versi 2o I\/\%flhemoﬁco
ovaca

DOI: 10.2478/s12175-014-0250-6
Math. Slovaca 64 (2014), No. 4, 941-0060]

COMMON FIXED POINT OF GENERALIZED
WEAK CONTRACTIVE MAPPINGS
IN PARTIALLY ORDERED B-METRIC SPACES

ASADOLLAH AGHAJANT* — MUJAHID ABBAS**
— JAMAL REZAEI ROSHAN***

(Commaunicated by Gregor Dolinar)

ABSTRACT. We prove some common fixed point results for four mappings
satisfying generalized weak contractive condition in partially ordered complete
b-metric spaces. Our results extend and improve several comparable results in
the existing literature

©2014
Mathematical Institute
Slovak Academy of Sciences

1. Introduction and preliminaries

The concept of b-metric space was introduced by Czerwik in [9]. Since then,
several papers have been published on the fixed point theory of various classes of
single-valued and multi-valued operators in b-metric spaces (see also [5[6,23]).
Pacurar [19] proved some results on sequences of almost contractions and fixed
points in b-metric spaces. Hussain and Shah [12] obtained some results on
KKM mappings in cone b-metric spaces. Recently, Khamsi [I5] and Khamsi
and Hussain [16] have dealt with spaces of this kind, although under different
names (in the spaces called “metric-type”) and obtained (common) fixed point
results. In particular, they showed that most of the new fixed point existence
results of contractive mappings defined on such metric spaces are merely copies
of the classical ones.

Consistent with [9] and [23], the following definitions and results will be
needed in the sequel.

2010 Mathematics Subject Classification: Primary 47H10; Secondary 54H25.
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DEFINITION 1.1. ([9]) Let X be a (nonempty) set and s > 1 be a given real
number. A function d : X x X — RT is a b-metric iff, for all z,y,z € X, the
following conditions are satisfied:

(b1) d(z,y) =0 iff ==y,

(b2) d(z,y) = d(y, ),

(bs) d(z,2) < sld(z,y) +d(y, 2)].

The pair (X, d) is called a b-metric space.

It should be noted that, the class of b-metric spaces is effectively larger than
that of metric spaces, since a b-metric is a metric when s = 1.

Here we present an example to show that in general a b-metric need not
necessarily be a metric, (see also [23t p. 264]):

Example 1. Let (X, d) be a metric space, and p(x,y) = (d(z,y))P, where p > 1
is a real number. we show that p is a b-metric with s = 2P~1.

Obviously conditions (by) and (bg) of Definition [ Tlare satisfied. If 1 <p < oo,
then the convexity of the function f(z) = 2P (z > 0) implies

a+b\" 1
< Py pp

and hence, (a + b)” < 2P~1(aP + bP) holds.
Thus, for each z,y, 2z € X we obtain
p(x,y) = (d(z,y))” < (d(z, 2) + d(z,y))"
< 2P ((d(w, )P + (d(z,y))7) = 207 (p(a, 2) + plz, y))-

So condition (bg) of Definition [ is satisfied and p is a b-metric. However, if
(X, d) is a metric space, then (X, p) is not necessarily a metric space.

For example, if X = R is the set of real numbers and d(x,y) = |z — y| is the
usual Euclidean metric, then p(z,y) = (z — y)? is a b-metric on R with s = 2,
but is not a metric on R.

Also the following example of a b-metric space is given in [16].

Example 2. ([16]) Let X be the set of Lebesgue measurable functions on [0, 1]

such that
1

J1r@r a < .

0
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Define D: X x X — [0,00) by
1
D(f.9) = [ If(z) — g(x)|* da.
/

Then D satisfies the following properties

(bs) D(f,g) =0 if and only if f =g,
(bs) D(f,g) = D(g, ), for any f,g € X,
(be) D(f,g9) <2(D(f,h)+ D(h,g)), for any points f,g,h € X.

M. A. Khamsi [I5] also showed that each cone metric space has a b-metric
structure. In fact he proved the following interesting result.

THEOREM 1.1. ([I5]) Let (X,d) be a metric cone over the Banach space E
with the cone P which is normal with the normal constant K. The mapping
D: X x X —[0,00) defined by D(z,y) = |d(z,y)| satisfies the following proper-
ties
(br) D(z,y)
(bs) D(z,y)
(by) D( y) <

=0 if and only if x =y,
D(y,x), for any x,y € X.
K( (x, 214D (21, 2z2)+. . +D(zn,y)), for any points x,y, z, € X,

z,

x
= 527

Now let us review some results on weak contraction mappings, related to the
existing literature. Alber and Guerre-Delabriere [3] defined weakly contractive
mappings on a Hilbert spaces and established a fixed point theorem for such
mappings.

Let (X, d) be a metric space. A self-mapping f on X is said to be weakly
contractive if

d(fz, fy) < d(z,y) — (d(z,y)),
for all z,y € X, where ¢: [0,00) — [0,00) is a continuous and non-decreasing
function so that ¢(¢) = 0 if and only if ¢t = 0.
Rhoades [22] obtained the following result.

THEOREM 1.2. ([22]) Let (X, d) be a complete metric space. If f: X — X is a
weakly contractive mapping, then f has a unique fized point.

Dutta and Choudhury [II] generalized the weak contractive condition and
proved the following fixed point theorem which in turn extends Theorem 1.3
and the corresponding result in [3].
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THEOREM 1.3. ([I1]) Let (X,d) be a complete metric space. If f: X — X
satisfies

(d(fz, fy)) < Pd(z,y)) — e(d(z,y)),

for all xz,y € X, where 1, ¢: [0,00) — [0,00) are both continuous and monotone
non-decreasing functions with ¥ (t) = @(t) = 0 if and only if t = 0. Then f has
a unique fized point.

Recently, Zhang and Song [24] introduced generalized ¢-weak contractive
mappings and obtained the following common fixed point result.

THEOREM 1.4. ([24]) Let (X,d) be a complete metric space. If f,g: X — X
satisfies

d(fx,gy) < M(z,y) — o(M(z,y)),
for all xz,y € X, where p: [0,00) — [0,00) is a lower semi-continuous function
with ¢(t) > 0 fort € (0,00), ¢(0) =0, and
M (z,y) = max{d(z,y),d(z, fx),d(y, 9y), 3 [d(z, gy) + d(y, fz)]}.

Then there exists a unique point u € X so that u = fu = gu.

Dorié [10] extended Theorem and obtained the following theorem.

THEOREM 1.5. ([10]) Let (X, d) be a complete metric space and let f,g: X — X
be two self-mappings so that

Pd(fz, gy)) < O(M(z,y)) — e(M(z,y)),
for all x,y € X where

(c1) 9¥:]0,00) = [0,00) is a continuous monotone non-decreasing function with
P(t) =0 if and only if t =0,

(c2) ¢:]0,00) — [0,00) is a lower semi-continuous function with ¢(t) = 0 if
and only if t =0,

(c3) M is the same as taken in Theorem [[L4]

Then there exists the unique point u € X such that u = fu = gu.

The functions 1, ¢: [0,00) — [0,00) given in the above theorem are called
control functions.

The existence of fixed points in partially ordered metric spaces was first in-
vestigated in 2004 by Ran and Reurings [21], and then by Nieto and Lopez [18].
Further results in this direction were proved in [2[4L[8]17].

Recently, Radenovi¢ and Kadelburg [20] proved the following result.
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THEOREM 1.6. ([20]) Let (X, d, X) be a partially ordered complete metric space
and f,g: X — X be two weakly increasing maps. Suppose that there exists a pair
of control functions iy and ¢ so that for every two comparable elements x,y € X,

P(d(fz,g9y)) < Y(M(2,y)) — (M (z,y)).
Then f and g have a common fixed point provided that one of the following
conditions is satisfied:
(d1) f or g is continuous, or

(d2) if a non-decreasing sequence {x,,} converges to x € X, then x,, <z for all n.

The purpose of this paper is to obtain a common fixed point theorem for
four self-mappings satisfying a generalized weak contractive condition in ordered
b-metric spaces.

Our results extend, unify and generalize the comparable results in [10,[17,20124].
We also need the following definitions:

DEFINITION 1.2. ([14]) Let f and g be two self-maps on a nonempty set X. If
w = fxr = gz, for some x in X, then x is called the coincidence point of f and
g, where w is called the point of coincidence of f and g.

DEFINITION 1.3. ([I4]) Let f and g be two self-maps defined on a set X. Then
f and g are said to be weakly compatible if they commute at every coincidence
point.

DEFINITION 1.4. Let X be a nonempty set. Then (X,d, <) is called partially
ordered b-metric space if and only if d is a b-metric on a partially ordered set
(X, =)

A subset IC of a partially ordered set X is said to be well ordered if every two
elements of K are comparable.

DEFINITION 1.5. ([2]) Let (X, <) be a partially ordered set. A mapping f is
called dominating if x < fx for each x in X.

Example 3. ([2]) Let X = [0, 1] be endowed with usual ordering and f: X — X
be defined by fz = ¥/x. Since x < rs = fx for all x € X. Therefore f is a
dominating map.

DEFINITION 1.6. Let (X, <) be a partially ordered set. A mapping f is called
dominated if fx < z for each z in X.

Ezxzample 4. Let X = [0, 1] be endowed with the usual ordering and f: X — X
be defined by fx = z" for some n € N. Since fr = z" < z for all z € X.
Therefore f is a dominated map.
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Before stating and proving our results, we need the following definitions and
propositions in b-metric space. We recall first the notions of convergence, closed-
ness and completeness in a b-metric space.

DerFINITION 1.7. ([7]) Let (X, d) be a b-metric space. Then a sequence {z,} in
X is called:

(a) convergent if and only if there exists x € X such that d(x,,z) — 0 as

n — +oo. In this case, we write lim =z, = x.
n—oo

(b) Cauchy if and only if d(z,, ) — 0 as n,m — +o0.
ProrosiTIiON 1.1. ([Tt Remark 2.1]) In a b-metric space (X,d) the following
assertions hold:
(p1) a convergent sequence has a unique limit,
(p2) each convergent sequence is Cauchy,
(p3) in general, a b-metric is not continuous.
DEFINITION 1.8. ([7]) Let (X, d) be a b-metric space. If Y is a nonempty subset

of X, then the closure Y of Y is the set of limits of all convergent sequences of
points in Y , i.e.,

Y = {l‘ € X : there exists a sequence {z,} in Y so that lim z, = x} .

n—oo
Taking into account of the above definition, we have the following concepts.
DEFINITION 1.9. ([7]) Let (X, d) be a b-metric space. Then a subset Y C X is

called closed if and only if for each sequence {x,} in Y which converges to an
element x, we have x € Y (i.e. Y =Y).

DEFINITION 1.10. ([7]) The b-metric space (X, d) is complete if every Cauchy
sequence in X converges.

DEFINITION 1.11. Let (X, d) be a b-metric space. Then the pair {f, g} is said
to be compatible if and only if lim d(fgx,,gfr,) = 0, whenever {x,} is a
n—oo

sequence in X so that lim fx, = lim gx, =t for some t € X.
n—oo n—oo

2. Common fixed point results

Since in general a b-metric is not continuous, we need the following simple
lemma about the b-convergent sequences in the proof of our main result.
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LEMMA 2.1. Let (X,d) be a b-metric space with s > 1 , and suppose that {x,}
and {yn} are b-convergent to x,y respectively, then we have

1
zd(:r, y) < liminfd(zy,,yn) <limsupd(z,,yn) < SZd(xv Y),
s n—o0

n—o0
In particular, if © = y, then we have lim d(x,,y,) = 0. Moreover for each

n—oo
z € X we have

1
d(z,z) < liminf d(z,, z) < limsupd(x,, z) < sd(z, z),
s

n—oo n—00
Proof. Using the triangle inequality in a b-metric space it is easy to see that
d(z,y) < sd(z,20) + 5°d(@n, yn) + s*d(Yn, y),

and

d(xna yn) < 5d<1'na I) + Szd(x, y) + Szd(ya yn)

Taking the lower limit as n — oo in the first inequality and the upper limit as
n — oo in the second inequality we obtain the first desired result. Similarly,
using again the triangle inequality the last assertion follows. O

Now we state the main result of this section.

THEOREM 2.1. Let (X, d, =) be an ordered complete b-metric space. Let f,qg,S
and T be self-maps on X, {f,g} and {S, T} be dominated and dominating maps,
respectively with fX CTX and gX C SX.

Suppose that there exist control functions ¥ and ¢ so that ¢ : [0,00) — [0, 00)
is a continuous monotone non-decreasing function with 1 (t) = 0 iff t = 0, and
¢: [0,00) = [0,00) is a lower semi-continuous function with ¢(t) = 0 iff t =0,
and for every two comparable elements x,y € X,

U(sd(fz, gy)) < W(Ms(,)) — o(M(2,y)), (2.1)

18 satisfied where

M (z,y) = maX{d(Swa Ty), d(fx, Sx), d(gy, Ty), W7 9%) + AT 1) }

2s
(2.2)
If for every non-increasing sequence {x,} and a sequence {yn} with y, =< x,
for alln and y, — u we have u <X x,, and either

(a1) {f, S} are compatible, f or S is continuous and {g,T'} is weakly compatible
or

(az2) {g,T} are compatible, g or T is continuous and { f, S} is weakly compatible,
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then f,qg,S and T have a common fixed point. Moreover, the set of common
fized points of f, 9,5 and T is well ordered if and only if f,g,S and T have one
and only one common fized point.

Proof. Let z¢ be an arbitrary point in X. Since fX CTX and ¢X C SX, we
can define inductively the sequences {z,} and {y,} in X by

Yont1 = fZon = TTont1,  Yont2 = gTont1 = STon2, n=20,1,2,....

By given assumptions, xop11 X Txopt1 = fron = 2, and za, <X Sz, =

gTopn—1 = Top—1. Thus, we have z,411 < z, for all n > 0. We suppose that
d(Y2n, Y2n+1) > 0 for every n. If not, then for some k, yort+1 = Yok, and from

(210, we obtain

P(d(Yart1, Y2r+2)) < ¢(54d<y2k+1, Yor+2))
(s d(fook, gron1)) (2.3)
(M (z2k, Tok+1)) — e(Ms(z2k, T2r11)),

IN

where

M(xok, Topt1) = max{d(stk;T$2k+1)7d(fx2k7 Sxor), d(gxok+1, Txok11),

d(Sxar, graky1) + d(frog, Tropi1) }
2s

= max{d(yzk;y2k+1)7d(y2k+1;y2k)7

d(yar, Yort2) + d(Yort1, Yort1)
d(Yor+2, Y2k+1), ( 28<

d(Y2k+1, Y2k+2)
2s

= max{O, 0, d(yY2r42, Y2k+1),

= d(Y2k+1, Y2k+2)-
(2.4)

So from (Z3)) and (2.4), we obtain

Y(d(Y2r+1, Yor+2)) < V(d(Y2r+1, Yor+2)) — ©(d(Y2r+1, Y2k+2)),

which gives o(d(Y2r+1,Y2k+2)) < 0 and S0 Yakt+1 = Yak+2 which further implies
that yort+2 = Yor+s. Thus {y,} becomes a constant sequence and yoi is a
common fixed point of f,¢g,S and T.
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Now take d(y2n, yan+1) > 0 for each n. Since xs, and x9,41 are comparable,
from (2.1 we have

P(d(yant1,y2nt2)) < Y(s'd(yant1, yant2))
= P(s*d(f22n, gT2n11)) (2.5)
< Y(Ms(22n, Tant1)) — P(Ms(T2n, Tan+1))
< (Ms(@2n, T2n41))-
Hence
d(Y2n+1, Y2n+2) < Ms(@2n, Tan+1), (2.6)
where

My (z2n, Tant1) = maX{d(SIQn,Tl‘QnH), d(fxon, Stapn), d(92n+1, TTon+1),

d(Sxon, 9xon+1) + d(fron, Toont1) }
2s

= maX{d(me Yon+1), A(Y2n+1, Y2n), A(Y2n+2, Y2n+1),

d(Yon, Yon+2) + Ad(Y2nt1, Y2n+1) }
2s

IN

max{d(anH, Yon), A(Y2n+2; Y2n+1),

Sd(yzm Z/2n+1) + 5d(y2n+17 y2n+2) }
2s

= max{d<y2n+1a Yon), A(Y2nt2, Yont1),

d(Y2n, Yon+1) + Ad(Y2n+1, Y2n+2) }
2

= max{d(y2n+1, Z/zn); d(y2n+27 y2n+1)}-

If for some n, d(Y2n+2,Y2n+1) > d(Y2n+1,Y2,) > 0, then (26) gives that
M (xon, Tan+1) = d(Yan+2, Y2n+1) and from (2] we have

V(d(y2nt2, Yant1)) < V(s*d(Yant2, Y2nt1))
S w(Ms(xva x2n+1)) - (P(Ms(xva x2n+1))
= Y(d(Y2n+2, Yont1)) — L(d(Y2nt2, Yont1)),

and ¢(d(Y2n+2,Y2n+1)) < 0 or equivalently d(ya2n+2,y2n+1) = 0, a contradiction.
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Hence, M(72n, Tony1) < d(Y2n+1,Y2n). Since, My(T2n, Tont1) > d(Y2nt1, Y2n)
therefore, d(y2n+2,Y2ns1) < Mo(T2n, Tony1) = d(Y2n+t1,Y2n). By similar argu-
ments, we have

d(Y2n+3, Yont2) < Ms(ont2, Tant1) = d(Y2n42, Y2n+1)- (2.7)

Therefore {d(yn,yn+1)} is a non-increasing sequence and so there exists r > 0
so that

nll)nolo d<yn71 ) yn) = nh—>n;o M (xnv xn+1) =T
Suppose that » > 0. Since we have
V(d(yant2, Yon+1)) < (s d(Yoan+2, Y2nt1))
< w<Ms<I2nv x2n+1)) - @<M5<I2nv x2n+1))-
then taking the upper limit as n — oo it implies that
$(r) < (r) — liminf (M, (20, 72041)
= ¢<T) - Qp(hnnigf Ms (1727“ I2n+1))
=1(r) —o(r),
a contradiction. Hence
lim d(yn—1,Yyn) = 0. (2.8)
n—oo

Now we prove that {y,} is a Cauchy sequence. To do this, it is sufficient to
show that the subsequence {y2,} is Cauchy in X. Assume on the contrary that
{y2n} is not a Cauchy sequence. Then there exists ¢ > 0 for which we can find
subsequences {y2m, } and {y2n, } of {y2,} so that ny is the smallest index for
which 2ny; > 2my > k‘,

d(’mek ) ank) 2 3 (29)
and

A(Yamy—2,Y2n,) < €. (2.10)
Using the triangle inequality in b-metric space and (2.I0)) we obtain that
e < d(Y2my» Y2ny,)
< sd(Yamu—2, Yony) + S A(Y2me—1, Y2me—2) + 5 A(Y2my s Y2mp—1),
< es+ S dYamy—1, Yame—2) + S A(Y2my Y2mp—1)-
Taking the upper limit as k — oo and using (2.8)) we obtain
e < limsup d(Y2m,, Yon,) < €S. (2.11)

k—o0

Also
e< d(yka , ank) < Sd(mekamekfl) + Sd(mekfla ank)-
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Hence

€ .
< lim sup d(mek—la y2nk)~
S k—o00

On the other hand, we have

d(y2mk—17y2nk) < Sd(yQTnk—la mek) + Sd(mekv ank)'
So from (Z.8)) and ([2.I1) we have

lim sup d(Y2m,—1, Y2n,, ) < slimsup d(Y2m,, Yon,) < es2.

k—o0 k—o0
Consequently,
5 .
< lim sup d(Yomy, -1, Yan, ) < €5°. (2.12)
S k— o0
Similarly
5 .
9 S lim sup d(yan+17 mekfl) S 5535 (213)
S k— o0
5 .
< lim sup d(Y2n, +1, Y2m,, )- (2.14)
S k—o0

Using (2.11), (212) and 2I3) we get

5+ € _ uin £ et o
25 2¢3 s’ 2s

k—o0

< max{limsup d(Y2ny > Y2mp—1)s (2.15)

k— o0 k— o0

lim sup d<y2mk ) y2nk) + lim sup d(y2nk +1 y2mk*1)
2s }

2s

By the definition of M, (x,y) and from (Z.8) and ([ZI5]) we obtain
5

3
€s+e€s
< max{esz, } =es.

€ .
9 + 03 < h/?lj;p M (zon, , Tam—1) < es2. (2.16)
Indeed we have,

Ms(xanv xzmk—l)
= maX{d(SIan T Tom,—1), d(fTon,, STon, ), A(gT2me—1, TT2m,—1),

d(Sx2nkagx2mk—1) + d(fonvamek—l) }
2s
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= m&X{d(y%k s y2mk71)a d(ank+17 Yany, )7 d<y2mk s y2mk71)a

d(Yony» Y2my,) + A(Y2ny+15 Y2mp—1) }
2s ’

Taking the upper limit as n — oo, and using ([Z.8) and (ZI5]) we get

€ €
+ < limsup Mg(xan, , Tom, —
25 943 = k—>oop s( 2np oy L2my 1)

k—o0

= max{lim sup d(Y2n, » Y2mp—1) 0, 0,

lim sup d(yam,,, Y2n,) +Hmsup d(Yan,+1, Y2me—1)
k— o0 k— o0 < s
2s -
Similarly, we obtain
€ € .
9 T ogs < lkn;g.}st(mgnk,mek,l) < es?. (2.17)

As,
Y5 d(yzn,+15Y2m, ) = D(s*d(fr2n,, 9T2m, 1))
< w(Ms<I2nk ) x2mk71)) - @(Ms<m2nk ) x2mk71))a
taking the upper limit as kK — oo, and from (2.I4) and (2.10) we obtain

P(es®) < (54 lim sup d(y2n,,+1, Y2m, ))

k—o0

< (hm sup Ms(xan ) mek—1)> - lifggf @(Ms(xznk ) mek—l))

k— o0
< pes?) — gp(lim inf Ms(132nk,$2mr1))
k—o0
< p(es®) — gp(likm inf Ms(xgnk,$2mk_1)>
—00
which implies that

cp(lim inf My(x2n,, 172mk71)> =0,

k—o0

so liminf My(x2p,, Tam,—1) = 0, a contradiction to (ZIT) and it follows that
{y2n} is a Cauchy sequence in X. Since X is complete, there exists y € X
so that

lim fzo, = lim Txo,+1 = lim gxopy1 = lim Sze,40 =y.
n—00 n— oo n— o0 n—ro0
Now, we can show that y is a common fixed point of f, g, S and T
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Since S is continuous it follows that

lim S%x5,.0 = Sy, lim Sfzs, = Sy.
n—oo

n—00

Using the triangle inequality in b-metric space, we have
d(fSzan, Sy) < s(d(fSzn, Sfrn) + d(Sfron, Sy)).
Since the pair {f, S} is compatible, lim d(fSz,,Sfx,) = 0. So taking the
n—oo
upper limit when n — oo from the above inequality we have

im sup ZTon, SY) < s(limsup Tn, Sfry)+ lim sup ZTon,Sy) | = 0.
li da(fs S li d(fSxn,Sf li d(Sf S 0

n—oo n—00 n—o0
Hence lim fSzq, = Sy.
n—oo
As Sxonto = gTont+1 =X Tapy1 so from () we obtain
Y(s*d(fSTant2, gT2n+1)) < V(Ms(STont2, T2nt1)) — @(Ms(STant2, Tant1)),

(2.18)
where

Ms(Sx2n+27 132n+1)
= max{d(52$2n+27 Txons1), d(fSTant2, S*Tans2), d(gr2nt1, TTont1),
d(S?wan+2, 9Ton+1) + d(fSTont2, TTpn 1) }
2s ’

Now, by using Lemma 2.1 we get

lim sup M (Sxan+2, Tant1)

n—oo

s2d(Sy,y) + s2d(Sy,
( yy)28 ( yy)}:SQd(Sy,y).

Hence by taking the upper limit in (ZI8) and using Lemma 2.1 we obtain

Y(s?d(Sy,y)) < ¥(s”d(Sy,y)) — ¢(s*d(Sy,y)),

which gives ¢(s2d(Sy,y)) < 0 or equivalently Sy = y. Now, since gro, 1 =
ZTop+1 and gra,11 — Yy as n — 0o, then y < x9,41 and from (2] we have,

Y(s*d(fy, grans1)) < Y(Ms(y, Tan41)) — @(Ms(y, Tant1)), (2.19)

where,

S max{s2d(5y; y)7 07 07

Ms<y7 x2n+1) = maX{d(Sy, T132n+1), d(fya Sy)v d(g$2n+la Tx2n+1)a

d(Sy, grans1) +d(fy, Twop 1) }
25 ’
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Taking the upper limit as n — oo in ([2.J9) and using Lemma 2.1 we have

YLy )) =0 (5" d(Fo0)) < 0d(F9,9) — P(d(Fy,0)

< ¢(s*d(fy, ) — p(d(fy,y))

which implies o(d(fy,y) < 0, so fy = y. Since f(X) C T(X), there exists a
point v € X so that fy = Twv. Suppose that gv # Tv. Since v X Tv = fy <y,
from ([21), we have

Y(d(Tw, gv)) = P(d(fy, gv)) < V(Ms(y,v)) — (M(y,v)), (2.20)

where

d(Sy, gv) + d(fy,Tv) }
2s

M (0 0) = max{ d(Sy, T d(fy. S0) g, To),
=d(gv,Tv).
So from (2.20) we have
P(d(Tv, gv)) < Y(d(gv, Tv)) — p(d(gv, Tv)),

a contradiction. Therefore gv = Tw. Since the pair {g, T’} is weakly compatible,
gy =gfy=gTv=Tgv=Tfy =Ty and y is the coincidence point of g and T.
Since Sza, =X T3, and Sxa, — y as n — oo, it implies that y < x5, and from

([21), we obtain
U(s d(fran, 9y)) < P(Ms(20,9)) — (Ms(220,9)), (2.21)

where,

My (xon,y) = max{d(Smgn, Ty),d(fxon, Stan), d(gy, Ty),

d(Sz2n, gy) + d(fron, Ty) }
2s ’

Taking the upper limit as n — oo in ([2.2I]) and using Lemma 2.1 we have

Y%ty 99) = v (s dly, 99)) < ¥(sd(y,99)) ~ plsd(y, 99))
< P(s°d(y, gy)) — e(sd(y, gy))

which implies that y = gy. Therefore, fy = gy = Sy = Ty = y. The proof is
similar when f is continuous. Similarly, if (a3) holds then the result follows.

Now suppose that the set of common fixed points of f,g,S and T is well
ordered. We show that they have a unique common fixed point. Assume on the
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contrary that, fu = gu = Su = Tu = v and fv = gv = Sv = Tv = v but
u # v. By assumption, we can apply (2.1 to obtain

P(d(u, ) = P(d(fu, gv)) < (s'd(fu, gv))
< (M (u,v)) = p(M(u, v)),

where

M (u,v) = max{d(Su,Tv),d(fu, Su), d(gv, Tv), 9
s

d(u, v) + d(u, v) }

d(Su, gv) + d(fu, Tv) }

= max{d(u,v), 0,0,

2s
= d(u,v).
Hence
Y(d(u,v)) < P(d(u,v)) — p(d(u,v)),
a contradiction. Therefore © = v. The converse is obvious. O

Remark 1. As the referee has pointed out, J. Jachymski [13] showed that the
usage of 1 in the contractive conditions is often redundant for several classes
of mappings both on metric spaces and ordered metric spaces. Checking the
proof of Theorem 4 in [I3], it turns out also that in this case (ordered b-metric
space) we can replace ¢ in (21) by the identity map to obtain an equivalent
contraction condition, if we add the extra condition lim tglgo ©(t) > 0 on the
control function ¢. Indeed, to do this, a similar proof as the proof of Theo-
rem 4 in [I3] can be used if we replace there, D(x,y) = {(M(x,y),d(Ta:, Sy)) :
x,y € X} with D(z,y) == {(Ms(z,y),d(fz,gy)): z,ye X, z Xy or y <z}

Now we give tow examples to support our result.

Ezample 5. Let X = [0,1] be endowed with the b-metric d(z,y) = (|z — y|)?
= (z —y)*, where s = 2.
Define self-maps f, g, S and T on X by

Fa) 0, ifacg}l,
€Tr) =
if ze(y,1].

gr =0, forall xe€ X,

0, ifz=0,
Tx)=q =z, ifxce (0, }1],
1, if ze (3,1
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0, if =0,
Sx = }1, ifxe(O,ﬂ,
1, if ze(},1].
Then f and g are dominated maps and S and T are dominating maps with

F(X) € T(X) and g(X) C S(X), i.e

f is dominated map g is dominated map

for each z € X fx<x gr <x

=0 f(0)=0 9(0) =0
xe(O,}l] fr=0<z gr=0<zx
xe(i,l} f:v=116<x gr=0<zx

S is dominating map T is dominating map

for each z € X r < Sz r<Tx
z=0 0= S(0) 0= T(0)
z € (0,;] <) =5(z) x="T(x)
ze (},1] x<1=S(x) r<1=T(x)

Also, the pair {g,T} is compatible, g is continuous and {f, S} is weakly com-
patible.

The control functions 1, ¢: [0,00) — [0,00) are defined as ¥(t) = 3t and
o(t) =t for all ¢ € [0,00).

Now we shall show that f, g, S and T satisfy ([ZI). We consider the following
cases:

(i) If z € [0, ;] and y € [0,1], then d(fz, gy) = 0 and (ZI) is satisfied.
(ii) If z € (},1] and y = 0, then
)

D(s*d(fz, gy)) = v(16d(fz, gy)) = ¢(116) -5 <

=d(Sz, Ty) < Ma(z,y) = »(Ma(x,y)) — o(Ma(z,y)).
(iii) If z € (},1] and y € (0, 3],
5

vl (s, g) = 000d( . gm) =0 (1) = o) < 16

< d(Sz,Ty) < My(z,y) = Y(Ma(z,y)) — o(Ma(z,y)).
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(iv) For x € (}1,1} and y € (411,1],

Y(s'd(fz, gy)) = »(16d(fx, gy)) = ¢(116> _ 654

= d(gy, Ty) < Ma(z,y) = P(Ma(z,y)) — p(Ma(z,y)).

Thus (2J) is satisfied for all z,y € X. Therefore, all conditions of Theorem 2.1]
are satisfied. Moreover, 0 is the unique common fixed point of f, g, S and T.

<1

Ezxzample 6. Consider the non-negative real numbers X = [0,00) equipped
with the b-metric d(x,y) = |z — y|*, 2,y € X where s = 23~! = 4 according to
Example [Il and suppose that “<” is the usual ordering on R. It is easy to see
that (X, d, <) is an ordered complete b-metric space. Let f, g, Sand T: X — X
be defined by the formulas

f@)=ml(l+z), gl@)=In(l+ ”;),

For each z € X, we have 1 + z < e and 1 + 7 <e” so f(z) = In(1 +z) < =,
glz)=In(1+2%) <z, z<e*-1=T(z) and x <e™ —1 = S(z). Thus f and
g are dominated maps and 7" and S are dominating maps with f(X) = g(X) =
S(X)=T(X) =10,00).

Also, the pair {g,T} is compatible, g is continuous and {f, S} is weakly
compatible.

The control functions 1, ¢: [0,00) — [0,00) are defined as ¢ (t) = bt and
@(t) = (b—1)t, for all ¢t € [0, 00) where 1 < b < 313,

In order to show that f, g, S and T are satisfied in (ZI]), using the mean
value theorem we have

D(s*d(f(2), g(y))) = (256 | f(z) — g(y)]*)

3 1
— 2566 |In(1+2) ~In (1+ )| <343,

7z —y|*

< o™ —ev” =|S(x) - T(y)°
< My(z,y) = v (Ma(z,y)) — @(My(z,y)),

| 3

for all x,y € X.

Thus f, g, S and T satisfy all the conditions of Theorem 2], moreover, 0 is
a unique common fixed point of f, g, S and T.
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COROLLARY 2.1. Let (X,d, <X) be an ordered complete b-metric space. Let f and
g be dominated self-maps on X, and suppose that there exist control functions ¢
and ¢ as in Theorem 2.1 so that for every two comparable elements x,y € X,

U(std(fz, gy)) < P(Ms(z,y)) — p(Ms(z,9)) (2.22)
1$ satisfied where

(o) = max{ate. g g, ata), O I

If for every non-increasing sequence {x,} and a sequence {yy} with y,, < x, for
all n and y, — u we have u X x,, then f and g have a common fized point.
Moreover, the set of common fized points of f and g is well ordered if and only
if f and g have one and only one common fixed point.

Proof. Taking S and T as the identity maps on X, the result follows from
Theorem 211 O

COROLLARY 2.2. Let (X,d, =) be an ordered complete b-metric space. Let f
and g be dominated self-maps on X, and suppose that p: [0,00) — [0,00) is
a lower semi-continuous function with ¢(t) = 0 iff t = 0. Also for every two
comparable elements x,y € X,

s'd(fz,gy) < Ms(x,y) — @(M(z,y)) (2.24)
is satisfied where
M(z,y) = maX{d(x, y),d(fz,x),d(gy,y), 4z 9v) ;;d(fx’ v) } (2.25)

If for every non-increasing sequence {x,} and a sequence {y,} with y, < x, for
all n and y, — u, it implies that u < xz,, then f and g have a common fixed
point. Moreover, the set of common fized points of f and g is well ordered if and
only if f and g have one and only one common fized point.

Proof. If wetake S and T as the identity maps on X and ¢(t) = t for ¢t € [0, 00),
then from Theorem 1] it follows that f and ¢ have a unique common fixed
point. O

Remark 2. Since a b-metric is a metric when s = 1, so our results can be
viewed as the generalization and extension of corresponding results in [T0,[11]24]
and several other comparable results.

Acknowledgement. The authors are grateful to anonymous referee whose con-
structive and insightful comments have very much helped to improve the quality
of the manuscript.
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