t) = A(z1, 1) (2)]

2n+1

< / (5,5 +2),9(s +2) — F(s,21(5 +2), 3 (s +2) s
2n+1
< / s)|le(s+2) —z1(s+2)| ds + / ka(s) ly(s+2) —yi(s+2)| ds
2n+?71

<  max |z(s+2) — z1(s + 2)] / k1(s)ds
s€[n—1,2n+1]
n—1
2n+1

+ max  |y(s+2)—yi(s+2)| / ka(s)ds
s€[n—1,2n+1]
n—1

2n+1
= — k d
max o) =) [ a(s)ds

n—1

2n+1

— k d

o max () = () / 2(s) ds
n—1

= andn41(2,21) + bndn 1 (y, y1)-
Taking the maximum over [n,2n + 1] yields

dn(A(z,y), A(z1,y1)) < andpyi(z, 21) + bpdnia (¥, y1)
for every (Ivy)a (‘Tlvyl) € X2‘

969



ADELA NOVAC — RADU PRECUP

Similarly, for B,
dn(B(xa y>v B(xlv yl)) < andap(n) (13, Il) =+ bndtp(n) (ya yl) (35)

for every (z,y), (z1,71) € X2. Hence (28] holds. Furthermore, condition (Z3)
is guaranteed by assumption [B.3)). Also, for every n € N, M,, < M, and thus

series (2.I0) is dominated by
oo
> M
k=0

which is convergent in view of assumption (3.4). Hence (2.10) is satisfied. There-
fore Theorem [2.4] can be applied. O

3.2. An integral system without modification of the argument

Consider the system of integral equations

£(t) = / F(s,2(s), y(s)) ds
- (3.6)

o)) = [ ls.x(s).y() ds
to1
for ¢t € [0, 00), where
z(t) =(t) and y(t) = ¢(t) for te[-1,0]
and v, ¢ are two given functions.
We assume that inequalities ([3.2)) hold for every x,z1,y,y1 € R, ¢t € [0,00)
and some k; € Li _([0,00), R ), i =1,2,3,4. For n € N\ {0}, we denote

loc
n n

a, — / ) dt, by = / oo (1) di,
0 0
0 = / ky(O)dt, by — / e (£) di.
0 0
and we consider the matrix
an bTL
e[ b

THEOREM 3.2. Let f,g: [~1,00) x R?2 — R be two continuous functions, ¢, €
C[—1,0] and assume that inequalities [B.2) hold for some k; € L}, .([0,00), R.),
1=1,2,3,4. If for every n € N\ {0}, matriz

M, is convergent to zero, (3.7)

then system B8) has a unique solution (z,y) € C ([0, 0),R?).
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Proof. The result follows from Theorem 2.3 if we take into account Remark [Tl
about Tarafdar’s situation. Here X = C'[0, 00), A = N\ {0}, for each n € N\ {0},
dn: X x X = Ry is given by

dn(z,y) = nax, lz(t) —y(t)],

¢: N\ {0} = N\ {0}, p(n) =n, and A, B: C ([0, 0),R?) — C[0,00) are defined
by

Al y)(t) = / F(s,7(5). 3(s)) ds,

Bz, y)(t) = / o(5,(s), §(s)) ds,

t—1

o Ju) for —1<t<0 oo Jo(t) for —1<t<0
x(t)_{x(t) for t >0, y(t)_{y(t) for t > 0.

0

Remark 2. When k; € L*([0,0), R}), i = 1,2, 3,4, then a sufficient condition
for B70) to hold for every n € N\ {0} is that the matrix

k 1 k 1
M, = [l (R+) ka1 ®+) | is convergent to zero. (3.8)
kslpiw,y ksl

Indeed, for each n € N\ {0}, one has M,, < M., whence, since the entries of all
matrices are nonnegative, M} < MZE for all k € N. Consequently, if MY — 0
as k — 0o, then M* — 0 as k — oo, too. However, [B.8) is not a necessary
condition for (37) as shows the following contre-example:

ki(t) = (t+1)"%, ko=kg=ky=0.
In this case
0 1 0
— | n+1 _
Mn—[ 0 O} and MOO_{O O]'
Clearly, for every n € N\ {0}, M,, converges to zero, but M, does not.

Acknowledgement. The authors thank Professor Mircea Ivan for having clar-
ified the situation described by Remark

971



ADELA NOVAC — RADU PRECUP

REFERENCES

[1] ANGELOV, V. G.: Fized Points in Uniform Spaces and Applications, Cluj University
Press, Cluj-Napoca, 2009.

(2] CHIS, A—PRECUP, R.: Continuation theory for general contractions in gauge spaces,
Fixed Point Theory Appl. 2004 (2004), 173-185.

(3] COLOJOARA, 1.: Sur un théoréme de point fize dans les espaces uniformes complets,
Com. Acad. R. P. Rom. 11 (1961), 281-283.

[4] COOKE, K. L.—KAPLAN, J. L.: A periodicity threshold theorem for epidemics and
population growth, Math. Biosci. 31 (1976), 87-104.

(5] DUGUNDJI, J.: Topology, Allyn and Bacon, Massachusetts, 1966.

(6] FRIGON, M.: Fized point and continuation results for contractions in metric and gauge
spaces. In: Fixed Point Theory and Its Applications. Banach Center Publ. 77, Polish
Acad. Sci., Warsaw, 2007, pp. 89—-114.

[7] GHEORGHIU, N.: Contraction theorem in uniform spaces, Stud. Cerc. Mat. 19 (1967),
119-122 (Romanian).

[8] GHEORGHIU, N.: Fized point theorems in uniform spaces, An. Stiint. Univ. Al. I. Cuza
Tagi. Sect. I Mat. 28 (1982), 17-18.

[9] KNILL, R. J.: Fized points of uniform contractions, J. Math. Anal. Appl. 12 (1965),
449-455.

[10] MARINESCU, G.: Topological and Pseudo topological Vector Spaces, Editura Acad. R. P.
Rom., Bucharest, 1959 (Romanian).

[11] PEROV, A. I.—KIBENKO, A. V.: On a certain general method for investigation of
boundary value problems, Izv. Akad. Nauk SSSR 30 (1966), 249-264 (Russian).

[12] PRECUP, R.: Methods in Nonlinear Integral Equations, Kluwer, Dordrecht, 2002.

[13] PRECUP, R.: The role of matrices that are convergent to zero in the study of semilinear
operator systems, Math. Comput. Modelling 49 (2009), 703-708.

[14] PRECUP, R.: Ezistence, localization and multiplicity results for positive radial solutions
of semilinear elliptic systems, J. Math. Anal. Appl. 352 (2009), 48-56.

[15] PRECUP, R.—VIOREL, A.: Ezistence results for systems of nonlinear evolution inclu-
sions, Fixed Point Theory 11 (2010), 337-346.

[16] TARAFDAR, E.: An approach to fized-point theorems on uniform spaces, Trans. Amer.
Math. Soc. 191 (1974), 209-225.

Received 26. 11. 2011 * Department of Mathematics

Accepted 1. 5. 2012 Technical University of Cluj-Napoca

972

26-28 George Baritiu Street
400027 Cluj-Napoca
ROMANIA

E-mail: adela.chis@math.utcluj.ro

** Department of Mathematics
Babes-Bolyai University
1 Mihail Kogalniceanu Street
400084 Cluj-Napoca
ROMANIA

E-mail: r.precup@math.ubbcluj.ro



	Abstract
	1. Introduction and preliminaries
	2. Main abstract results
	3. Applications to integral systems
	3.1. A system of integral equations with advanced argument
	3.2. An integral system without modification of the argument

	REFERENCES


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts false
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings true
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldMT
    /ArialMT
    /Times
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /ENU <>
    /DEU <>
    /CZE ()
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [498.898 708.661]
>> setpagedevice




